ARCHIVUM MATHEMATICUM (BRNO) Tomus 55 (2019), 341–349

SEWN SPHERE COHOMOLOGIES FOR VERTEX ALGEBRAS

Alexander Zuevsky

Abstract. We define sewn elliptic cohomologies for vertex algebras by sewing procedure for coboundary operators.

1. Introduction

In [5] the author had introduced the notion of a cohomology of grading-restricted vertex algebras [3]. The main construction of coboundary operator was given using considerations of rational functions obtained as matrix elements for such vertex algebras [6, 1, 2]. As we know [8] from the theory of correlation functions for vertex algebras, matrix elements corresponds to the choice of formal parameters for vertex operators to be local coordinates on the complex sphere. On can consider more complicated situation when local coordinates for vertex operators are taken on a complex sphere sewn to itself [7]. This procedure would change coboundary operators and enrich the cohomological structure of corresponding vertex algebras.

In this paper we introduce the cohomology on sewn complex sphere and define coboundary operators by means of matrix elements and action of combinations of vertex and intertwining operators on a special class of maps associated to a grading-restricted vertex algebra.

Let us first recall the set up for self-sewing the complex sphere [7]. Consider the construction of a torus Σ^{(1)} formed by self-sewing a handle to a Riemann sphere Σ^{(0)} . This is given by Yamada formalism [7], or so-called we refer to as the ρ-formalism. Let z_1 , z_2 be local coordinates in the neighbourhood of two separated points p_1 and p_2 on the sphere. Consider two disks |z_a | ≤ r_a , for r_a > 0 and a = 1 ,2. Note that r_1 , r_2 must be sufficiently small to ensure that the disks do not intersect. Introduce a complex parameter ρ where |ρ| ≤ r_1 r_2 and excise the disks { z_a : |z_a | < |ρ|r^{− 1}_ā } ⊂ Σ^{(0)} , to form a twice-punctured sphere ^Σ (0) = Σ (0) \ �_{a =1 ,2} { z_a : |z_a | < |ρ|r^{− 1}_ā }. We use the convention ¯1 = 2 , ¯2 = 1 . We

define annular regions A_a ⊂ ^Σ^{(g)} with A_a = { z_a : |ρ|r^{− 1}_ā ≤ | z_a | ≤ r_a } and identify them as a single region A = A_1 ≃ A_2 via the sewing relation

(1.1) z_1 z_2 = ρ ,

2010 Mathematics Subject Classification : primary 53C12; secondary 57R20, 17B69. Key words and phrases : Vertex algebras, cohomology. Received March 31, 2019, revised August 2019. Editor M. Čadek. DOI: 10.5817/AM2019-5-341

342 A. ZUEVSKY

to form a torus Σ^{(1)} = ^Σ^{(0)} \{A_1 ∪ A_2 } ∪ A . The sewing relation (1.1) can be considered to be a parameterization of a cylinder connecting the punctured Riemann surface to itself.

When one treats correlation functions for a vertex algebra V [1,2,8] on the torus obtained as a result of sewing a sphere to itself, one starts from matrix elements ⟨1_V , Y(v_1 , z_1) . . . Y(v_1 , z_n )1_V ⟩ where v_1 , . . . , v_n ∈ V, z_1 , . . . , z_n on Σ^{(0)} and pass to matrix elements � w ∈ W ;k ≥ 0

ρ^k ⟨w̄, Y_W (ū, η_1)Y_W (v_1 , z_1) . . . Y_W (v_1 , z_n )Y_W (u, η_2)w⟩, re-

producing the trace of product of vertex operators on the torus, where w̄ is dual to w with respect to a non-degenerate bilinear form ⟨·, ·⟩on W, Y_W (v_1 , z_1) . . . Y_W (v_1 , z_n ) are vertex operators in a V-module W, and η_1, η_2 ∈ C are coordinates of points on the sphere where a handle is attached, and ρ as introduced above.

2. Functional formulation for matrix elements

Let us recall the functional formulation for matrix elements for a grading-restricted vertex algebra [5] (see Appendix 5). Let V be a grading-restricted vertex algebra and W a grading-restricted generalized V-module. Let W be the algebraic completion of W , that is, W = � n ∈ C

W_{(n )} = ( W^′)^∗ .

