ARCHIVUM MATHEMATICUM (BRNO) Tomus 55 (2019), 17–21

A NEW CHARACTERIZATION OF SUZUKI GROUPS

Behnam Ebrahimzadeh and Reza Mohammadyari

Abstract. One of the important questions that remains after the classification of the finite simple groups is how to recognize a simple group via specific properties. For example, authors have been able to use graphs associated to element orders and to number of elements with specific orders to determine simple groups up to isomorphism. In this paper, we prove that Suzuki groups Sz(q), where q ± √ 2q + 1 is a prime number can be uniquely determined by the order of group and the number of elements with the same order.

1. Introduction

Let G be a finite group, π(G) be the set of prime divisors of order of G and π_e(G) be the set of orders of elements in G. If k ∈ π_e(G), then we denote the set of the number of elements of order k in G by m_k (G). Define nse (G) := { m_k (G) | k ∈ π_e(G)}. Also we denote a Sylow p-subgroup of G by G_p and the number of Sylow p-subgroups of G by n_p(G). The prime graph Γ(G) of group G is a graph whose vertex set is π(G), and two vertices u and v are adjacent if and only if uv ∈ π_e(G). Moreover, assume that Γ(G) has t(G) connected components π_i, for i = 1 , 2, . . . , t(G). In the case where G is of even order, we assume that 2 ∈ π_1 .

One of the important problems in finite groups theory is the characterization of groups by special properties. We say that a group G is characterized by property M if any other groups exhibiting property M are isomorphic to G. In [8] Shao and Shi considered a characterization via the group order and nse . In particular, it was shown that if S is a simple group and |π(S)| = 4 , then |S| and nse (G) characterize S. Following this result, in [ 6, 5, 7, 2], it is proved that sporadic simple groups, projective special linear groups P SL_2(q) and also, Suzuki groups Sz(q), where q − 1 is a prime number and^2 G_2(q) where q ± √ 3q + 1 is a prime number can be uniquely determined by order of group and nse (G). In this paper, we prove that Suzuki groups Sz(q), where q ± √ 2q + 1 is a prime number can be uniquely determined by the order of group and the number of elements with the same order. In fact, we prove the following theorem.

2010 Mathematics Subject Classification : primary 20D06; secondary 20D60. Key words and phrases : element order, prime graph, Suzuki group. Received April 4, 2018, revised August 2018. Editor C. Greither. DOI: 10.5817/AM2019-1-17

18 B. EBRAHIMZADEH AND R. MOHAMMADYARI

Main Theorem. Let G be a group with |G| = |Sz(q)| and nse (G) = nse (Sz(q)), where q ± √ 2q + 1 is a prime number. Then G ∼= Sz (q).

2. Notation and preliminaries Lemma 2.1 ([4]). Let G be a Frobenius group of even order with kernel K and complement H . Then

(a) t(G) = 2 , π(H) and π(K) are vertex sets of the connected components of Γ( G);

(b) |H | divides |K | − 1; (c) K is nilpotent.

Definition 2.2. A group G is called a 2-Frobenius group if there is a normal series 1⊴ H ⊴ K ⊴ G such that G/H and K are Frobenius groups with kernels K/H and H respectively. Lemma 2.3 ([1]). Let G be a 2-Frobenius group of even order. Then (a) t(G) = 2 , π(H ) ∪ π(G/K ) = π_1 and π(K/H ) = π_2 ; (b) G/K and K/H are cyclic groups satisfying |G/K | divides |Aut(K/H )|.

Lemma 2.4 ([10]). Let G be a finite group with t(G) ≥ 2. Then one of the following statements holds:

(a) G is a Frobenius group; (b) G is a 2-Frobenius group; (c) G has a normal series 1 ⊴ H ⊴ K ⊴ G such that H and G/K are π_1-groups, K/H is a non-abelian simple group, H is a nilpotent group and |G/K | divides |Out (K/H )|.

Lemma 2.5 ([3]). Let G be a finite group and m be a positive integer dividing |G|. If L_m (G) = { g ∈ G | g^m = 1 }, then m | |L_m (G)|. Lemma 2.6. Let G be a finite group and φ denote the Euler phi function. Then for every i ∈ π_e(G), φ (i) divides m_i(G), and i divides P j |i m j (G). Moreover, if

i > 2, then m_i (G) is even. Proof. By Lemma 2.5, the proof is straightforward. □ Lemma 2.7. Let S be a Suzuki groups Sz(q), where q± √ 2q+1 is a prime number.

