ARCHIVUM MATHEMATICUM (BRNO) Tomus 55 (2019), 69–82

EXISTENCE RESULTS FOR SYSTEMS OF CONFORMABLE

FRACTIONAL DIFFERENTIAL EQUATIONS

Bouharket Bendouma, Alberto Cabada, and Ahmed Hammoudi

Abstract. In this article, we study the existence of solutions to systems of conformable fractional differential equations with periodic boundary value or initial value conditions. where the right member of the system is L^1_α -carathéodory function. We employ the method of solution-tube and Schauder’s fixed-point theorem.

1. Introduction

Recently, a new fractional derivative called the conformable fractional derivative, was introduced by Khalil et al. in [ 23]. For recent results on conformable fractional derivatives we refer the reader to [ 1, 2, 3, 4, 5, 13, 17, 18, 21, 22]. Furthermore, in [8, 19, 27, 32] the authors introduced a conformable fractional calculus on an arbitrary time scale. For some recent contributions on fractional differential equations, see [6, 10, 11, 12, 24, 25, 30, 31, 33, 34].

In this paper, we establish existence results for the following system of conformable fractional differential equations:

(1.1) ( x^{(α )} (t) = f � t, x (t) � , for a.e. t ∈ I = [0 , b], b > 0,

x ∈ (B ) .

Where 0 < α ≤ 1, f : I × R^n → R^n is a L^1_α -carathéodory function, x^{(α )}(t) denotes the conformable fractional derivative of x at t of order α, and (B ) denotes the initial value or the periodic boundary value conditions: x(0) = x_0 ,

(1.2)

x(0) = x(b) .

(1.3)

Existence results for problem (1.1), (1.2) were obtained in [ 29], by using the Banach fixed point theorem with f a continuous function. In the particular case where n = 1 , existence results for problem (1.1) were obtained in [ 7] with nonlinear

2010 Mathematics Subject Classification : primary 34A08; secondary 26A33, 34A34, 34A12, 34K37, 34B15.

Key words and phrases : conformable fractional calculus, conformable fractional differential equations, solution-tube, Schauder’s fixed-point theorem, fractional Sobolev’s spaces.

Received April 23, 2018, revised September 2018. Editor R. Šimon Hilscher. DOI: 10.5817/AM2019-2-69

70 B. BENDOUMA, A. CABADA AND A. HAMMOUDI

functional boundary conditions B(x(0), x) = 0 or H(x, x(b)) = 0 , where B and H are continuous functions that satisfy suitable monotonicity assumptions, their results were established, for the scalar case, with the method of lower and upper solutions and cover, as a particular cases, the boundary conditions (1.2) and (1.3). In [5] the authors solved problem (1.1), (1.2) (for n = 1 ), with f a continuous function by the help of the solution-tube method. As we will see, the used definition is equivalent to the existence of a pair of lower and upper solutions of the considered problem.

In order to obtain the existence results for problem (1.1), we introduce the notion of solution-tube of 1.1 which generalizes the notions of lower and upper solutions given in [ 7]. It is inspired by a notion of solution tube for first-order systems of differential equations introduced in [ 26], (see also [14, 15] and [16] on time scales).

This paper is organized as follows. In Section 2, we introduce the definition of conformable fractional calculus and their important properties. In Section 3, we prove the existence and uniqueness of solutions to problem (1.1) by using the method of solution-tube and Schauder’s fixed-point theorem.

2. Preliminaries

In this section, we introduce some necessary definitions and properties of the conformable fractional calculus which are used in this paper and can be found in [1, 23, 20, 29] and in [32] (If T is a real interval [0, ∞ )) are given:

Definition 2.1 ([23]). Given a function f : [0, ∞ ) → R and a real constant α ∈ (0, 1]. The conformable fractional derivative of f of order α is defined by,

(2.1) f^{(α )} (t) := lim_{ε → 0} f (t + εt^{1− α} ) − f (t) ε for all t > 0.

If f^{(α )} (t) exists and is finite, we say that f is α -differentiable at t. If f is α-differentiable in some interval (0, a), a > 0, and lim_{t → 0}+ f^{(α )}(t) exists, then the conformable fractional derivative of f of order α at t = 0 is defined as

f^{(α )} (0) = lim_{t → 0+} f^{(α )} (t) .

Example 2.2. Conformable fractional derivatives of certain functions as follow:

(1) (t^p )^{(α )} = p t^{p− α} , for all p ∈ R. (2) (λ)^{(α )} = 0 , for all λ ∈ R.

(3) (e^{pt} )^{(α )} = p t^{1− α} e^{pt} , and (e^{pα t α} )^{(α )} = p e^{pα t α} , for all p ∈ R.

