ARCHIVUM MATHEMATICUM (BRNO) Tomus 54 (2018), 135–151

THE INFINITESIMAL COUNTERPART OF TANGENT PRESYMPLECTIC GROUPOIDS OF HIGHER ORDER

P.M. Kouotchop Wamba and A. MBA

Abstract. Let (G, ω ) be a presymplectic groupoid. In this paper we characterize the infinitesimal counter part of the tangent presymplectic groupoid of higher order, (T^r G, ω^{( c)} ) where T^r G is the tangent groupoid of higher order and ω^{( c)} is the complete lift of higher order of presymplectic form ω .

1. Introduction

We denote by LG the category of Lie groupoids and by LA the category of Lie algebroids. For an objet G of LG over a manifold M, we denote the source and target map by s, t : G → M, the multiplication m: G_{(2)} → G where G_{(2)} is the set of composable arrows. By ı: G → G and ε : M → G we denote respectively inversion map and unit section. There is a natural functor A : LG → LA which maps each objet G ∈ LG to the objet AG ∈ LA , and every morphism of Lie groupoids ψ : G_1 → G_2 is mapped to the Lie algebroid morphism Aψ : AG_1 → AG_2 (see [13]). It is called the Lie functor and preserves fibered product. A symplectic groupoid is a pair (G, ω ), where G is a Lie groupoid over M and ω is a symplectic form on G such that:

(1.1) m^∗ ω = ( pr_1 )^∗ ω + ( pr_2 )^∗ ω

where pr_1, pr_2 : G_{(2)} → G are the natural projections. Such forms are usually called multiplicative forms (see [2]). Given a symplectic groupoid (G, ω ), then there exists an isomorphism of Lie algebroids (see [4])

(1.2) σ : AG → T^∗ M

u → (i_u ω ) |_{T M}

where the Lie algebroid structure on T^∗ M is the one induced by the poisson bivector π_ω on M such that the source map s is a Poisson map, and the target map t is anti-Poisson. The 1-form (i_u ω ) |_{T M} is defined for any x ∈ M and h_x ∈ T_x M by:

(1.3) (i_u ω ) (x) (h_x ) = ω (x) � i_{AG} (u), T_x ε(h_x ) �

2010 Mathematics Subject Classification : primary 53C15; secondary 53C75, 53D05. Key words and phrases : IM-2 forms, complete lifts of vector fields and differential forms, twisted-Dirac structures, tangent functor of higher order, natural transformations.

Received March 24, 2017, revised December 2017. Editor J. Slovák. DOI: 10.5817/AM2018-3-135

136 P.M. KOUOTCHOP WAMBA AND A. MBA

and i_{AG} : AG → T G is a canonical injection. The anchor map induced by π_ω is given by:

(1.4) ♯_{π ω} = ρ_{AG} ∘ σ^{− 1}

where ρ_{AG} : AG → T M is the anchor map of the Lie algebroid AG. It follows that the Poisson manifolds can be thought as the infinitesimal counterparts of symplectic groupoids. The key point in the construction of π_ω is the isomorphism of vector bundles σ : AG → T^∗ M, which in turn comes from the fact that ω is non degenerate. However, if ω ∈ Ω^2 (G) is a closed multiplicative form not necessarily symplectic the bundle map σ : AG → T^∗ M is not an isomorphism.

Let M be a smooth manifold, we consider the direct sum vector bundle T M ⊕ T^∗ M equipped with the nondegenerate symmetric pairing

⟨X ⊕ ω, Y ⊕ ϖ ⟩_+ = 1 2 � ⟨X, ϖ ⟩_M + ⟨Y, ω ⟩_M � and the natural skew-symmetric pairing

⟨X ⊕ ω, Y ⊕ ϖ ⟩_− = 1 2 � ⟨X, ϖ ⟩_M − ⟨ Y, ω ⟩_M � where the bracket ⟨·, ·⟩_M : T M ⊕ T^∗ M → R is the usual canonical duality pairing. The space of sections Γ (T M ⊕ T^∗ M ) = X (M ) ⊕ Ω^1 (M ) is endowed with the Courant bracket

[X ⊕ ω, Y ⊕ ϖ ] = [X, Y ] ⊕ (L_X ϖ − i_Y dω ) .

A Dirac structure on M (see [5]) is a sub-bundle L ⊂ T M ⊕ T^∗ M which is Lagrangian with respect to the non degenerate symmetric pairing ⟨; ⟩_+ and involutive, in the sense that: the space of smooth sections Γ(L) is closed under the Courant bracket. For example, a bivector field π on M induces a subbundle of T M ⊕ T^∗ M given by L_π = { ♯_π (α ) ⊕ α, α ∈ T^∗ M }. It corresponds to a Dirac structure if and only if [π, π ]_{SN} = 0 , where [·, ·]_{SN} is the Schouten bracket of multivector fields.

Let G be a Lie groupoid over a manifold M, we have the following result established in [2].

Theorem 1. If ω ∈ Ω^2 (G) is a multiplicative closed form, then the associated bundle map σ : AG → T^∗ M satisfies the following conditions

(1) For any u, v ∈ Γ ( AG),

(1.5) � ρ_{AG} ⊕ σ (u) , ρ_{AG} ⊕ σ (v) � + = 0 .

(2) For any u, v ∈ Γ ( AG),

(1.6) σ ([u, v]) = L_{ρ(u )} v − L_{ρ(v)} u − d � ⟨ρ_{AG} ⊕ σ (u) , ρ_{AG} ⊕ σ (v)⟩_− � . The bundle maps σ : AG → T^∗ M satisfying properties (1) and (2) in Theorem 1 are called the infinitesimal counterparts of closed multiplicative 2-forms (see [2], [1]).

