ARCHIVUM MATHEMATICUM (BRNO) Tomus 54 (2018), 153–163

WEAK NORMAL AND QUASINORMAL FAMILIES

OF HOLOMORPHIC CURVES

Si Duc Quang and Dau Hong Quan

Abstract. In this paper we introduce the notion of weak normal and quasinormal families of holomorphic curves from a domain in C into projective spaces. We will prove some criteria for the weak normality and quasinormality of at most a certain order for such families of holomorphic curves.

1. Introduction

In the sense of Montel, a family F of meromorphic functions defined on a domain Ω of the complex plane C is said to be normal if from every sequences in F we may extract a subsequence which converges compactly with respect to the spherical metric to a meromorphic function or ∞ on Ω . The family F is said to be quasinormal (of order v) if the above extracted sequences converge compactly on Ω \ { a disceret set } (of at most v points).

One of the earliest criterion for normality of families of meromorphic functions is given by Montel. He showed that a family F of meromorphic functions on Ω is normal if all f ∈ F omit three distinct values a_1, a_2, a_3 ∈ C. Moreover, he showed a more general result on the quasinormality as follows. Theorem A (see [3]). Let F be a family of meromorphic functions on a domain in C which do not take a value a_1 more than p times, a value a_2 more than q times, nor a value a_3 more than r times, with p ≤ q ≤ r. Then F is quasinormal of order at most q.

Over the last few decades, there have been many results generalizing and improving the above result of Montel. The theory on the normality and quasinormality of meromorphic functions had grown into a huge theory with many contributions. We refer readers to the articles [ 2, 7, 10, 11] and references therein for the development of related subjects. Specially, Zalcmann [ 15] gave a famous criterion for the normality of the families of meromorphic functions. And then, his criterion is generalized to the case of holomorphic mappings by Aladro-Krantz [ 1] and Thai-Trang-Huong [14]. These criteria give the necessary and sufficient condition for the non-normality

2010 Mathematics Subject Classification : primary 30D35; secondary 32H02, 32H04, 32H30. Key words and phrases : weak normal, quasinormal family, holomorphic curve, meromorphic mappings.

Received October 3, 2017, revised April 2018. Editor M. Kolář. DOI: 10.5817/AM2018-3-153

154 SI DUC QUANG AND DAU HONG QUAN

of a family of holomorphic mappings and play an essential role in the development of the normal and quasinormal theory.

On the other hand, Fujimoto [ 5] introduced the notion of the meromorphic convergence for meromorphic mappings as follows: “A sequence of meromorphic mappings { f_n }^∞_{n =1} from a domain Ω of C^m into P^N (C) is said to meromorphically converge to a meromorphic mapping g if for each p ∈ Ω , there exist an open neighborhood U of p, reduced representations f̃_n = ( f_{n 0} , . . . , f_{nN} ) of f_n , a representation g̃ = ( g_0 , . . . , g_N ) of g on U such that { f_{nk} }^∞_{n =1} converges compactly (i.e., converges uniformly on every compact subsets) on U to g_k for all 0 ≤ k ≤ N”. With respect to the notion of meromorphic convergence, there are many results on the meromorphic normality of meromorphic mappings established in some recent years, e.g., [4, 6, 12].

Our purpose in this paper is to generalize the above result of Montel to the case of holomorphic curves from C into projective spaces, and we also give a criterion for the quasinormality of such curves with respect to the convergent notion of Fujimoto. In order to state our results, we give the following definition.

Definition 1. Let F be a family of holomorphic curves from a domain Ω ⊂ C into P^N (C).

1) The family F is said to be weak normal if every sequence in F has a subsequence which converges compactly (with respect to the Fubini-Study metric on P^N (C)) to a holomorphic curve on Ω \ S, where S is a discrete subset of Ω and the limit curve is holomorphically extendable on Ω .

2) The family F is said to be quasinormal (resp. meromorphically quasinormal) of order at most v (v may be + ∞ ) if every sequence in F has a subsequence which converges compactly (resp. meromorphically converges) to a holomorphic curve on a domain Ω \ S, where S is a discrete subset of at most v elements in Ω . If v = + ∞ we will say that F is quasinormal (resp. meromorphically quasinormal).

Throughout this paper, we fix homogeneous coordinates (ω_0 : · · ·: ω_N ) on P^N (C). Let H be a hypersurface of degree d in P^N (C) defined by the equation X I ∈T_d

a_I ω^I = 0 ,

where T_d = {(i_0 , . . . , i_N ) ∈ Z^{N +1}_+ ; i_0 + · · ·+ i_N = d}, ω^I = ω^{i 0}_0 . . . ω^{i N}_N for I = ( i_0 , . . . , i_N ). We define ||H || = ( P I ∈T_d |a I |

2)^{1/2}. Throughout this paper, we always assume that the coefficients a_I are chosen so that ||H || = 1 . Sometimes, we identify the hypersurface H with its defining polynomial, i.e., we will write

H (ω_0 , . . . , ω_N ) = X I ∈T_d

a_I ω^I .

