ARCHIVUM MATHEMATICUM (BRNO) Tomus 56 (2020), 207–223

FRACTIONAL q-DIFFERENCE EQUATIONS

ON THE HALF LINE

Saïd Abbas^a , Mouffak Benchohra^{b,c} , Nadjet Laledj^b, and Yong Zhou^d

Abstract. This article deals with some results about the existence of solutions and bounded solutions and the attractivity for a class of fractional q-difference equations. Some applications are made of Schauder fixed point theorem in Banach spaces and Darbo fixed point theorem in Fréchet spaces. We use some technics associated with the concept of measure of noncompactness and the diagonalization process. Some illustrative examples are given in the last section.

1. Introduction

Fractional differential equations have recently been applied in various areas of engineering, mathematics, physics, and other applied sciences [ 4, 6, 7, 24, 31, 29, 30, 32] and the references therein. Recently, considerable attention has been given to the existence of solutions of initial and boundary value problems for fractional differential equations and inclusions with Caputo fractional derivative; [6, 23].

Fractional q-difference equations initiated in the beginning of the 19th century [8, 15], and received significant attention in recent years. Some interesting details about initial and boundary value problems of q-difference and fractional q-difference equations can be found in [10, 11, 19, 20] and references therein.

In [1, 2, 3, 5, 6], Abbas et al. presented some results on the local and global attractivity of solutions for some classes of fractional differential equations involving both the Riemann-Liouville and the Caputo fractional derivatives by employing some fixed point theorems. Motivated by the above papers, in this article we discuss the existence and the attractivity of solutions for the following functional fractional q-difference equation

(1) (^c D^α_q u)(t) = f � t, u (t) � ; t ∈ R_+ := [0 , + ∞ ) ,

with the initial condition

(2) u(0) = u_0 ,

2020 Mathematics Subject Classification : primary 26A33. Key words and phrases : fractional q-difference equation, attractivity, diagonalization, bounded solution, Banach space, Fréchet space, fixed point.

Received September 29, 2019, revised July 2020. Editor G. Teschl. DOI: 10.5817/AM2020-4-207

208 S. ABBAS, M. BENCHOHRA, N. LALEDJ AND Y. ZHOU

where q ∈ (0,1), α ∈ (0,1], u_0 ∈ R, f : R_+ × R → R is a given continuous function, and^c D^α_q is the Caputo fractional q-difference derivative of order α .

Next, by using a generalization of the classical Darbo fixed point theorem for Fréchet spaces associated with the concept of measure of noncompactness, we discuss the existence of solutions for the problem (1)–(2) in Fréchet spaces, where u_0 ∈ E, f : R_+ × E → E is a given continuous function, and E is a real (or complex) Banach space with a norm ‖ · ‖.

Finally, we discuss the existence of bounded solutions for the problem (1)–(2) on R_+ , by applying Schauder’s fixed point theorem associated with the diagonalization process.

This paper initiates the study of Caputo fractional q-difference equations in Fréchet spaces, the attractivity and the boundedness of the solutions of fractional q-difference equations on the half line.

2. Preliminaries Let I := [0, T]; T > 0. Consider the Banach space C(I) := C(I, R) of continuous functions from I into R equipped with the usual supremum (uniform) norm ‖u‖_∞ := sup_{t ∈ I} |u(t)| .

As usual, L^1(I) denotes the space of measurable functions v : I → R which are Lebesgue integrable with the norm

‖v‖_1 =

Z_T 0 |v(t)| dt .

Let us recall some definitions and properties of fractional q-calculus. For a ∈ R, we set [a]_q =

1 − q^a 1 − q . The q analogue of the power (a − b)^n is

(a − b)^{(0)} = 1 , (a − b)^{(n )} = Π^{n − 1}_{k =0} (a − bq^k ) ; a, b ∈ R , n ∈ N . In general, (a − b)^{(α )} = a^α Π^∞_{k =0}

� a − bqk

a − bq^{k + α} � ; a, b, α ∈ R .

Note that if b = 0 , then a^{(α )} = a^α . Definition 2.1 ([22]). The q-gamma function is defined by

Γ_q (ξ) =

(1 − q)^{(ξ− 1)} (1 − q)^{ξ− 1}

; ξ ∈ R \ { 0, − 1, − 2, . . .} .

Notice that the q-gamma function satisfies Γ_q (1 + ξ) = [ ξ]_q Γ_q (ξ). Definition 2.2 ([22]). The q-derivative of order n ∈ N of a function u : I → R is defined by (D^0_q u)(t) = u(t),

(D_q u)(t) := ( D^1_q u)(t) = u(t) − u(qt) (1 − q)t

; t ≠ 0 , (D_q u)(0) = lim_{t → 0}(D_q u)(t) ,

CAPUTO FRACTIONAL q-DIFFERENCE EQUATIONS 209 and (D^n_q u)(t) = ( D_q D^{n − 1}_q u)(t) ; t ∈ I, n ∈ { 1, 2, . . .} .

Set I_t := { tq^n : n ∈ N} ∪ { 0}. Definition 2.3 ([22]). The q-integral of a function u : I_t → R is defined by (I_q u)(t) =

Z_t 0 u(s)d_q s = ∞X n =0

t(1 − q)q^n u(tq^n ) ,

provided that the series converges.

We note that (D_q I_q u)(t) = u(t), while if u is continuous at 0, then (I_q D_q u)(t) = u(t) − u(0) .

Definition 2.4 ([9]). The Riemann-Liouville fractional q-integral of order α ∈ R_+ := [0 , ∞ ) of a function u : I → R is defined by (I^0_q u)(t) = u(t), and

(I^α_q u)(t) =

Z_t 0 (t − qs)^{(α − 1)} Γ_q (α ) u(s)d_q s ; t ∈ I .