THE INFINITESIMAL COUNTERPART. . .OF HIGHER ORDER 137

Consider the bundle map σ : AG → T^∗ M associated to a presymplectic groupoid (G, ω ), the set (ρ_{AG} ⊕ σ) (AG) ⊂ T M ⊕ T^∗ M is not a bundle in general. It is a bundle if the following conditions are satisfied (see [1]): for any x ∈ G � (i) dim G = 2 dim M (ii) ker ( T_x s) ∩ ker ( T_x t) ∩ ker � ω^♯ (x) � = { 0}

where ω^♯ (x) : T_x G → T^∗_x G is a vector bundle morphism induced by ω (x). In [6], it has been proven that a presymplectic groupoid (G, ω ) satisfies (i) and (ii) if and only if ω^♯ : T^∗ G → T G is V B-Morita map. If (i) and (ii) are satisfied, then M inherits a Dirac structure. More precisely, the bundle morphism

(1.7) ρ_{AG} ⊕ σ : AG → T M ⊕ T^∗ M

is an embedding whose image is a Dirac structure on M. Moreover, the target map t : (G, ω ) → (M, L ) is a forward Dirac map. The bundle map (1.7) establishes an isomorphism of Lie algebroid between AG and the canonical Lie algebroid determined by the Dirac structure L. Hence, Dirac manifolds may be thought of as the infinitesimal data of presymplectic groupoids satisfying (i) and (ii) (for more details see [2]).

Let M be an m-dimensional manifold. The tangent bundle of order r of M is the m(r + 1) -dimensional manifold T^r M of r-jets at 0 ∈ R, of smooth map γ : R → M. We denote by π^r_M : T^r M → M the canonical projection defined by π^r_M (j^r_0 γ) = γ(0). Then T^r M has a bundle structure over M. If r = 1 , T^1 M = T M is the tangent bundle of M. However, if r ≥ 2, π^r_M : T^r M → M is not a vector bundle (for more details see [8]). In the sequel, we adopt the notations of [ 14] and for the coordinates system � U, x^i � in M, the local coordinates system of T^r M over T^r U is such that, the coordinate functions � x^i_γ � with i = 1 , . . . , m and γ = 0 , . . . , r are given by:

(1.8) � x^i_0 (j^r_0 g) = x^i (g (0)) , x^i_γ (j^r_0 g) =^1_{γ !} ·^{d γ}_{dt γ} � x^i ∘ g � (t) |_{t =0} .

For the measure of convenience, the coordinate function x^i_0 is denoted by x^i. The differential geometry of the tangent bundles of higher order has been extensively studied by many authors, see for instance the papers [ 3], [9], [10], [11] and [17]. It plays an essential role in theoretical physics namely, the Lagrangian and Hamiltonian formulations of some dynamical systems of higher order (see [ 17]). The tangent lift of higher order of Dirac structures have been studied in [ 10] and some of its properties are given. This lifting generalizes the tangent lift of higher order of Poisson structures and symplectic structures (see [ 10]). The particular cases of symplectic groupoids is not studied and some properties induced by this lifting are not established. Therefore, in this paper we study the tangent lifts of higher order of multiplicative 2-forms on a Lie groupoid and we establish some of their properties. In particular, we describe the infinitesimal counterpart of this lifting. So, the main results of this paper are Theorems 3, 4, 5 and Corollaries 2, 3, 4. Given a presymplectic groupoid (G, ω ) verifying the assertions (i) and (ii), we prove that � T^r G, ω^{(c)} � is a presymplectic groupoid verifying (i), (ii) and we characterize

138 P.M. KOUOTCHOP WAMBA AND A. MBA

the Dirac structure induced by this lifting on T^r M, where T^r G is a tangent Lie groupoid of order r over T^r M obtained by applying the tangent functor of order r to each of the structure maps defining G (source, target, multiplication, inversion and identity section).

In this paper, all manifolds and mappings are assumed to be differentiable of class C^∞ . We shall fix a natural integer r ≥ 1.

2. Preliminaries

2.1. The canonical isomorphism A (T^r G) ∼= T^r (AG). For each manifold M, there is a canonical diffeomorphism (see [3])

(2.1) κ^r_M : T^r T M → T T^r M

which is an isomorphism of vector bundles

T^r (π_M ) : T^r T M → T^r M and π^r_{T M} : T T^r M → T^r M

such that T (π^r_M ) ∘ κ^r_M = π^r_{T M} . Let � x^1 , . . . , x^m � be a local coordinate system of M, we introduce the coordinates (x^i , ẋ^i) in T M, � x^i , ẋ^i , x^i_β , ẋ^i_β � in T^r T M and � x^i , x^i_β , ẋ^i , ~x^i_β � in T T^r M . We have

κ^r_M � x^i , ẋ^i , x^i_β , ẋ^i_β � = � x^i , x^i_β , ẋ^i , ~x^i_β � with ~x^i_β = ẋ^i_β .

Consider now a Lie groupoid G over M with Lie algebroid AG. The vector bundle isomorphism κ^r_G : T^r T G → T T^r G restricted to AG induces an isomorphism of vector bundles

(2.2) J^r_G : T^r (AG) → A (T^r G) .

More precisely, we have the following commutative diagram (see [9])

(2.3) T^r (AG)^{J r G} �

T^r (i_{AG} ) � A(T^r G)

i_{A ( T} r_{G )} � T^r T G_{κ rG} �T T^r G

where i_{AG} : AG → T G is a canonical injection.

Let (E, [·, ·], ρ) be a Lie algebroid over M, it exists one and only one Lie algebroid structure on T^r E, of anchor map ρ^{(r )} = κ^r_M ∘ T^r ρ such that, for any u, v ∈ Γ(E) we have:

(2.4) [T^r (u), T^r (v)] = T^r � [u, v] � . It is called tangent lift of higher order of Lie algebroid E (see [11]). It follows that, the map J^r_G : T^r (AG) → A (T^r G) is an isomorphism of Lie algebroids, where the Lie algebroid on T^r (AG) is the tangent lift of order r of Lie algebroid AG.

THE INFINITESIMAL COUNTERPART. . .OF HIGHER ORDER 139

2.2. The canonical isomorphism A (T^∗ G) ∼= T^∗ (AG). Let (E, M, π ) be a vector bundle, we denote by � x^i , y^j � an adapted coordinate system of E, it induces the local coordinates � x^i , π_j � in E^∗, (x^i , y^j , p_i , ζ_j ) in T^∗ E and (x^i , π_j , p_i , ξ^j ) in T^∗ E^∗.

It is defined in [13], the natural submersion r_E : T^∗ E → E^∗ such that locally

r_E � x^i , y^j , p_i , ζ_j � = � x^i , ζ_j � and the Legendre type map

R_E : T^∗ E^∗ → T^∗ E

which is an anti-symplectomorphism with respect to the canonical symplectic structures on T^∗ E^∗ and T^∗ E respectively, and locally defined by:

R_E � x^i , π_j , p_i , ξ^j � = � x^i , y^j , − p_i , ζ_j � , with � y^j = ξ^j π_j = ζ_j

We suppose that the vector bundle E → M carries a Lie algebroid structure, so there is a linear Poisson structure π on E^∗. Since any Poisson structure on a manifold defines a Lie algebroid structure on its cotangent bundle (see [ 16]), we obtain a Lie algebroid structure on T^∗ E^∗ with the anchor map

♯_π : T^∗ E^∗ → T E^∗ .

