ARCHIVUM MATHEMATICUM (BRNO) Tomus 56 (2020), 115–125

OSCILLATION CRITERIA FOR FOURTH ORDER HALF-LINEAR DIFFERENTIAL EQUATIONS

Jaroslav Jaroš, Kusano Taka ŝi, and Tomoyuki Tanigawa

Dedicated to the memory of Professor Marko Švec on the occasion of his 100th birthday anniversary

Abstract. Criteria for oscillatory behavior of solutions of fourth order half-linear differential equations of the form (A) �_{|y′′|α sgn y′′}�_{′′ + q(t)|y|α sgn y = 0 , t ≥ a > 0,}

where α > 0 is a constant and q(t) is positive continuous function on [a, ∞ ), are given in terms of an increasing continuously differentiable function ω (t) from [a, ∞ ) to (0, ∞ ) which satisfies

R_∞

a 1/(tω (t)) dt < ∞ .

1. Introduction

Consider fourth order half-linear differential equations of the form (A) � |y^{′′}|^α sgn y^{′′}

�_{′′} + q(t)|y|^α sgn y = 0 , t ≥ a > 0 , where α is a positive constant and q: [a, ∞ ) → (0, ∞ ) is a continuous function.

By a solution we understand a function y : [T_y , ∞ ) → R which is twice continuously differentiable together with |y^{′′}|^α sgn y^{′′} and satisfies equation (A) for all sufficiently large t. We restrict our consideration to the so called proper solutions of (A), that is, solutions which do not vanish identically in some neighborhood of infinity. Such a solutions is called oscillatory if it has arbitrarily large zeros. Otherwise it is called nonoscillatory.

This note was motivated by the observation that while oscillation theory of fourth order nonlinear differential equations (B) � |y^{′′}|^α sgn y^{′′}

�_{′′} + q(t)|y|^β sgn y = 0 , t ≥ a > 0 , where α ≠ β and its generalization (C) � p(t)|y^{′′}|^α sgn y^{′′}

�_{′′}

+ q(t)|y|^β sgn y = 0 , t ≥ a > 0 , has been well developed (see Kamo and Usami [ 1]–[2], Kusano et al. [ 4]–[5], Naito and Wu [ 8]–[9], Tanigawa [ 12]–[13] and Wu [ 14]–[15]), we are not aware of any

2020 Mathematics Subject Classification : primary 34C10. Key words and phrases : half-linear differential equation, oscillatory solutions. Received November 20, 2019, revised March 2020. Editor R. Šimon Hilscher. DOI: 10.5817/AM2020-2-115

116 J. JAROŠ, T. KUSANO AND T. TANIGAWA

oscillation criteria which would be applicable to the case α = β, i.e. to the half-linear differential equation (A).

In contrast to a lack of effective oscillation criteria for the fourth-order half-linear differential equation (A), the qualitative theory for its particular case with α = 1 , that is for the linear differential equation

(D) y^{(4)} + q(t)y = 0 ,

is relatively well-elaborated and since pioneering papers by Švec [ 10] and Leighton and Nehari [ 6] many articles have appeared dealing with oscillation, nonoscillation and other asymptotic properties of solutions of linear equation (D) and its generalization (see, for example, Swanson [ 11, Chapter 3], and the references therein).

It is known that conditions Z_∞ a t � Z ∞ t (s − t)q(s) ds

� 1_α dt = ∞

(1.1) and Z_∞ a t^{2α +1} q(t)dt = ∞

(1.2)

are necessary for oscillation of all solutions of equation (A) (see [14]).

Our purpose here is to show that if they are replaced by the conditions Z_∞ a t^{1− ε}

� Z ∞ t (s − t)q(s) ds

� 1_α dt = ∞

(1.3) and Z_∞ a t^{2α +1 − ε} q(t) dt = ∞ ,

(1.4)

for some ε > 0, respectively, then any of (1.3)) and (1.4) is also sufficient condition for oscillation of all solutions of equation (A).