Let H_1 , . . . , H_q(q ≥ N + 1) be q hypersurfaces of P^N (C), which may be of different degrees. We define

D (H_1 , . . . , H_q ) = Y 1≤ i_1 <i_2 < ···<i_{N +1} ≤ q inf z ∈ C^{N +1} ,‖z ‖=1 � |H_{i 1} (z)|^2 + · · ·+ |H_{i N +1} (z)|^2 �

WEAK NORMAL AND QUASINORMAL FAMILIES OF HOLOMORPHIC CURVES 155

where ‖ z ‖= q P_N

i =0 |zi | 2 . Our results are stated as follows.

Main theorem. Let F be a family of holomorphic mappings of a subdomain Ω of C into P^N (C). Let q ≥ 2N + 1 be a non-negative integer and let p_1 , . . . , p_{N +1} be N + 1 positive integers with p_1 ≤ · · · ≤ p_{N +1} . For each f ∈ F , let H_1(f ), . . . , H_q(f ) (depending on f ) be hypersurfaces satisfying inf{ D(H_1(f ), . . . , H_q(f )) : f ∈ F} > 0. Assume that for any compact subset K of Ω , sup_{f ∈F} ♯{ z ∈ K ; ν_{f,H i (f )} (z) > 0} < + ∞ , ∀1 ≤ i ≤ q .

Then the following assertions hold:

(a) F is weak normal family. (b) If for any compact subsets K of Ω , there exists an positive integer c_K satisfying sup_{f ∈F} ♯{ z ∈ K ; ν_{f,H i (f )} (z) ≥ c_k } ≤ p_i , ∀1 ≤ i ≤ N + 1 ,

then F is meromorphically quasinormal of order at most p_{N +1} in Ω .

(c) If sup_{f ∈F} ♯{ f^{− 1}(H_i(f_n ))} ≤ p_i , ∀1 ≤ i ≤ N + 1 , then F is quasinormal of order at most p_{N +1} in Ω .

We would like to note that, in almost all recent results on the normality of families of holomorphic mappings into P^N (C) with 2N + 1 hypersurfaces, the authors always assume that the inverse images of at least N + 1 hypersurfaces counted with multiplicities are compactly bounded from above. This is an esential condition in their proofs. In our above result, this condition is omitted.

2. Some definitions and lemmas

For p ∈ C and r > 0, we set Δ( p, r ) = { z ∈ C ; |z − p| < r } and Δ^∗ (p, r ) = Δ( p, r ) \ { p} .

Let Ω be a domain in C. A divisor ν on Ω is a formal sum ν = X i ∈ Λ

a_i { z_i } ,

where a_i ∈ Z and { z_i }_{i ∈ Λ} is a discrete subset of Ω . We may regard the divisor ν as a function with values in Z by setting

ν(z) = ( a_i if z = z_i , 0 if z ≠ z_i ∀i .

The support of ν will be defined by supp(ν) = { z_i ; a_i ≠ 0 }. Divisor ν is said to be non-negative if a_i ≥ 0 ∀i ∈ Λ, and we write ν ≥ 0. If ν ≥ 0 then for every compact subset K of Ω , ♯{ z ; ν(z) > 0} ∩ K ≤ P z ∈ K ν(z).

156 SI DUC QUANG AND DAU HONG QUAN

Definition 2. A sequence of non-negative divisor { ν_i }^∞_{i =1} is said to be bounded compactly on Ω if for every compact subset K of Ω , there exits a positive constant M_K such that P z ∈ K νi (z) ≤ M for all i ≥ 1.

Let ω be the Fubini-Study form on P^N (C). Then ω is defined by

ω = dd^c log

�_NX

j =0 � �ω j ω_i � �^2

�_{1/2}

on the affine open set U_i = P^N (C)\{ ω_i = 0 }, where (ω_0 : · · ·: ω_n ) is a homogeneous coordinates system of P^N (C). Then for two distinct points p = ( p_0 : · · ·: p_N ) and q = ( q_0 : · · ·: q_N ), the distance between p and q with respect to is given by

d(p, q) =

P_N

i,j =0 |pi qj − pj qi |

q P_N

i =0 |pi | 2 · q P_N

i =0 |qi | 2 .

For two hyperplanes H and G in P^N (C) defined by the linear forms:

H : a_0 ω_0 + · · ·a_N ω_n , G : b_0 ω_0 + · · ·b_N ω_n ,

we regard H and G as two points in the dual space P^N (C)^∗ and define the “ distance d^′(H, G ) in P^N (C)^∗ ” between them by

d^′(H, G ) =

P_N

i,j =0 |a i bj − a j bi |

q P_N

i =0 |a i | 2 · q P_N

i =0 |bi | 2 .