By the Legendre map R_E , we carry the Lie algebroid of T^∗ E^∗ on T^∗ E. The Lie algebroid T^∗ E → E^∗ is called cotangent algebroid of E .

Let G be a Lie groupoid over M, we know that T^∗ G is a Lie groupoid over A^∗ G (see [13]). The source and target maps are defined respectively by:

s^∗ (γ_g ) (u) = γ_g � T L_g (u − T t (u)) � and t^∗ (δ_g ) (v) = δ_g � T R_g (v) � where γ_g ∈ T^∗_g G, u ∈ A_{s (g)} G and δ_g ∈ T^∗_g G, v ∈ A_{t (g)} G. The multiplication on T^∗ G is defined by:

(β_g • γ_h ) (X_g ▪X_h ) = β_g (X_g ) + γ_h (X_h )

for (X_g , X_h ) ∈ T_{(g,h )} G_{(2)} . As the natural pairing ⟨·, ·⟩_G : T G ⊕ T^∗ G → R is a groupoid morphism and applying the Lie functor, we obtain an isomorphism ς_G : A (T G)^∗ → A (T^∗ G). On the other hand, for any manifold M, there is a canonical diffeomorphism (see [3])

α^r_M : T^∗ T^r M → T^r T^∗ M

which is an isomorphism of vector bundles

π^∗_T r_M : T^∗ T^r M → T^r M and T^r (π^∗_M ) : T^r T^∗ M → T^r M

dual of κ^r_M with respect to pairings ⟨·, ·⟩^′_T r_M = τ_r ∘ T^r (⟨·, ·⟩_M ) and ⟨·, ·⟩_T r_M , i.e. for any (u, u^∗ ) ∈ T^r T M ⊕ T^∗ T^r M ,

(2.5) � κ^r_M (u) , u^∗ � T^r M = � u, α^r_M (u^∗ )

�_′

T^r M .

140 P.M. KOUOTCHOP WAMBA AND A. MBA Let � x^1 , . . . , x^m � be a local coordinates system of M, we introduce the coordinates (x^i , p_j ) in T^∗ M, � x^i , p_j , x^i_β , p^β_j � in T^r T^∗ M and � x^i , x^i_β , π_j , π^β_j � in T^∗ T^r M. We have:

α^r_M � x^i , π_j , x^i_β , π^β_j � = � x^i , x^i_β , p_j , p^β_j � with � p_j = π^r_j p^β_j = π^{r − β}_j

By ε^r_M we denote the map (α^r_M )^{− 1} and it is called natural isomorphism of Tulczyjew over M .

Remark 1. Let G be a Lie groupoid. In the particular case r = 1 , the natural isomorphism of Tulczyjew, ε^1_G establishes a canonical isomorphism of Lie algebroids between the Lie algebroid of cotangent groupoid A (T^∗ G) and the cotangent algebroid of A(G) (see [12]).

2.3. Tangent lifts of higher order of presymplectic manifolds. In this section we recall briefly the main results of A. Morimoto [ 14], about the complete lifts of differential forms to the tangent bundle of higher order. These result will be used in the sequel.

2.3.1. Prolongations of functions. For each s ∈ { 0, . . . , r }, we denote by τ_s the linear form on J^r_0 (R, R) defined by:

τ_s (j^r_0 γ) = 1 s! · d^s dt^s � γ(t) � t =0 , where γ ∈ C

∞ (R, R) .

Let M be a smooth manifold of dimension m > 0. For g ∈ C^∞ (M) and s ∈ { 0, . . . , r }, we set: g^{(s )} = τ_s ∘ T^r g. The smooth map g^{(s )} is called s-prolongation of g, and, more explicitly, it is given by:

g^{(s )} (j^r_0 φ ) = 1 s! d^s (g ∘ φ )

dt^s

(t) |_{t =0} for φ ∈ C^∞ (R, M ) .

Remark 2.

(i) By this expression, it follows that x^i_β = � x^i

�_{(β )} on T^r U where � x^1 , . . . , x^m � are coordinates on some open subset U ⊂ M , β ∈ { 0, · · ·, r }.

(ii) The mapping C^∞ (M ) → C^∞ (T^r M ) g → g^{(s )} is R-linear.

2.3.2. Prolongations of vector fields. Let (E, M, π ) be a vector bundle, consider the vector bundle morphism χ^{(α )}_E : T^r E → T^r E defined by:

χ^{(α )}_E (j^r_0 Ψ) = j^r_0 (t^α Ψ) where Ψ ∈ C^∞ (R, E ) and t^α Ψ is the smooth map defined for any t ∈ R by: (t^α Ψ) ( t) = t^α Ψ( t) .

THE INFINITESIMAL COUNTERPART. . .OF HIGHER ORDER 141

Let X be a vector field on a manifold M, we define the α-prolongation of X denoted X^{(α )} by: X^{(α )} = κ^r_M ∘ χ^{(α )}_{T M} ∘ T^r X .

When α = 0 , it is called complete lift of X to T^r M and is denoted by X^{(c)}. We put X^{(α )} = 0 for α > r or α < 0. If � U, x^i � is a local coordinates system of M such that

X = X^i ∂ ∂x^i , then we have:

X^{(α )} = � X^i

�_{(β − α )} ∂

∂x^i_β . Proposition 1.

(i) For X ∈ X (M ), f ∈ C^∞ (M ) and α, β ∈ { 0, . . . , r }, we have:

X^{(α )} (f^{(β )} ) = � X (f )

�_{(β − α )} . (ii) For X , Y ∈ X (M ) and α , β ∈ { 0, . . . , r }, we have: � X^{(α )} , Y^{(β )} � = [ X, Y ]^{(α + β )} .

(iii) The set � X^{(β )} , X ∈ X (M ) , β = 0 , . . . , r � generates the C^∞ (T^r M )-module X (T^r M ).