Definition 2.3 ([32]). Assume f : [0, ∞ ) → R^n , f (t) := ( f_1(t), f_2(t), . . . , f_n (t)) and let α ∈ (0,1] and t ≥ 0. Then one defines f^{(α )}(t) = ( f^{(α )}_1 (t), f^{(α )}_2 (t), . . . , f^{(α )}n (t)) (provided it exists). One calls f^{(α )}(t) the conformable fractional derivative of f of order α at t > 0. Function f is conformal fractional differentiable of order α provided f^{(α )}(t) exists for all t > 0, in such a case, we say that f is α-differentiable

SYSTEMS OF CONFORMABLE FRACTIONAL DIFFERENTIAL 71

at t. We define the conformable fractional derivative at 0 as f^{(α )}(0) = lim

t → 0^+

f^{(α )}(t), provided it exists. Theorem 2.4 ([32]). If a function f : [0, ∞ ) → R^n is α-differentiable at t > 0, α ∈ (0, 1], then f is continuous at t. Theorem 2.5 ([32]). Let α ∈ (0,1] and assume f , g : [0, ∞ ) → R^n are α-differenti-able at t > 0. Then, by denoting (fg)(t) = ( f_1(t) g_1(t), . . . , f_n (t) g_n (t)), we have the following properties:

(i) (af + bg)^{(α )} = af^{(α )} + bg^{(α )} , for all a, b ∈ R; (ii) (fg )^{(α )} = fg^{(α )} + gf^{(α )} ;

(iii) (f/g)^{(α )} = gf^{(α )} − fg^{(α )} g^2 . (iv) If, in addition, f is differentiable at a point t > 0, then f^{(α )} (t) = t^{1− α} f^′(t) .

(v) If f is differentiable at t, then f is α -differentiable at t. We introduce the following spaces: C^α (I, R^n ) = { f : I → R^n , is α -differentiable on I and f^{(α )} ∈ C(I, R^n )} . C^α_0 (I, R^n ) = { f ∈ C^α (I, R^n ) : f (0) = f (b) = 0 } . C^α_{0,b} (I, R^n ) = { f ∈ C^α (I, R^n ) : f (0) = f (b)} .

Definition 2.6 ([23]). Let α ∈ (0,1] and f : [0, ∞ ) → R. The conformable fractional integral of f of order α from 0 to t, denoted by I_α (f )(t), is defined by

I_α (f )(t) := I_1 (t^{α − 1} f )(t) =

Z_t 0 f (s)d_α s :=

Z_t 0 f (s)s^{α − 1} ds .

The considered integral is the usual improper Riemann one. Definition 2.7 ([32]). Let f : [0, ∞ ) → R^n and α ∈ (0,1]. The conformable fractional integral of f of order α from 0 to t, denoted by I_α (f )(t), is defined by

I_α (f )(t) =

Z_t 0 f (s)d_α s = � I_α (f_1 )(t), I_α (f_2 )(t), . . . , I_α (f_n )(t) � , where I_α (f_i)(t) is the conformable fractional integral of f_i of order α from 0 to t, for i = 1 , . . . , n. Lemma 2.8 ([29]). Let 0 < α ≤ 1 and f : [0, ∞ ) → R^n be a continuous function in the domain of I_α . Then for all t ≥ 0 we have � I_α (f )

�_{(α )} (t) = f (t) .

Corollary 2.9 ([1, 32]). Let f : [0, b) → R^n be such that I_α (f^α )(t) exists for 0 < t < b . Then, f is differentiable on (0, b).

72 B. BENDOUMA, A. CABADA AND A. HAMMOUDI

Lemma 2.10 ([1, 32]). Let f : (0, b) → R^n be differentiable and 0 < α ≤ 1. Then, for all t > 0 we have

(2.2) I_α (f^α )(t) = f (t) − f (0).

The next result is an adaptation of Lemma 2 in [29].

Proposition 2.11. Let 0 < α ≤ 1, and W be an open set of R^n . If g : I → R^n is α-differentiable at t > 0 and f : W → R^m is differentiable at g(t) ∈ W. Then f ∘ g is α -differentiable at t and

(f ∘ g)^{(α )} (t) = f^′ � g(t) � � g^{(α )} (t)

�_T . Here v^T denotes the transpose vector of v.

Example 2.12. Let α ∈ (0,1], and x : [0, ∞ ) → R^n α-differentiable at t. It is not difficult to verify that the Euclidean norm ‖ · ‖: R^n \ { 0} → [0, ∞ ) defined as

‖x(t)‖ = < x (t), x(t) >^{1/2} ,

with ⟨·, ·⟩ the usual scalar product in R^n , is differentiable.

By the previous Proposition, we have

‖x(t)‖^{(α )} =

⟨x(t), x^{(α )} (t)⟩

‖x(t)‖ . Next, we develop the fractional Sobolev’s spaces via conformable fractional calculus and their important properties. The basic definitions and relations based on [32] (if T is a real interval [0, ∞ )) are given:

Definition 2.13. Let B ⊂ I. B is called null set if the measure of B is zero. We say that a property P holds almost everywhere (a.e.) on B, or for almost all (a.a.) t ∈ B if there is a null set E_0 ⊂ B such that P holds for all t ∈ B \ E_0 .

Definition 2.14. Let A be a Lebesgue measurable subset of I. We say that function f : I → R, is a function α-integrable on A if and only if t^{α − 1} f (t) is Lebesgue integrable on A. In such a case, we denote Z A f (t) d_α t = Z A t^{α − 1} f (t) dt .

Definition 2.15 ([32]). Let E ⊂ R be a measurable set, and let φ : E → R be a measurable function. We say that φ belongs to L^1_α (E, R) is the following property is fulfilled Z E |φ (s)| d_α s = Z E |φ (s)| s^{α − 1} ds < + ∞ .