A W-valued rational function in z_1 , . . . , z_n with the only possible poles at z_i = z_j , i ≠ j is a map f : F_n C → W , (z_1 , . . . , z_n ) → f (z_1 , . . . , z_n ), such that for any w^′ ∈ W^′, matrix element ⟨w^′, f (z_1 , . . . , z_n )⟩ is a rational function in (z_1 , . . . , z_n ) with the only possible poles at z_i = z_j , i ≠ j. Denote the space of all W-valued rational functions in z_1 , . . . , z_n by ~W_{z 1 ,...,z n} . If a meromorphic function f (z_1 , . . . , z_n ) on a region in C^n can be analytically extended to a rational function in z_1 , . . . , z_n , we will use [5] R(f (z_1 , . . . , z_n )) to denote this rational function. For each (z_1 , . . . , z_n , ζ) ∈ F_{n +1} C, v_1 , . . . , v_n ∈ V, w ∈ W and w^′ ∈ W^′, we have an element (2.1) E (Y_W (v_1 , z_1 ) · · ·Y_W (v_n , z_n )Y^W_{W V} (w, ζ)1_V ) ∈ W , given by ⟨w^′, E (Y_W (v_1 , z_1 ) · · ·Y_W (v_n , z_n )Y^W_{W V} (w, ζ)1)⟩ = R(⟨w^′, Y_W (v_1 , z_1 ) · · ·Y_W (v_n , z_n )Y^W_{W V} (w, ζ)1_V ⟩) , where Y^W_{W V} (w, ζ) is the intertwining operator. It is a linear map

Y^W_{W V} : W ⊗ V → W [[z, z^{− 1} ]], w ⊗ v → Y^W_{W V} (w, z)v , defined by Y^W_{W V} (w, z)v = e^{zL (− 1)} Y_W (v, − z)w ,

SEWN SPHERE COHOMOLOGIES FOR VERTEX ALGEBRAS 343

for v ∈ V and w ∈ W .

Let Φ : V^{⊗ n} → ~W_{z 1 ,...,z n} , be a map composable [5] (see Appendix 7) with m vertex operators. We then define

Φ( E^{(l1 )}_{V ; 1 V} ⊗ · · · ⊗E^{(ln )}_{V ; 1 V} ): V^{⊗ m + n} → ~W_{z 1 ,...,z m + n} , by Φ( E^{(l1 )}_{V ; 1 V} ⊗ · · · ⊗E^{(ln )}_{V ; 1 V} )(v_1 ⊗ · · · ⊗v_{m + n − 1} ) = Φ � E^{(l1 )}_{V ;1 V} (v_1 ⊗ · · · ⊗v_{l1} ) ⊗ · · ·

⊗ E^{(ln )}_{V ;1 V} (v_{l1 + ···+ ln − 1 +1} ⊗ · · · ⊗v_{l1 + ···+ ln − 1 + ln} ) � . Finally, for ζ ∈ C we introduce the special action of an E-element of the form (2.1) on Φ by adding of intertwiner operators with formal parameters associated to coordinates of insertion of a handle to the sphere: (2.2)

E ((v_1 , z_1 ) ⊗ · · · ⊗(v_m , z_m ); w, ζ) ∘ Φ( v_{m +1} ⊗ · · · ⊗v_{m + n} ))( z_{m +1} , . . . , z_{m + n} )

= R(⟨1_W , Y_W (v_1 , z_1 ) . . . , Y_W (v_m , z_m )Y^W_{W V} (Φ( v_{m +1}

⊗ · · · ⊗v_{m + n} ))( z_{m +1} , . . . , z_{m + n} )Y^W_{W V} (w, ζ)1_V , − ζ)1_V )⟩) .

This action provides passing from a matrix element to the trace on sewn sphere. Note that this action can be combined with (2.2) (see (3.1)). The action (2.2) allows to define the coboundary operators for bicomplexes constructed for grading-restricted vertex algebras. The idea is to use E-operators involved in [5] in order to define coboundary operators on the self-sewn sphere in terms of original matrix elements.