Proof. See [7]. □ 2.3.3. Prolongations of differential forms. Let ω ∈ Ω^k (M ) and β ∈ { 0, . . . , r }. We have the following result establishes in [14]. Proposition 2. It exists on T^r M one and only one differential form of degree k denoted by ω^{(β )} verifying:

(2.6) ω^{(β )} � X^{(β 1 )}_1 , . . . , X^{(β k )}_k � = � ω (X_1 , . . . , X_k )

�_{(β − (β 1 + ···+ β k ))} . For all X_1 , . . . , X_k ∈ X (M ) and β_1 , . . . , β_k ∈ { 0, · · ·, r }.

The differential form ω^{(β )} is called β-prolongation of ω from M to T^r M. When β = r , ω^{(β )} is called complete lift of ω on T^r M and it is denoted by ω^{(c)} . Remark 3.

(1) In local coordinates, if ω = ω_{i 1 ...i k} dx^{i 1} ∧ · · · ∧dx^{i k} , then ω^{(β )} = � β_1 + ···+ β_k + α = β

(ω_{i 1 ···i k} )^{(α )} dx^{i 1}_{β 1} ∧ · · · ∧dx^{i k}_{β k} .

(2) For any ω ∈ Ω^1 (M ), we have the following equality: ω^{(α )} = ε^r_M ∘ χ^{(r − α )}

T^∗ M ∘ T

r ω .

142 P.M. KOUOTCHOP WAMBA AND A. MBA

Proposition 3. (1) For any β ≤ r , the map ω → ω^{(β )} from Ω^k (M ) to Ω^k (T^r M ) is R-linear. (2) For any X ∈ X (M ) and α, β ≤ r we have:

i_X ( α ) ω^{(β )} = ( i_X ω )^{(β − α )} ,

(2.7) d � ω^{(β )} � = ( dω )^{(β )} ,

(2.8)

L_X ( α ) ω^{(β )} = ( L_X ω )^{(β − α )} .

(2.9)

(3) For f ∈ C^∞ (M, N ) and ϖ ∈ Ω^k (N ), we have:

(2.10) (T^r f )^∗ ϖ^{(β )} = ( f^∗ ϖ )^{(β )}

Proof. For (1) and the equalities (2.7), (2.8) and (2.9) see [7]. We prove the equality (2.10). Let (U, x^i) and (V;y^j ) local charts of M and N such that f (U) ⊂ V. The local expression of T^r f is given by T^r f (x^i , x^i_α ) = � f_p (x^i ), f^{(β )}p (x^i , x^i_α ) � . As ϖ = ϖ_{i 1 ...i k} dy^{i 1} ∧ · · · ∧dy^{i k} , then ϖ^{(β )} = � β_1 + ···+ β_k + γ = β

(ϖ_{i 1 ...i k} )^{(γ )} dy^{i 1}_{β 1} ∧ · · · ∧

dy^{i k}_{β k} . We have

(T^r f )^∗ ϖ^{(β )} = � (ϖ_{i 1 ...i k} )^{(γ )} ∘ T^r f � d � y^{i 1}_{β 1} ∘ T^r f � ∧ · · · ∧d � y^{i k}_{β k} ∘ T^r f � = ( ϖ_{i 1 ···i k} ∘ f )^{(γ )} d � f^{(β 1 )}_{i 1} � ∧ · · · ∧d � f^{(β k )}_{i k} � = ( ϖ_{i 1 ···i k} ∘ f )^{(γ )} (df_{i 1} )^{(β 1 )} ∧ · · · ∧(df_{i k} )^{(β k )} .

So, (T^r f )^∗ ϖ^{(β )} = ( f^∗ ϖ )^{(β )} . □

Remark 4. The equation (2.8) shows that if ω is closed then ω^{(c)} is also closed. In particular, for k = 2 , the complete lift ω^{(c)} is such that, � ω^{(c)}

�_♯

= ε^r_M ∘ T^r � ω^♯ � ∘ (κ^r_M )^{− 1} .

In particular, if ω is non degenerate, then ω^{(c)} is also non degenerate.

Corollary 1. If (M, ω ) is a symplectic manifold, then (T^r M, ω^{(c)}) is also symplectic manifold.

2.3.4. Complete lift of tensor fields of type (0, p). Let (E, M, π ) be a vector bundle and φ a tensor field of type (0, p) on E. We interpret a tensor φ on E as a p-linear mapping φ : E ×_M · · · ×_M E → R on the fibered product over M of p-copies of E. Put, φ^{(c)} = τ_r ∘ T^r φ .

φ^{(c)} is a tensor field of type (0, p) on the vector bundle (T^r E → T^r M ), called α-complete lift of φ from E to T^r E (see [7]). On the other hand, given s : M → E a smooth section of E, it is defined (see [ 7]) the section s^{(α )} of (T^r E → T^r M ) by:

s^{(α )} = χ^{(α )}_E ∘ T^r (s) , 0 ≤ α ≤ r .

THE INFINITESIMAL COUNTERPART. . .OF HIGHER ORDER 143

It is called α-prolongation of order r of s. For the sake of convenience we put s^{(α )} = 0 for α < 0 or α > r . We have the following result established in [10].

Proposition 4.

(i) The set � s^{(α )} , s ∈ Γ ( E ) , 0 ≤ α ≤ r � generates the C^∞ (T^r M )-module Γ (T^r E ).

(ii) φ^{(c)} is the only tensor field of type (0, p) on T^r E satisfying:

φ^{(c)} � s^{(α 1 )}_1 , . . . ,s^{(α p )}_p � = � φ (s_1 , . . . , s_p )

�^{(r −} p� i =1

α_i )

for all s_1 , . . . , s_p ∈ Γ( E ) and 0 ≤ α_1 , . . . , α_p ≤ r .

3. Higher order tangent lifts of twisted Dirac structures

As observed, for instance, in [ 2], one can use a closed 3-form ϕ on M to modify the standard Courant bracket as follows:

(3.1) [X ⊕ ω, Y ⊕ ϖ ]_ϕ = [ X, Y ] ⊕ (L_X ϖ − i_Y dω + i_{X ∧ Y} ϕ) .

It is called the ϕ-twisted Courant-bracket on X (M ) ⊕ Ω^1 (M ).