Definition 3 (see [13]). Let M be a locally compact Hausdorff space. A point a of M is called a limit point of the sequence { E_k }^∞_{k =1} of closed subsets of M if there exist a positive integer k_0 and points a_k ∈ E_k (k ≥ k_0) such that a = lim a_k . A point of M is called a cluster point of { E_k }^∞_{k =1} if it is a limit point of some subsequence of { E_k }^∞_{k =1} . If the set E of limit points coincides with the set of cluster points, { E_k }^∞_{k =1} is said to converge to E and write lim E_k = E .

The following two lemmas on the convergence of closed subsets in Hausdorff space are due to Stoll [13]. In this paper, we only state these lemmas for the case of subsets of C.

Lemma 4 ([13, Proposition 4.11]) . Let { N_i }^∞_{i =1} be a sequence of discrete subsets of a domain Ω in C. Assume that the numbers of elements of N_i ∩ K (i = 1 ,2, . . .) regardless of multiplicities are bounded above for any fixed compact subset K of Ω and { N_i }^∞_{i =1} converges to N as a sequence of closed subsets of Ω . Then N is either empty or a discrete subset of Ω .

Lemma 5 ([13, Proposition 4.12]) . Let { N_i }^∞_{i =1} be a sequence of discrete subsets of a domain Ω in C. The numbers of elements of N_i ∩ K (i = 1 ,2, . . .) regardless of multiplicities are bounded above for any fixed compact subset K of Ω , then { N_i } is normal in the sense of the convergence of closed subsets in Ω .

WEAK NORMAL AND QUASINORMAL FAMILIES OF HOLOMORPHIC CURVES 157

Definition 6 ([5, Definition 2.5]) . Let { ν_i }^∞_{i =1} be a sequence of non-negative divisors on a domain Ω in C. It is said to converge to a non-negative divisor ν on Ω if and only if any a ∈ Ω has a neighborhood U such that there exist nonzero holomorphic functions h and h_i on U with ν_i = ν_{h i} and ν = ν_h on U such that { h_i }^∞_{i =1} converges compactly to h on U.

Lemma 7 ([13, Theorem 2.24]) . A sequence { ν_i }^∞_{i =1} of non-negative divisors on a domain Ω in C is normal in the sense of the convergence of divisors on Ω if and only if { ν_i }^∞_{i =1} is compactly bounded on Ω .

Lemma 8 ([14, Theorem 2.5]) . Let Ω be a domain in C and M be a compact complex Hermitian space. Let F ⊂ Hol(Ω , M). Then the family F is not normal if and only if there exist sequences { p_j } ⊂ Ω with { p_j } → p_0 ∈ Ω , { f_j } ⊂ F , { ρ_j } ⊂ R with ρ_j > 0 and { ρ_j } ↘ 0 such that the sequence

g_j (z) := f_j (p_j + ρ_j z), z ∈ C

converges compactly on C to a nonconstant holomorphic map g : C → M .

Lemma 9 (see [4]). Let δ be a positive number and let q ≥ N + 1 be an integer. Then there exists a positive constant M(δ, q, N) such that for any q hypersurfaces H_1 , . . . , H_q (q ≥ N + 1) in P^N (C) with

D (H_1 , . . . , H_q ) > δ ,

we have max { deg H_1 , . . . , deg H_q } ≤ M (δ, q, N).

Let f be a holomorphic mapping from a domain Ω ⊂ C into P^N (C) and let H be a hypersurface in P^n (C). We define the divisor ν_{f,H} as follows: for each point p ∈ Ω , take an open neighborhood U of p in Ω such that f have a reduced representation f̃ = ( f_0 , . . . , f_N ) on U, and define ν_{f,H} |_U to be the zero divisor of the function H (f̃ ) on U.

We have the following proposition due to Fujimoto.

Lemma 10 ([5, Proposition 3.5]) . Let { f_n }^∞_{n =1} be a sequence of holomorphic mappings from Δ = { z ; |z| < r } into P^N (C). Suppose that f_n meromorphically converges on Δ^∗ = {| z| < r } − { 0} to a holomorphic mapping g. Let H be a hyperplane in P^N (C). Assume that g(Δ^∗) ⊄ H. If the sequence { ν_{f n ,H} }^∞_{n =1} converges to a divisor then { f_n }^∞_{n =1} meromorphic converges to a holomorphic mapping g^∗ on Δ such that g^∗ |_Δ ∗ = g.

3. Proof of Main theorem

In order to prove the Main theorem, we need the following lemmas.

Lemma 11. Let { f_n }^∞_{n =1} be a sequence of holomorphic mappings of a domain Ω in C into P^N (C). If { f_n }^∞_{n =1} holomorphically converges to a holomorphic mapping g of Ω into P^N (C) then { f_n }^∞_{n =1} meromorphically converges to g on Ω .

Proof. We fix a homogeneous coordinates (ω_0 : · · ·: ω_N ) on P^N (C). Suppose that { f_n }^∞_{n =1} holomorphically converges to a holomorphic mapping g on Ω .