Note that for α = 1 , we have (I^1_q u)(t) = ( I_q u)(t). Lemma 2.5 ([27]). For α ∈ R_+ and λ ∈ (− 1, ∞ ) we have

(I^α_q (t − a)^{(λ )} ) =

Γ_q (1 + λ) Γ_q (1 + λ + α )

(t − a)^{(λ + α )} ; 0 < a < t < T . In particular, (I^α_q 1)(t) = 1 Γ_q (1 + α ) t^{(α )} .

Definition 2.6 ([28]). The Riemann-Liouville fractional q-derivative of order α ∈ R_+ of a function u : I → R is defined by (D^0_q u)(t) = u(t), and (D^α_q u)(t) = ( D^{⌈α ⌉}_q I^{⌈α ⌉− α} q u)(t) ; t ∈ I , where ⌈α ⌉ is the smallest integer greater or equal to α . Definition 2.7 ([28]). The Caputo fractional q-derivative of order α ∈ R_+ of a function u : I → R is defined by (^C D^0_q u)(t) = u(t), and (^C D^α_q u)(t) = ( I^{⌈α ⌉− α} q D^{⌈α ⌉}_q u)(t) ; t ∈ I .

Lemma 2.8 ([28]). Let α ∈ R_+ . Then the following equality holds:

(I^α_q^C D^α_q u)(t) = u(t) −

⌈α ⌉− 1 X k =0

t^k Γ_q (1 + k)

(D^k_q u)(0) .

In particular, if α ∈ (0, 1), then (I^α_q^C D^α_q u)(t) = u(t) − u(0) .

From the above lemma, and in order to define the solution for the problem (1)–(2), we conclude with the following lemma.

210 S. ABBAS, M. BENCHOHRA, N. LALEDJ AND Y. ZHOU

Lemma 2.9. Let f : I × R → R be continuous. Then the problem (1)–(2) is equivalent to the problem of obtaining the solutions of the integral equation u(t) = u_0 + ( I^α_q f (·, u(·)))( t) .

3. Existence and attractivity results By BC we denote the Banach space of all bounded and continuous functions from R_+ into R equipped with the norm ‖u‖_{BC} := sup_{t ∈ R+} |u(t)| .

Let ∅ ≠ Ω ⊂ BC , and let G : Ω → Ω , and consider the solutions of the equation (3) (Gu )(t) = u(t) . We introduce the following concept of attractivity of solutions for equation (3). Definition 3.1. Solutions of equation (3) are locally attractive if there exists a ball B(u_0 , η) in the space BC such that, for arbitrary solutions v = v(t) and w = w(t) of equation (3) belonging to B (u_0 , η) ∩ Ω , we have (4) lim_{t →∞} (v(t) − w(t)) = 0 . When the limit (4) is uniform with respect to B(u_0 , η) ∩ Ω , solutions of equation (3) are said to be uniformly locally attractive (or equivalently that solutions of (3) are locally asymptotically stable). Lemma 3.2 ([16, p. 62]). Let D ⊂ BC . Then D is relatively compact in BC if the following conditions hold:

(a) D is uniformly bounded in BC, (b) The functions belonging to D are almost equicontinuous on R_+ , i.e. equicontinuous on every compact subset of R_+ , (c) The functions from D are equiconvergent, that is, given ϵ > 0 there exists T(ϵ) > 0 such that |u(t) − lim_{t →∞} u(t)| < ϵ for any t ≥ T(ϵ) and u ∈ D .

In the sequel we will make use of the following fixed point theorems. Theorem 3.3 (Schauder fixed point theorem, [ 21]). Let E be a Banach space and Q be a nonempty bounded convex and closed subset of E, and let N : Q → Q be a compact and continuous map. Then N has at least one fixed point in Q.

In this section, we are concerned with the existence and the attractivity of solutions of the problem (1)–(2). Definition 3.4. By a solution of the problem (1)–(2) we mean a function u ∈ BC that satisfies the equation (1) on I and the initial condition (2).

The following hypotheses will be used in the sequel. (H_1 ) The function f : R_+ × R → R is continuous.

CAPUTO FRACTIONAL q-DIFFERENCE EQUATIONS 211

(H_2 ) There exists a continuous function p: R_+ → R_+ such that |f (t, u )| ≤ p(t) , for t ∈ R_+ , and each u ∈ R , and lim_{t →∞} (I^α_q p)(t) = 0 . Set p^∗ = sup_{t ∈ R+} (I^α_q p)(t) .

Now, we present a theorem concerning the existence and the attractivity of solutions of our problem (1)–(2). Theorem 3.5. Assume that the hypotheses (H_1) and (H_2) hold. Then the problem (1)–(2) has at least one solution defined on R_+ . Moreover, solutions of problem (1)–(2) are uniformly locally attractive. Proof. Consider the operator N such that, for any u ∈ BC , (5) (Nu )(t) = u_0 + � I^α_q f � ·, u(·) � (t) .

The operator N maps BC into BC Indeed the map N(u) is continuous on R_+ for any u ∈ BC , and for each t ∈ R_+ , we have

|(Nu )(t)| ≤ | u_0 | +

Z_t 0 (t − qs)^{(α − 1)} Γ_q (α ) |f � s, u (s) � |d_q s

≤ | u_0 | +

Z_t 0 (t − qs)^{(α − 1)} Γ_q (α ) p(s)d_q s

≤ | u_0 | + p^∗ = R .