An almost Dirac structure on a manifold M is a subbundle L of vector bundle T M ⊕ T^∗ M which is maximally isotropic under the symmetric pairing ⟨·, ·⟩_+ . If Γ (L) is closed under the bracket (3.1), adopting the definitions introduced in [ 2], [15], we will say that, the almost Dirac structure L is integrable or L is a ϕ-twisted-Dirac structure on M. It is denoted by (M, L, ϕ ) and we prefer to write L = L_ϕ . In the particular case where ϕ = 0 , we obtain the integrability condition defined in [ 5]. The integrability of a twisted-Dirac structure (M, L_ϕ ) is also measured by the Courant 3-tensor T_ϕ defined by:

T_ϕ (e_1 , e_2 , e_3 ) = � [e_1 , e_2 ]_ϕ , e_3 � + . In fact, an almost Dirac structure L ⊂ T M ⊕ T^∗ M defines a ϕ-twisted Dirac structure on M if and only if the Courant tensor T_ϕ vanishes.

Example 1. Let ω be a 2-form on a manifold M. The vector bundle L_ω defined by the graph of the map ω^♯ : T M → T^∗ M defines a ϕ-twisted Dirac structure if and only if dω + ϕ = 0 .

In this case we say that ω is closed with respect to ϕ.

Example 2. Let π ∈ X^2 (M ), the vector bundle L_π defined by the graph of the anchor map ♯_π : T^∗ M → T M defines a ϕ-twisted Dirac structure if and only if 1 2 [π, π ] =

�_3 ♯_π � (ϕ) where

�_3

♯_π denotes the extension of the bundle map ♯_π : T^∗ M → T M to higher exterior powers.

144 P.M. KOUOTCHOP WAMBA AND A. MBA

Remark 5. Given a ϕ-twisted Dirac structure L_ϕ on a manifold M, the vector bundle L_ϕ → M inherits a canonical Lie algebroid structure with anchor map given by the restriction of the canonical projection pr_1 |_{L ϕ} : L_ϕ → T M, and the Lie bracket on the sections of L_ϕ is defined by the restriction of the ϕ-twisted Courant bracket. Since every Lie algebroid defines a singular foliation on its base manifold, (see [5]) it follows that L_ϕ defines a singular foliation on M. Additionally, on each leaf of M i_S : S → M there is a 2-form Ω_S such that:

dΩ_S + i^∗_S ϕ = 0

where for any x ∈ S , u_x , v_x ∈ T_x S = ( L_ϕ )_x , we have

Ω_S (x) (u_x , v_x ) = ⟨u_x , v_x ⟩_− . So, the 2-forms Ω_S are closed up to i^∗_S ϕ and we say that Ω_S is presymplectic relative to i^∗_S ϕ. In this way we obtain the singular presymplectic foliation related to ϕ.

Let ϕ be a closed 3-form on M and (M, L_ϕ ) an almost Dirac structure. We put:

(3.2) T^r L_ϕ = ( κ^r_M ⊕ ε^r_M ) (T^r L_ϕ ) ⊂ T T^r M ⊕ T^∗ T^r M

T^r L_ϕ is an almost Dirac structure on T^r M (see for instance [ 10]). On the other hand, for any e ∈ Γ (L_ϕ ), we denote by e^{(α )} the α-lift of e from L_ϕ to T^r L_ϕ . We have: κ^r_M ⊕ ε^r_M � e^{(α )} � ∈ Γ ( T^r L_ϕ ) .

We put e^{(α )} = κ^r_M ⊕ ε^r_M � e^{(α )} � . In particular, if e = X ⊕ ω , then we have (see [ 10]):

e^{(α )} = X^{(α )} ⊕ ω^{(r − α )} .

The set � e^{(α )} , e ∈ Γ ( L_ϕ ) , 0 ≤ α ≤ r � generates the C^∞ (M )-module Γ ( T^r L_ϕ ).

Lemma 1. For any e_1 , e_2 ∈ Γ ( L_ϕ ) we have: � e^{(α )}_1 , e^{(β )}_2 � + = � ⟨e_1 , e_2 ⟩_+

�_{(r − α − β )} (3.3) � e^{(α )}_1 , e^{(β )}_2 � − = � ⟨e_1 , e_2 ⟩_−

�_{(r − α − β )} . (3.4)

Proof. By calculation. □

Lemma 2. For e_1 , e_2 ∈ Γ ( L_ϕ ), we have:

(3.5) � e^{(α )}_1 , e^{(β )}_2 � ϕ^{( c )} = [ e1 , e2 ]

(α + β ) ϕ . Proof. We put e_1 = X_1 ⊕ ω_1 , e_2 = X_2 ⊕ ω_2 , we have: � e^{(α )}_1 , e^{(β )}_2 � ϕ^{( c )} = � X^{(α )}_1 ⊕ ω^{(r − α )}

1 , X^{(β )}_2 ⊕ ω^{(r − β )} 2 � ϕ^{( c )} = � X^{(α )}_1 , X^{(β )}_2 � ⊕ � (L_{X 1} ω_2 )^{(r − α − β )} − (i_{X 2} dω_1 )^{(r − α − β )}

+ ( i_{X 1 ∧ X 2} ϕ)^{(r − α − β )} � = [ X_1 , X_2 ]^{(α + β )} ⊕ (L_{X 1} ω_2 − i_{X 2} dω_1 + i_{X 1 ∧ X 2} ϕ)^{(r − α − β )}

= [ e_1 , e_2 ]^{(α + β )} .

THE INFINITESIMAL COUNTERPART. . .OF HIGHER ORDER 145 □ Let L_ϕ be an almost ϕ-twisted Dirac structure on M. We denote by T_ϕ ( c ) the Courant tensor of the almost Dirac structure T^r L_ϕ .

Theorem 2. We have:

(3.6) T_ϕ^{(c)} = T_ϕ ( c ) ∘

�^3�

(κ^r_M ⊕ ε^r_M ) � . Proof. Let e_1 , e_2 , e_3 ∈ Γ ( L_ϕ ), we have:

T_ϕ ( c ) ∘

�^3�

(κ^r_M ⊕ ε^r_M ) � � e^{(α )}_1 ,e^{(β )}_2 ,e^{(γ )}_3 � = T_ϕ ( c ) � e^{(α )}_1 , e^{(β )}_2 , e^{(γ )}_3 �

= � e^{(α )}_1 , e^{(β )}_2 � ϕ^{( c )} , e

(γ ) 3 � + = � [e_1 , e_2 ]^{(α + β )} ϕ , e^{(γ )}_3 � + = � [e_1 , e_2 ]_ϕ , e_3 � + �_{(r − α − β )} = T_ϕ^{(c)} � e^{(α )}_1 ,e^{(β )}_2 ,e^{(γ )}_3 � .

