ARCHIVUM MATHEMATICUM (BRNO) Tomus 56 (2020), 307–356

LIE GROUPOIDS OF MAPPINGS TAKING VALUES

IN A LIE GROUPOID

Habib Amiri, Helge Glöckner, and Alexander Schmeding

Abstract. Endowing differentiable functions from a compact manifold to a Lie group with the pointwise group operations one obtains the so-called current groups and, as a special case, loop groups. These are prime examples of infinite-dimensional Lie groups modelled on locally convex spaces. In the present paper, we generalise this construction and show that differentiable mappings on a compact manifold (possibly with boundary) with values in a Lie groupoid form infinite-dimensional Lie groupoids which we call current groupoids. We then study basic differential geometry and Lie theory for these Lie groupoids of mappings. In particular, we show that certain Lie groupoid properties, like being a proper étale Lie groupoid, are inherited by the current groupoid. Furthermore, we identify the Lie algebroid of a current groupoid as a current algebroid (analogous to the current Lie algebra associated to a current Lie group).

To establish these results, we study superposition operators

C^ℓ (K, f ): C^ℓ (K, M ) → C^ℓ (K, N ) , γ → f ∘ γ

between manifolds of C^ℓ -functions. Under natural hypotheses, C^ℓ (K, f ) turns out to be a submersion (an immersion, an embedding, proper, resp., a local diffeomorphism) if so is the underlying map f : M → N . These results are new in their generality and of independent interest.

Introduction and statement of results

It is a well-known fact that the set C^ℓ (K, G) of C^ℓ -maps (for ℓ ∈ N_0 ∪ {∞} ) from a compact manifold K to a Lie group G is again a Lie group (compare, e.g., [16, 19, 31, 32, 35, 40]). Such mapping groups, often called current groups, are prominent examples of infinite-dimensional Lie groups (notably loop groups C^ℓ (S, G), [40]). We perform an analogous construction for Lie groupoids, and study basic differential geometry and Lie theory for these current groupoids. In particular, we identify the Lie algebroid of a current groupoid as the corresponding current

2020 Mathematics Subject Classification : primary 22A22; secondary 22E65, 22E67, 46T10, 47H30, 58D15, 58H05.

Key words and phrases : Lie groupoid, Lie algebroid, topological groupoid, mapping groupoid, current groupoid, manifold of mappings, superposition operator, Nemytskii operator, pushforward, submersion, immersion, embedding, local diffeomorphism, étale map, proper map, perfect map, orbifold groupoid, transitivity, local transitivity, local triviality, Stacey-Roberts Lemma.

Received September 22, 2020. Editor J. Slovák. DOI: 10.5817/AM2020-5-307

308 H. AMIRI, H. GLÖCKNER AND A. SCHMEDING

algebroid. Here, in analogy to the current Lie group/current Lie algebra picture [35, 36, 40], a current algebroid is a bundle of algebroid-valued differentiable maps whose Lie algebroid structure is induced by the pointwise operations. Moreover, we show that certain properties of Lie groupoids, such as being an étale Lie groupoid, lift to the (infinite-dimensional) current groupoid. The key observation driving our approach is that superposition operators between manifolds of mappings inherit many properties from the underlying mappings. These results are new and of independent interest as they constitute a versatile tool to deal with some of the basic building blocks in infinite-dimensional geometry.

Let us now describe our results in a bit more detail. Our construction is based on the fact that a manifold structure can be constructed on C^ℓ (K, M ) whenever the target manifold M has a local addition (see Appendix A; cf. [ 13, 21, 25, 31, 32]). Here the compact source manifold K may have a smooth boundary, corners, or more generally a “rough boundary” as defined in [ 19] (and recalled in 1.2). For a smooth map f : M → N, it is known that the manifold structures turn the superposition operator C^ℓ (K, f ): C^ℓ (K, M ) → C^ℓ (K, N ), C^ℓ (K, f )(γ) := f ∘ γ into a smooth map. Note that the manifolds, Lie groups and Lie groupoids we study can be infinite-dimensional (in particular, this is the case for the manifolds of mappings). To deal with manifolds modelled on locally convex spaces beyond the Banach setting we work in the framework of the so-called Bastiani (or Keller C^k_c -) calculus [5], recalled in Section 1. Throughout the following, we shall always consider a Lie groupoid G = ( G ⇒ M) modelled on locally convex spaces with source map α and target map β such that G and M admit local additions. Our results subsume the following theorem.