2. Main result

To formulate and prove our results, we introduce notations:

L_1 y(t) = y^′(t), L_i y(t) = � |y^{′′}(t)|^α sgn y^{′′}(t)

�_{(i − 2)} , i = 2 , 3, 4 .

Without loss of generality we may restrict our consideration to eventually positive solutions of (A) since if y(t) is a solution of (A) then so is − y(t).

It is known that if y(t) is one of such positive solutions, then there exists t_0 ≥ a such that y(t) satisfies either

L_1 y(t) > 0 , L_2 y(t) > 0 , L_3 y(t) > 0 for t ≥ t_0 ,

(2.1) or L_1 y(t) > 0 , L_2 y(t) < 0 , L_3 y(t) > 0 for t ≥ t_0

(2.2)

OSCILLATION CRITERIA 117

(see [14, Lemma 2.2]).

In what follows we will need the following elementary lemma. Lemma 2.1. Let y(t) be a positive solution of (A) on [t_0 , ∞ ).

(i) If y(t) satisfies (2.1) , then (t − t_0 )L_3 y(t) ≤ L_2 y(t) ,

(2.3)

(t − t_0 ) � L_2 y(t)

� 1_α ≤ 1 + α α L_1 y(t)

(2.4) and (t − t_0 )L_1 y(t) ≤

1 + 2 α α y(t)

(2.5)

for t ≥ t_0 .

(ii) If y(t) satisfies (2.2) , then (2.6) (t − t_0 )L_1 y(t) ≤ y(t)

on [t_0 , ∞ ). Proof. (i) Let y(t) be a positive solution of (A) satisfying (2.1) on [T_0 , ∞ ). Since L_3 y(t) is decreasing for t ≥ t_0 , we have

(t − t_0 )L_3 y(t) ≤

Z_t

t_0

L_3 y(s) ds =

Z_t

t_0 � L_2 y(s)

�_′

ds = L_2 y(t) − L_2 y(t_0 ) ≤ L_2 y(t)

for t ≥ t_0, which shows that (2.3) is true. Next, we will prove that for a positive solution of (A) satisfying (2.1) the “usual” third derivative y^{′′′}(t) exists and is continuous. Indeed, since � L_3 y(t)

�_′

< 0 on [t_0 , ∞ ), one can integrate (A) from t to ∞ , obtaining L_3 y(t) = L_3 y(∞ ) +

Z_∞ t q(s)y(s)^α ds , which, for simplicity, is rewritten as (2.7) L_3 y(t) = k + η(t) , where k = L_3 y(∞ ) ≥ 0 , η(t) =

Z_∞ t q(s)y(s)^α ds .

Integrating the above on [t_0 , t] gives

(2.8) L_2 y(t) = l + k(t − t_0 ) +

Z_t

t_0

η(s) ds , t ≥ t_0 ,

where l = L_2 y(t_0 ) > 0 is a constant. Equality (2.8) implies that

(2.9) y^{′′}(t) = h l + k(t − t_0 ) +

Z_t

t_0

η(s) ds i 1_α

, t ≥ t_0 .

It is clear that y^{′′}(t) given by (2.9) is continuously differentiable, that is, y^{′′′}(t) exists and is continuous on [t_0 , ∞ ).

118 J. JAROŠ, T. KUSANO AND T. TANIGAWA

Now, expressing (2.3) explicitly as (t − t_0 ) � y^{′′}(t)^α

�_′

≤ y^{′′}(t)^α , we obtain α (t − t_0 )y^{′′}(t)^{α − 1} y^{′′′}(t) ≤ y^{′′}(t)^α ,

or, equivalently,

α (t − t_0 )y^{′′′}(t) ≤ y^{′′}(t) , t ≥ t_0 ,

(2.10) from which it readily follows that � (t − t_0 )y^{′′}(t)

�_′ ≤ 1 + α α y^{′′}(t) , t ≥ t_0 .