We say that a measurable function f : E → R^n is in the set L^1_α (E, R^n ) provided Z E ‖f (s)‖ d_α s = Z E ‖f (s)‖ s^{α − 1} ds < + ∞ .

i.e. f_i ∈ L^1_α (E, R), for each of its components f_i : E → R, i = 1 , . . . , n.

SYSTEMS OF CONFORMABLE FRACTIONAL DIFFERENTIAL 73

Theorem 2.16 ([32]). The set L^1_α (I, R^n ) is a Banach space together with the norm defined for φ ∈ L^1_α (I, R^n ) as ‖φ ‖_L 1_{α (I, R}n_) := Z I ‖φ (t)‖d_α t .

Remark 2.17. It is not difficult to verify the following assertions for all α ∈ (0,1]:

(i) L^1_α (I, R^n ) ⊂ L^1 (I, R^n ). (ii) For t ∈ I, t > 0 and φ : I → R^n , it is satisfied that φ^{(α )} ∈ L^1_α (I, R^n ) if and only if φ^′ ∈ L^1 (I, R^n ).

Definition 2.18. A function f : I → R^n is said to be absolutely continuous on I (i.e., f ∈ AC(I, R^n )) if for every ε > 0, there exists η > 0 such that if {[a_k , b_k [}^m_{k =1} , is a finite pairwise disjoint family of subintervals of I satisfying

k = mX

k =1

(b_k − a_k ) < η , then

k = mX

k =1

‖f (b_k ) − f ((a_k ))‖ < ε .

Theorem 2.19 ([32]). Assume function f : I → R^n is absolutely continuous on I, then f is conformable fractional differentiable of order α a.e. on I and the following equality is valid: f (t) = f (0) + Z [0,t ]

f^{(α )} (s)d_α s , for all t ∈ I.

Definition 2.20. Let α ∈ (0,1] and f : I → R^n . One says that f ∈ W^{α, 1}_{0,b} (I, R^n ) if and only if f ∈ L^1_α (I, R^n ) and there exists g : I → R^n such that g ∈ L^1_α (I, R^n ) and (2.3) Z I f (t)ϕ^{(α )} (t)d_α t = − Z I g(t)ϕ(t)d_α t , for all ϕ ∈ C^α_{0,b} (I, R^n ) .

We denote

V^{α, 1}_{0,b} (I, R^n ) = { f ∈ AC (I, R^n ) : f^{(α )} ∈ L^1_α (I, R^n ) , f (0) = f (b)} . Remark 2.21. We have V^{α, 1}_{0,b} (I, R^n ) ⊂ W^{α, 1}_{0,b} (I, R^n ). Theorem 2.22 ([32]). Assume that f ∈ W^{α, 1}_{0,b} (I, R^n ) and that (2.3) holds for some g ∈ L^1_α (I, R^n ). Then, there exists a unique function x ∈ V^{α,p}_{a,b} ([a, b], R^n ) such that x = f, x^{(α )} = g a.e. on I.

Theorem 2.23 ([32]). The set W^{α, 1}_{0,b} (I, R^n ) is a Banach space together with the norm defined as ‖φ ‖_W α, 1_{0 ,b (I, R}n_) := Z I ‖φ (t)‖d_α t + Z I ‖φ^{(α )} (t)‖d_α t ,

for every φ ∈ W^{α, 1}_{0,b} (I, R^n ) .

74 B. BENDOUMA, A. CABADA AND A. HAMMOUDI

Proposition 2.24. Let x ∈ W^{α, 1}_{0,b} (I, R^n ). Then ‖x‖ ∈ W^{α, 1}_{0,b} (I, R) and

‖x(t)‖^{(α )} =

< x (t), x^α (t) > ‖x(t)‖

, a.e. on { t ∈ I : ‖x(t)‖ > 0}.

Proof. If x ∈ W^{α, 1}_{0,b} (I, R^n ). By Theorems 2.22 and 2.19, x is α-differentiable a.e. on I . From Example 2.12, we obtain

‖x(t)‖^{(α )} =

< x (t), x^α (t) > ‖x(t)‖

, a.e. on { t ∈ I : ‖x(t)‖ > 0}. □ We now define a notion of L^1_α -Carathéodory function.

Definition 2.25. A function f : I × R^n → R^n is called a L^1_α -Carathéodory function if the three following conditions hold.

(i) for every x ∈ R^n , the function t → f (t, x ) is Lebesgue measurable; (ii) the function x → f (t, x ) is continuous almost every t ∈ I ; (iii) for every r > 0, there exists a function h_r ∈ L^1_α (I, [0, ∞ )) such that ‖f (t, x )‖ ≤ h_r (t) for almost every t ∈ I and for all x ∈ R^n such that ‖x‖ ≤ r . 3. Main result In this section, we establish an existence result for the problem (1.1). A solution of problem (1.1) will be a function x ∈ W^{α, 1}_{0,b} (I, R^n ) for which (1.1) is satisfied. We introduce the notion of solution-tube of this problem as follows. Definition 3.1. Let (v, M) ∈ W^{α, 1}_{0,b} (I, R^n ) × W^{α, 1}_{0,b} (I, [0, ∞ )). We say that (v, M) is a solution tube to problem (1.1) if

(i) ⟨x − v(t), f (t, x) − v^{(α )}(t)⟩ ≤ M(t)M^{(α )}(t) for a.e. t ∈ I and every x ∈ R^n such that ‖x − v(t)‖ = M (t), (ii) v^{(α )} (t) = f (t, v(t)) and M^α (t) = 0 a.e. on { t ∈ I : M (t) = 0 }, (iii) - if (B ) denotes (1.2), then ‖x_0 − v(0)‖ ≤ M (0),

- if (B ) denotes (1.3), then ‖v(b) − v(0)‖ ≤ M (0) − M (b). If α = 1 , our definition of solution tube is equivalent to the notion of solution tube introduced in [26] for first order systems of Ordinary Differential Equations.