Thus, T_ϕ^{(c)} = T_ϕ ( c ) ∘

�_3 (κ^r_M ⊕ ε^r_M ) � . □ For the tangent lift of Lie algebroid see [11].

Proposition 5. Let L_ϕ be an integrable ϕ-twisted Dirac structure on M. The tangent Lift of higher order of Lie algebroid � L_ϕ , [·, ·]_ϕ , pr_1 � is isomorphic to the Lie algebroid � T^r L_ϕ , [·, ·]_ϕ ( c ) , pr_1 � over T^r M .

Proof. Follows by the equation (3.2). It is such that,

κ^r_M ⊕ ε^r_M : T^r L_ϕ → T^r L_ϕ

is an isomorphism of Lie algebroids. □ For the tangent lifts of higher order of singular foliations and their properties, see [11]. Using these results, we have:

Proposition 6. Let L_ϕ be an integrable Dirac structure, F_ϕ the generalized foliation induced by L_ϕ and S a leaf of F_ϕ . (1) The singular foliation induced by T^r L_ϕ is the tangent lift of order r of the generalized foliation F_ϕ .

(2) If Ω_S is the presymplectic form on S relative to i^∗_S ϕ then, Ω^{(c)}_S is the presymplectic form on the leaf T^r S relative to i^∗_T r_S ϕ^{(c)} .

Proof. Let X, Y ∈ pr_1 (Γ ( L_ϕ )) tangent to S such that X ⊕ ω , Y ⊕ ϖ ∈ Γ (L_ϕ ). We have:

Ω_T r_S � X^{(α )} , Y^{(β )} � = ω^{(r − α )} � Y^{(β )} � = � ω (Y)

�_{(r − α − β )} = � Ω_S (X, Y )

�_{(r − α − β )}

= Ω^{(c)}_S � X^{(α )} , Y^{(β )} � .

146 P.M. KOUOTCHOP WAMBA AND A. MBA

It follows that, Ω_T r_S = Ω^{(c)}_S . The equality d (Ω_T r_S ) + i^∗_T r_S ϕ^{(c)} = 0 is a now consequence of Lemma 2. □

4. The main results Let G be a Lie groupoid over a manifold M equipped with closed multiplicative 2-form ω . Theorem 3. The pair � T^r G, ω^{(c)} � is a presymplectic groupoid.

Proof. T^r m: (T^r G)_{(2)} → T^r M is the partial multiplication map. We have: (T^r m)^∗ ω^{(c)} = ( m^∗ ω )^{(c)} = � (pr_1 )^∗ ω + ( pr_2 )^∗ ω

�_{(c)}

= ( T^r pr_1 )^∗ ω^{(c)} + ( T^r pr_2 )^∗ ω^{(c)} = pr^∗_1 ω^{(c)} + pr^∗_2 ω^{(c)} where pr_1 , pr_2 : (T^r G)_{(2)} → T^r G are the natural projections. □ We denote by σ_r : A (T^r G) → T^∗ T^r M the infinitesimal counterpart of the closed multiplicative 2-form induced by the presymplectic groupoid � T^r G, ω^{(c)} � . Theorem 4. We have: (4.1) σ_r = ε^r_M ∘ T^r (σ) ∘ (J^r_G )^{− 1} . Proof. As J^r_G : T^r (AG) → A (T^r G) is an isomorphism of Lie algebroids and J^r_G is the restriction of κ^r_G : T^r T G → T T^r G to T^r (AG), then for any u ∈ Γ ( AG) u^{(α )} = J^r_G � u^{(α )} � ∈ Γ � A(T^r G) � . For any u ∈ Γ( AG) and α ∈ { 0, 1, . . . , r } we have: σ_r � u^{(α )} � = i_u ( α ) ω^{(c)} = ( i_u ω )^{(r − α )} .

In the same way, ε^r_M ∘ T^r (σ) ∘ (J^r_G )^{− 1} � u^{(α )} � = ε^r_M ∘ T^r (σ) ∘ χ^{(α )}_{AG} ∘ T^r u = ε^r_M ∘ χ^{(α )}_T ∗_M ∘ T^r (σ ∘ u) = ε^r_M ∘ χ^{(α )}_T ∗_M ∘ T^r (i_u σ) = ( i_u σ)^{(r − α )} .

Since Γ (A (T^r G)) is generated by the set � u^{(α )} , u ∈ Γ ( AG) , α ≤ r � , then ε^r_M ∘ T^r (σ) ∘ (J^r_G )^{− 1} = σ_r . □

THE INFINITESIMAL COUNTERPART. . .OF HIGHER ORDER 147

Corollary 2. Let (G, ω ) be a symplectic groupoid and π_ω the Poisson tensor on M induced by ω . We have:

(4.2) π_ω ( c ) = ( π_ω )^{(c)} ,

where (π_ω )^{(c)} is the complete lift of the Poisson tensor π_ω .

Proof. The anchor map of Poisson tensor π_ω ( c ) is such that (see [11])

(4.3) ♯_{π ω ( c )} = ρ_{A (T} r_{G )} ∘ σ^{− 1}_r .

The anchor map of Lie algebroid T^r (AG) is given by: ρ^{(r )}_{AG} = κ^r_M ∘ T^r (ρ_{AG} ). It follows that: ρ_{A (T} r_{G )} = κ^r_M ∘ T^r (ρ_{AG} ) ∘ (J^r_G )^{− 1} hence,

♯_{π ω ( c )} = κ^r_M ∘ T^r (ρ_{AG} ) ∘ (J^r_G )^{− 1} ∘ σ^{− 1}_r

= κ^r_M ∘ T^r � ρ_{AG} ∘ σ^{− 1} � ∘ α^r_M = κ^r_M ∘ T^r (♯_{π ω} ) ∘ α^r_M .