Theorem A. Assume that M is a smooth Banach manifold, K a compact smooth manifold (possibly with rough boundary) , and ℓ ∈ N. Then the pointwise operations turn C^ℓ (K, G) := (C^ℓ (K, G) ⇒ C^ℓ (K, M )) into a Lie groupoid with source map C^ℓ (K, α ) and target map C^ℓ (K, β ). The same conclusion holds if ℓ = 0 and all modelling spaces of M are finite dimensional, or if ℓ = ∞ and all modelling spaces of G and M are finite dimensional.

Lie groupoids of the form C^ℓ (K, G) shall be referred to as Lie groupoids of Lie groupoid-valued mappings , or current groupoids . Since every Lie group can be interpreted as a Lie groupoid (over the one point manifold), current groupoids generalise current Lie groups and loop groups.

We then study basic differential geometry for current groupoids. For example, we identify Lie subgroupoids and Lie groupoid actions which are induced by subgroupoids and actions of the target groupoids. Further, we investigate whether current groupoids inherit typical properties of Lie groupoids. To this end, recall the following typical properties of Lie groupoids.

Definition. Consider a Lie groupoid G with source map α : G → M and target map β : G → M . The Lie groupoid G is called

étale: if α is a local C^∞ -diffeomorphism; proper: if (α, β ): G → M × M is a proper map;

LIE GROUPOIDS OF MAPPINGS TAKING VALUES IN A LIE GROUPOID 309

locally transitive: if (α, β ): G → M × M is a submersion; transitive: if (α, β ): G → M × M is a surjective submersion.^1

Concerning local transitivity, we observe:

Theorem B. If G is locally transitive in the situation of Theorem A, then also C^ℓ (K, G) is locally transitive.

We mention that C^ℓ (K, G) need not be transitive if G is transitive (Example 3.9). Likewise, C^ℓ (K, G) need not be proper if G is proper (Example 3.11). The situation improves if G is étale, and we can even get around some hypotheses of Theorem A in this case.

Theorem C. Let G = ( G ⇒ M) be an étale Lie groupoid modelled on locally convex spaces over a smooth manifold M modelled on locally convex spaces, K a compact smooth manifold (possibly with rough boundary) , and ℓ ∈ N_0 ∪{∞} . If the topological space underlying G is regular, then C^ℓ (K, G) is an étale Lie groupoid. If, moreover, G is proper, then also C^ℓ (K, G) is proper.

Analogs to Theorem C are also available for topological groupoids (see Corollary 3.17). As a consequence of Theorem C, the current groupoid of a proper étale Lie groupoid will again be a proper étale Lie groupoid. It is well known that proper étale Lie groupoids are linked to orbifolds (cf. [ 33, 34, 44]), whence they are also often called orbifold groupoids. In light of Theorem C, we can thus view the construction of Lie groupoids of orbifold Lie groupoid-valued mappings as a construction of infinite-dimensional orbifolds of mappings. However, current groupoids are too simple in general to model spaces of orbifold morphisms [ 9, 42, 43]. This is discussed in detail in Appendix B.

Note that for ℓ ∈ N_0 and G a Banach-Lie groupoid, also the current groupoid will be a Banach-Lie groupoid (for ℓ = ∞ and G a Banach-Lie groupoid, the current groupoid is modelled on Fréchet spaces). Basic (Lie) theory for Banach-Lie groupoids has recently been established in [6].

On the infinitesimal level, one associates to a Lie groupoid a so-called Lie algebroid [6, 28]. The infinitesimal objects of current groupoids are as expected:

Theorem D. In the situation of Theorem A, denote by A(G) the Lie algebroid associated to G. Then there exists a canonical isomorphism of Lie algebroids such that A � C^ℓ (K, G) � ∼ = C^ℓ � K, A(G) � , where the Lie algebroid on the right hand side is given by the bundle C^ℓ (K, A(G)) → C^ℓ (K, M ) with the pointwise algebroid structure.

Again this generalises the case of current groups for which the construction yields (up to a shift in sign, see Remark 4.7) the well-known construction of a current algebra [23, 36].

1Our usage of “transitive” is as in [ 33] and [6] (but differs from the notion of transitivity in [ 28]).