Now, we introduce the following set

T (v, M ) := � x ∈ W^{α, 1}_{0,b} (I, R^n ) : ‖x(t) − v(t)‖ ≤ M (t) , for every t ∈ I . Remark 3.2. If n = 1 , our definition of solution tube is equivalent to the notion of solution tube introduced in [ 5]. We point out that in this case the solution-tube method is equivalent of the lower and upper solutions one. To this end, we introduce the following definition: Definition 3.3. A function γ ∈ W^{α, 1}_{a,b} (I ) is called a lower solution of (1.1), if (i) γ^{(α )} (t) ≥ f (t, γ (t)), for a.e. t ∈ I ;

SYSTEMS OF CONFORMABLE FRACTIONAL DIFFERENTIAL 75

(ii) - if (B ) denotes (1.2), then γ(0) ≥ x_0 ,

- if (B ) denotes (1.3), then γ(0) ≥ γ(b).

A function δ ∈ W^{α, 1}_{0,b} (I) is called an upper solution of (1.1) if it satisfies (i),(ii) with the reversed inequalities.

Indeed, we consider the following assumptions:

(A) There exist δ ≤ γ respectively upper and lower solutions of (1.1), such that δ < γ a.e. on I .

(B) There exists (v, M ) a solution-tube of (1.1).

First, we prove the following assertion

If (B ) is satisfied, then (A) is also fulfilled. Define δ = v − M and γ = v + M . 8 >< >: � δ −^{δ+ γ}_2 (t) � � f (t, δ) −^{(γ + δ) ( α ) (t )}_2 � ≤^{(γ − δ)( t )}_2^{(γ − δ) ( α ) (t )}_2 for a.e. t ∈ I , � γ −^{δ+ γ}_2 (t) � � f (t, γ ) −^{(γ + δ) ( α ) (t )}_2 � ≤^{(γ − δ)( t )}_2^{(γ − δ) ( α ) (t )}_2 for a.e. t ∈ I .

It is not difficult to verify that, since δ < γ a.e. on I , that 8 < : δ^{(α )} (t) ≤ f (t, δ(t)) , for a.e. t ∈ I ,

γ^{(α )} (t) ≥ f (t, γ (t)) , for a.e. t ∈ I .

Moreover, from condition (iii) it is immediate to conclude that δ(0) ≤ x_0 ≤ γ(0), provided (1.2) is considered, and δ(0) − δ(b) ≤ 0 ≤ γ(0) − γ(b) for conditions (1.3).

Now, let’s prove the reverse implication, i.e.

If (A) holds, then (B ) is satisfied.

To this end, take v = ( γ + δ)/2 and M = ( γ − δ)/2, we have δ = v − M and γ = v + M . For x ∈ R such that |x − v(t)| = M (t), then x = γ or x = δ, and

(x − v(t)) � f (t, x )− v^{(α )} (t) � = 8 >< >: � δ−^{δ+ γ}_2 (t) � � f (t, δ)−^{(δ+ γ ) ( α )}_2 (t) � for a.e. t ∈ I , � γ −^{δ+ γ}_2 (t) � � f (t, γ )−^{(δ+ γ ) ( α )}_2 (t) � for a.e. t ∈ I ,

≤ 8 >< >: �_{δ− γ} 2 (t) � � δ^{(α )} (t) −^{(δ+ γ ) ( α )}_2 (t) � for a.e. t ∈ I , �_{γ − δ} 2 (t) � � γ^{(α )} (t) −^{(δ+ γ ) ( α )}_2 (t) � for a.e. t ∈ I ,

= M (t)M^{(α )} (t) for a.e. t ∈ I .

We consider the following modified problem:

(3.1) ( x^{(α )} (t) + α x (t) = f � t, x(t) � + α x(t) , for a.e. t ∈ I ,

x ∈ (B ) .