158 SI DUC QUANG AND DAU HONG QUAN

Let p be an arbitrary point of Ω . Then, we may choose a neighborhood Δ( p, r) := { z ; |z − p| < r } ⊂ Ω , on which g has a reduced representation (g_0 : · · ·: g_N ), where r > 0. Since g is holomorphic, there exists an index i_0 ∈ { 0,1, . . . , N }, for instance i_0 = 0 , such that g_0(p) ≠ 0 . Thus g(p) ∉H, where H is hyperplane defined by H := { w_0 = 0 }. We choose an open neighborhood W of g(p) in P^N (C) such that W ⊂ P^N (C)\H. Since g is holomorphic, by choosing r small enough, we may assume that g(Δ( p, r)) ⊂ W. Then, g has a reduced representation g̃ = (1 ,^{g1}_{g0} , . . . ,^{gN}_{g0} ) on Δ( p, r ).

We now note that, the functions^{ω i}_{ω 0} , 1 ≤ i ≤ N are continuous on P^N (C) \ H. Hence, there exists

M = sup_{ω ∈ W} � 1 + � �ω^1 ω_0 � �^2 + · · ·+ |ω^N ω_0

|^2 � , where ω = ( ω_0 : · · ·: ω_N ).

Since { f_n }^∞_{n =1} converges compactly to g on Ω , by reducing r if necessary we may assume that f_n (Δ( p, r)) ⊂ W, and hence f_n has a reduce representation f̃_n = (1 , f_{n 1} , . . . , f_{nN} ) on Δ( p, r). Then for every ϵ > 0, there exists a positive integer n_0 such that for all n > n_0 we have

(12) max

z ∈ Δ( p,r_1 )

P_N

k,l =0 |f nk (z)gl (z) − f nl (z)gk (z)|

‖ f̃_n (z) ‖ · ‖g(z) ‖ < ϵ M , where f_{n 0} = g_0 = 1 . By the definition of M, we have ‖ f̃_n (z) ‖< M and ‖ g(z) ‖< M for all z ∈ Δ( p, r_1 ). Therefore, (12) implies that max z ∈ Δ( p,r_1 ) NX k,l =0

|f_{nk} (z)g_0 (z) − f_{n 0} (z)g_k (z)| < ϵ, ∀n > n_0 .

This yields that max z ∈ Δ( p,r_1 )

|f_{nk} − g_k (z)| < ϵ , 1 ≤ k ≤ N, ∀n > n_0 .

This inequality shows that the sequence of holomorphic functions { f_{nk} } converges uniformly to g_k on Δ( p, r_1 ) for each 1 ≤ k ≤ N .

Hence, by the definition, we have that the sequence { f_n }^∞_{n =1} meromorphically converges to g on Ω . The lemma is proved. □

Lemma 13. Let { f_n }^∞_{n =1} be a sequence of holomorphic mappings from Δ = Δ(0 , r) into P^N (C). Suppose that f_n meromorphically converges on Δ^∗ = Δ^∗(0, r) to a holomorphic mapping g. Let H be a hyperplane in P^N (C). Assume that g(Δ^∗) ⊄H. If f_n (Δ) ∩ H = ∅ (∀n ≥ 1) then { f_n }^∞_{n =1} holomorphically converges to a holomorphic mapping g^∗ on Δ such that g^∗ |_Δ ∗ = g.

Proof. By the assumption of the lemma, from Lemma 10, we have { f_n }^∞_{n =1} meromorphically converges on Δ to a holomorphic mapping g^∗ with g^∗ |_Δ ∗ = g. In order to prove that { f_n }^∞_{n =1} holomorphically converges to g^∗ on Δ , it suffices for us to prove that { f_n }^∞_{n =1} holomorphically converges to g^∗ on a neighbourhood of every point p ∈ Δ .

WEAK NORMAL AND QUASINORMAL FAMILIES OF HOLOMORPHIC CURVES 159

For an arbitrary point p ∈ Δ , there exist an open neighborhood U of p in Δ , reduced representations f̃_n = ( f_{n 0} , . . . , f_{nN} ) of f_n (n ≥ 1) and a representation g̃^∗ = ( g^∗_0 , . . . , g^∗_n ) of g^∗ on U such that { f_{nk} }^∞_{n =1} converges compactly to g^∗_k on U. Then the sequence of functions { H(f̃_n )} converges compactly to H(g̃^∗) on U. Thus, by the Hurwitz’s theorem, one of the following two assertions holds:

(1) H (g̃^∗ ) ≡ 0 on U, i.e., g^∗ (U) ⊂ H , and hence it implies that g(Δ^∗ ) ⊂ H , (2) H (g̃^∗ ) ≠ 0 on U, i.e., g^∗ (U) ∩ H = ∅ .

By the assumption of the lemma, the first assertion does not hold. Therefore, g^∗(U) ∩ H = ∅ . In particular g̃^∗ is a reduced representation of g^∗ on U. We take a relative compact open subset W of U with p ∈ W and put

M = inf_{z ∈ W} H � g̃^∗ (z) � > 0 .