3. Sewn elliptic cohomology of a grading-restricted vertex algebra

In this section we define (in lines of [5]) the sewn elliptic cohomology associated to a grading-restricted vertex algebra. Let V be a grading-restricted vertex algebra and W a V-module. For fixed m, and n ∈ Z_+ , let C^n_m (V, W) be the vector spaces of all linear maps from V^{⊗ m} → ~W_{z 1 ,...,z m} composable with m vertex operators, satisfying the L(− 1)-derivative property and the L(0)-conjugation property. Let C^0_m (V, W) = W . Then we have

C^n_m (V, W) ⊂ C^n_{m − 1} (V, W) .

We then formulate

Proposition 1. For η_1, η_2 ∈ C and arbitrary ζ_i ∈ C, i = 1 , . . . , n and let u ∈ V be such that lim_{η 1 → 0} Y^†(u, η_1 )1_W = w̄. Then the operator

δ^n_m (Φ) = � w ∈ W_{( k )} ;k ≥ 0

ρ^k lim

η_1 → 0

[E ((w̄, η_1 ) ⊗ (v_1 , z_1 ); w, η_2 ) ∘ Φ

+ n� i =1

(− 1)^i E ((w̄, η_1 ); w, η_2 ) ∘ Φ( E^{(2)}_{V ;1 V} (v_i , z_i − ζ_i ; v_{i +1} , z_{i +1} − ζ_i ))

+ ( − 1)^{n +1} E ((w̄, η_1 ) ⊗ (v_{n +1} , z_{n +1} ); w, η_2 ) ∘ Φ � , (3.1)

344 A. ZUEVSKY

for Φ ∈ C^n_m (V, W), defines a coboundary operator δ^n_m : C^l_m (V, W) → C^{n +1}_{m − 1} (V, W) .

(here we omit dependence on ( η_1 , η_2 ).

In [?] dagger means the dual vertex operator with respect to the bilinear form on W. With coboundary operator (3.1) one defines the sewn sphere l-th cohomology H^l_m (V, W) of V with coefficient in W and composable with m vertex operators to be H^l_m (V, W) = ker δ^l_m /im δ^{l− 1}_{m +1} .

Proof. In (3.1) w ∈ W_{(n )}, w̄ is dual to w with respect to a non-degenerate non-vanishing bilinear form on W, and η_1, η_2 ∈ C are complex coordinates of two points on the sphere where cylinder is attached to form a torus. Let v_1 , . . . , v_{n +1} ∈ V, and (z_1 , . . . , z_{n +1} ) ∈ F_{n +1} C, and Φ ∈ C^n_m (V, W), and let us denote

(3.2)

Φ_{2,n +1} = Φ( v_2 ⊗ · · · ⊗v_{n +1} )(z_2 , . . . , z_{n +1} ) ,

Φ_i = Φ( v_1 ⊗ · · · ⊗v_{i − 1} ⊗ (Y_V (v_i , z_i − ζ_i )Y_V (v_{i +1} , z_{i +1} − ζ_i )1_V ) ⊗ v_{i +2} ⊗ · · · ⊗v_{n +1} )(z_1 , . . . , z_{i − 1} , ζ_i , z_{i +2} , . . . , z_{n +1} ) , Φ_{1,n} = Φ( v_1 ⊗ · · · ⊗v_n )(z_1 , . . . , z_n ) .

We consider

δ^n_m Φ( v_1 ⊗ · · · ⊗v_{n +1} )(z_1 , . . . , z_{n +1} ) = � w ∈ W_{( k )} ;k ≥ 0

ρ^k lim

η_1 → 0

[R(⟨1_W , Y_W (u, η_1 )Y_W (v_1 , z_1 − η_2 )

× Y^W_{W V} (Φ_{2,n +1} Y^W_{W V} (w, η_2 )1_V , − η_2 )1_V ⟩) + n� i =1

(− 1)^i R(⟨1_W , Y^W_{W V} (Φ_i Y^W_{W V} (w, η_2 )1_V , − η_2 )1_V )⟩)