Thus (6) ‖N (u)‖_{BC} ≤ R . Hence, N (u) ∈ BC , and the operator N maps the ball B_R := B (0, R) = { w ∈ BC : ‖w‖_{BC} ≤ R} into itself. From Lemma 2.9, the solutions of the problem (1)–(2) are the fixed points of the operator N. We shall show that the operator N : B_R → B_R satisfies all the assumptions of Theorem 3.3. The proof will be given in several steps. Step 1. N is continuous. Let { u_n }_{n ∈ N} be a sequence such that u_n → u in B_R . Then, for each t ∈ R_+ , we have

(7) |(Nu_n )(t) − (Nu )(t)| ≤

Z_t 0 (t − qs)^{(α − 1)}

Γ_q (α ) |f � s, u_n (s) � − f � s, u (s) � |d_q s .

Case 1. If t ∈ [0, T], T > 0, then, since u_n → u as n → ∞ and f is continuous, by the Lebesgue dominated convergence theorem, equation (7) implies ‖N (u_n ) − N (u)‖_{BC} → 0 as n → ∞ .

212 S. ABBAS, M. BENCHOHRA, N. LALEDJ AND Y. ZHOU

Case 2. If t ∈ (T, ∞ ), T > 0, then from the hypotheses and (7), we get

(8) |(Nu_n )(t) − (Nu )(t)| ≤ 2

Z_t 0 (t − qs)^{(α − 1)} Γ_q (α ) p(s)d_q s .

Since u_n → u as n → ∞ and (I^α_q p)(t) → 0 as t → ∞ , then (8) gives ‖N (u_n ) − N (u)‖_{BC} → 0 as n → ∞ .

Step 2. N (B_R ) is uniformly bounded. This is clear since N (B_R ) ⊂ B_R and B_R is bounded. Step 3. N (B_R ) is equicontinuous on every compact subset [0, T] of R_+ ; T > 0. Let t_1 , t_2 ∈ [0, T], t_1 < t_2 , and let u ∈ B_R . Set p̃_∗ = sup

t ∈ [0,T ]

p(t). Then we have

|(Nu )(t_2 ) − (Nu )(t_1 )| ≤

Z_{t 1} 0 |(t_2 − qs)^{(α − 1)} − (t_1 − qs)^{(α − 1)} | Γ_q (α ) |f � s, u (s) � |d_q s + Z_{t 2}

t_1

|(t_2 − qs)^{(α − 1)} |

Γ_q (α ) |f � s, u (s) � |d_q s

≤ p̃_∗

Z_{t 1} 0 |(t_2 − qs)^{(α − 1)} − (t_1 − qs)^{(α − 1)} | Γ_q (α ) d_q s

+ p̃_∗

Z_{t 2}

t_1

|(t_2 − qs)^{(α − 1)} | Γ_q (α ) d_q s .

As t_1 → t_2 , the right-hand side of the above inequality tends to zero. Step 4. N (B_R ) is equiconvergent. Let t ∈ R_+ and u ∈ B_R . Then we have

|(Nu )(t)| ≤ | u_0 | +

Z_t 0 (t − qs)^{(α − 1)} Γ_q (α )

|f (s, u (s))|d_q s

≤ | u_0 | +

Z_t 0 (t − qs)^{(α − 1)} Γ_q (α ) p(s)d_q s

≤ | u_0 | + ( I^α_q p)(t). Since (I^α_q p)(t) → 0, as t → + ∞ , we get |(Nu )(t)| → | u_0 |, as t → + ∞ .

Hence, |(Nu )(t) − (Nu )(+ ∞ )| → 0 , as t → + ∞ .

As a consequence of Steps 1 to 4, together with the Lemma 3.2, we can conclude that N : B_R → B_R is continuous and compact. From an application of Schauder’s theorem (Theorem 3.3), we deduce that N has a fixed point u which is a solution of the problem (1)–(2) on R_+ . Step 5. The uniform local attractivity of solutions. Let us assume that u_1 is a solution of problem (1)–(2) with the conditions of this

CAPUTO FRACTIONAL q-DIFFERENCE EQUATIONS 213

theorem. Taking u ∈ B (u_1 , 2p^∗ ), we have

|(Nu )(t) − u_1 (t)| = |(Nu )(t) − (Nu_1 )(t)| ≤ Z_t 0 (t − qs)^{(α − 1)}

Γ_q (α )

|f (s, u (s)) − f (s, u_1 (s))|d_q s ≤ 2 Z_t 0 (t − qs)^{(α − 1)}

Γ_q (α ) p(s)d_q s ≤ 2p^∗ .

Thus, we get ‖N (u) − u_1 ‖_{BC} ≤ 2p^∗ .

Hence, we obtain that N is a continuous function such that N (B (u_1 , 2p^∗ )) ⊂ B (u_1 , 2p^∗ ) .

Moreover, if u is a solution of problem (1)–(2), then

|u(t) − u_1 (t)| = |(Nu )(t) − (Nu_1 )(t)| ≤ Z_t 0 (t − qs)^{(α − 1)}

Γ_q (α )

|f (s, u (s)) − f (s, u_1 (s))| ds ≤ 2(I^α_q p)(t) .

Thus |u(t) − u_1 (t)| ≤ 2(I^α_q p)(t) → 0 as t → ∞ .

Consequently, all solutions of problem (1)–(2) are uniformly locally attractive. □ 4. Existence results in Fréchet spaces Let X := C(R_+ , E) be the Fréchet space of all continuous functions v from R_+ into a Banach space (E, ‖ · ‖), equipped with the family of seminorms ‖v‖_n = sup

t ∈ [0,n ]

‖v(t)‖ ; n ∈ N^∗ := N \ { 0} ,

and the distance d(u, v) = ∞X n =1

2^{− n}

‖u − v‖_n 1 + ‖u − v‖_n

; u, v ∈ X .