Integrating the above on [t_0 , t] gives

(t − t_0 )y^{′′}(t) ≤

1 + α α � y^′(t) − y^′(t_0 ) � ≤ 1 + α α y^′(t) , t ≥ t_0 ,

verifying the truth of (2.4). Finally, to prove (2.5) it suffices to rewrite (2.4) as � (t − t_0 )y^′(t)

�_′ ≤ 1 + 2 α α y^′(t) , t ≥ t_0 ,

and integrate this inequality from t_0 to t.

(ii) Let y(t) be a positive solution of (A) satisfying (2.2) on [t_0 , ∞ ). The assumed negativity of L_2 y(t) means that y^′(t) is decreasing on [t_0 , ∞ ). Using this fact, we see that

(t − t_0 )y^′(t) ≤

Z_t

t_0

y^′(s) ds = y(t) − y(t_0 ) ≤ y(t) , t ≥ t_0 ,

which is the desired result (2.6). This completes the proof of Lemma 2.1. □ Remark. From the above lemma it follows that if (2.1) holds, then

L_2 y(t) ≤ h� 1 + α α � 1 + 2 α α �i_α y(t)α (t − t_0 )^{2α} and L_3 y(t) ≤ � 1 + α α � 1 + 2 α α �_α

y(t)^α (t − t_0 )^{1+2 α} for t ≥ t_0 .

The following theorem contains the main result of this paper.

Theorem 2.1. All proper solutions of (A) are oscillatory if either Z_∞ a tq(t) dt = ∞

(2.11)

or if Z_∞ a tq(t) dt < ∞

(2.12)

OSCILLATION CRITERIA 119

and there exists an increasing continuously differentiable function ω : [a, ∞ ) → (0, ∞ ) such that Z_∞ a dt tω (t) < ∞ (2.13) and Z_∞ a t ω (t) h Z ∞ t (s − t)q(s)ds i 1_α

dt = ∞ .

(2.14)

Proof. Suppose that (A) possesses a nonoscillatory solution y(t). We may assume without loss of generality that y(t) is positive on some interval [t_0 , ∞ ), t_0 ≥ a. It is known that it satisfies either (2.1) or (2.2).

We begin with the case where y(t) satisfies (2.1) on [t_0 , ∞ ). Let t_1 > t_0 be fixed. Multiplying (A) by t/(y(t)^α ) and integrating it by parts on [t, τ], t ≥ t_1, leads to

(2.15) w(τ) + α

Z_τ t w(s) y^′(s) y(s) ds +

Z_τ t sq(s)ds = w(t) +

Z_τ t L_3 y(s) y(s)^α ds ,

where w(t) = tL_3 y(t)/y(t)^α . This implies that

(2.16)

Z_τ t sq(s) ds ≤ w(t) +

Z_τ t L_3 y(s) y(s)^α ds .

Now, rewrite w(t) as

(2.17) w(t) = v(t) + L_2 y(t) y(t)^α where v(t) = tL_3 y(t) − L_2 y(t) .

Since v^′(t) ≤ 0 for t ≥ t_0, v(t) is decreasing on [t_0 , ∞ ). Using this fact and the increasing nature of L_2 y(t), we find from (2.17) that there exists a constant c_1 > 0 such that

(2.18) w(t) ≤ c_1

L_2 y(t) y(t)^α

, t ≥ t_1 .

From (2.16) and (2.18) it follows that Z_τ t sq(s)ds ≤ c_1

L_2 y(t) y(t)^α + Z_τ t L_3 y(s) y(s)^α ds , t ≥ t_1 .