76 B. BENDOUMA, A. CABADA AND A. HAMMOUDI

where

(3.2) x(t) =

(_{M (t )}

‖x − v(t )‖ (x − v(t)) + v(t) , if ‖x − v(t)‖ > M (t),

x(t) , if ‖x − v(t)‖ ≤ M (t). We need the following auxiliary lemmas, which are direct generalizations of [ 7, Corollary 3.3 and Corollary 3.6], and we omit the proofs. Lemma 3.4. For every g ∈ L^1_α (I, R^n ), x_0 ∈ R^n , 0 < α ≤ 1 and p ∈ R, problem

(3.3) ( x^{(α )} (t) + px(t) = g(t) , a.e. t ∈ I , x(0) = x_0 , has a unique solution x ∈ W^{α, 1}_{0,b} (I, R^n ) given by the expression:

(3.4) x(t) :=

Z_b 0 G_{In} (t, s )g(s)d_α s + x_0 e^{− pα t α} , where

(3.5) G_{In} (t, s ) = e^{pα (s α − t α )} ( 1 , 0 ≤ s ≤ t ≤ b , 0 , 0 ≤ t ≤ s ≤ b , Lemma 3.5. For every g ∈ L^1_α (I, R^n ), λ ∈ R^n , 0 < α ≤ 1 and p ∈ R\{0}, problem

(3.6) ( x^{(α )} (t) + px(t) = g(t) , a.e. t ∈ I ], , x(0) − x(b) = λ , has a unique solution x ∈ W^{α, 1}_{0,b} (I, R^n ) given by the following expression:

(3.7) x(t) :=

Z_b 0 G_{P e} (t, s )g(s)d_α s + λ e^{− pα t α} 1 − e^{− p}α^{bα} , where

(3.8) G_{P e} (t, s ) = e^{pα (s α − t α )} 1 − e^{− p}α^{bα} ( 1 , 0 ≤ s ≤ t ≤ b , e^{− pα bα} , 0 ≤ t < s ≤ b .

The following lemma can be proved analogously to [5, Lemma 11]. Lemma 3.6. Let r ∈ W^{α, 1}_{0,b} (I, R), such that r^{(α )}(t) < 0 a.e. on { t ∈ I : r (t) > 0}. If one of the two following conditions holds,

(i) r (0) ≤ 0, (ii) r (0) ≤ r (b), then r (t) ≤ 0 for every t ∈ I .

Let us define the operators A_1 , A_2 : C(I, R^n ) → C(I, R^n ) by

A_1 (x)(t) =

Z_b 0 G_{In} (t, s ) � f (s, x(s)) + α x(s) � s^{α − 1} ds + x_0 e^{− t α}

SYSTEMS OF CONFORMABLE FRACTIONAL DIFFERENTIAL 77 and A_2 (x)(t) =

Z_b 0 G_{P e} (t, s ) � f (s, x(s)) + α x(s) � s^{α − 1} ds ,

where G_{In} (resp., G_{P e} ) is the Green’s function related to the initial problem (3.3) (resp., periodic problem (3.6)) and is given by expression (3.5) (resp., (3.8)) with p = α .

Clearly, from Lemma 3.4 (resp. Lemma 3.5) with p = α, the solutions of problem (3.1), (1.2) (resp. (3.1), (1.3) coincide with the fixed points of operator A_1 (resp. A_2 ).

Proposition 3.7. Let f : I × R^n → R^n be a L^1_α -Carathéodory function. Assume there exists (v, M) ∈ W^{α, 1}_{0,b} (I, R^n ) × W^{α, 1}_{0,b} (I, [0, ∞ )) a solution tube of problem (1.1) , (1.3) , then operator A_2 is compact.

Proof. We first observe that, from Definitions 2.25 and 3.1, there exists a function h ∈ L^1_α (I, [0, ∞ )) such that

‖f (t, x(t)) + α x(t)‖ ≤ h(t), for a.e. t ∈ I and all x ∈ C(I, R^n ) .

Let { x_n }_{n ∈ N} be a sequence of C(I, R^n ) converging to x ∈ C(I, R^n ). In this case, it is clear that

A_2 (x_n (t)) − A_2 (x(t)) ≤ Z_b 0 s^{α − 1} |G_{P e} (t, s )| � f (s, x_n (s)) + α x_n (s) � − � f (s, x(s)) + α x(s) � ds ≤ M Z_b 0 s^{α − 1} � f (s, x_n (s)) + α x_n (s) � − � f (s, x(s)) + α x(s) � ds .

where M := max_{s,t ∈ I} |G_{P e} (t, s )|.

The continuity of operator A_2 follows from the continuous dependence with respect to x of function f , the definition of x and the Lebesgue’s dominated convergence theorem.

To see that A_2(C(I, R^n )) is relatively compact set on C(I, R^n ), consider x ∈ C(I, R^n ). Therefore, A_2 (x)(t)

≤ M ‖h‖_{L 1α (I, Rn )} .

So, A_2 (C(I, R^n )) is uniformly bounded.

This set is also equicontinuous since for every t_1 < t_2 ∈ I ,

A_2 (x) (t_2 ) − A_2 (x) (t_1 ) = Z_{t 2} 0 G_{P e} (t_2 , s) � f (s, x(s) � + α x(s) � d_α s +

Z_b

t_2

G_{P e} (t_2 , s) � f (s, x(s) � + α x(s) � d_α s − Z_{t 1} 0 G_{P e} (t_1 , s) � f (s, x(s))+ α x(s) � d_α s −

Z_b

t_1

G_{P e} (t_1 , s) � f (s, x(s) � + α x(s) � d_α s

78 B. BENDOUMA, A. CABADA AND A. HAMMOUDI ≤ |e^{− t α2} − e^{− t α1} |

1 − e^{− bα}

� Z t 1 0 e^{s α} f �s, x(s)�+ αx(s) d_α s +

Z_b

t_2

e^{s α − bα} f �s, x(s)�+ αx(s) d_α s �

+ Z_{t 2}

t_1

|G_{P e} (t_2 , s) − G_{P e} (t_1 , s)| f �s, x(s)� + α x(s) d_α s

≤ K |e^{− t α2} − e^{− t α1} |

� Z t 1 0 h(s)d_α s +

Z_b

t_2

h(s)d_α s � + 2 M

Z_{t 2}

t_1

h(s)d_α s ,

where

K := max_{s ∈ I} n es^α

1 − e^{− bα} , e^{s α − bα} 1 − e^{− bα} o = 1 1 − e^{− bα} . By Arzelà-Ascoli theorem, we conclude that the set A_2(C(I, R^n )) is relatively compact in C(I, R^n ). Hence, A_2 is compact. □

The following result can be proved as the previous one.