Definition 4.1. A nonempty subset B ⊂ X is said to be bounded if sup_{v∈ B} ‖v‖_n < ∞ ; for n ∈ N^∗ .

We recall the following definition of the notion of a sequence of measures of noncompactness [17, 18]. Definition 4.2. Let M_F be the family of all nonempty and bounded subsets of a Fréchet space F . A family of functions { μ_n }_{n ∈ N} where μ_n : M_F → [0, ∞ ) is said to be a family of measures of noncompactness in the real Fréchet space F if it satisfies the following conditions for all B, B_1 , B_2 ∈ M_F :

214 S. ABBAS, M. BENCHOHRA, N. LALEDJ AND Y. ZHOU

(a) { μ_n }_{n ∈ N} is full, that is: μ_n (B) = 0 for n ∈ N if and only if B is precompact, (b) μ_n (B_1 ) ≤ μ_n (B_2 ) for B_1 ⊂ B_2 and n ∈ N, (c) μ_n (Conv B ) = μ_n (B ) for n ∈ N, (d) If { B_i }_{i =1 ,···}is a sequence of closed sets from M_F such that B_{i +1} ⊂ B_i;

i = 1 , . . . and if lim_{i →∞} μ_n (B_i) = 0 , for each n ∈ N, then the intersection set B_∞ := ∩^∞_{i =1} B_i is nonempty.

Example 4.3 ([17, 26]). For B ∈ M_X , x ∈ B, n ∈ N and ϵ > 0, let us denote by ω^n (x, ϵ) the modulus of continuity of the function x on the interval [0, n]; that is, ω^n (x, ϵ) = sup {‖ x(t) − x(s)‖ : t, s ∈ [0, n], |t − s| ≤ ϵ} .

Further, let us put ω^n (B, ϵ) = sup { ω^n (x, ϵ) : x ∈ B } , ω^n_0 (B ) = lim_{ϵ→ 0+} ω^n (B, ϵ) , and μ_n (B ) = ω^n_0 (B ) + sup_{t ∈ [0,n ]} μ � B (t) � , where μ is the Kuratowski measure of noncompactness on the space X.

The family of mappings { μ_n }_{n ∈ N} where μ_n : M_X → [0, ∞ ), satisfies the conditions (a)–(d) from Definition 4.2. Lemma 4.4 ([14]). If Y is a bounded subset of a Banach space F, then for each ϵ > 0, there is a sequence { y_k }^∞_{k =1} ⊂ Y such that μ(Y) ≤ 2μ({ y_k }^∞_{k =1} ) + ϵ , where μ is the Kuratowski measure of noncompactness on F . Lemma 4.5 ([25]). Let E be a Banach space, and { u_k }^∞_{k =0} ⊂ L^1([0, n], E) be a uniformly integrable sequence, then μ({ u_k }^∞_{k =1} ) is measurable, and μ �n Z t 0 u_k (s)ds o_∞

k =1 � ≤ 2 Z_t 0 μ({ u_k (s)}^∞_{k =1} ) ds , for each t ∈ [0, n],

where μ is the Kuratowski measure of noncompactness on E . Definition 4.6. Let Ω be a nonempty subset of a Fréchet space F , and let A : Ω → F be a continuous operator which transforms bounded subsets of onto bounded ones. One says that A satisfies the Darbo condition with constants { k_n }_{n ∈ N} with respect to a family of measures of noncompactness { μ_n }_{n ∈ N}, if μ_n � A(B ) � ≤ k_n μ_n (B ) for each bounded set B ⊂ Ω and n ∈ N. If k_n < 1; n ∈ N then A is called a contraction with respect to { μ_n }_{n ∈ N}.

In the sequel we will make use of the following generalization of the classical Darbo fixed point theorem for Fréchet spaces.

CAPUTO FRACTIONAL q-DIFFERENCE EQUATIONS 215

Theorem 4.7 ([17, 18]). Let Ω be a nonempty, bounded, closed, and convex subset of a Fréchet space F and let V : Ω → Ω be a continuous mapping. Suppose that V is a contraction with respect to a family of measures of noncompactness { μ_n }_{n ∈ N}. Then V has at least one fixed point in the set Ω . Definition 4.8. Let u_0 ∈ E, and f : R_+ × E → E be a continuous function. By a solution of the problem (1)–(2) we mean a continuous function u ∈ X that satisfies the equation (1) on R_+ and the initial condition (2).

The following hypotheses will be used in the sequel. (H_{01} ) The function t → f (t, u) is measurable on I for each u ∈ E, and the function u → f (t, u ) is continuous on E for a.e. t ∈ R_+ , (H_{02} ) There exists a continuous function p: I → R_+ such that

‖f (t, u )‖ ≤ p(t)(1 + ‖u‖) ; for a.e. t ∈ I , and each u ∈ E , (H_{03} ) For each bounded and measurable set B ⊂ E, and for each t ∈ R_+ , we have μ � f (t, B ) � ≤ p(t)μ(B ) , where μ is a measure of noncompactness on the Banach space E .

For n ∈ N^∗ , let p^∗_n = sup

t ∈ [0,n ]

p(t) ,

and consider the family of measure noncompactness X as in Example 4.3. Theorem 4.9. Assume that hypotheses (H_{01} ) − − (H_{03} ) hold. If (9) 4n^α p^∗_n Γ_q (1 + α )

< 1 ;

for each n ∈ N^∗ , then the problem (1)–(2) has at least one solution in X . Proof. Consider the operator N : X → X defined by (5). Clearly, the fixed points of the operator N are solution of the problem (1)–(2).

