ARCHIVUM MATHEMATICUM (BRNO) Tomus 53 (2017), 193–201

NONRECTIFIABLE OSCILLATORY SOLUTIONS OF SECOND

ORDER LINEAR DIFFERENTIAL EQUATIONS

Takanao Kanemitsu and Satoshi Tanaka

Abstract. The second order linear differential equation

(p(x)y^′)^′ + q(x)y = 0 , x ∈ (0, x_0 ]

is considered, where p, q ∈ C^1(0, x_0], p(x) > 0, q(x) > 0 for x ∈ (0, x_0]. Sufficient conditions are established for every nontrivial solutions to be nonrectifiable oscillatory near x = 0 without the Hartman–Wintner condition.

1. Introduction

We consider the second order linear differential equation

(1.1) (p(x)y^′)^′ + q(x)y = 0 , x ∈ (0, x_0 ],

where, p, q ∈ C^1(0, x_0], p(x) > 0, q(x) > 0 for x ∈ (0, x_0]. A solution y of (1.1) is said to be oscillatory near x = 0 if there exists { z_n }^∞_{n =1} such that y(z_n ) = 0 for n ∈ N and z_n → 0 as n → ∞ . Otherwise, it is said to be nonoscillatory near x = 0 .

A study of the oscillation of solutions to (1.1) has a long history. See, for example, [1, 2, 3, 4, 5, 14]. However, it seems that very little is known how oscillatory a solution of (1.1) is. In this paper, we divide oscillatory solutions into the following two classes: into rectifiable and nonrectifiable solutions, that is, those of finite and infinite length, respectively. Namely, a solution y of (1.1) is said to be rectifiable (resp. nonrectifiable ) oscillatory near x = 0 if y is oscillatory near x = 0 and satisfies Z_{x 0} 0 p 1 + |y^′(x)|^2 dx < ∞ (resp. = ∞ ) .

We remark that nonrectifiable oscillatory means more oscillatory than rectifiable oscillatory.

To classify oscillatory solutions of the second order linear differential equations by this geometric viewpoint began Pašić [ 8, 9]. Pašić [10] and J. S. W. Wong [ 15] presented the rectifiable and nonrectifiable oscillatory results for the Euler type equation y^{′′}+ λx^{− σ} y = 0 , x ∈ (0, x_0 ],

2010 Mathematics Subject Classification : primary 34C10. Key words and phrases : oscillatory, nonrectifiable, second order linear differential equation. This work was supported by JSPS KAKENHI Grant Number 26400182. Received January 30, 2017, revised June 2017. Editor R. Šimon Hilscher. DOI: 10.5817/AM2017-4-193

194 T. KANEMITSU AND S. TANAKA

where σ ≥ 2 and λ > 0. Pašić [11] obtained the rectifiable and nonrectifiable oscillatory results for the Riemann–Weber version of Euler differential equation

y^{′′}+ x^{− σ} � 1 4 + λ | log x|^β � y = 0 , x ∈ (0, x_0 ],

where σ ≥ 2, β > 0 and λ > 0. Kwong, Pašić and J. S. W. Wong [ 7] considered the general equation

(1.2) y^{′′}+ q(x)y = 0 , x ∈ (0, x_0 ].

Pašić and Tanaka [ 13] considered more general equation (1.1) and presented the following result.

Theorem A. Assume that p, q ∈ C^2 (0, x_0 ], Z_{x 0} 0 s q(x) p(x) dx = ∞

and the Hartman–Wintner condition

(1.3)

Z_{x 0} 0 1 4p p(x)q(x) � � � � p(x) � 1 4p p(x)q(x)

�_′�_′�

�dx < ∞ .

Then the following (i) and (ii) hold:

(i) every nontrivial solution of (1.1) is rectifiable oscillatory near x = 0 if Z_{x 0} 0 [p(x)]^{− 34} [q(x)]^{14} dx < ∞ ;

(ii) every nontrivial solution of (1.1) is nonrectifiable oscillatory near x = 0 if Z_{x 0} 0 [p(x)]^{− 34} [q(x)]^{14} dx = ∞ .