Proposition 3.8. Let f : I × R^n → R^n be a L^1_α -Carathéodory function. Assume there exists (v, M) ∈ W^{α, 1}_{0,b} (I, R^n ) × W^{α, 1}_{0,b} (I, [0, ∞ )) a solution tube of (1.1), (1.2), then operator A_1 is compact.

Now, we can obtain our main theorem. The proof is on the basis on the one given in [16] for first order systems of ordinary differential equations.

Theorem 3.9. Let f : I × R^n → R^n be a L^1_α -Carathéodory function. Assume there exists (v, M) ∈ W^{α, 1}_{0,b} (I, R^n ) × W^{α, 1}_{0,b} (I, [0, ∞ )) a solution tube of (1.1). Then, problem (1.1) has a solution x ∈ W^{α, 1}_{0,b} (I, R^n ) ∩ T( v, M ).

Proof. We will do the proof for the initial case (1.2). As we will see the proof for the periodic problem (1.3) is analogous. By Proposition 3.8 the operator A_1 is compact. It has a fixed point by the Schauder fixed-point theorem. Lemma 3.4 implies that this fixed point is a solution for the problem (3.1). Then, it suffices to show that for every solution x of (3.1), x ∈ T (v, M ). Consider the set B := { t ∈ I : ‖x(t) − v(t)‖ > M (t)}. By Proposition 2.24, a.e. on B we have

(‖x(t) − v(t)‖ − M (t))^{(α )} =

⟨x(t) − v(t), x^{(α )} (t) − v^{(α )} (t)⟩ ‖x(t) − v(t)‖

− M^{(α )} (t) .

Since (v, M) is a solution tube of problem (1.1), we have a.e. on { t ∈ B : M(t) > 0} that � ‖x(t) − v(t)‖ − M (t)

�_{(α )} = ⟨x(t) − v(t), x^{(α )} (t) − v^{(α )} (t)⟩ ‖x(t) − v(t)‖

− M^{(α )} (t)

SYSTEMS OF CONFORMABLE FRACTIONAL DIFFERENTIAL 79

= ⟨x(t)− v(t), f (t, x̄(t))+ αx̄(t)− αx (t)− v^{(α )} (t)⟩ ‖x(t) − v(t)‖

− M^{(α )} (t)

= ⟨x̄(t)− v(t), f (t, x̄(t)) − v^{(α )} (t)⟩ M (t) + α ⟨x̄(t)− v(t),x̄(t) − x(t)⟩ M (t)

− M^{(α )} (t)

≤ M (t)M^{(α )} (t)

M (t) + α � M (t) − ‖ x(t) − v(t)‖ � − M^{(α )} (t)

< 0 . On the other hand, we have a.e. on { t ∈ B : M (t) = 0 } that � ‖x(t) − v(t)‖ − M (t)

�_{(α )} = ⟨x(t) − v(t), f (t, x̄(t)) + αx̄(t) − αx (t) − v^{(α )} (t)⟩ ‖x(t) − v(t)‖

− M^{(α )} (t)

= ⟨x(t) − v(t), f (t, v(t)) + αv (t) − αx (t) − v^{(α )} (t)⟩ ‖x(t) − v(t)‖

− M^{(α )} (t)

≤ ⟨x(t) − v(t), f (t, v(t)) − v^{(α )} (t)⟩

‖x(t) − v(t)‖

− α ‖x(t) − v(t)‖ − M^{(α )} (t)

< 0 .

If we set, r(t) := ‖x(t)− v(t)‖− M(t), then r^{(α )} < 0 a.e. on B := { t ∈ I : r(t) > 0}. Moreover, since (v, M) is a solution tube to problem (1.1) and x satisfies (1.2), then r(0) ≤ 0 and, as consequence, Lemma 3.6 (i) implies that B = ∅ . So, x ∈ T(v, M) and the result holds for this case.

When the periodic case is studied, we follow the same steps with operator A_2 and we arrive to the fact that r (0) − r (b) ≤ ‖ v(0) − v(b)‖ − (M (0) − M (b)) ≤ 0, and the result is fulfilled from Lemma 3.6 (ii). □ The following example is a modified version, considering a periodic condition, of Example 4.6 in [16]:

Example 3.10. Consider the periodic problem:

(3.9) ( x^{( 13 )} (t) = a_1 ‖x(t)‖^2 x(t) − a_2 x(t) + a_3 φ (t) , a.e. t ∈ I = [0 , 1],

x(0) = x(1) , where α = 1 /3, a_1, a_2, a_3 ∈ R_+ such that a_1 − a_2 + a_3 = 0 , φ : I → R^n is a continuous function satisfying ‖φ (t)‖ = 1 for every t ∈ I. Take v(t) = 0 and M (t) = 1 . So, v ∈ W^{13 ,1}_{0,1} (I, R^n ), M ∈ W^{13 ,1}_{0,1} (I, [0, ∞ [), v^{( 13 )} (t) = 0 , M^{( 13 )} (t) = 0 , and ‖v(1) − v(0)‖ ≤ M (0) − M (1) .