For each ϵ > 0, there exists a positive integer n_0 such that for all n > n_0 and 0 ≤ k ≤ N we have |f_{nk} − g^∗_k | ≤^{ϵM}_{2( N +1) 2 || H ||} on W . Therefore, we have NX k,l =0

|f_{nk} g^∗_l − f_{nl} g^∗_k |

‖f̃_n ‖ · ‖g̃^∗ ‖ ≤ NX k,l =0

|f_{nk} | · |g^∗_l − f_{nl} | + |f_{nl} | · |f_{nk} − g^∗_k | ‖f̃_n ‖ · ‖g̃^∗ ‖ ≤ NX k,l =0 ϵM 2( N +1)^2 ‖H ‖ (|f nk | + |f nl |)

‖f̃_n ‖ · ‖g̃^∗ ‖ ≤ ϵ on W, where the last inequality follows from that |f_{nk} | < ‖f̃ ‖, |f_{nl} | ≤ ‖ f̃ ‖ and ‖g̃^∗ ‖ ≥^{|H (g̃ ∗ )|}_{‖H ‖} ≥^M_{‖H ‖} . Hence, { f_n }^∞_{n =1} converges uniformly to g^∗ on W as holomorphic mappings.

Therefore { f_n }^∞_{n =1} converges holomorphically to g^∗ on Δ with g^∗ |_Δ ∗ = g. The lemma is proved. □

Lemma 14. Let { f_n }^∞_{n =1} be a sequence of holomorphic mappings from Δ = { z ; |z| < r } into P^N (C). Suppose that f_n meromorphically converges on Δ^∗ = { z ; 0 < |z| < r } to a holomorphic mapping g. Let { H_n } be a sequence of hypersurfaces and H be a hypersurface in P^N (C) of the same degree Ω . Assume that g(Δ^∗) ⊄H and { H_n } converges to H when we regard H_n and H as two points in P^N (C)^∗ . Then the following assertions hold:

(a) If f_n (Δ) ∩ H_n = ∅ ∀ n ≥ 1 then { f_n }^∞_{n =1} holomorphically converges to a holomorphic mapping g^∗ on Δ such that g^∗ |_Δ ∗ = g.

(b) If { ν_{f n ,H n} }^∞_{n =1} converges to a divisor ν on Δ then { f_n }^∞_{n =1} meromorphically converges to a holomorphic mapping g^∗ on Δ such that g^∗ |_Δ ∗ = g.

Proof. (1) Assume that, f_n has a reduced representation f̃ = ( f_{n 0} , . . . , f_{nN} ) on Δ for each n = 1 ,2, . . ., and g has a reduced representation g̃ = ( g_0 , . . . , g_N ) on Δ^∗. We define F_n (n ≥ 1) (resp. G) the holomorphic mapping from Δ (resp. Δ^∗) into P^{N +1} (C) having the reduced representation F̃_n = ( f^d_{n 0} , . . . , f^d_{nN} , H_n (f̃_n )) (resp. G̃ = ( gd_0 , . . . , gd_N , H(g̃))) in a homogeneous coordinates system (W_0 : · · ·: W_{N +1} ) of P^{N +1} (C). We easily see that { F_n }^∞_{n =1} meromorphically converges to G. Moreover,

160 SI DUC QUANG AND DAU HONG QUAN

if we denote by P the hyperplane of P^{N +1} (C) defined by the linear form

W_{N +1} = 0 ,

then F_n (Δ) ∩ P = ∅ (n ≥ 1) and G(Δ^∗) ∩ P = ∅ . Thus, by Lemma 13, G has a holomorphic extension G^∗ on Δ and { F_n }^∞_{n =1} holomorphic conveges to G^∗ on Δ . We denote by σ the holomorphic mapping from P^N (C) into P^{N +1} (C) defined by

σ(ω_0 : · · ·: ω_N ) = � ω^d_0 : · · ·: ω^d_N : H (ω_0 , . . . , ω_N ) � . Since P^N (C) is compact and σ is continuous, σ(P^N (C)) is a close subset of P^{N +1} (C). Obvious, g^∗ (Δ^∗ ) = G(Δ^∗ ) ⊂ σ(P^n (C)). Thus G^∗ (Δ) ⊂ σ(P^n (C)).

By the definition, it is clear that σ(P^N (C)) ∩

T_N

i =0 { Wi = 0 } = ∅ . Hence, there

exists a hyperplane, for instance it is { W_0 = 0 }, such that G^∗(0) ∉ {W_0 = 0 }. Hence there is a disk Δ(0 , r) (0 < r < 1) such that G^∗(Δ(0 , r)) is contained in a relative conpact open subset of P^{N +1} (C) \ { W_0 = 0 }. Since { F_n }^∞_{n =1} holomorphically conveges to G^∗, there exist a positive number r_1 < r and a positive integer n_0 such that F_n (Δ(0 , r_1)) ⊂ P^{N +1} (C) \ { W_0 = 0 } for all n ≥ n_0. This yields that f_n (Δ(0 , r_1 )) ∩ { ω_0 = 0 } = ∅ for all n > n_0 .