+ ( − 1)^{n +1} R(⟨1_W , Y_W (ū_1 , η_1 )Y_W (v_{n +1} , z_{n +1} − η_2 ) × Y^W_{W V} (Φ_{1,n} Y^W_{W v} (w, η_2 )1_V , − η_2 )1_V )⟩) � . Note that due to

Y_V (v_i , z_i − ζ_i )Y_V (v_{i +1} , z_{i +1} − ζ_i )1_V = Y_V (v_i , z_i − z_{i +1} )v_{i +1} , in (3.2), the last expression is independent of ζ_i. When we take ζ_i = z_{i +1} for i = 1 , . . . , n, we obtain δ^n_m Φ = � w ∈ W_{( k )} ;k ≥ 0

ρ^k lim

η_1 → 0

R(⟨Y^†_W (u, η_1 )1_W , [Y_W (v_1 , z_1 − η_2 )e^{− η 2 L (− 1)} Φ_{2,n +1} e^{η 2 L (− 1)}

+ n� i =1

(− 1)^i e^{− η 2 L (− 1)} Φ_i e^{η 2 L (− 1)}

+ ( − 1)^{n +1} Y_W (v_{n +1} , z_{n +1} − η_2 )e^{− η 2 L (− 1)} Φ_{1,n} e^{η 2 L (− 1)} ]Y_W (1_V , − η_2 )w⟩) .

SEWN SPHERE COHOMOLOGIES FOR VERTEX ALGEBRAS 345

By performing the summation for all w ∈ W_{(k )} to obtain trace function over W. Using the L(− 1) property (6.1) of maps Φ we finally find

δ^n_m Φ( v_1 ⊗ · · · ⊗v_{n +1} ))( z_1 , . . . , z_{n +1} ) = � k ≥ 0

ρ^k Tr_W [Y_W (v_1 , z_1 − η_2 )Φ_{2,n +1}

+ n� i =1

(− 1)^i Φ_i + ( − 1)^{n +1} Y_W (v_{n +1} , z_{n +1} − η_2 )Φ_{1,n} ].

By Proposition 3.10 of [5], δ^n_m (Φ) is composable with m − 1 vertex operators and has the L(− 1)-derivative property and the L(0)-conjugation property. Thus δ^n_m (Φ) ∈ ^C^{n +1}_{m − 1} (V, W) and δ^n_m is a map with image in ^C^{n +1}_{m − 1} (V, W). □

4. Conclusions

The notion of sewn elliptic cohomology for grading-restricted vertex algebras is devoted to enlarge the structure of cohomology of vertex algebras. Taking into account the above definitions and construction, we would like to develop a theory [4] of characteristic classes for vertex algebras. Acknowledgement. Research of the author was supported by the GACR project 18-00496S and RVO: 67985840. Author would like also to thank Petr Somberg for fruitful discussions.

5. Appendix: Grading-restricted vertex algebras and modules

In this section, we recall [5] the definitions of grading-restricted vertex algebra and grading-restricted generalized module. The description is over the field C of complex numbers. A vertex algebra (V, Y_V , 1_V ), [6] consists of a Z-graded complex vector space V = � n ∈ Z

V_{(n )} ,

where dim V_{(n )} < ∞ for each n ∈ Z, a linear map

Y_V : V → End( V)[[z, z^{− 1} ]], for a formal parameter z and a distinguished vector 1_V . For each v ∈ V, the image under the map Y_V is the vertex operator

Y_V (v, z) = � n ∈ Z

v(n)z^{− n − 1} ,

with modes (Y_V )_n = v(n) ∈ End( V), where Y_V (v, z)1 = v + O(z).

We recall here definitions introduced in [5]. A grading-restricted vertex algebra satisfies the following conditions:

(1) Grading-restriction condition: For n ∈ Z, dim V_{(n )} < ∞ , and when n is sufficiently negative, V_{(n )} = 0 .

(2) Lower-truncation condition for vertex operators: For u, v ∈ V, Y_V (u, x)v contain only finitely many negative power terms, that is, Y_V (u, x)v ∈ V((x)) (the space of formal Laurent series in x with coefficients in V and with finitely many negative power terms).