This, combined with the inequalities L_2 y(t) y(t)^α ≤ k(α ) (t − t_0 )^{2α} , L_3 y(t) y(t)^α ≤ l(α ) (t − t_0 )^{2α +1}

, t ≥ t_1 ,

holding for some positive constants k(α) and l(α) (cf. remark of Lemma 2.1), shows that Z_τ t sq(s) ds ≤ c_2 (t − t_0 )^{2α}

+ c_3

Z_τ t ds (s − t_0 )^{2α +1} ≤ c_4 (t − t_0 )^{2α}

, τ ≥ t ≥ t_1 ,

(2.19)

120 J. JAROŠ, T. KUSANO AND T. TANIGAWA

for some positive constants c_2 , c_3 and c_4 independent of [t, τ]. Letting τ → ∞ in (2.19) we get

(2.20)

Z_∞ t sq(s) ds ≤ c_4 (t − t_0 )^{2α}

, t ≥ t_1 ,

where c_2 , c_3 and c_4 are positive constants. Using (2.20) and (2.13), we obtain Z_∞

t_1 t ω (t) h Z ∞ t sq(s) ds i 1_α

dt ≤ c_4

Z_∞

t_1 t ω (t)(t − t_0 )^2 dt ≤ c_5

Z_∞

t_1 dt tω (t) . for some constant c_5 > 0, which clearly implies that

(2.21)

Z_∞ a t ω (t) h Z ∞ t sq(s) ds i 1_α dt < ∞ .

Suppose now that (A) has a nonoscillatory solution y(t) which satisfies (2.2). Note that L_2 y(t) < 0, L_3 y(t) > 0 and L_2 y(∞ ) = L_3 y(∞ ) = 0 (see the proof of Lemma K in [13]). Integrating (A) twice from t to ∞ , we find

− L_2 y(t) =

Z_∞ t (s − t)q(s)y(s)^α ds ≥ y(t)^α

Z_∞ t (s − t)q(s) ds , t ≥ t_1 , or − y^{′′}(t) y(t) ≥ h Z ∞ t (s − t)q(s) ds i 1_α

, t ≥ t_1 .

(2.22)

Integrating (2.22) multiplied by^t_{ω (t )} over [t_1 , t] gives

Z_t

t_1 s ω (s) h Z ∞ s (r − s)q(r ) dr i 1_α

ds ≤ − u(t) + u(t_1 ) − Z_t

t_1

u(s) hy′(s)

y(s) + ω^′(s) ω (s) i 1_α

ds +

Z_t

t_1

y^′(s) ω (s)y(s) ds, (2.23)

for t ≥ t_1 , where u(t) = ty^{′′}(t)/(ω (t)y(t)).

Since y(t) > 0, y^′(t) > 0, u(t) ≥ 0 and ω^′(t) ≥ 0 and since (t − t_0)y^′(t) ≤ y(t) by (ii) of Lemma 2.1, it follows from (2.23) that

Z_t

t_1 s ω (s) h Z ∞ s (r − s)q(r ) dr i 1_α

ds ≤ u(t_1 ) +

Z_t

t_1

y^′(s) ω (s)y(s) ds ≤ u(t_1 ) +

Z_t

t_1 ds (s − t_0 )ω (s) for t ≥ t_1 . Letting t → ∞ in the above, we conclude that

(2.24)

Z_∞

t_1 s ω (s) h Z ∞ s (r − s)q(r ) dr i 1_α

ds < ∞ .

It is clear that in (2.24) t_1 can be replaced with a.

OSCILLATION CRITERIA 121

From what is analyzed above it is concluded first that all solutions of (A) are oscillatory if (2.11) holds, and secondly that if (2.11) fails to hold, then the two conditions Z_∞ a t ω (t) h Z ∞ t sq(s) ds i 1_α

dt = ∞ ,

(2.25) and Z_∞ a t ω (t) h Z ∞ t (s − t)q(s) ds i 1_α dt = ∞ ,

(2.26)

with ω (t) satisfying (2.13) make all solutions of (A) oscillatory. But (2.25) is redundant since Z_∞ t (s − t)q(s)ds ≤

Z_∞ t sq(s) ds, t ≥ a .