Also, since G^∗(0) ∉ {W_0 = 0 }, G(Δ^∗(0, r_1)) ⊄ {W_0 = 0 }, and hence g(Δ^∗(0, r_1)) ⊄ {ω_0 = 0 }. Then, applying Lemma 10(a) for the sequence { f_n |_{Δ(0 ,r 1 )} }^∞_{n = n 0} , the mapping g|_Δ ∗_{(0 ,r 1 )} and the hyperplane { ω_0 = 0 } on Δ(0 , r_1), we have that { f_n |_{Δ(0 ,r 1 )} }^∞_{n = n 0} holomorphically converges to a holomorphic mapping g^∗ on Δ(0 , r_1) with g^∗ |_Δ ∗_{(0 ,r 1 )} = g|_Δ ∗_{(0 ,r 1 )}. Extending g^∗ over Δ by setting g^∗(z) = g(z) for all z ∈ Δ \ Δ(0 , r_1 ), we obtain a holomorphic mapping g^∗ from Δ into P^N (C). Obviously, { f_n }^∞_{n =1} holomorphically converges to g^∗ on Δ and g^∗ |_Δ ∗ = g. The assertion (a) is proved.

(b) We will use the same notations and also repeat the similar argument as above. By Lemma 10, G has a holomorphic extension G^∗ on Δ and { F_n }^∞_{n =1} meromorphically conveges to G^∗ on Δ . We see that, there exists an index i_0, for instance i_0 = 0 , such that G^∗(Δ) ⊂ { W_0 = 0 }. Denote by P the hyperplane { W_0 = 0 }. Then the sequence { ν_{F n ,P} }^∞_{n =1} are compactly bounded. This implies that the sequence { ν_{f n ,P} ′ }^∞_{n =1} are compactly bounded, where P^′ is the hyperplane { ω_0 = 0 }. From Lemma 10(b), { f_n }^∞_{n =1} meromorphically converges to g^∗ on Δ and g^∗ |_Δ ∗ = g. The assertion (b) is proved. □ Proof of Main theorem. (a) Take an arbitrary sequence { f_n }^∞_{n =1} ⊂ F . Then, there exists a subsequence of { f_n }^∞_{n =1} (again denoted by { f_n }^∞_{n =1} ) such that lim n →∞

f^{− 1}_n (H_i (f_n )) = E_i , ∀i ∈ { 1, 2, . . . , q} ,

where all E_i are discrete subset of Ω . Set E =

S_q

i =1 E i. Since inf{ D(H 1(f ), . . . ,

H_q(f )) : f ∈ F} > 0, the degrees of H_i(f ) (1 ≤ i ≤ q) for f ∈ F are bounded from above. Then there exists a subsequence of { f_n }^∞_{n =1} (again denoted by { f_n }^∞_{n =1} ) such that

deg H_i (f_n ) = d_i > 0 and lim H_i (f_n ) = H_i ∀1 ≤ i ≤ q .

We also note that D(H_1 , . . . , H_q) ≥ inf{ D(H_1(f ), . . . , H_q(f )) : f ∈ F} > 0, i.e., { H_1 , . . . , H_q } are in general position.

WEAK NORMAL AND QUASINORMAL FAMILIES OF HOLOMORPHIC CURVES 161

Firstly, we will prove that we may extract from { f_n } a subsequence which converges compactly on Ω \ E. Indeed, for any z_0 ∈ Ω \ E, there exist a relatively compact neighborhoood U_{z 0} of z_0 in Ω \ E and n_0 ∈ N^∗ such that for any n ≥ n_0 we have f^{− 1}_n (H_i (f_n )) ∩ U_{z 0} = ∅ ∀ i ∈ { 1, 2, . . . , q} .

Then { f_n |_{Uz 0} }^∞_{n = n 0} ⊂ Hol(U_{z 0} , P^N (C)). Suppose that the family { f_n |_{Uz 0} }^∞_{n = n 0} is not holomorphically normal family. By Lemma 8, there exist a subsequence of { f_n |_{Uz 0} }^∞_{n = n 0} (denoted again by { f_n |_{Uz 0} }^∞_{n = n 0} ), p_0 ∈ U_{z 0} , { p_n } ⊂ U_{z 0} with p_n → p_0, { ρ_n } ⊂ (0, ∞ ) with ρ_n ↘ 0 such that the sequence of holomorphic maps

g_n (z) = f_n (p_n + ρ_n z) : C → P^N (C)

converges compactly on C to a nonconstant holomorphic map g : C → P^N (C). Hence { g_n }_{n ≥ n 0} meromorphically converges to g on C.