For any n ∈ N^∗ , we set

R_n ≥

‖u_0 ‖Γ_q (1 + α ) + p^∗_n n^α Γ_q (1 + α ) − p^∗_n n^α , and we consider the ball B_{R n} := B (0, R_n ) = { w ∈ X : ‖w‖_n ≤ R_n } .

For any n ∈ N^∗ , and each u ∈ B_{R n} and t ∈ [0, n] we have

‖(Nu )(t)‖ ≤ ‖ u_0 ‖ +

Z_t 0 (t − qs)^{(α − 1)} Γ_q (α )

‖f (s, u (s))‖d_q s

≤ ‖ u_0 ‖ +

Z_t 0 (t − qs)^{(α − 1)} Γ_q (α ) p(s)(1 + ‖u(s)‖)d_q s

≤ ‖ u_0 ‖ + p^∗_n (1 + R_n )

Z_t 0 (t − qs)^{(α − 1)}

Γ_q (α ) d_q s

216 S. ABBAS, M. BENCHOHRA, N. LALEDJ AND Y. ZHOU

≤ ‖ u_0 ‖ + n^α p^∗_n Γ_q (1 + α )

(1 + R_n )

≤ R_n .

Thus

(10) ‖N (u)‖_n ≤ R_n .

This proves that N transforms the ball B_{R n} into itself. We shall show that the operator N : B_{R n} → B_{R n} satisfies all the assumptions of Theorem 4.7. The proof will be given in several steps. Step 1. N : B_{R n} → B_{R n} is continuous. Let { u_k }_{k ∈ N} be a sequence such that u_k → u in B_{R n} . Then, for each t ∈ [0, n], we have

‖(Nu_k )(t) − (Nu )(t)‖ ≤

Z_t 0 (t − qs)^{(α − 1)} Γ_q (α )

‖f (s, u_k (s)) − f (s, u (s))‖d_q s .

Since u_k → u as k → ∞ , the Lebesgue dominated convergence theorem implies that ‖N (u_k ) − N (u)‖_n → 0 as k → ∞ .

Step 2. N (B_{R n} ) is bounded. Since N (B_{R n} ) ⊂ B_{R n} and B_{R n} is bounded, then N (B_{R n} ) is bounded.

Step 3. For each bounded and equicontinuous subset D of B_{R n} , μ_n (N(D)) ≤ ℓ_n μ_n (D ). From Lemmas 4.4 and 4.5, for any D ⊂ B_{R n} and any ϵ > 0, there exists a sequence { u_k }^∞_{k =0} ⊂ D , such that for all t ∈ [0, n], we have μ � (ND )(t) � = μ �n u_0 +

Z_t 0 (t − qs)^{(α − 1)} Γ_q (α ) f (s, u (s))d_q s; u ∈ D o�

≤ 2μ

�n Z t 0 (t − qs)^{(α − 1)} Γ_q (α ) f (s, u_k (s))d_q s o_∞

k =1 � + ϵ ≤ 4 Z_t 0 (t − qs)^{(α − 1)} Γ_q (α ) μ({ f (s, u_k (s))}^∞_{k =0} )d_q s + ϵ ≤ 4 Z_t 0 (t − qs)^{(α − 1)} Γ_q (α ) p(s)μ({ u_k (s)}^∞_{k =1} )d_q s + ϵ ≤ 4n^α p^∗_n Γ_q (1 + α ) μ_n (D ) + ϵ .

Since ϵ > 0 is arbitrary, then μ � (ND )(t) � ≤ 4n^α p^∗_n Γ_q (1 + α ) μ_n (D ) .

CAPUTO FRACTIONAL q-DIFFERENCE EQUATIONS 217

Thus

μ_n � N (D ) � ≤ 4n^α p^∗_n Γ_q (1 + α ) μ_n (D ) .

As a consequence of Steps 1 to 3 and inequality (9) together with Theorem 4.7, we can conclude that N has at least one fixed point in B_{R n} which is a solution of problem (1)–(2). □

5. Existence of bounded solutions In this section, we are concerned with the existence of bounded solutions of our problem

(11) ( (^c D^α_q u)(t) = f (t, u (t)) ; t ∈ R_+ , u(0) = u_0 ∈ R , u is bounded on R_+ ,

Definition 5.1. By a bounded solution of the problem (11) we mean a measurable and bounded function u on R_+ such that u(0) = u_0, and u satisfies the fractional q-difference equation (^c D^α_q u)(t) = f � t, u (t) � on R_+ .

The following hypotheses will be used in the sequel. (H_{11} ) The function t → f (t, u) is measurable on I_n := [0, n]; n ∈ N for each u ∈ R, and the function u → f (t, u ) is continuous for a.e. t ∈ I_n , (H_{12} ) There exists a continuous function p_n : I_n → R_+ such that |f (t, u )| ≤ p_n (t) , for a.e. t ∈ I_n , and each u ∈ R . Set p^∗_n = sup_{t ∈ I n} p_n (t) .

Theorem 5.2. Assume that the hypotheses (H_{11} ) and (H_{12} ) hold. Then the problem (11) has at least one bounded solution defined on R_+ .

Proof. The proof will be given in two parts. Fix n ∈ N and consider the problem

(12) ( (^C D^α_q u)(t) = f � t, u (t) � ; t ∈ I_n , u(0) = u_0 .