Our concept of local transitivity is as in [6] (where only Banach-Lie groupoids are considered).

310 H. AMIRI, H. GLÖCKNER AND A. SCHMEDING

The main point of Theorem A is to see that C^ℓ (K, α ) and C^ℓ (K, β ) are submersions, and Theorem B requires showing that C^ℓ (K, (α, β )) is a submersion. Similarly, Theorem C requires showing that C^ℓ (K, α ) is a local diffeomorphism (resp., that C^ℓ (K, (α, β )) is proper). The following result provides these properties.

Theorem E. Let M and N be smooth manifolds modelled on locally convex spaces such that M and N admit a local addition. Let k, ℓ ∈ N_0 ∪ {∞} , f : M → N be a C^{k + ℓ} -map and K be a compact manifold (possibly with rough boundary ). Then the C^k -map C^ℓ (K, f ): C^ℓ (K, M ) → C^ℓ (K, N ) , γ → f ∘ γ has the following properties:

(a) If f is a submersion, N is modelled on Banach spaces, k ≥ 2 and ℓ < ∞ , then C^ℓ (K, f ) is a submersion, assuming ℓ ≥ 1 if some modelling space of N is infinite-dimensional.

(b) If f is an immersion, M is modelled on Banach spaces, k ≥ 2 and ℓ < ∞ , then C^ℓ (K, f ) is an immersion, assuming ℓ ≥ 1 if some modelling space of M is infinite-dimensional.

(c) If f is a local C^{k + ℓ} -diffeomorphism and M is a regular topological space, then C^ℓ (K, f ) is a local C^k -diffeomorphism.

(d) If f is a proper map, M is a regular topological space and N = N_1 × N_2 with smooth manifolds N_1 and N_2 such that N_1 admits a local addition and pr_1 ∘ f : M → N_1 is a local C^{k + ℓ} -diffeomorphism, then C^ℓ (K, f ) is proper.

We remark that Theorem E (a) and (b) generalise a similar result by Palais [ 37, Theorem 14.10] for certain morphisms of (smooth) fiber bundles.

If f in Theorem E (b) is, moreover, a homeomorphism onto its image, then so is C^ℓ (K, f ) (see Lemma 1.14), whence C^ℓ (K, f ) is an embedding of C^k -manifolds. What is more, we have the following variant (which also varies a result in [ 31]), as a special case of Proposition 2.10:

Theorem F. Let e : M → N be a smooth embedding between finite-dimensional manifolds, K be a compact smooth manifold (possibly with rough boundary ), and ℓ ∈ N_0 ∪ {∞} . Then C^ℓ (K, e ): C^ℓ (K, M ) → C^ℓ (K, N ) is an embedding.

If ℓ = 0 , then K can actually be replaced with an arbitrary compact topological space in Theorems A–F (in view of [ 1, Remark 4.9]), assuming moreover that K is locally connected for the conclusions concerning properness (cf. Proposition 2.16 and Corollary 3.17).

1. Preliminaries

We shall write N = { 1, 2, . . .} and N_0 := N ∪ { 0}. Hausdorff locally convex real topological vector spaces will be referred to as locally convex spaces. If E and F are locally convex spaces, we let L(E, F ) be the space of all continuous linear mappings from E to F . We write L(E, F )_c and L(E, F )_b, respectively, if the topology of uniform convergence on compact sets (resp., bounded sets) is used on L(E, F ). We write GL(E) for the group of automorphisms of E as a locally convex space; if E is a Banach space, then GL(E) is an open subset of L(E)_b := L(E, E )_b. A subset U

LIE GROUPOIDS OF MAPPINGS TAKING VALUES IN A LIE GROUPOID 311

of a locally convex space E is called locally convex if for each x ∈ U, there exists a convex x-neighborhood in U. Every open set U ⊆ E is locally convex. We shall work in a setting of infinite-dimensional calculus known as Bastiani calculus or Keller’s C^k_c -theory, going back to [ 5], and generalizations thereof (see [ 19] and [1], also [15, 21, 31], and [32]).