346 A. ZUEVSKY

(3) Identity property: Let 1_V be the identity operator on V. Then Y_V (1, x) = 1_V .

(4) Creation property: For u ∈ V, Y_V (u, x)1 ∈ V[[x]] and lim_{x → 0} Y_V (u, x)1 = u. (5) Duality: For u_1 , u_2 , v ∈ V, v^′ ∈ V^′ = � n ∈ Z V ∗ (n ) , the series

⟨v^′, Y_V (u_1 , z_1 )Y_V (u_2 , z_2 )v⟩ , ⟨v^′, Y_V (u_2 , z_2 )Y_V (u_1 , z_1 )v⟩ , ⟨v^′, Y_V (Y_V (u_1 , z_1 − z_2 )u_2 , z_2 )v⟩ , are absolutely convergent in the regions |z_1 | > |z_2 | > 0, |z_2 | > |z_1 | > 0, |z_2 | > |z_1 − z_2 | > 0, respectively, to a common rational function in z_1 and z_2 with the only possible poles at z_1 , z_2 = 0 and z_1 = z_2 .

(6) L_V (0)-bracket formula: Let L_V (0) : V → V be defined by L_V (0)v = nv for v ∈ V_{(n )} . Then

[L_V (0), Y_V (v, x)] = Y_V (L_V (0)v, x) + x d dx Y_V (v, x) , for v ∈ V.

(7) L_V (− 1)-derivative property: Let L_V (− 1) : V → V be the operator given by L_V (− 1)v = Res_x x^{− 2} Y_V (v, x)1 = Y_{(− 2)} (v)1, for v ∈ V. Then for v ∈ V,

(5.1) d dx Y_V (u, x ) = Y_V (L_V (− 1)u, x ) = [ L_V (− 1), Y_V (u, x )] .

We denote (v) = k for v ∈ V_{(k )}. One also defines a special operation o(v) = v_{(wtv − 1)} . One also has Y_V (1_V , z) = 1 , lim_{z → 0} Y(u, z )1_V = u .

Correspondingly, a grading-restricted generalized V-module is a vector space W equipped with a vertex operator map Y_W : V ⊗ W → W [[x, x^{− 1} ]], u ⊗ w → Y_W (u, x )w = � n ∈ Z

(Y_W )_n (u)wx^{− n − 1}

and linear operators L_W (0) and L_W (− 1) on W satisfying the following conditions:

(1) Grading-restriction condition: The vector space W is C-graded, that is, W = � n ∈ C W(n ), such that W(n ) = 0 when the real part of n is sufficiently

negative. (2) Lower-truncation condition for vertex operators: For u ∈ V and w ∈ W, Y_W (u, x)w contain only finitely many negative power terms, that is, Y_W (u, x )w ∈ W ((x)).

SEWN SPHERE COHOMOLOGIES FOR VERTEX ALGEBRAS 347

(3) Identity property: Let 1_W be the identity operator on W. Then Y_W (1, x) = 1_W .

(4) Duality: For u_1 , u_2 ∈ V, w ∈ W , w^′ ∈ W^′ = � n ∈ Z W ∗ (n ) , the series

⟨w^′, Y_W (u_1 , z_1 )Y_W (u_2 , z_2 )w⟩ , ⟨w^′, Y_W (u_2 , z_2 )Y_W (u_1 , z_1 )w⟩ , ⟨w^′, Y_W (Y_V (u_1 , z_1 − z_2 )u_2 , z_2 )w⟩ are absolutely convergent in the regions |z_1 | > |z_2 | > 0, |z_2 | > |z_1 | > 0, |z_2 | > |z_1 − z_2 | > 0, respectively, to a common rational function in z_1 and z_2 with the only possible poles at z_1 , z_2 = 0 and z_1 = z_2 .

(5) L_W (0)-bracket formula: For v ∈ V,

[L_W (0), Y_W (v, x)] = Y_W (L(0)v, x) + x d dx Y_W (v, x) .