Part 1. We begin by showing that (12) has a solution u_n ∈ C(I_n ) with

‖u_n ‖_∞ ≤ R_n := n^α p^∗_n Γ_q (1 + α ) . Consider the operator N : C(I_n ) → C(I_n ) defined by (5) Clearly, the fixed points of the operator N are solution of the problem (12). For any u ∈ C(I_n ), and each t ∈ I_n we have

|(Nu )(t)| ≤ | u_0 | +

Z_t 0 (t − qs)^{(α − 1)} Γ_q (α )

|f (s, u (s))|d_q s

≤ | u_0 | +

Z_t 0 (t − qs)^{(α − 1)} Γ_q (α ) p_n (s)d_q s

218 S. ABBAS, M. BENCHOHRA, N. LALEDJ AND Y. ZHOU

≤ | u_0 | + p^∗_n

Z_t 0 (t − qs)^{(α − 1)} Γ_q (α ) d_q s ≤ n^α p^∗_n Γ_q (1 + α ) . Thus (13) ‖N (u)‖_∞ ≤ R_n . This proves that N transforms the ball B_{R n} := B(0, R_n ) = { w ∈ C(I_n ) : ‖w‖_∞ ≤ R_n } into itself. We shall show that the operator N : B_{R n} → B_{R n} satisfies all the assumptions of Theorem 3.3. The proof will be given in several steps.

Step 1. N : B_{R n} → B_{R n} is continuous. Let { u_k }_{k ∈ N} be a sequence such that u_k → u in B_{R n} . Then, for each t ∈ I_n , we have |(Nu_k )(t) − (Nu )(t)| ≤ Z_t 0 (t − qs)^{(α − 1)}

Γ_q (α )

|f (s, u_k (s)) − f (s, u (s))|d_q s .

(14)

Since u_k → u as k → ∞ and (H_{11} ), then by the Lebesgue dominated convergence theorem, equation (14) implies ‖N (u_k ) − N (u)‖_∞ → 0 as k → ∞ .

Step 2. N (B_{R n} ) is uniformly bounded. This is clear since N (B_{R n} ) ⊂ B_{R n} and B_{R n} is bounded.

Step 3. N (B_{R n} ) is equicontinuous. Let t_1 , t_2 ∈ I_n , t_1 < t_2 and let u ∈ B_{R n} . Thus we have

|(Nu )(t_2 ) − (Nu )(t_1 )| ≤ Z_{t 1} 0 |(t_2 − qs)^{(α − 1)} − (t_1 − qs)^{(α − 1)} | Γ_q (α )

|f (s, u (s))|d_q s + Z_{t 2}

t_1

|(t_2 − qs)^{(α − 1)} |

Γ_q (α )

|f (s, u (s))|d_q s

≤ p^∗_n

Z_{t 1} 0 |(t_2 − qs)^{(α − 1)} − (t_1 − qs)^{(α − 1)} | Γ_q (α ) d_q s

+ p^∗_n

Z_{t 2}

t_1

|(t_2 − qs)^{(α − 1)} | Γ_q (α ) d_q s .

As t_1 −→ t_2 , the right-hand side of the above inequality tends to zero. As a consequence of Steps 1 to 3 together with the Arzelá-Ascoli theorem, we can conclude that N is continuous and compact. From an application of Schauder’s

CAPUTO FRACTIONAL q-DIFFERENCE EQUATIONS 219

theorem (Theorem 3.3), we deduce that N has a fixed point u which is a solution of the problem (12). Part 2. The diagonalization process. Now, we use the following diagonalization process. For k ∈ N let ( w_k (t) = u_{n k} (t) ; t ∈ [0, n_k ], w_k (t) = u_{n k} (n_k ) ; t ∈ [n_k , ∞ ) .

Here { n_k }_{k ∈ N}∗ is a sequence of numbers satisfying

0 < n_1 < n_2 < . . . n_k < . . . ↑ ∞ .

Let S = { w_k }^∞_{k =1} . Notice that

|w_{n k} (t)| ≤ R_n for t ∈ [0, n_1 ], k ∈ N .

Also, if k ∈ N and t ∈ [0, n_1 ], we have

w_{n k} (t) = u_0 +

Z_t 0 (t − qs)^{(α − 1)} Γ_q (α ) f � s, w_{n k} (s) � d_q s .

Thus, for k ∈ N and t, x ∈ [0, n_1 ], we have

|w_{n k} (t) − w_{n k} (x)| ≤

Z_{n 1} 0 |(t − qs)^{(α − 1)} − (x − qs)^{(α − 1)} | Γ_q (α ) |f � s, w_{n k} (s) � |d_q s .

Hence

|w_{n k} (t) − w_{n k} (x)| ≤ p^∗_1

Z_{n 1} 0 |(t − qs)^{(α − 1)} − (x − qs)^{(α − 1)} | Γ_q (α ) d_q s .

The Arzelà-Ascoli theorem guarantees that there is a subsequence N^∗_1 of N and a function z_1 ∈ C([0, n_1], R) with u_{n k} → z_1 as k → ∞ in C([0, n_1], R) through N^∗_1. Let N_1 = N^∗_1 \ { 1}. Notice that |w_{n k} (t)| ≤ R_n for t ∈ [0, n_2 ], k ∈ N .

Also, if k ∈ N and t, x ∈ [0, n_2 ], we have

|w_{n k} (t) − w_{n k} (x)| ≤ p^∗_2

Z_{n 2} 0 |(t − qs)^{(α − 1)} − (x − qs)^{(α − 1)} | Γ_q (α ) d_q s .

The Arzelà-Ascoli theorem guarantees that there is a subsequence N^∗_2 of N_1 and a function z_2 ∈ C([0, n_2], R) with u_{n k} → z_2 as k → ∞ in C([0, n_2], R) through N^∗_2. Note that z_1 = z_2 on [0, n_1] since N^∗_2 ⊂ N_1. Let N_2 = N^∗_2 \ {2}. Proceed inductively to obtain for m = 3 ,4, . . . a subsequence N^∗_m of N_{m − 1} and a function z_m ∈ C([0, n_m ], R) with u_{n k} → z_m as k → ∞ in C([0, n_m ], R) through N^∗_m . Let N_m = N^∗_m \ { m}.