Kwong, Pašić and J. S. W. Wong [ 7] gave Theorem A when p(x) ≡ 1. The proof of Theorem A is based on the asymptotic formula of oscillatory solutions of (1.1), which is obtained from the Hartman–Wintner condition (1.3). The purpose of this paper is to obtain nonrectifiable oscillatory results for (1.1) without the Hartman–Wintner condition (1.3). In [12], equation (1.2) is considered and condition (1.3) with p(x) ≡ 1 is not supposed, but it is assumed that every solution y of (1.2) satisfies either

lim sup

x → +0

x^{θ +12} |y^′(x)| < ∞ or lim sup

x → +0

x^{θ +12} |y(x)| < ∞

for some θ > 0.

The main results of this paper are as follows.

Theorem 1.1. Assume that every solution of (1.1) is oscillatory near x = 0 and (p(x)q(x))^′ ≥ 0 for x ∈ (0, x_0]. Then every nontrivial solution of (1.1) is nonrectifiable oscillatory near x = 0 .

NONRECTIFIABLE OSCILLATORY SOLUTIONS 195

Theorem 1.2. Assume that there exist μ, σ ∈ R such that μ + σ > 2, (x^{μ + σ − 2} p(x)q(x))^′ ≥ 0 for x ∈ (0, x_0 ], and lim sup

x → +0

x^{− μ} p(x) < ∞ ,

(1.4)

lim inf

x → +0

x^σ q(x) > 0 .

(1.5)

Then every nontrivial solution of (1.1) is nonrectifiable oscillatory near x = 0 .

Theorem 1.3. Assume that there exist a, b ∈ R such that a + b > 0, (e^{− a + bx} p(x)q(x))^′ ≥ 0 for x ∈ (0, x_0 ], and

lim sup

x → +0

e^{ax} p(x) < ∞ ,

(1.6) lim x → +0

x^4 e^{− bx} q(x) = ∞ .

(1.7)

Then every nontrivial solution of (1.1) is nonrectifiable oscillatory near x = 0 .

Remark 1.1. We obtain more general results than Theorems 1.1–1.3. See later on. Example 1.1. We consider the Euler type equation (1.8) (x^μ y^′)^′ + λx^{− σ} y = 0 , x ∈ (0, x_0 ], where λ > 0, μ, σ ∈ R . If μ + σ > 2, then every solution of (1.8) is oscillatory near x = 0 . Conversely, if μ + σ < 2, then every nontrivial solution of (1.8) is nonoscillatory near x = 0 . Indeed, we consider the Euler equation (1.9) (x^μ y^′)^′ + νx^{μ − 2} y = 0 , x ∈ (0, x_0 ], which is (1.8) with σ = 2 − μ and λ = ν. When ν > (μ − 1)^2 /4, equation (1.9) has the oscillatory solution

y(x) = x^{1 − μ2} sin

� p 4ν − (μ − 1)_2 2 log x � . If μ + σ > 2, λ > 0 and μ > 0, then λx^{− σ} > νx^{μ − 2} for all sufficiently small x > 0, and hence the Sturm–Picone comparison theorem implies that every solution of (1.8) is oscillatory near x = 0 . Next we assume that μ + σ < 2. Since x^{(1 − μ )/2} is a nonoscillatory solution of (1.9) with ν = ( μ − 1)^2 /4 and λx^{− σ} < νx^{μ − 2} for all sufficiently small x > 0, the Sturm–Picone comparison theorem implies that every nontrivial solution of (1.8) is nonoscillatory near x = 0 .

Applying Theorem 1.1, we conclude that if μ + σ > 2 and μ ≥ σ, then every nontrivial solution of (1.8) is nonrectifiable oscillatory near x = 0 . Using Theorem 1.2, we find that every nontrivial solution of (1.8) is nonrectifiable oscillatory near x = 0 , if μ + σ > 2 and μ ≥ 1, which is better than μ + σ > 2 and μ ≥ σ.

On the other hand, from Theorem A and Example 1.4 in [ 13], it follows that every nontrivial solution of (1.8) is rectifiable oscillatory near x = 0 , provided μ+ σ > 2 and 3μ+ σ < 4, and that every nontrivial solution of (1.8) is nonrectifiable oscillatory near x = 0 , provided μ + σ > 2 and 3μ + σ > 4. Therefore, for equation (1.8), Theorem A is better than Theorem 1.2. However, the Hartman–Wintner condition (1.3) is not needed in Theorems 1.1 and 1.2.