80 B. BENDOUMA, A. CABADA AND A. HAMMOUDI

For x ∈ R^n such that ‖x − v(t)‖ = M(t), then ‖x‖ = 1 , and we have, for a.e. t ∈ I ⟨x − v(t), f (t, x ) − v^{( 13 )} (t)⟩ = ⟨x, a_1 ‖x‖^2 x − a_2 x + a_3 φ (t)⟩

= a_1 ‖x‖^4 − a_2 ‖x‖^2 + a_3 ⟨x, φ (t)⟩ ≤ a_1 ‖x‖^4 − a_2 ‖x‖^2 + a_3 ‖x‖‖φ (t)‖ = a_1 − a_2 + a_3 = 0 ≤ M (t)M^{( 13 )} (t) .

Since the set { t ∈ I, M (t) = 0 } = ∅ , condition (ii) holds trivially. So, (v, M) is a solution-tube of (3.9). By Theorem 3.9, problem (3.9) has a solution x ∈ W^{13 ,1}_{0,1} (I, R^n ) such that ‖x(t)‖ ≤ 1 for every t ∈ I . Example 3.11. Consider the periodic problem:

(3.10) 8 < : x^{(1 /2)} (t) =

− x^3 (t) + 1 − 2t 4√ t a.e. t ∈ [0, 1], x(0) = x(1) .

This problem is a particular case of (1.1), (1.3), with n = 1 , α = 1 /2, and f (t, x) =

− x^3 + 1 − 2t 4√ t . It is clear that f is a L^1_{/2}-Carathéodory function. Take v(t) = 0 and M (t) = 1 . So, v ∈ W^{12 ,1}_{0,1} (I, R), M ∈ W^{12 ,1}_{0,1} (I, [0, ∞ [), v^{( 12 )} (t) = 0 , M^{( 12 )} (t) = 0 , and |v(1) − v(0)| ≤ M (0) − M (1).

For x ∈ R such that |x − v(t)| = M(t), then x = 1 or x = − 1, and we have for a.e. t ∈ I ,

x − v(t), f (t, x ) − v^{( 12 )} (t) � = ( x)

� − x3 + 1 − 2t 4√ t � ,

= 8 < : − 2(1 − t) 4√ t if x = − 1 , − 2^4 √ t^3 if x = 1 ,

≤ 0 = M (t)M^{( 12 )} (t) for a.e. t ∈ I . So, (v, M) is a solution-tube of (3.10). By Theorem 3.9, the problem (3.10) has a solution x ∈ W^{12 ,1}_{0,1} (I ) such that |x(t)| ≤ 1 for every t ∈ I .

Observe that δ = v − M and γ = v + M are, respectively, upper and lower solutions of (3.10) follows from the fact that

δ^{( 12 )} (t) = 0 ≤ f (t, δ(t)) =

2(1 − t) 4√ t , t ∈ [0, 1], δ(0) ≤ δ(1) , and γ^{( 12 )} (t) = 0 ≥ f (t, γ (t)) = − 2^4 √ t^3 , t ∈ [0, 1], γ(0) ≥ γ(1) ,

SYSTEMS OF CONFORMABLE FRACTIONAL DIFFERENTIAL 81

such that − 1 ≤ x(t) ≤ 1, for all t ∈ I .

References

[1] Abdeljawad, T., On conformable fractional calculus , J. Comput. Appl. Math. 279 (2015), 57–66.

[2] Abdeljawad, T., AlHorani, M., Khalil, R., Conformable fractional semigroups of operators , J. Semigroup Theory Appl. 2015 (2015), 9 pages.

[3] Anderson, D.R., Avery, R.I., Fractional-order boundary value problem with Sturm-Liouville boundary conditions , Electronic J. Differential Equ. 2015 (29) (2015), 10 pages.

[4] Batarfi, H., Losada, J., Nieto, J.J., Shammakh, W., Three-point boundary value problems for conformable fractional differential equations , J. Function Spaces 2015 (2015), 6 pages.

[5] Bayour, B., Torres, D.F.M., Existence of solution to a local fractional nonlinear differential equation , J. Comput. Appl. Math. 312 (2016), 127–133.

[6] Benchohra, M., Cabada, A., Seba, D., An existence result for nonlinear fractional differential equations on Banach spaces , Boundary Value Problem 2009 (2009), 11 pages.

[7] Bendouma, B., Cabada, A., Hammoudi, A., Existence of solutions for conformable fractional problems with nonlinear functional boundary conditions , submitted.

[8] Benkhettou, N., Hassani, S., Torres, D.F.M., A conformable fractional calculus on arbitrary time scales , J. King Saud Univ. Sci. 28 (1) (2016), 93–98.