Then for each p ∈ C, there exists a small enough open neighborhood U of p in C, on which g_n has a reduced representation g̃_n = ( g_{n 0} , . . . , g_{nN} ) for all n large enough satisfying that { g_{nk} } converges compactly to a holomorphic function g_k and g̃ = ( g_0 , . . . , g_N ) is a representation of g on U. This implies that the sequence {(H_k (f_n ))(g̃_n )} converges compactly to H_k (g̃) on U. Thus, by the Hurwitz’s theorem, one of the following two assertions holds:

1. H_k (g̃) ≡ 0 on U, i.e., g(U) ⊂ H_k , and hence g(C) ⊂ H_k . 2. H_k (g̃) is nowhere vanishing on U, i.e., g(U) ∩ H_k = ∅ .

Then, we must have that either g(C) ⊂ H_k or g(C) ∩ H_k = ∅ for all 1 ≤ k ≤ q. Hence, there exists a subset I ⊂ { 1,2, . . . , q} such that g(C) ⊂ ( T i ∈ I H i)\( S i ∉I H i).

By [9, Corollary 1.4 (ii)], all irreducible component of ( T i ∈ I H i) \ ( S i ∉I H i) is

hyperbolic, and hence g is constant. This is contraction.

Thus { f_n }^∞_{n = n 0} is holomorphically normal on U_{z 0} . Therefore, by the usual diagonal argument, we can find a subsequence (again denoted by { f_n }^∞_{n =1} ) which converges compactly on Ω \ E to a holomorphic mapping f .

Now, we will show that f is holomorphically extendable over E. For each z ∉ E, we see that there exist an open neighborhood U of z in Ω \ E and a positive integer n_0 such that f_n (U) ∩ H_i(f_n ) = ∅ (1 ≤ i ≤ q) for all n ≥ n_0. By using the same argument as above, we will have that either f (U) ⊂ H_i or f (U) ∩ H_i = ∅ for all 1 ≤ i ≤ q. Hence, there exists a subset I^′ ⊂ { 1,2, . . . , q} such that f (Ω \ E) ⊂ ( T i ∈ I^′ H i) \ ( S i ∉I^′ H i) and ♯I

′ = l ≤ N. By again [ 9, Corollary 1.4 (ii)], all irreducible component of ( T i ∈ I^′ H i) \ ( S i ∉I^′ H i) is hyperbolic. Then f

is holomorphically extendable over E , by [8, Corollary 1.2.3].

This conclusion yields that F is a weak normal family. The assertion (a) is proved.

(b) In order to prove the assertion (b), it suffices for us to prove that from the last sequence { f_n }^∞_{n =1} obtained in the part (a) we may extract a subsequence which meromorphically converges to f on an open neighborhood of each point z for all z ∈ E except for at most p_{N +1} points. We see that there is an index i_0 ∈ { 1, . . . , N + 1 } such that f (Ω) ⊄H_{i 0} . Now, we set

S_1 = { z ∈ E ; ∀ϵ > 0, ∀M ∈ Z^+ , ∃n^′, ∀n ≥ n^′, ∃z^′ ∈ Δ( z, ϵ), ν_{f n ,H i (f n )} (z^′) > M } ,

162 SI DUC QUANG AND DAU HONG QUAN

and S_2 = E \ S_1 . We will show that ♯S_1 ≤ p_{i 0} . Indeed, suppose contrarily that there exist z_1 , . . . , z_{p i 0 +1} in S_1. Take a compact neighborhood K of the set { z_1 , . . . , z_{p i 0 +1} } in Ω . Then there exists a integer constant c_K > 0 such that

sup_{f ∈F} ♯{ z ∈ K ; ν_{f,H i 0 (f )} (z) ≥ c_k } ≤ p_{i 0} .

(15)

Take a positive number ϵ > 0 such that Δ( z_k , ϵ) ⊂ K . Then for all z_k (1 ≤ k ≤ p_{i 0} + 1), there exist an n large enough, z^′_k ∈ Δ( z_k , ϵ) ⊂ K such that ν_{f n ,H i 0 (f )}(z^′_k ) ≥ c_K . Hence ♯{ z ∈ K ; ν_{f n ,H i 0 (f n )} (z) > c_k } ≥ p_{i 0} + 1 .

This contradicts (15). Therefore, ♯S_1 ≤ p_{i 0} .

We now only remains prove that: for each point p ∈ S_2, we may extract a subsequence of { f_n }^∞_{n =1} which converges compactly to f on an open neighbourhood of p.

Take a fixed point p ∈ S_2. Then, there exist ϵ > 0, M ∈ Z^+ , and a subsequence of { f_n }^∞_{n =1} (we denote again by { f_n }^∞_{n =1} ) satisfying

(1) Δ( p, ϵ) ∩ E = { p}, (2) ν_{f n ,H i 0 (f n )} (z) ≤ M, ∀z ∈ Δ( p, ϵ). From (2) and the assumption of the assertion (a), the sequence of divisors { ν_{f n ,H i 0 (f n )} } is bounded conpactly on Δ( p, ϵ). Then there is a subsequence of { f_n }^∞_{n =1} (we denote again by { f_n }^∞_{n =1} ) converging to a divisor on Δ( p, ϵ). Then by Lemma 10, { f_n }^∞_{n =1} meromorphically converges to f on Δ( p, ϵ).