Then m_p (S) = ( p − 1)|S|/(4p) and for every i ∈ π_e (S) − { 1, p}, p divides m_i (S). Proof. In [9], it has been shown that the cyclic subgroups of order q ± √ 2q + 1 have index 4 in their normalizers. Therefore n_p(S) = |S|/(4p) and hence m_p(S) = φ (p)n_p(S) = ( p − 1)n_p(G) = ( p − 1)|S|/(4p). Furthermore, in [ 9], it has also been shown that all other elements have conjugacy class size divisible by p. Thus p divides m_i (S) for all i ∈ π_e (S) − { 1, p}. □

A NEW CHARACTERIZATION OF SUZUKI GROUPS 19

3. Proof of the Main Theorem

In this section, we prove the main theorem by the following lemmas. We denote the suzuki groups Sz(q), where q = 2^{2m +1} , m ≥ 1 by S and prime number q ± √ 2q + 1 by p. Recall that G is a group with |G| = |S| and nse (G) = nse (S).

Lemma 3.1. m_2(G) = m_2(S), m_p(G) = m_p(S), n_p(G) = n_p(S), p is an isolated vertex of Γ( G) and p | m_i (G) for every i ∈ π_e (G) − { 1, p}.

Proof. By Lemma 2.6, for every 1 ≠ r ∈ π_e(G), r = 2 if and only if m_r (G) is odd. Thus we deduce that m_2(G) = m_2(S). According to Lemma 2.6, (m_p(G), p) = 1 . Thus p ∤ m_p(G) and hence Lemma 2.7 implies that m_p(G) ∈ { m_1(S), m_2(S), m_p(S)}. Moreover, m_p(G) is even, so we conclude that m_p(G) = m_p(S). Since G_p and S_p are cyclic groups of order p and m_p(G) = m_p(S), we deduce that m_p(G) = φ (p)n_p(G) = φ (p)n_p(S) = m_p(S), so n_p(G) = n_p(S). Now we prove that p is an isolated vertex of Γ(G). Assume the contrary. Then there is t ∈ π(G) − { p} such that tp ∈ π_e(G). So m_{tp} (G) = φ (tp)n_p(G)k, where k is the number of cyclic subgroups of order t in C_G (G_p) and since n_p(G) = n_p(S), it follows that m_{tp} (G) = ( t − 1)(p − 1)|S|k/(4p). If m_{tp} (G) = m_p(R), then t = 2 and k = 1 . Furthermore, Lemma 2.5 yields p | m_2(G) + m_{2p}(G) and since m_2(G) = m_2(S) and p | m_2(S), we have p | m_{2p}(G), which is a contradiction. So Lemma 2.7 implies that p | m_{tp} (G). Hence p | t − 1 and since m_{tp} (G) < |G|, we deduce that p − 1 ≤ 4. But this is impossible because p = q ± √ 2q + 1 and q = 2^{2m +1} , m ≥ 1.

Let i ∈ π_e(G) − { 1, p}. Since p is an isolated vertex of Γ(G), p ∤ i and pi /∈ π_e(G).Thus G_p acts fixed point freely on the set of elements of order i by conjugation and hence |G_p | | m_i (G). So we conclude that p | m_i (G). □ Now since p is an isolated vertex, then t(G) > 1. Now we consider Lemma 2.4, then we show that the following lemma is considerable.

Lemma 3.2. G is not a Frobenius group and 2-Frobenius group.

Proof. (i) Let G be a Frobenius group with kernel K and complement H. Then by Lemma 2.1(a), t(G) = 2 , π(H) and π(K) are vertex sets of the connected components of Γ(G). Since p is an isolated vertex of Γ(G), we have (i) |H | = |G|/p and |K | = p, or (ii) |H | = p and |K | = |G|/p. Assume that |H | = |G|/p and |K | = p. Then Lemma 2.1(b) implies that |G|/p divides p − 1 and hence |G|/p ≤ p − 1 which is impossible. So the case |H | = p and |K | = |G|/p can be occure. Lemma 2.1(b) implies that p divides |G|/p − 1. Now we show that it is impossible. If p = q ± √ 2q + 1 , then q ± √ 2q + 1 | q^2(q ∓ √ 2q + 1)( q − 1) − 1. So we deduce that q ± √ 2q + 1 | (q ± √ 2q + 1)( q^3 ∓ 2 √ 2qq^2 + 3 q^2 − 4q ± 4 √ 2q − 4) + 3 . Hence q ± √ 2q + 1 | 3, which is a contradiction.