This completes the proof of Theorem 2.1. □

Corollary 2.1. If either (2.11) holds or

R_∞ a tq(t) dt < ∞ and for some ε > 0

(2.27)

Z_∞ a t^{1− ε} h Z ∞ t (s − t)q(s) ds i 1_α dt = ∞ ,

then all proper solutions of (A) are oscillatory.

Proof. In Theorem 2.1, take ω (t) = t^ε , t ≥ a > 0. Then (2.13) is clearly satisfied and condition (2.14) reduces to (2.27). □

Corollary 2.2. If

R_∞ a tq(t) dt < ∞ and there exists an ε > 1 such that

(2.28)

Z_∞ a t (log t)^ε h Z ∞ t (s − t)q(s) ds i 1_α

dt = ∞ ,

then all proper solutions of (A) are oscillatory.

From Theorem 2.1 we know that if

R_∞ a tq(t) dt = ∞ , then all proper solutions are oscillatory. Therefore, in what follows we will assume that this condition fails to hold and find another criterion (different from (2.14)) for (A) to have only oscillatory solutions.

Theorem 2.2. Let (2.12) be satisfied and assume that there exists an increasing continuously differentiable function ω : [a, ∞ ) → (0, ∞ ) such that (2.13) and

(2.29)

Z_∞ a t^{2α +1} ω (t) q(t) dt = ∞ .

hold. Then all proper solutions of (A) are oscillatory.

Proof. Suppose that (A) has a nonoscillatory solution y(t). We may assume that y(t) is positive on [t_0 , ∞ ), t_0 ≥ a.

122 J. JAROŠ, T. KUSANO AND T. TANIGAWA

Let t_1 > t_0 be fixed. Multiplying (A) by t^{2α +1} /(ω (t)y(t)^α ) and integrating it by parts on [t_1 , t], yields

w(t) +

Z_t

t_1

w(s) hω ′(s) ω (s) + α y^′(s) y(s) i ds +

Z_t

t_1

s^{2α +1} ω (s) q(s) ds

= w(t_1 ) + (2 α + 1)

Z_t

t_1

s^{2α} L_3 y(s) ω (s)y(s)^α ds, t ≥ t_1 ,

where w(t) = t^{2α +1} L_3 y(t)/(ω (t)y(t)^α ). Thus,

(2.30)

Z_t

t_1

s^{2α +1} ω (s) q(s) ds ≤ w(t_1 ) + (2 α + 1)

Z_t

t_1

s^{2α} L_3 y(s) ω (s)y(s)^α ds , t ≥ t_1 .

From Remark after Lemma 2.1 we know that if y(t) satisfies (2.1), then there exist a positive constant c_1 and a t_2 ≥ t_1 such that (2.31) y(t)^α ≥ c_1 t^{2α +1} L_3 y(t) for t ≥ t_2 . But from [ 13, Lemma 2.1] we know that the same is true also for solutions satisfying (2.2) for all large t.

Substituting (2.31) into (2.30) and letting t → ∞ , we get

Z_∞

t_1

s^{2α +1} ω (s) q(s) ds ≤ w(t_1 ) + c_1 (2α + 1)

Z_∞

t_1 1 sω (s) ds < ∞ ,

which contradicts (2.29) and completes the proof. □

Corollary 2.3. If

R_∞ a tq(t)dt < ∞ and for some ε > 0

(2.32)

Z_∞ a t^{2α +1 − ε} q(t) dt = ∞ ,

then all proper solutions of (A) are oscillatory.

Remark. In the linear case (i.e., if α = 1 ), choice ε = 1 in (2.32) leads to the Leighton-Nehari oscillation criterion

(2.33)

Z_∞ a t^2 q(t) dt = ∞

(see [6, Theorem 11.4]).