(6) L_W (0)-grading property: For w ∈ W_{(n )}, there exists N ∈ Z_+ such that (L_W (0) − n)^N w = 0 .

(7) L_W (− 1)-derivative property: For v ∈ V, d dx Y_W (u, x ) = Y_W (L_V (− 1)u, x ) = [ L_W (− 1), Y_W (u, x )] .

Note also the L(− 1)-translation property [6] of vertex operators which we will make use later (5.2) Y_W (u, z ) = e^{− ζL (− 1)} Y_W (u, z + ζ)e^{ζL (− 1)} . where ζ ∈ C.

6. Appendix: Properties of matrix elements for grading-restricted vertex algebra Let us recall some facts about matrix elements for a grading-restricted vertex algebra [5]. For a function of V^{⊗ n} inside the matrix element, L(− 1)-derivative property means ∂ ∂z_i

⟨w^′, (Y(v_1 ⊗ · · · ⊗v_n ))( z_1 , . . . , z_n )⟩ = ⟨w^′, (Y(v_1 ⊗ · · · ⊗v_{i − 1} ⊗ L_V (− 1)v_i ⊗ v_{i +1} ⊗ · · · ⊗v_n ))( z_1 , . . . , z_n )⟩ , for i = 1 , . . . , n, v_1 , . . . , v_n ∈ V and w^′ ∈ W^′ and (ii) � ∂ ∂z_1

+ · · ·+ ∂ ∂z_n � ⟨w^′, (Y(v_1 ⊗ · · · ⊗v_n ))( z_1 , . . . , z_n )⟩ = ⟨w^′, L_W (− 1)(Y(v_1 ⊗ · · · ⊗v_n ))( z_1 , . . . , z_n )⟩ , and v_1 , . . . , v_n ∈ V, w^′ ∈ W^′. Note that since L_W (− 1) is a weight-one operator on W , for any z ∈ C, e^{zL W (− 1)} is a well-defined linear operator on W .

348 A. ZUEVSKY

One has [5] the following property. Let Y be a linear map having the L(− 1)-derivative property. Then for v_1 , . . . , v_n ∈ V, w^′ ∈ W^′, (z_1 , . . . , z_n ) ∈ F_n C, z ∈ C such that (z_1 + z, . . . , z_n + z) ∈ F_n C,

(6.1) ⟨w^′, e^{zL W (− 1)} (Y(v_1 ⊗ · · · ⊗v_n ))( z_1 , . . . , z_n )⟩ = ⟨w^′, (Y(v_1 ⊗ · · · ⊗v_n ))( z_1 + z, . . . , z_n + z)⟩ , and for v_1 , . . . , v_n ∈ V, w^′ ∈ W^′, (z_1 , . . . , z_n ) ∈ F_n C, z ∈ C and 1 ≤ i ≤ n such that (z_1 , . . . , z_{i − 1} , z_i + z, z_{i +1} , . . . , z_n ) ∈ F_n C, the power series expansion of (6.2) ⟨w^′, (Y(v_1 ⊗ · · · ⊗v_n ))( z_1 , . . . , z_{i − 1} , z_i + z, z_{i +1} , . . . , z_n )⟩ , in z is equal to the power series (6.3) ⟨w^′, (Y(v_1 ⊗ · · · ⊗v_{i − 1} ⊗ e^{zL (− 1)} v_i ⊗ v_{i +1} ⊗ · · · ⊗v_n ))( z_1 , . . . , z_n )⟩ , in z. In particular, the power series (6.3) in z is absolutely convergent to (6.2) in the disk |z| < min_{i ≠ j} {| z_i − z_j |}.