1.1. If E and F are locally convex spaces and f : U → F is a mapping on a locally convex subset U ⊆ E with dense interior U^0 , we write

(D_y f )(x) := d dt � � t =0

f (x + ty)

for the directional derivative of f at x ∈ U^0 in the direction y ∈ E, if it exists. A mapping f : U → F is called C^k with k ∈ N_0 ∪ {∞} if f is continuous and there exist continuous mappings d^{(j )} f : U × E^j → F for all j ∈ N with j ≤ k such that

d^{(j )} f (x, y_1 , . . . , y_j ) = ( D_{yj} · · ·D_{y1} f )(x) for all x ∈ U^0 and y_1 , . . . , y_j ∈ E .

1.2. As compositions of C^k -maps are C^k , one can define C^k -manifolds modelled on a set E of locally convex spaces as expected: Such a manifold is a Hausdorff topological space M, together with a maximal set A of homeomorphisms ϕ : U_ϕ → V_ϕ (“charts”) from an open subset U_ϕ ⊆ M onto an open subset V_ϕ ⊆ E_ϕ for some E_ϕ ∈ E such that � ϕ ∈A Uϕ = M and ϕ ∘ ψ

− 1 is C^k for all ϕ, ψ ∈ A . If the sets V_ϕ in the definition of a C^k -manifold are only required to be locally convex subsets with dense interior of some E_ϕ ∈ E (but not necessarily open), we obtain the more general concept of a C^k -manifold with rough boundary modelled on E.

If all locally convex spaces in E are Banach, Fréchet or finite-dimensional spaces, we say that M is a Banach, or Fréchet or finite-dimensional manifold (possibly with rough boundary) respectively. Note that a priori all manifolds in this paper are allowed to be modelled on locally convex spaces and we suppress this in the notation (only emphasising the special cases of Banach and Fréchet manifolds). If E = { E } consists of a single locally convex space, then M is a pure C^k -manifold. Only this case is considered in [ 19], but it captures the essentials as each connected component of a C^k -manifold is open, and can be considered as a pure C^k -manifold. However, the manifolds C^ℓ (K, M ) we are about to consider need not be pure (even if M is pure).

Remark 1.3. Every ordinary finite-dimensional manifold with smooth boundary also is a smooth manifold with rough boundary, and so are finite-dimensional smooth manifolds with corners in the sense of [31].

1.4. As usual, a map f : M → N between C^k -manifolds (possibly with rough boundary) is called C^k if it is continuous and ϕ ∘ f ∘ ψ^{− 1} is C^k for all charts ψ and ϕ of M and N , respectively.

For a C^k -map f : M → N between manifolds without boundary , we say (see [18, 21]) that f is

(1) a submersion (or C^k -submersion , for emphasis) if for each x ∈ M we can choose a chart ψ of M around x and a chart ϕ of N around f (x) such that

312 H. AMIRI, H. GLÖCKNER AND A. SCHMEDING

ϕ ∘ f ∘ ψ^{− 1} is the restriction of a continuous linear map with continuous linear right inverse;

(2) an immersion (or C^k -immersion ) if for each x ∈ M there are charts such that ϕ ∘ f ∘ ψ^{− 1} is the restriction of a continuous linear map admitting a continuous linear left inverse;

(3) an embedding (or C^k -embedding) if f is a C^k -immersion and a topological embedding;

(4) a local C^k -diffeomorphism if each x ∈ M has an open neighborhood U ⊆ M such that f (U) is open in N and f |_U : U → f (U) is a C^k -diffeomorphism.

If the tangent map T_x f : T_x M → T_{f (x )} M has a continuous linear right inverse^2 for each x ∈ M, then f is called a naïve submersion. If each tangent map T_x f has a continuous linear lect inverse, then f is called a naïve immersion.

It is essential for us to consider mappings on products with different degrees of differentiability in the two factors, as in [1] (or also [19]).

1.5. Let E_1, E_2, and F be locally convex spaces and f : U × V → F be a mapping on a product of locally convex subsets U ⊆ E_1 and V ⊆ E_2 with dense interior. Given k, ℓ ∈ N_0 ∪ {∞} , we say that f is C^{k,ℓ} if f is continuous and there exist continuous mappings d^{(i,j )} f : U × V × E^i_1 × E^j_2 → F for all i, j ∈ N_0 such that i ≤ k and j ≤ ℓ such that

d^{(i,j )} f (x, y, v_1 , . . . , v_i , w_1 , . . . , w_j ) = ( D_{(vi ,0)} · · ·D_{(v1 ,0)} D_{(0 ,w j )} · · ·D_{(0 ,w 1 )} f )(x, y)

for all x ∈ U^0 , y ∈ V^0 and v_1 , . . . , v_i ∈ E_1 , w_1 , . . . , w_j ∈ E_2 .