196 T. KANEMITSU AND S. TANAKA

Example 1.2. We consider the equation

(1.10) (e^{− αx} y^′)^′ + λe^{βx} y = 0 , x ∈ (0, x_0 ], where λ > 0 and α, β ∈ R . Theorem 1.3 implies that every nontrivial solution of (1.10) is nonrectifiable oscillatory near x = 0 when α > 0 and α + β > 0. Indeed, setting a = α , b = β − ε and ε = min { (α + β)/2, α }, we find that

a + b = α + β − ε > α + β − α + β 2 = α + β 2 > 0 .

Moreover, p(x) = e^{− αx} and q(x) = λe^{βx} satisfy

(e^{− a + bx} p(x)q(x))^′ = � λe^{− 2 α + εx}

�_′ = λ 2α − ε x^2 e^{εx} = λ α + ( α − ε) x^2 e^{εx} > 0 ,

lim sup

x → +0

e^{ax} p(x) = 1 , and lim x → +0

x^4 e^{− bx} q(x) = lim_{x → +0} λx^4 e^{εx} = ∞ .

To prove Theorems 1.1–1.3, we use the following nonrectifiable criteria by Pašić [10, Proposition 4.2].

Proposition 1.1. Let y ∈ C^1(0, x_0]. Assume that there exists a strictly decreasing sequence { a_n }^∞_{n =1} such that 0 < a_1 ≤ x_0, a_n → 0 as n → ∞ , y(a_n )y(a_{n +1} ) < 0 for n ∈ N , and

P_∞

n =1 |y(a n )| = ∞ . Then y is nonrectifiable oscillatory near x = 0 .

To use Proposition 1.1, we have to estimate the amplitude of oscillatory solutions of (1.1). To this end, we employ the following energy function

(1.11) E [y](x) = 1 f (x) � p(x)y^′

�_2 + p(x)q(x) f (x) y^2 ,

where f ∈ C^1(0, x_0] and f (x) > 0 for x ∈ (0, x_0]. Assume that y is an oscillatory solution near x = 0 of (1.1). Then

(1.12) d dx E [y](x) =

� p(x)q(x) f (x)

�_′ y^2 − f^′(x)[p(x)]^2 [f (x)]^2

(y^′)^2 .

Condition (2.1) below implies that^d_{dx} E[y](x) ≤ 0. By (1.11) and (1.12), we can estimate |y(x)|. Recently, the amplitude of oscillatory solutions to (1.1) has been studied by Kusano and Yoshida [ 6]. We take a decreasing sequence { a_n }^∞_{n =1} such that 0 < a_1 ≤ x_0, a_n → 0 as n → ∞ and y(a_n )y(a_{n +1} ) < 0, y^′(a_n ) = 0 for n ∈ N. If we have lim inf_{n →∞} |y(a_n )| > 0, then

P_∞

n =1 |y(a n )| = ∞ , and hence

Proposition 1.1 implies that y is nonrectifiable oscillatory near x = 0 . By this approach, we will prove Theorem 1.1 in Section 2. Moreover, by the Sturm-Picone comparison theorem with a concrete equation, we can know the distribution of zeros of y, and hence we obtain the asymptotic behavior of a_n as n → ∞ . In this way, we will prove Theorems 1.2 and 1.3 in Sections 3 and 4, respectively.

NONRECTIFIABLE OSCILLATORY SOLUTIONS 197

2. Proof of the first main result To prove Theorem 1.1 we begin with the following more general result.

Theorem 2.1. Assume that every solution of (1.1) is oscillatory near x = 0 and there exists f ∈ C^1 (0, x_0 ] such that

f (x) > 0 , f^′(x) ≥ 0 ,

� p(x)q(x)

f (x)

�_′ ≤ 0 for x ∈ (0, x_0 ],

(2.1)

lim sup

x → +0

p(x)q(x) f (x)

< ∞ .