Therefore ♯_{π ω ( c )} = ♯_π ( c )_ω , i.e. π_ω ( c ) = ( π_ω )^{(c)} . □

Example 3. Let G be a Lie group, it is a Lie groupoid over a point. We denote by g the Lie algebra of G, T^∗ G is a Lie groupoid over g^∗. Equipping T^∗ G with the canonical symplectic form ω_G , it becomes a symplectic groupoid and the corresponding Poisson structure on g^∗ is the standard linear Poisson structure. So, � T^r T^∗ G, ω^{(c)}_G � is a symplectic groupoid. We denote by (e_i ) the canonical basis of g and � e^i � its dual basis. By � e^β_i � we denote the basis of T^r g obtained by prolongation and by � e^{β,i} � its dual basis. We denote by � e^{i,β} � the basis of T^r g^∗ obtained by prolongation. As the Poisson bracket on g^∗ is given by: � e^i , e^j � = c^{ij}_k e^k .

We deduce that, the Poisson bracket on T^r g^∗ is given by: � e^{i,β} , e^{j,γ} � = c^{ij}_k e^{k,β + γ − r} .

Consider the vector space isomorphism I_g ∗ : (T^r g)^∗ → T^r g^∗ defined in [ 9]. It is such that I_g ∗ � e^{β,i} � = e^{i,r − β} , so the linear Poisson structure on (T^r g)^∗ is such that the canonical isomorphism I_g ∗ is a Poisson map. This linear Poisson structure on (T^r g)^∗ is induced by the tangent Lie algebra T^r g of order r. In the same way, α^r_G : T^∗ T^r G → T^r T^∗ G is an isomorphism of Lie groupoids over the map I_g ∗ and (α^r_G )^∗ � ω^{(c)}_G � = ω_T r_G , it follows that α^r_G is an isomorphism of symplectic groupoids between (T^∗ T^r G, ω_T r_G ) and � T^r T^∗ G, ω^{(c)}_G � . Let (G, ω ) be a presymplectic groupoid such that:

(4.4) � dim G = 2 dim M ker ( T s) ∩ ker ( T t) ∩ ker( ω^♯ ) = 0

where ω^♯ : T G → T^∗ G is a vector bundle morphism induced by ω .

148 P.M. KOUOTCHOP WAMBA AND A. MBA

Theorem 5. Let (G, ω ) be a presymplectic groupoid satisfying the equation (4.4), we have:

(4.5) ker � T (T^r s) � ∩ ker � T (T^r t) � ∩ ker � (ω^{(c)} )^♯ � = { 0} .

Proof. s, t : G → M are source and target maps of G. Let u ∈ T T^r G such that

u ∈ ker � T (T^r s) � ∩ ker � T (T^r t) � ∩ ker � (ω^{(c)} )^♯ � . There is smooth map γ : R × R → G such that u =^d_{dτ} (j^r_0 γ (·, τ)) |_{τ =0} . As

(κ^r_G )^{− 1} (u) = j^r_0 � d dτ � γ (·, τ) � |_{τ =0} �

and ε^r_G is an isomorphism of vector bundles, it follows that:

j^r_0 � ω^♯ � d dτ (γ (·, τ)) |_{τ =0} � = 0 .

On the other hand,

T T^r s (u) = d dτ � T^r s (j^r_0 γ (·, τ)) � |_{τ =0} = d dτ � (j^r_0 (s ∘ γ) (·, τ)) � |_{τ =0}

= j^r_0 � d dτ � (s ∘ γ) (·, τ) � |_{τ =0} � . In the same way, we have

T T^r t (u) = j^r_0 � d dτ � (t ∘ γ)(·, τ) � |_{τ =0} � . Thus, we have:

j^r_0 � d dτ � (t ∘ γ)(·, τ) � |_{τ =0} � = 0 j^r_0 � d dτ � (s ∘ γ)(·, τ) � |_{τ =0} � = 0 j^r_0 � ω^♯ � d dτ � γ(·, τ) � |_{τ =0} � = 0 Let � x^i � , � x^i , g^j � be a local coordinates systems of M and G. For any α ≤ r, we have: d dτ � x^i_α ∘ T^r t(j^r_0 γ(·, τ)) � |_{τ =0} = 0 d dτ � x^i_α ∘ T^r s(j^r_0 γ(·, τ)) � |_{τ =0} = 0 d dτ � g^i_α ∘ T^r (ω^♯ )(j^r_0 γ(·, τ)) � |_{τ =0} = 0

THE INFINITESIMAL COUNTERPART. . .OF HIGHER ORDER 149

Therefore, d dτ � dα

dz^α � x^i ∘ t ∘ γ(τ, z) � |_{τ = z =0} = 0 d dτ � dα

dz^α � x^i ∘ s ∘ γ(τ, z) � |_{τ = z =0} = 0 d dτ � dα

dz^α � g^i ∘ ω^♯ ∘ γ(τ, z) � |_{τ = z =0} = 0 .

So for any α ≠ 0 , d^α dz^α � d dτ � x^i ∘ t ∘ γ(τ, z) � |_{τ = z =0} = 0

d^α dz^α � d dτ � x^i ∘ s ∘ γ(τ, z) � |_{τ = z =0} = 0

d^α dz^α � d dτ � g^i ∘ ω^♯ ∘ γ(τ, z) � |_{τ = z =0} = 0 . As d dτ � x^i ∘ t ∘ γ (τ,·) � |_{τ =0} = d dτ � x^i ∘ s ∘ γ (τ,·) � |_{τ =0} = d dτ � g^i ∘ ω^♯ ∘ γ (τ,·) � |_{τ =0} = 0 .

Therefore, for any 0 ≤ α ≤ r , d dτ � dα dz^α � x^i ∘ γ(τ, z) � |_{z =0} � |_{τ =0} = d dτ � dα

dz^α � g^i ∘ γ(τ,·z) � |_{z =0} � |_{τ =0} = 0 .

More exactly d dτ � x^i_α (j^r_0 γ(τ,·)) � |_{τ =0} = d dτ � g^i_α (j^r_0 γ(τ,·)) � |_{τ =0} = 0 .

It follows that u = 0 . □ Theorem 6. Let (G, ω ) be a presymplectic groupoid satisfying the equation (4.4) and L the Dirac structure on M induced by G. The Dirac structure induced by the presymplectic groupoid � T^r G, ω^{(c)} � is the Dirac structure T^r L.

Proof. The Dirac structure L ⊂ T M ⊕ T^∗ M induced by (G, ω ) is such that: L = ( ρ_{AG} ⊕ σ) (AG) .