[9] Cabada, A., Green’s Functions in the Theory of Ordinary Differential Equations , Springer, New York, 2014.

[10] Cabada, A., Hamdi, Z., Nonlinear fractional differential equations with integral boundary value conditions , Appl. Appl. Math. Comput. 228 (2014), 251–257.

[11] Cabada, A., Hamdi, Z., Existence results for nonlinear fractional Dirichlet problems on the right side of the first eigenvalue , Georgian Math. J. 24 (1) (2017), 41–53.

[12] Cabada, A., Wang, G., Positive solutions of nonlinear fractional differential equations with integral boundary value conditions , J. Math. Anal. Appl. 389 (1) (2012), 403–411.

[13] Chung, W.S., Fractional Newton mechanics with conformable fractional derivative , J. Comput.

Appl. Math. 290 (2015), 150–158. [14] Frigon, M., O’Regan, D., Existence results for initial value problems in Banach spaces , Differ.

Equ. Dyn. Syst. 2 (1994), 41–48. [15] Frigon, M., O’Regan, D., Nonlinear first order initial and periodic problems in Banach spaces , Appl. Math. Lett. 10 (1997), 41–46.

[16] Gilbert, H., Existence theorems for first order equations on time scales with Δ − Carathédory functions , Adv. Difference Equ. 2010 (2010), 20 pages, Article ID 650827.

[17] Gökdoǧan, A., Ünal, E., Çelik, E., Existence and uniqueness theorems for sequential linear conformable fractional differential equations , arXiv preprint, 2015.

[18] Gözütok, N.Y., Gözütok, U., Multivariable conformable fractional calculus , math.CA 2017. [19] Gulsen, T., Yilmaz, E., Goktas, S., Conformable fractional Dirac system on time scales , J.

Inequ. Appl. 2017 (2017), 1–10. [20] Iyiola, O.S., Nwaeze, E.R., Some new results on the new conformable fractional calculu swith application using D’Alambert approach , Progr. Fract. Differ. Appl. 2 (2) (2016), 115–122.

[21] Katugampola, U.N., A new fractional derivative with classical properties , preprint, 2014. [22] Khaldi, R., Guezane-Lakoud, A., Lyapunov inequality for a boundary value problem involving conformable derivative , Progr. Fract. Differ. Appl. 3 (4) (2017), 323–329.

82 B. BENDOUMA, A. CABADA AND A. HAMMOUDI

[23] Khalil, R., Horani, M. Al, Yousef, A., Sababheh, M., A new definition of fractional derivative , J. Comput. Appl. Math. 264 (2014), 65–70.

[24] Kilbas, A., Srivastava, M.H., Trujillo, J.J., Theory and Application of Fractional Differential Equations , vol. 204, North Holland Mathematics Studies, 2006.

[25] Magin, R.L., Fractional calculus in bioengineering , CR in Biomedical Engineering 32 (1) (2004), 1–104.

[26] Mirandette, B., Résultats d’existence pour des systèmes d’équations différentielles du premier ordre avec tube-solution , Mémoire de matrise, Université de Montréal, 1996.

[27] Nwaeze, E.R., A mean value theorem for the conformable fractional calculus on arbitrary time scales , Progr. Fract. Differ. Appl. 2 (4) (2016), 287–291.

[28] Ortigueira, M.D., Machado, J.A. Tenreiro, What is a fractional derivative? , J. Comput. Phys.

293 (2015), 4–13. [29] Pospisil, M., Skripkova, L.P., Sturm’s theorems for conformable fractional differential equations , Math. Commun. 21 (2016), 273–281.

[30] Shi, A., Zhang, S., Upper and lower solutions method and a fractional differential equation boundary value problem , Progr. Fract. Differ. Appl. 30 (2009), 13 pages.

[31] Shugui, K., Huiqing, C., Yaqing, Y., Ying, G., Existence and uniqueness of the solutions for the fractional initial value problem , Electr. J. Shanghai Normal University (Natural Sciences) 45 (3) (2016), 313–319.

[32] Wang, Y., Zhou, J., Li, Y., Fractional Sobolev’s spaces on time scales via conformable fractional calculus and their application to a fractional differential equation on time scales , Adv. Math. Phys. 2016 (2016), 21 pages.

[33] Yang, X.J., Baleanu, D., Machado, J.A.T., Application of the local fractional Fourier series to fractal signals , Discontinuity and complexity in nonlinear physical systems, Springer, Cham, 2014, pp. 63–89.

[34] Zhang, S., Su, X., The existence of a solution for a fractional differential equation with nonlinear boundary conditions considered using upper and lower solutions in reverse order , Comput. Math. Appl. 62 (3) (2011), 1269–1274.

Ibn Khaldoun, Tiaret University, P.O. Box 78, 14000 Zaâroura, Tiaret, Algeria

University of Sidi Bel Abbès, P.O. Box 89, Sidi Bel Abbès, 22000, Algeria E-mail : bendouma73@gmail.com

Instituto de Matemáticas, Facultade de Matemáticas, Universidade de Santiago de Compostela, Santiago de Compostela, Galicia, Spain E-mail : alberto.cabada@usc.es

Laboratory of Mathematics, Ain Témouchent University, P.O. Box 89, 46000 Ain Témouchent, Algeria E-mail : hymmedahmed@gmail.com