(2.2)

Then every nontrivial solution of (1.1) is nonrectifiable oscillatory near x = 0 . Proof. Let y be a nontrivial solution of (1.1). Then y is oscillatory near x = 0 , which implies that y^′ is also oscillatory near x = 0 . Let { a_n }^∞_{n =1} be a strictly decreasing sequence { a_n }^∞_{n =1} such that 0 < a_1 ≤ x_0, a_n → 0 as n → ∞ and y(a_n )y(a_{n +1} ) < 0, y^′(a_n ) = 0 for n ∈ N. We use the energy function (1.11). Then E[y](x) ≥ 0 for x ∈ (0, x_0]. We note that E[y](x) > 0 for x ∈ (0, x_0]. Indeed, if E[y](ξ) = 0 for some ξ ∈ (0, x_0], then y(ξ) = y^′(ξ) = 0 , which means that y(x) ≡ 0 on (0, x_0] by the uniqueness of initial value problems. This is a contradiction. From (1.12) and (2.1), it follows that d dx E [y](x) ≤ 0 , x ∈ (0, x_0 ].

Hence, E [y](x) ≥ K , x ∈ (0, x_0 ] for some K > 0. Since y^′(a_n ) = 0 , we obtain

E [y](a_n ) = p(a_n )q(a_n )

f (a_n )

[y(a_n )]^2 ≥ K , n ∈ N ,

that is,

(2.3) |y(a_n )| ≥ s Kf (a_n ) p(a_n )q(a_n )

, n ∈ N .

By (2.2), there exists c > 0 such that p(x)q(x) f (x)

≤ c , x ∈ (0, x_0 ].

Consequently,

|y(a_n )| ≥ r K c > 0 , n ∈ N , which implies that_∞ X n =1

|y(a_n )| = ∞ .

Therefore, Proposition 1.1 implies that y is nonrectifiable oscillatory near x = 0 . □ Proof of Theorem 1.1. Setting f (x) = p(x)q(x) in Theorem 2.1, we obtain Theorem 1.1 immediately. □

198 T. KANEMITSU AND S. TANAKA

3. Proof of the second main result In this section we give a proof of Theorem 1.2. To this end, we prove the following result.

Theorem 3.1. Assume that r , s ∈ C(0, x_0 ], p(x) ≤ r (x) , q(x) ≥ s(x) > 0 , x ∈ (0, x_0 ].

Let w be a nontrivial solution of (3.1) (r (x)w^′)^′ + s(x)w = 0 . Assume moreover that there exist a strictly decreasing sequence { t_n }^∞_{n =1} and a function f ∈ C^1(0, x_0] such that w(t_n ) = 0 for n ∈ N, t_n → 0 as n → ∞ , and (2.1) and the following condition hold:

(3.2) ∞X n =1 s f (t_n ) p(t_n )q(t_n )

= ∞ .

Then every nontrivial solution of (1.1) is nonrectifiable oscillatory near x = 0 .

Proof. The Sturm–Picone comparison theorem implies that every nontrivial solution of (1.1) is oscillatory near x = 0 . Let y be a nontrivial solution of (1.1). Then y is oscillatory near x = 0 , and hence there exists { z_n }^∞_{n =1} such that z_n → 0 as n → ∞ , y(z_n ) = 0 for n ∈ N , y(x) ≠ 0 for x ∈ (z_{n +1} , z_n ), and 0 < · · ·< z_{n +1} < z_n < · · ·< z_1 < x_1 .

By Rolle’s theorem, for each n ∈ N, there exists a_n ∈ (z_{n +1} , z_n ) such that y^′(a_n ) = 0. We take k ∈ N so large that t_{1+ k} < z_1. Now we set b_n = t_{n + k} for n ∈ N. Then b_1 < z_1. The Sturm–Picone comparison theorem implies that y(x) has at least n + 1 zeros in (b_{n +2} , b_1 ), which means that b_{n +2} < z_{n +1} . Since z_{n +1} < a_n , we have a_n > z_{n +1} > b_{n +2} , n ∈ N .

In exactly same way as in the proof in Theorem 2.1, we conclude that (2.3) holds for some K > 0. From (2.1) and a_n > b_{n +2} , it follows that

|y(a_n )| ≥ s Kf (a_n ) p(a_n )q(a_n ) ≥ s Kf (b_{n +2} ) p(b_{n +2} )q(b_{n +2} )

, n ∈ N .