(ii) Let G be 2-Frobenius group. Then by Lemma 2.3, there is a normal series 1 ⊴ H ⊴ K ⊴ G such that G/H and K are Frobenius groups with kernel K/H and H respectively, t(G) = 2 , π(G/K ) ∪ π(H) = π_1 and π(K/H ) = π_2, G/K and K/H are cyclic groups satisfying |G/K | divides |Aut(K/H )|. Since p is an isolated vertex of Γ(G), we deduce that π_2 = { p} and |K/H | = p. If p = q ± √ 2q + 1 , then since (q + √ 2q)(q − √ 2q) = q(q − 2), we can see easily (q − 1, q(q − 2)) = 1 , in other

20 B. EBRAHIMZADEH AND R. MOHAMMADYARI

word (p − 1, q − 1) = 1 . Now since |G/K | | p − 1, we deduce that q − 1 divides |H |. So K/H ⋊ H_{q− 1} is a Frobenius group with kenel H_{q− 1}. Hence Lemma 2.1(b) implies that p | q − 2. In conclude q ± √ 2q + 1 ≤ q − 2, which is a contradiction.

Hence G is not a 2-Frobenius group. □

Lemma 3.3. The group G is isomorphic to the group S.

Proof. Now by Lemma 3.2 and also 2.4 we have G has a normal series 1⊴ H ⊴ K ⊴ G such that H and G/K are π_1-groups K/H is a non-abelian simple group. As 3 does not divide |K/H | and the Suzuki groups are the only simple groups whose order is not divisible by 3, we deduce that K/H ∼= Sz(q^′), where q^′ = 2^{2m ′+1} , m^′ ≥ 1. We know that H ⊴ K ⊴ G, hence 2^{2m ′+1} ≤ 2^{2m +1} . So m^′ ≤ m. On the other hand, p is an isolated vertex of Γ(G). Thus we deduce that p | |K/H |. Hence q − √ 2q + 1 ≤ p ≤ q^′ + √ 2q^′ + 1 = π(K/H ). Thus we deduce that m ≤ m^′ and Sz(q^′) = S. Now since |K/H | = |S| and 1 ⊴ H ⊴ K ⊴ G, we deduce that H = 1 and G = K ∼= S. □ Acknowledgement. The authors would like to thank the referee for valuable comments.

References

[1] Chen, G.Y., About Frobenius groups and 2-Frobenius groups , J. Southwest China Normal Univ. 20 (5) (1995), 485–487.

[2] Ebrahimzadeh, B., Iranmanesh, A., Parvizi Mosaed, H., A new characterization of Ree group 2 G_2(q) by the order of group and number of elements with same order , Int. J. Group Theory 6 (4) (2017), 1–6.

[3] Frobenius, G., Verallgemeinerung des Sylowschen Satze , Berliner Sitz (1895), 981–983.

[4] Gorenstein, D., Finite Groups , Harper and Row, New York, 1980.

[5] Khalili Asboei, A., Amiri, S.S., Iranmanesh, A., Tehranian, A., A new characterization of sporadic simple groups by NSE and order , J. Algebra Appl. 12 (2) (2013), 1250158.

[6] Khalili Asboei, A., Iranmanesh, A., Characterization of the linear groups L_2(p), Czechoslovak Math. J. 64 (139) (2014), no. 459–464.

[7] Parvizi Mosaed, H., Iranmanesh, A., Tehranian, A., Characterization of suzuki group by nse and order of group , Bull. Korean Math. Soc. 53 (3) (2016), 651–656.

[8] Shao, C.G., Shi, W., Jiang, Q.H., Characterization of simple K_4-groups , Front Math. China 3 (3) (2008), 355–370.

[9] Suzuki, M., On a class of doubly transitive groups , Ann. of Math. 2 (75) (1962), 105–145.

[10] Wiliams, J.S., Prime graph components of finite groups , J. Algebra 69 (2) (1981), 487–512.

Corresponding author: Behnam Ebrahimzadeh, Department of Mathematics, Buinzahra Branch, Islamic Azad University, Buin Zahra, Iran E-mail : behnam.ebrahimzadeh@gmail.com

A NEW CHARACTERIZATION OF SUZUKI GROUPS 21

Reza Mohammadyari, Department of Mathematics, Buinzahra Branch, Islamic Azad University, Buin Zahra, Iran E-mail : rezamohammadyari@gmail.com