7. Appendix: Definition of maps composable with vertex operators

Next we give a definition of a map composable [5] with vertex operators. For a V-module W = � n ∈ C W(n ) and m ∈ C, let P m : W → W(m ) be the projection from

W to W_{(m )}. Let Φ : V^{⊗ n} → ~W_{z 1 ,...,z n} be a linear map. For m ∈ N, Φ is said [5] to be composable with m vertex operators if the following conditions are satisfied:

(1) Let l_1 , . . . , l_n ∈ Z_+ such that l_1 + · · ·+ l_n = m + n, v_1 , . . . , v_{m + n} ∈ V and w^′ ∈ W^′. Set (7.1) Ψ_i = ( E^{(li )}_V (v_{l1 + ···+ li − 1 +1} ⊗ · · · ⊗v_{l1 + ···+ li − 1 + li} ; 1)) (z_{l1 + ···+ li − 1 +1} − ζ_i , . . . , z_{l1 + ···+ li − 1 + li} − ζ_i ) for i = 1 , . . . , n. Then there exist positive integers N(v_i , v_j ) depending only on v_i and v_j for i, j = 1 , . . . , k, i ≠ j such that the series � r_1 ,...,r_n ∈ Z

⟨w^′, (Φ( P_{r 1} Ψ_1 ⊗ · · · ⊗P_{r n} Ψ_n ))( ζ_1 , . . . , ζ_n )⟩ ,

is absolutely convergent when

|z_{l1 + ···+ li − 1 + p} − ζ_i | + |z_{l1 + ···+ lj − 1 + q} − ζ_i | < |ζ_i − ζ_j | for i, j = 1 , . . . , k, i ≠ j and for p = 1 , . . . , l_i and q = 1 , . . . , l_j . and the sum can be analytically extended to a rational function in z_1 , . . . , z_{m + n} , independent of ζ_1 , . . . , ζ_n , with the only possible poles at z_i = z_j of order less than or equal to N (v_i , v_j ) for i, j = 1 , . . . , k, i ≠ j .

SEWN SPHERE COHOMOLOGIES FOR VERTEX ALGEBRAS 349

(2) For v_1 , . . . , v_{m + n} ∈ V, there exist positive integers N(v_i , v_j ) depending only on v_i and v_j for i, j = 1 , . . . , k, i ≠ j such that for w^′ ∈ W^′, � q∈ C

⟨w^′, (E^{(m )}_W (v_1 ⊗ · · · ⊗v_m ;

P_q ((Φ( v_{m +1} ⊗ · · · ⊗v_{m + n} ))( z_{m +1} , . . . , z_{m + n} )))( z_1 , . . . , z_m )⟩ is absolutely convergent when z_i ≠ z_j , i ≠ j |z_i | > |z_k | > 0 for i = 1 , . . . , m and k = m + 1 , . . . , m + n and the sum can be analytically extended to a rational function in z_1 , . . . , z_{m + n} with the only possible poles at z_i = z_j of orders less than or equal to N (v_i , v_j ) for i, j = 1 , . . . , k, i ≠ j .

Acknowledgement. The author would like to thank A. Galaev, A. Kotov, H.V. Lê, P. Somberg, and P. Zusmanovich for related discussions. Research of the author was supported by the GACR project 18-00496S and RVO: 67985840.

References

[1] Frenkel, I.B., Huang, Y.-Z., Lepowsky, J., On axiomatic approaches to vertex operator algebras and modules , Mem. Amer. Math. Soc. 494 (1993), viii+64 pp.

[2] Frenkel, I.B., Lepowsky, J., Meurman, A., Vertex operator algebras and the Monster , Pure and Appl. Math., vol. 134, Academic Press, New York, 1988.

[3] Fuks, D.B., Cohomology of infinite-dimensional Lie algebras , Contemporary Soviet Mathematic, Consultunt Bureau, New York, 1986.

[4] Galaev, A.S., Comparison of approaches to characteristic classes of foliations , arXiv:1709.

05888.

[5] Huang, Y.-Zh., A cohomology theory of grading-restricted vertex algebras , Comm. Math. Phys.

327 (1) (2014), 279–307. [6] Kac, V., Vertex Operator Algebras for Beginners , University Lecture Series, vol. 10, AMS, Providence, 1998.

[7] Yamada, A., Precise variational formulas for abelian differentials , Kodai Math. J. 3 (1980), 114–143.

[8] Zhu, Y., Modular invariance of characters of vertex operator algebras , J. Amer. Math. Soc. 9 (1996), 237–302.

Institute of Mathematics, Czech Academy of Sciences, Praha E-mail : zuevsky@yahoo.com