Example. Consider the fourth order half-linear differential equation

(2.34) � |y^{′′}|^α sgn y^{′′}

�_{′′}

+ kt^σ φ (t)|y|^α sgn y = 0 , where k > 0 and σ are constants and φ (t) is a slowly varying function defined on [a, ∞ ), a > 0. (For the definition and basic properties of slowly varying functions the reader is referred to Marić [ 7, Appendix].) This is the special case of (A) with q(t) = kt^σ φ (t). We want to apply Theorem 2.1 to this equation. To get the asymptotic relations which appear below, Karamata integration theorem (see [ 7]) will be used repeatedly.

OSCILLATION CRITERIA 123

(i) Let σ > − 2. Then Eq. (2.34) is oscillatory for all φ (t) ∈ SV by the first part of Theorem 2.1 since

Z_t a sq(s) ds = k

Z_t a s^{σ +1} φ (s) ds ∼ kt^{σ +2} φ (t) σ + 2

→ ∞ , t → ∞ .

(ii) Let σ = − 2. The function φ (t) satisfies either Z_∞ a t^{− 1} φ (t) dt = ∞

(2.35) or Z_∞ a t^{− 1} φ (t) dt < ∞ .

(2.36)

(a) If (2.35) holds, then since q(t) satisfies Z_∞ a tq(t) dt = k

Z_∞ a t^{− 1} φ (t) dt = ∞ ,

Eq. (2.34) is oscillatory by the first part of Theorem 2.1.

(b) Suppose that (2.36) holds. It is clear that Z_∞ a tq(t) dt = k

Z_∞ a t^{− 1} φ (t) dt < ∞ .

On the other hand, it is easy to see that Z_∞ t q(s) ds ∼ kt^{− 1} φ (t) , Z_∞ t (s − t)q(s) ds ∼ k

Z_∞ t s^{− 1} φ (s) ds , t → ∞ .

Put Φ( t) =

R_∞ t s^{− 1} φ (s)ds. Clearly Φ( t) ∈ SV. Choose ω (t) = t^δ with 0 < δ ≤ 1 and compute

Z_t a s ω (s) h Z ∞ s (t − s)q(r )dr i 1_α

ds ∼ k^{1α}

Z_t a s^{1− δ} Φ( s)^{1α} ds

∼ k^{1α} t^{2− δ} Φ( t)^{1α}

2 − δ

→ ∞ , t → ∞ .

This result makes it possible to apply the second part of Theorem 2.1 to conclude that Eq. (2.34) is oscillatory if σ = − 2 and (2.36) is satisfied.

(iii) Finally, let σ < − 2. In this case it holds that

R_∞ a tq(t)dt < ∞ . Furthermore, since Z_∞ t q(s) ds ∼ k t^{σ +1} φ (t) − (σ + 1) , Z_∞ t (s − t)q(s) ds ∼ k t^{σ +2} φ (t) (σ + 1)( σ + 2)

, t → ∞ ,

124 J. JAROŠ, T. KUSANO AND T. TANIGAWA

we see that, as t → ∞ , t ω (t) h k Z_∞ t (s − t)q(s) ds i 1_α ∼ t ω (t) h tσ +2 φ (t)

(σ + 1)( σ + 2) i 1_α

∼ k^{1α} t^{1+ σ +2α} φ (t)^{1α}

ω (t) � (σ + 1)( σ + 2)

� 1_α

(2.37)

for t → ∞ . We limit our attention to those σ satisfying − 2 − 2α < σ < − 2 and define the function ω (t) by

ω (t) = t^ε , where 0 < ε < σ + 2 + 2 α α . Integrating (2.37) with this choice of ω (t), we obtain

Z_t a s ω (s) h Z ∞ s (r − s)q(r ) dr i 1_α ∼ k^{1α}

Z_t a s^{1+ σ +2α − ε} φ (s)^{1α} � (σ + 1)( σ + 2)

� 1_α ds

∼ k^{1α} t^{2+ σ +2α − ε} φ (t)^{1α} � (σ + 1)( σ + 2)

� 1_α

(2.38)

as t → ∞ . Note that ε is chosen so that 2 +^{σ +2}_α − ε > 0, which implies that the integral in (2.38) tends to ∞ as t → ∞ for all φ (t). Thus it is concluded that in this case Eq. (2.36) is oscillatory for all φ (t) ∈ SV.