Then by using the diagonal argument, we get a subsequence of { f_n }^∞_{n =1} meromorphically converges to f on Ω except for a set of at most p_{i 0} ≤ p_{N +1} points.

Therefore F is meromorphically quasinormal of order at most p_{N +1} . The assertion (b) is proved.

(c) Similarly as above, we will show that the last sequence { f_n }^∞_{n =1} obtained in the part (a) has a subsequence which converges compactly to f on an open neighborhood of each point z for all z ∈ E except for at most p_{N +1} points. Take an index i_0 ∈ { 1, . . . , N +1 } such that f (Ω) ⊄H_{i 0} . Since ♯{ z ∈ Ω ; f_n (z) ∈ H_{i 0} } ≤ p_{i 0} for all n ≥ 1, ♯E_{i 0} ≤ p_{i 0} ≤ p_{N +1} .

It suffices for us to prove that: for an arbitrary point p ∈ E \ E_{i 0} , we may extract a subsequence of { f_n }^∞_{n =1} which converges compactly to f on an open neighborhood p. Indeed, there exist ϵ > 0 and a subsequence of { f_n }^∞_{n =1} (we denote again by { f_n }^∞_{n =1} ) satisfying

(1) Δ( p, ϵ) ∩ E = { p}, (2) f_n (Δ( p, ϵ)) ∩ H_{i 0} (f_n ) = ∅ .

From (2) and by Lemma 13, { f_n }^∞_{n =1} holomorphically converges to f on Δ( p, ϵ). Hence by using the diagonal argument, we get a subsequence of { f_n }^∞_{n =1} holomorphically converges to f on Ω \ E_{i 0} , where ♯E_{i 0} ≤ p_{N +1} .

Therefore F is holomorphically quasinormal of order at most p_{N +1} . The assertion (c) is proved. □ Acknowledgement. This research is funded by Vietnam National Foundation for Science and Technology Development (NAFOSTED) under grant number 101.04-2018.01.

WEAK NORMAL AND QUASINORMAL FAMILIES OF HOLOMORPHIC CURVES 163

References

[1] Aladro, G., Krantz, S.G., A criterion for normality in C^n , J. Math. Anal. Appl. 161 (1991), 1–8.

[2] Bar, R., Grahl, J., Nevo, S., Differential inequalities and quasinormal families , Anal. Math.

Phys. 4 (2004), 66–71. [3] Chuang, C.T., Normal families of meromorphic functions , World Scientific Publishing Co.

Pte. Ltd., 1993. [4] Dethloff, G., Thai, D.D., Trang, P.N.T., Normal families of meromorphic mappings of several complex variables for moving hypersurfaces in a complex projective space , Nagoya Math. J. 217 (2015), 23–59.

[5] Fujimoto, H., On families of meromorphic maps into the complex projective space , Nagoya Math. J. 54 (1974), 21–51.

[6] Mai, P.N., Thai, D.D., Trang, P.N.T., Normal families of meromorphic mappings of several complex variables into P^N (C), Nagoya Math. J. 180 (2005), 91–110.

[7] Nevo, S., Pang, X., Zalcman, L., Quasinormality and meromorphic functions with multiple zeros , J. d’Analyse Math. 101 (2007), 1–23.

[8] Noguchi, J., Ochiai, T., Introduction to geometric function theory in several complex variables , Transl. Math. Monogr. (1990).

[9] Noguchi, J., Winkelmann, J., Holomorphic curves and integral points off divisors , Math. Z.

239 (2002), 593–610. [10] Pang, X., Nevo, S., Zalcman, L., Quasinormal families of meromorphic functions , Rev. Mat.

Iberoamericana 21 (2005), 249–262. [11] Quang, S.D., Extension and normality of meromorphic mappings into complex projective varieties , Ann. Polon. Math. 104 (2012), 279–292.

[12] Quang, S.D., Tan, T.V., Normal families of meromorphic mappings of several complex variables into CP^n for moving hypersurfaces , Ann. Polon. Math. 94 (2008), 97–110.

[13] Stoll, W., Normal families of non-negative divisors , Math. Z. 84 (1964), 154–218. [14] Thai, D.D., Trang, P.N.T., Huong, P.D., Families of normal maps in several complex variables and hyperbolicity of complex spaces , Complex Var. Elliptic Equ. 48 (2003), 469–482.

[15] Zalcman, L., Normal families, new perspectives , Bull. Amer. Math. Soc. 35 (1998), 215–230.

Si Duc Quang, Department of Mathematics, Hanoi National University of Education, 136-Xuan Thuy – Cau Giay – Hanoi, Vietnam and Thang Long Institute of Mathematics and Applied Sciences, Nghiem Xuan Yem, Hoang Mai, HaNoi, Vietnam E-mail : quangsd@hnue.edu.vn

Dau Hong Quan, School of Natural Sciences Education, Vinh University, 182-Le Duan, Vinh, Nghe An, Vietnam E-mail : hongquan19dhv@gmail.com