Since b_n = t_{n + k} , we have NX n =1

|y(a_n )| ≥ √ K NX n =1 s f (t_{n + k +2} ) p(t_{n + k +2} )q(t_{n + k +2} ) = √ K N + k +2 X n = k +3 s f (t_n ) p(t_n )q(t_n ) = √ K N + k +2 X n =1 s f (t_n ) p(t_n )q(t_n ) − √ K k +2X

n =1 s f (t_n ) p(t_n )q(t_n ) .

NONRECTIFIABLE OSCILLATORY SOLUTIONS 199

Letting N → ∞ and using (3.2), we obtain ∞X n =1

|y(a_n )| = ∞ .

Consequently, Proposition 1.1 implies that y is nonrectifiable oscillatory near x = 0 . □ From Theorem 3.1, we have the following result.

Theorem 3.2. Assume that there exist f ∈ C^1(0, x_0] and μ, σ ∈ R such that μ + σ > 2, (1.4) and (1.5) hold, f (x) satisfies (2.1) and

(3.3) lim sup

x → +0

x^{μ + σ − 2} p(x)q(x)

f (x)

< ∞ .

Then every nontrivial solution of (1.1) is nonrectifiable oscillatory near x = 0 . Proof. By (1.4) and (1.5), there exist c_1 > 0 and c_2 > 0 such that (3.4) x^{− μ} p(x) < c_1 , x^σ q(x) > c_2 , x ∈ (0, x_0 ]. We define r (x), s(x) and w(x) by

r (x) = c_1 x^μ , s(x) = x^{− σ} hc_2 2 − c_1 16 (σ − μ)(σ + 3 μ − 4)x^{μ + σ − 2} i and w(x) = x^{σ − μ4} sin � γx^{− μ + σ2 +1} � , respectively, where γ = 2 √ c_2 (μ + σ − 2) √ 2c_1 . Then w is an oscillatory solution near x = 0 of (3.1). Now we set

t_n = � nπ γ �_− 2_{μ + σ − 2}

, n ∈ N .

Then w(t_n ) = 0 for n ∈ N. By μ + σ > 2 and (3.4), there exists x_1 ∈ (0, x_0] such that s(x) ≤ c_2 x^{− σ} < q (x) , x ∈ (0, x_1 ].

Moreover, from (3.4), it follows that p(x) < r (x) for x ∈ (0, x_0]. By (3.3), there exists c_3 > 0 such that

x^{μ + σ − 2} p(x)q(x) f (x)

≤ c_3 , x ∈ (0, x_0 ].

Therefore, s f (t_n ) p(t_n )q(t_n ) ≥ 1 √ c_3

(t_n )^{μ + σ − 22} = γ √ c_3 πn

, n ≥ n_1

for some n_1, which means that (3.2) is satisfied. Consequently, Theorem 3.1 implies that every nontrivial solution of (1.1) is nonrectifiable oscillatory near x = 0 . □ Proof of Theorem 1.2. Letting f (x) = x^{μ + σ − 2} p(x)q(x) in Theorem 3.2, we have Theorem 1.2. □

200 T. KANEMITSU AND S. TANAKA

4. Proof of the third main result In this section we prove Theorem 1.3.

Theorem 4.1. Assume that there exist f ∈ C^1(0, x_0] and a, b ∈ R such that a + b > 0, (1.6) and (1.7) hold and f (x) satisfies (2.1) ,

(4.1) lim sup

x → +0

e^{− a + bx} p(x)q(x)

f (x)

< ∞ .

Then every nontrivial solution of (1.1) is nonrectifiable oscillatory near x = 0 . Proof. By (1.6), there exists c_1 > 0 such that (4.2) e^{ax} p(x) < c_1 , x ∈ (0, x_0 ]. By (1.7), there exists x_1 ∈ (0, x_0 ] such that

(4.3) x^4 e^{− bx} q(x) >

(a + b)^2 2 c_1 , x ∈ (0, x_1 ].

We define r (x), s(x) and w(x) by r (x) = c_1 e^{− ax} ,

s(x) = c_1 x^4 e^{bx} h(a + b)2 4 + � (a − b)(3a + b) 16 − ax � e^{− a + bx} i and w(x) = xe^{a − b4 x} sin � e^{a + b2 x} � , respectively. Then w is an oscillatory solution near x = 0 of (3.1). Now we set

t_n = a + b 2 log nπ

, n ∈ N .