Define a function y as follows. Fix t ∈ [0, ∞ ) and let m ∈ N with t ≤ n_m . Then define u(t) = z_m (t). Thus u ∈ C([0, ∞ ), R)), u(0) = u_0 and |u(t)| ≤ R_n

220 S. ABBAS, M. BENCHOHRA, N. LALEDJ AND Y. ZHOU

for t ∈ [0, ∞ ). Again fix t ∈ [0, ∞ ) and let m ∈ N with t ≤ n_m . Then for n ∈ N_m we have

u_{n k} (t) = u_0 +

Z_{n m} 0 (t − qs)^{(α − 1)} Γ_q (α ) f � s, w_{n k} (s) � d_q s .

Let n_k → ∞ through N_m to obtain

z_m (t) = u_0 +

Z_{n m} 0 (t − qs)^{(α − 1)} Γ_q (α ) f � s, z_m (s) � d_q s .

We can use this method for each t ∈ [0, n_m ] and for each m ∈ N. Thus (^C D^α_q u)(t) = f � t, u (t) � ; for t ∈ [0, n_m ] for each m ∈ N and the constructed function u is a solution of problem (11).

6. Some examples Example 1. Consider the following problem of fractional^1_4 -difference equations

(15) ( (^c D^{12}_{14} u)(t) = f � t, u (t) � ; t ∈ R_+ , u(0) = 1 , where 8 < : f (t, u ) =^t − 1 4 sin t (1+ √ t )(1+ |u |) ; t ∈ (0, ∞ ), u ∈ R ,

f (0, u) = 0 ; u ∈ R . Clearly, the function f is continuous. The hypothesis (H_2 ) is satisfied with 8 < : p(t) =^t − 1 4 | sin t | 1+ √ t ; t ∈ (0, ∞ ) , p(0) = 0 .

All conditions of Theorem 3.5 are satisfied. Hence, the problem (15) has at least one solution defined on R_+ , and solutions of this problem are uniformly locally attractive.

Example 2. Let

l^1 = n u = ( u_1 , u_2 , . . . , u_k , . . .) : ∞X k =1

|u_k | < ∞ o

be the Banach space with the norm

‖u‖_l 1 = ∞X k =1

|u_k | ,

and F := C(R_+ , l^1) be the Fréchet space of all continuous functions v from R_+ into l^1 , equipped with the family of seminorms ‖v‖_n = sup

t ∈ [0,n ]

‖v(t)‖_l 1 ; n ∈ N^∗ .

CAPUTO FRACTIONAL q-DIFFERENCE EQUATIONS 221

Consider the following problem of fractional^1_4 − difference equations

(16) ( (^c D^{12}_{14} u_k )(t) = f_k � t, u (t) � ; t ∈ R_+ , u_k (0) = 0 ; t ∈ R_+ , k ∈ N , where f_k (t, u ) = c_n (2^{− k} + u_k )t^{54} sin t

64(1 + √ t) ; u ∈ l^1 , for each t ∈ [0, n]; n ∈ N^∗ , with

c_n = n^{− 74} Γ 1_4 � 3 2 � ; n ∈ N^∗ , f = ( f_1 , f_2 , . . . , f_k , . . .) , u = ( u_1 , u_2 , . . . , u_k , . . .) .

Since

‖f (t, u )‖_l 1 = ∞X k =1

|f_k (s, u )| ≤ t^{54} c_n 64 (1 + ‖u‖_l 1 ) ; t ∈ [0, n], n ∈ N^∗ ,

then hypothesis (H_{02} ) is satisfied with

p(t) = t^{54} c_n 64 ; t ∈ [0, n], n ∈ N^∗ .

So, for any n ∈ N^∗ , we have p^∗_n = n^{54} c_n 64 . The condition (9) is satisfied. Indeed; 4n^{12} p^∗_n Γ_q (1 + α )

= n^{− 74} Γ 1_4 � 3 2 � n^5_4 64 4n^{12} Γ 1_4

�_3 2 � = 1 16 < 1 .

Therefore all conditions of Theorem 4.9 are satisfied. Hence, the problem (16) has at least one solution defined on R_+ .

Example 3. Consider the following problem of fractional^1_4 -difference equations

(17) ( (^C D^{12}_{14} u)(t) = f (t, u (t)) ; t ∈ R_+ , u(0) = 2 , u is bounded on R_+ , where f (t, u ) = e^{t +1} 1 + |u|

(1 + u) ; t ∈ R_+ . The hypothesis (H_{12} ) is satisfied with p_n (t) = e^{t +1} . So, p^∗_n = e^{n +1} . Simple computations show that all conditions of Theorem 5.2 are satisfied. It follows that the problem (17) has at least one bounded solution defined on R_+ . Acknowledgement. We are grateful to the referee for the careful reading of the paper and for the helpful remarks.

222 S. ABBAS, M. BENCHOHRA, N. LALEDJ AND Y. ZHOU

References

[1] Abbas, S., Benchohra, M., On the existence and local asymptotic stability of solutions of fractional order integral equations , Comment. Math. 52 (1) (2012), 91–100.

[2] Abbas, S., Benchohra, M., Existence and attractivity for fractional order integral equations in Fréchet spaces , Discuss. Math. Differ. Incl. Control Optim. 33 (1) (2013), 1–17.

[3] Abbas, S., Benchohra, M., Diagana, T., Existence and attractivity results for some fractional order partial integro-differential equations with delay , Afr. Diaspora J. Math. 15 (2) (2013), 87–100.