The Dirac structure induced by � T^r G, ω^{(c)} � is given by:

L^r = ( ρ_{A (T} r_{G )} ∘ σ^r ) � A(T^r G) � we have:

L^r = � κ^r_M ∘ T^r (ρ_{AG} ) ∘ (J^r_G )^{− 1} � ⊕ � ε^r_M ∘ T^r (σ) ∘ (J^r_G )^{− 1} � A (T^r G) � = ( κ^r_M ⊕ ε^r_M ) � T^r (ρ_{AG} ⊕ σ) � T^r (AG) � = ( κ^r_M ⊕ ε^r_M ) � T^r ((ρ_{AG} ⊕ σ) (AG)) � = T^r L .

So, T^r L = L^r . □

150 P.M. KOUOTCHOP WAMBA AND A. MBA

Remark 6. We have seen that every Lie groupoid G equipped with a closed multiplicative 2-form ω verifying (4.4) induces a natural Dirac structure L such that there is an isomorphism between Lie algebroid A(G) and the canonical Lie algebroid determined by L. Hence, Dirac manifolds may be thought as the infinitesimal version of presymplectic groupoid. We say that (G, ω ) is an integration of L (see [1], [2], [15]).

Let L be a Dirac structure on M, whose associated Lie algebroid is integrable. Let G be the source simply connected Lie groupoid integrating L, then there is a unique closed multiplicative 2-form ω on G verifying (4.4) such that (G, ω ) is an integration of L (see [2]). As consequence, the presymplectic groupoid � T^r G, ω^{(c)} � is an integration of the Dirac structure T^r L.

The infinitesimal counterpart of tangent lifts of higher order of symplectic groupoid (G, ω ) verifying (4.4) is a tangent lifts of higher order of Dirac structure induced by (G, ω ). Let ϕ be a closed 3-form on M, a ϕ-twisted presymplectic groupoid over M is a pair (G, ω ) where G is a Lie groupoid over M and ω is a multiplicative 2-form on G satisfying: (1) dω = s^∗ ϕ − t^∗ ϕ (2) dim G = 2 dim M (3) For each x ∈ G, the following condition holds

ker ( T_x s) ∩ ker ( T_x t) ∩ ker � ω^♯ (x) � = { 0} .

It induces a bundle map σ_ϕ : AG → T M called infinitesimal multiplicative 2-form. Using the condition (2) and (3), it follows that the image L_ϕ of the bundle morphism

ρ_{AG} ⊕ σ_ϕ : AG → T M ⊕ T^∗ M

is a ϕ- twisted Dirac structure on M .

Corollary 3. Let (G, ω ) be a ϕ-twisted presymplectic groupoid, the pair � T^r G, ω^{(c)} � is also a ϕ^{(c)}-twisted presymplectic groupoid and the IM-2-form σ_ϕ ( c ) induced by � T^r G, ω^{(c)} � is given by:

(4.6) σ_ϕ ( c ) = ε^r_G ∘ T^r (σ_ϕ ) ∘ (J^r_G )^{− 1} .

Corollary 4. The ϕ^{(c)}-twisted Dirac structure on T^r M induced by the ϕ^{(c)}-twisted presymplectic groupoid � T^r G, ω^{(c)} � is the tangent lift of order r of the ϕ-twisted Dirac structure induced by the ϕ-twisted presymplectic groupoid (G, ω ).

References

[1] Bursztyn, H., A., Cabrera, Multiplicative forms at the infinitesimal level , Math. Ann. 353 (2012), 663–705.

[2] Bursztyn, H., Crainic, M., Weinstein, A., Zhu, C., Integration of twisted Dirac bracket , Duke Math. J. 123 (2004), 549–607.

[3] Cantrijn, F., Crampin, M., Sarlet, W., Saunders, D., The canonical isomorphism between T^k T^∗ and T^∗ T^k , C. R. Acad. Sci. Paris Sér. I Math. 309 (1989), 1509–1514.

THE INFINITESIMAL COUNTERPART. . .OF HIGHER ORDER 151

[4] Coste, A., Dazord, P., Weinstein, A., Groupoïdes symplectiques , Publ. Dep. Math. Nouvelle Ser. A2, Univ. Claude-Bernard, Lyon 2 (1987), 1–62.

[5] Courant, T.J., Dirac manifolds , Trans. Amer. Math. Soc. 319 (1990), 631–661. [6] del Hoyo, M., Ortiz, C., Morita equivalences of vector bundles , arXiv:1612.09289v2[math.

DG], 4 Apr. 2017, 2017.

[7] Gancarzewicz, J., Mikulski, W., Pogoda, Z., Lifts of some tensor fields and connections to product preserving functors , Nagoya Math. J. 135 (1994), 1–41.

[8] Kolář, I., Michor, P., Slovák, J., Natural operations in differential geometry , Springer-Verlag, 1993.

[9] Kouotchop Wamba, P.M., Ntyam, A., Tangent lifts of higher order of multiplicative Dirac structures , Arch. Math. (Brno) 49 (2013), 87–104.

[10] Kouotchop Wamba, P.M., Ntyam, A., Wouafo Kamga, J., Some properties of tangent Dirac structures of higher order , Arch. Math. (Brno) 48 (2012), 17–22.

[11] Kouotchop Wamba, P.M., Ntyam, A., Wouafo Kamga, J., Tangent lift of higher order of multivector fields and applications , J. Math. Sci. Adv. Appl. 15 (2012), 89–112.

[12] Mackenzie, K., On symplectic double groupoids and the duality of Poisson groupoids , Internat.

J. Math. 10 (1999), 435–456. [13] Mackenzie, K., Theory of Lie groupoids and Lie algebroids , London Math. Soc. Lecture Note Ser. 213 (2005).

[14] Morimoto, A., Lifting of some type of tensors fields and connections to tangent bundles of p^r -velocities , Nagoya Math. J. 40 (1970), 13–31.

[15] Ortiz, C., B-field transformations of Poisson groupoids , Proceedings of the Second Latin Congress on Symmetries in Geometry and Physics, Matemática Contemporânea, vol. 41, 2012, pp. 113–148.

[16] Vaisman, I., Lectures on the geometry of Poisson manifolds , vol. 118, Progress in Math., Birkhäuser, 1994.

[17] Wouafo Kamga, J., On the tangential linearization of Hamiltonian systems , International Centre for Theoretical Physics, Trieste, 1997.

Department of Mathematics, Higher Teacher Training College, PO.BOX 47 Yaoundé, Cameroon E-mail : wambapm@yahoo.fr, alpmba@yahoo.fr