One can also define C^{k,ℓ} -maps M_1 × M_2 → N if M_1 is a C^k -manifold, M_2 a C^ℓ -manifold and N a C^{k + ℓ} -manifold (all possibly with rough boundary), checking the property in local charts.

1.6 (Submanifolds) . Let M be a C^k -manifold (possibly with rough boundary). A subset N ⊆ M is called a submanifold if, for each x ∈ N, there exists a chart ϕ : U_ϕ → V_ϕ ⊆ E_ϕ of M with x ∈ U_ϕ and a closed vector subspace F ⊆ E_ϕ such that ϕ(U_ϕ ∩ N) = V_ϕ ∩ F and V_ϕ ∩ F has non-empty interior in F (note that the final condition is automatic if M is a manifold without boundary). Then N is a C^k -manifold in the induced topology, using the charts ϕ|_{Uϕ ∩ N} : U_ϕ ∩ N → V_ϕ ∩ F . If F can be chosen as a vector subspace of E_ϕ which is complemented in E_ϕ as a topological vector space, then N is called a split submanifold of M .

The following two observations are well known (see, e.g., [19]):

1.7. If N is a submanifold of a C^k -manifold M (possibly with rough boundary) and f : L → M a map on a C^k -manifold L such that f (L) ⊆ N, then f is C^k if and only if its corestriction f |^N : L → N is C^k for the C^k -manifold structure induced on N .

2We then also say that Tx f is a split linear surjection.

LIE GROUPOIDS OF MAPPINGS TAKING VALUES IN A LIE GROUPOID 313

1.8. If M is a C^{k + ℓ} -manifold, L_1 is a C^k -manifold, L_2 a C^ℓ -manifold (all possibly with rough boundary) and f : L_1 × L_2 → M is a map with image in a submanifold N ⊆ M , then f is C^{k,ℓ} if and only if f |^N is C^{k,ℓ} .

1.9. Let k ∈ N∪{∞} . We mention that a C^k -map f : M → N between C^k -manifolds without boundary is a C^k -embedding if and only if f (M) is a split submanifold of N and f |^{f (M )} : M → f (M) is a C^k -diffeomorphism (see [ 18, Lemma 1.13]). If M and N are C^k -manifolds which may have a rough boundary, we take the latter property as the definition of a C^k -embedding f : M → N .

1.10. If M is a C^1-manifold (possibly with rough boundary) and f : M → U a C^1-map to an open subset U of a locally convex space E, we identify the tangent bundle T U with U × E, as usual, and let df be the second component of the tangent map T f : T M → T U = U × E .

For Lie groups modelled on locally convex spaces, we refer to [19, 32, 35].

1.11. Consider a groupoid G = ( G ⇒ M), with source map α : G → M and target map β : G → M. If G and M are smooth manifolds, α and β are C^∞ -submersions and the multiplication map G^{(2)} → G, the inversion map G → G and the identity-assigning map M → G, x → 1_x are smooth, then G is called a Lie groupoid. If G is a Lie groupoid and both of the manifolds G and M are modelled on Banach spaces, then G is called a Banach-Lie groupoid .

1.12. Let M and N be C^k -manifolds (possibly with rough boundary), where k ∈ N_0 ∪ {∞} . Given a C^k -map γ : M → N, we set T^0 M := M, T^0 N := N, T^0 γ := γ. Recursively, we define iterated tangent maps T^j γ := T(T^{j − 1} γ) from T^j M := T(T^{j − 1} M) to T^j N := T(T^{j − 1} N). We endow the set C^k (M, N ) of all N -valued C^k -maps on M with the initial topology O with respect to the maps

T^j : C^k (M, N ) → C(T^j M, T^j N ) , γ → T^j γ ,

for j ∈ N_0 with j ≤ k, where C(T^j M, T^j N) is endowed with the compact-open topology. The topology O is called the compact-open C^k -topology on C^k (M, N ).

We shall use the following fact.