Summarizing the above computations, we have that if σ > − 2 − 2α, then equation (2.34) is oscillatory for any slowly varying function φ (t).

Acknowledgement. The first author was supported by the Slovak Grant Agency VEGA- MŠ, project No. 1/0078/17.

References

[1] Kamo, K., Usami, H., Oscillation theorems for fourth-order quasilinear ordinary differential equations , Studia Sci. Math. Hungar. 39 (2002), 385–406.

[2] Kamo, K., Usami, H., Nonlinear oscillations of fourth order quasilinear ordinary differential equations , Acta Math. Hungar. 132 (3) (2011), 207–222.

[3] Kiguradze, I.T., On the oscillation of solutions of the equation d^m u/dt^m + a(t)|u|^n sign u = 0 , Mat. Sb. 65 (2) (1964), 172–187.

[4] Kusano, T., Manojlović, J., Tanigawa, T., Sharp oscillation criteria for a class of fourth order nonlinear differential equations , Rocky Mountain J. Math. 41 (1) (2011), 249–274.

[5] Kusano, T., Tanigawa, T., On the structure of positive solutions of a class of fourth order nonlinear differential equations , Ann. Mat. Pura Appl. 85 (2006), 521–536.

[6] Leighton, W., Nehari, Z., On the oscillation of solutions of self-adjoint linear differential equations of the fourth order , Trans. Amer. Math. Soc. 89 (1958), 325–377.

[7] Marić, V., Regular Variation and Differential Equations , Lecture Notes in Math. 1726 (2000), Springer Verlag, Berlin.

[8] Naito, M., Wu, F., A note on the existence and asymptotic behavior of nonoscillatory solutions of fourth order quasilinear differential equations , Acta Math. Hungar. 102 (3) (2004), 177–202.

OSCILLATION CRITERIA 125

[9] Naito, M., Wu, F., On the existence of eventually positive solutions of fourth-order quasilinear differential equations , Nonlinear Anal. 57 (2) (2004), 253–363.

[10] Švec, M., Sur le compontement asymptotique des intégrales de l’equation différetielle y^{(4)} + Q(x)y = 0 , Czechoslovak Math. J. 8 (83) (1958), 230–245.

[11] Swanson, C.A., Comparison and Oscillation Theory of Linear Differential Equations , Academic Press, New York, 1968.

[12] Tanigawa, T., Oscillation and nonoscillation theorems for a class of fourth order quasilinear functional differential equations , Hiroshima Math. J. 33 (2003), 297–316.

[13] Tanigawa, T., Oscillation criteria for a class of higher order nonlinear differential equations , Mem. Differential Equations Math. Phys. 37 (2006), 137–152.

[14] Wu, F., Nonoscillatory solutions of fourth order quasilinear differential equations , Funkcial.

Ekvac. 45 (1) (2002), 71–88. [15] Wu, F., Existence of eventually positive solutions of fourth order quasilinear differential equations , J. Math. Anal. Appl. 389 (2012), 632–646.

Corresponding author: Department of Mathematical Analysis and Numerical Mathematics, Faculty of Mathematics, Physics and Informatics, Comenius University, Mlynská dolina, Bratislava, 842 48, Slovakia E-mail : jaros@fmph.uniba.sk

Department of Mathematics, Faculty of Science, Hiroshima University, Higashi Hiroshima, 739-8526, Japan E-mail : kusanot@zj8.so-net.ne.jp

Department of Mathematical Sciences, Osaka Prefecture University, Osaka 599-8531, Japan E-mail : ttanigawa@ms.osakafu-u.ac.jp