Then w(t_n ) = 0 for n ∈ N . By (4.3), there exists x_2 ∈ (0, x_1 ] such that

s(x) < c_1 x^4 e^{bx}

(a + b)^2 2 < q (x) , x ∈ (0, x_2 ].

Moreover, from (4.2), it follows that p(x) < r (x) for x ∈ (0, x_0]. By (4.1), there exists c_3 > 0 such that

(4.4) e^{− a + bx} p(x)q(x)

f (x)

≤ c_3 , x ∈ (0, x_0 ].

Therefore, s f (t_n ) p(t_n )q(t_n ) ≥ 1 √ c_3 exp � − a + b 2t_n �

= 1 √ c_3 exp( − log nπ ) = 1 √ c_3 πn

, n ≥ n_1

for some n_1, which means that (3.2) is satisfied. Consequently, Theorem 3.1 implies that every nontrivial solution of (1.1) is nonrectifiable oscillatory near x = 0 . □ Proof of Theorem 1.3. Setting f (x) = e^{− a + bx} p(x)q(x) in Theorem 4.1, we obtain Theorem 1.3. □

NONRECTIFIABLE OSCILLATORY SOLUTIONS 201

Acknowledgement. The authors would like to thank the referee for carefully reading our manuscript and for giving positive, constructive and useful comments.

References

[1] Coppel, W.A., Disconjugacy , Lecture Notes in Math., vol. 220, Springer–Verlag, Berlin–New York, 1971.

[2] Došlý, O., Řehák, P., Half-linear differential equations , North-Holland Math. Stud., vol. 202, Elsevier Science B.V., Amsterdam, 2005.

[3] Elias, U., Oscillation theory of two-term differential equations , Math. Appl., vol. 396, Kluwer Acad. Publ., Dordrecht, 1997.

[4] Hartman, P., Ordinary differential equations , Classics Appl. Math, vol. 38, SIAM, Philadelphia, PA, 2002.

[5] Kiguradze, I.T., Chanturia, T.A., Asymptotic properties of solutions of nonautonomous ordinary differential equations , Math. Appl., vol. 89, Kluwer Acad. Publ., Dordrecht, 1993, Translated from the 1985 Russian original.

[6] Kusano, T., Yoshida, N., Existence and qualitative behavior of oscillatory solutions of second order linear ordinary differential equations , Acta Math. Univ. Comenian. (N.S.) 86 (2017), 23–50.

[7] Kwong, M.K., Pašić, M., Wong, J.S.W., Rectifiable oscillations in second-order linear differential equations , J. Differential Equations 245 (2008), 2333–2351.

[8] Pašić, M., Minkowski-Bouligand dimension of solutions of the one-dimensional p-Laplacian , J. Differential Equations 190 (2003), 268–305.

[9] Pašić, M., Rectifiability of solutions of the one-dimensional p-Laplacian , Electron. J. Differential Equations 46 (2005), 8pp.

[10] Pašić, M., Rectifiable and unrectifiable oscillations for a class of second-order linear differential equations of Euler type , J. Math. Anal. Appl. 335 (2007), 724–738.

[11] Pašić, M., Rectifiable and unrectifiable oscillations for a generalization of the Riemann-Weber version of Euler differential equation , Georgian Math. J. 15 (2008), 759–774.

[12] Pašić, M., Raguž, A., Rectifiable oscillations and singular behaviour of solutions of second-order linear differential equations , Int. J. Math. Anal. 2 (2008), 477–490.

[13] Pašić, M., Tanaka, S., Rectifiable oscillations of self-adjoint and damped linear differential equations of second-order , J. Math. Anal. Appl. 381 (2011), 27–42.

[14] Swanson, C.A., Comparison and oscillation theory of linear differential equations , Math.

Sci. Engrg., vol. 48, Academic Press, New York-London, 1968. [15] Wong, J.S.W., On rectifiable oscillation of Euler type second order linear differential equations , Electron. J. Qual. Theory Differ. Equ. 20 (2007), 12pp.

Department of Applied Mathematics, Faculty of Science, Okayama University of Science, Ridaichou 1–1, Okayama 700–0005, Japan E-mail : tanaka@xmath.ous.ac.jp