Lemma 1.13. Let M and N be C^k -manifolds modelled on locally convex spaces (possibly with rough boundary ), where k ∈ N_0 ∪ {∞} . If (U_i)_{i ∈ I} is an open cover of M, then the topology on C^k (M, N ) is initial with respect to the restriction maps ρ_i : C^k (M, N ) → C^k (U_i , N ) for i ∈ I .

Proof. For each j ∈ N_0 such that j ≤ k, the sets T^j U_i form an open cover of T^j M for i ∈ I, whence the compact-open topology on C(T^j M, T^j N) is initial with respect to the restriction maps ρ_{i,j} : C(T^j M, T^j N) → C(T^j U_i , T^j N) for i ∈ I (see [19, Lemma A.5.11]). By transitivity of initial topologies [ 19, Lemma A.2.7], the topology on C^k (M, N ) is initial with respect to the mappings ρ_{i,j} ∘ T^j for i ∈ I and j ∈ N_0 with j ≤ k. Again by transitivity of initial topologies, the initial topology on C^k (M, N ) with respect to the maps ρ_{i,j} ∘ T^j = T^j ∘ ρ_i coincides with the initial topology with respect to the mappings ρ_i . □

314 H. AMIRI, H. GLÖCKNER AND A. SCHMEDING

If M, N, and S are Hausdorff topological spaces and f : S → N is a continuous map, then also C(M, f ): C(M, S) → C(M, N ) is continuous for the compact-open topologies; if f is a topological embedding, then so is C(M, f ) (see, e.g., [19, Appendix A]). Likewise, the following holds: Lemma 1.14. Let M, N, and S be C^k -manifolds modelled on locally convex spaces (possibly with rough boundary ), where k ∈ N ∪ {∞} . If f : S → N is a C^k -map, then C^k (M, f ): C^k (M, S) → C^k (M, N ) is continuous. If f is a C^k -embedding, then C^k (M, f ) is a topological embedding. Proof. The first assertion follows from the continuity of the maps T^j ∘ C^k (M, f ) = C(T^j M, T^j f ) ∘ T^j . If f is a C^k -embedding, then f (S) is a C^k -submanifold of N and f |^{f (S )} : S → f (S) is a C^k -diffeomorphism, by [18, Lemma 1.13]. Hence

C^k (M, f |^{f (S )} ): C^k (M, S ) → C^k � M, f (S) � is a homeomorphism. After replacing S with f (S), we may assume that S is a submanifold of N and f : S → N the inclusion map. Since T^j S is a submanifold of T^j N for each j ∈ N_0 with j ≤ k and the topology on the iterated tangent bundle coincides with the topology induced by T^j N, we deduce that the topology on C^k (M, S ) is induced by C^k (M, N ). □ 1.15. If π : E → M is a C^k -vector bundle,^3 we write Γ_C k (E) for its space of C^k -sections σ : M → E (thus π ∘ σ = id_M ). The topology induced by C^k (M, E ) on Γ_C k (E) makes the latter a locally convex space (see, e.g., [ 19]). If U ⊆ M is an open subset, we write E |_U := π^{− 1}(U). Finally, if all fibers E_x of E are Banach spaces, Fréchet spaces or finite-dimensional, we say that E is a Banach or Fréchet or finite rank bundle, respectively. Canonical manifolds of mappings. We now define canonical manifold structures for manifolds of mappings. This allows us to identify the properties of manifolds of mappings necessary for our approach without having to deal with the details of the actual constructions (these are referenced in Appendix A). 1.16 (General Assumptions) . In the following we will (unless noted otherwise) use the following conventions and assumptions: K will be a compact smooth manifold (possibly with rough boundary), M, N will be smooth manifolds, and ℓ, k ∈ N_0 ∪ {∞} . Definition 1.17. We say that a smooth manifold structure on the set C^ℓ (K, M ) is canonical if its underlying topology is the compact-open C^k -topology and the following holds: For each k ∈ N_0 ∪ {∞} , each C^k -manifold N (possibly with rough boundary) modelled on locally convex spaces and each map f : N → C^ℓ (K, M ), the map f is C^k if and only if

f^∧ : N × K → M , (x, y) → f (x)(y)

3Thus E and M are C k -manifolds (possibly with rough boundary), f is a surjective C k -map

and a vector space structure is given on E_x := f^{− 1}({ x} for each x ∈ M such that E is locally trivial in the sense that each x ∈ M has an open neighborhood U ⊆ M for which there exists a C^k -diffeomorphism θ = ( θ_1 , θ_2): f^{− 1}(U) → U × F for some locally convex space F such that θ_1 = π |_f − 1_{( U )} and θ_2 |_{E y} is linear for all y ∈ U.