[4] Abbas, S., Benchohra, M., Graef, J.R., Henderson, J., Implicit Fractional Differential and Integral Equations: Existence and Stability , De Gruyter, Berlin, 2018.

[5] Abbas, S., Benchohra, M., Henderson, J., Asymptotic attractive nonlinear fractional order Riemann-Liouville integral equations in Banach algebras , Nonlinear Stud. 20 (1) (2013), 1–10.

[6] Abbas, S., Benchohra, M., N’Guérékata, G.M., Topics in Fractional Differential Equations , Springer, New York, 2012.

[7] Abbas, S., Benchohra, M., N’Guérékata, G.M., Advanced Fractional Differential and Integral Equations , Nova Science Publishers, New York, 2015.

[8] Adams, C.R., In the linear ordinary q-difference equation , Annals Math. 30 (1928), 195–205. [9] Agarwal, R., Certain fractional q- integrals and q-derivatives , Proc. Cambridge Philos. Soc.

66 (1969), 365–370. [10] Ahmad, B., Boundary value problem for nonlinear third order q-difference equations , Electron.

J. Differential Equations 2011 (94) (2011), 1–7. [11] Ahmad, B., Ntouyas, S.K., Purnaras, L.K., Existence results for nonlocal boundary value problems of nonlinear fractional q-difference equations , Adv. Difference Equ. 2012 (2012), 14 pp.

[12] Almezel, S., Ansari, Q.H., Khamsi, M.A., Topics in Fixed Point Theory , Springer-Verlag, New York, 2014.

[13] Benchohra, M., Berhoun, F., N’Guérékata, G.M., Bounded solutions for fractional order differential equations on the half-line , Bull. Math. Anal. Appl. 146 (4) (2012), 62–71.

[14] Bothe, D., Multivalued perturbations of m-accretive differential inclusions , Israel J. Math.

108 (1998), 109–138. [15] Carmichael, R.D., The general theory of linear q-difference equations , American J. Math. 34 (1912), 147–168.

[16] Corduneanu, C., Integral Equations and Stability of Feedback Systems , Academic Press, New York, 1973.

[17] Dudek, S., Fixed point theorems in Fréchet Algebras and Fréchet spaces and applications to nonlinear integral equations , Appl. Anal. Discrete Math. 11 (2017), 340–357.

[18] Dudek, S., Olszowy, L., Continuous dependence of the solutions of nonlinear integral quadratic Volterra equation on the parameter , J. Funct. Spaces (2015), 9 pp., Article ID 471235.

[19] El-Shahed, M., Hassa, H.A., Positive solutions of q-difference equation , Proc. Amer. Math.

Soc. 138 (2010), 1733–1738. [20] Etemad, S., Ntouyas, S.K., Ahmad, B., Existence theory for a fractional q-integro-difference equation with q-integral boundary conditions of different orders , Mathematics 7 (2019), 1–15.

[21] Granas, A., Dugundji, J., Fixed Point Theory , Springer-Verlag, New York, 2003. [22] Kac, V., Cheung, P., Quantum Calculus , Springer, New York, 2002. [23] Kilbas, A.A., Hadamard-type fractional calculus , J. Korean Math. Soc. 38 (6) (2001), 1191–1204.

CAPUTO FRACTIONAL q-DIFFERENCE EQUATIONS 223

[24] Kilbas, A.A., Srivastava, H.M., Trujillo, J.J., Theory and Applications of Fractional Differential Equations , North-Holland Mathematics Studies, vol. 204, Elsevier Science B.V., Amsterdam, 2006.

[25] Mönch, H., Boundary value problems for nonlinear ordinary differential equations of second order in Banach spaces , Nonlinear Anal. 4 (1980), 985–999.

[26] Olszowy, L., Existence of mild solutions for the semilinear nonlocal problem in Banach spaces , Nonlinear Anal. 81 (2013), 211–223.

[27] Rajkovic, P.M., Marinkovic, S.D., Stankovic, M.S., Fractional integrals and derivatives in q-calculus , Appl. Anal. Discrete Math. 1 (2007), 311–323.

[28] Rajkovic, P.M., Marinkovic, S.D., Stankovic, M.S., On q-analogues of Caputo derivative and Mittag-Leffler function , Fract. Calc. Appl. Anal. 10 (2007), 359–373.

[29] Samko, S.G., Kilbas, A.A., Marichev, O.I., Fractional Integrals and Derivatives. Theory and Applications , Gordon and Breach, Amsterdam, 1987, Engl. Trans. from the Russian.

[30] Tarasov, V.E., Fractional Dynamics: Application of Fractional Calculus to Dynamics of Particles, Fields and Media , Springer, Heidelberg; Higher Education Press, Beijing, 2010.

[31] Tenreiro Machado, J.A., Kiryakova, V., The chronicles of fractional calculus , Fract. Calc.

Appl. Anal. 20 (2017), 307–336. [32] Zhou, Y., Basic Theory of Fractional Differential Equations , World Scientific, Singapore, 2014.

a Department of Mathematics, Tahar Moulay University of Saïda, P.O. Box 138, EN-Nasr, 20000 Saïda, Algeria E-mail : abbasmsaid@yahoo.fr

b Laboratory of Mathematics, Djillali Liabes University of Sidi Bel-Abbès, P.O. Box 89, Sidi Bel-Abbès 22000, Algeria E-mail : benchohra@yahoo.com

c Department of Mathematics, College of Science, King Saud University, P.O. Box 2455, Riyadh 11451, Saudi Arabia

d Faculty of Mathematics and Computational Science, Xiangtan University, Hunan 411105, P.R. China