LIE GROUPOIDS OF MAPPINGS TAKING VALUES IN A LIE GROUPOID 315

is a C^{k,ℓ} -map.

Remark 1.18. A canonical manifold structure enforces a suitable version of the exponential law (cf. [ 1, 25]) which enables differentiability properties of mappings to be verified by computing them on the underlying manifolds. Thus we can avoid the (rather involved) manifold structure on manifolds of mappings in many situations (similar ideas have been used in [ 36]). We hasten to remark that the usual constructions of manifolds of mappings yield canonical manifold structures (cf. the end of the present section and Appendix A).

Lemma 1.19. If C^ℓ (K, M ) is endowed with a canonical manifold structure, then (a) the evaluation map ε : C^ℓ (K, M ) × K → M, ε(γ, x) := γ(x) is a C^{∞ ,ℓ} -map. (b) Canonical manifold structures are unique in the following sense: If we write C^ℓ (K, M )^′ for C^ℓ (K, M ), endowed with another canonical manifold structure, then id: C^ℓ (K, M ) → C^ℓ (K, M )^′, γ → γ is a C^∞ -diffeomorphism.

(c) Let N ⊆ M be a submanifold such that the set C^ℓ (K, N ) is a submanifold of C^ℓ (K, M ). Then the submanifold structure on C^ℓ (K, N ) is canonical.

(d) If M_1, and M_2 are smooth manifolds such that C^ℓ (K, M_1) and C^ℓ (K, M_2) have canonical manifold structures, then the manifold structure on the product manifold C^ℓ (K, M_1 ) × C^ℓ (K, M_2 ) ∼= C^ℓ (K, M_1 × M_2 ) is canonical.

Proof. (a) Since id: C^ℓ (K, M ) → C^ℓ (K, M ) is C^∞ and C^ℓ (K, M ) is endowed with a canonical manifold structure, it follows that id^∧ : C^ℓ (K, M ) × K → M, (γ, x) → id(γ)(x) = γ(x) = ε(γ, x) is C^{∞ ,ℓ} .

(b) The map f := id: C^ℓ (K, M ) → C^ℓ (K, M )^′ satisfies f^∧ = ε where ε : C^ℓ (K, M ) × K → M is C^{∞ ,ℓ} , by (a). Since C^ℓ (K, M )^′ is endowed with a canonical manifold structure, it follows that f is C^∞ . By the same reasoning, f^{− 1} = id: C^ℓ (K, M )^′ → C^ℓ (K, M ) is C^∞ .

(c) As C^ℓ (K, N ) is a submanifold, the inclusion ι: C^ℓ (K, N ) → C^ℓ (K, M ), γ → γ is C^∞ . Likewise, the inclusion map j : N → M is C^∞ . Let L be a manifold (possibly with rough boundary) modelled on locally convex spaces and f : L → C^ℓ (K, N ) be a map. If f is C^k , then ι∘f is C^k , entailing that (ι∘f )^∧ : L× K → M, (x, y) → f (x)(y) is C^{k,ℓ} . As the image of this map is contained in N, which is a submanifold of M, we deduce that f^∧ = ( ι∘ f )^∧ |^N is C^{k,ℓ} . If, conversely, f^∧ : L × K → N is C^{k,ℓ} , then also (ι∘ f )^∧ = j ∘ (f^∧ ): L × K → M is C^{k,ℓ} . Hence ι∘ f : L → C^ℓ (K, M ) is C^k (the manifold structure on the range being canonical). As ι∘ f is a C^k -map map with image in C^ℓ (K, N ) which is a submanifold of C^ℓ (K, M ), we deduce that f is C^k .

(d) If L is a C^k -manifold (possibly with rough boundary) and f = ( f_1 , f_2): L → C^ℓ (K, M_1)× C^ℓ (K, M_2) a map, then f is C^k if and only if f_1 and f_2 are C^k . As the manifold structures are canonical, this holds if and only if f^∧_1 : L × K → M_1 and f^∧_2 : L × K → M_2 are C^{k,ℓ} , which holds if and only if f^∧ = ( f^∧_1 , f^∧_2 ) is C^{k,ℓ} . □

Proposition 1.20. Assume that C^ℓ (K, M ) and C^ℓ (K, N ) admit canonical manifold structures. If Ω ⊆ K × M is an open subset and f : Ω → N is a C^{k + ℓ} -map, then Ω^′ := { γ ∈ C^ℓ (K, M ): graph (γ) ⊆ Ω }

316 H. AMIRI, H. GLÖCKNER AND A. SCHMEDING

is an open subset of C^ℓ (K, M ) and f_⋆ : Ω^′ → C^ℓ (K, N ) , γ → f ∘ (id_K , γ) is a C^k -map. Proof. As the compact open topology on C(K, M ) coincides with the graph topology (see, e.g., [ 19, Proposition A.5.25]), { γ ∈ C(K, M ): graph (γ) ⊆ Ω } is open in C(K, M ). As a consequence, Ω^′ is open in C^ℓ (K, M ), exploiting that C^ℓ (K, M ) is endowed with the compact-open C^ℓ -topology^4 which is finer that the compact-open topology. By Lemma 1.19 (a), the map ε : C^ℓ (K, M ) × K → M, (γ, x) → γ(x) is C^{∞ ,ℓ} and hence C^{k,ℓ} , whence also C^ℓ (K, M ) × K → K × M, (γ, x) → (x, γ (x)) is C^{k,ℓ} . Since f is C^{k + ℓ} , the Chain Rule shows that (f_⋆ )^∧ : Ω^′ × K → N , (γ, x) → f_⋆ (γ)(x) = f (x, γ (x)) is C^{k,ℓ} . So f_⋆ is C^k , as the manifold structure on C^ℓ (K, N ) is canonical. □ Corollary 1.21. Assume that C^ℓ (K, M ) and C^ℓ (K, N ) admit canonical manifold structures. If f : K × M → N is a C^{k + ℓ} -map, then f_⋆ : C^ℓ (K, M ) → C^ℓ (K, N ), γ → f ∘ (id_K , γ) is a C^k -map. □ Applying Corollary 1.21 with f (x, y) := g(y), we get:

Corollary 1.22. Assume that C^ℓ (K, M ) and C^ℓ (K, N ) admit canonical manifold structures. If g : M → N is a C^{k + ℓ} -map, then g_∗ := C^ℓ (K, g ): C^ℓ (K, M ) → C^ℓ (K, N ) , γ → g ∘ γ is a C^k -map. □ We emphasise that the usual construction of manifolds of mappings using a local addition (see Definition A.7) produces canonical manifold structures. This is recorded in the next proposition which slighly generalizes well-known constructions (cf. [13]);^5 the proof can be found in Appendix A. Proposition 1.23. If M admits a local addition, then C^ℓ (K, M ) admits a canonical smooth manifold structure, for each ℓ ∈ N_0 ∪ {∞} . Its underlying topology is as in 1.12 and the tangent bundle can be identified with the manifold C^ℓ (K, T M ).

Every paracompact finite-dimensional smooth manifold M admits a local addition (e.g., one can choose a Riemannian metric on M and restrict the Riemannian exponential map to a suitable neighborhood of the zero-section). Every Lie group G modelled on a locally convex space E admits a local addition.^6 We refer to [ 45] for more information on local additions on (infinite-dimensional) Lie groupoids.

4We only included this requirement in Definition 1.17 to enable the current argument. 5In this connection, the second author also profited from a talk by P.W. Michor at the 50th Seminar Sophus Lie, 2016 in Bedlewo (Poland).

6Given g ∈ G, let λ_g : G → G, x → gx be left translation by g. Consider the smooth map ω : T G → T_e G =: g, v → (T λ_{π T G ( v )} )^{− 1}(v) and choose a C^∞ -diffeomorphism ψ : V → W from an open 0-neighborhood V ⊆ g onto an open identity-neighborhood W ⊆ G such that ψ (0) = e. Define U := � g ∈ G T λ g (V ). Then Σ: U → G, v → π T G (v)ψ (ω (v)) is a local addition for G.

LIE GROUPOIDS OF MAPPINGS TAKING VALUES IN A LIE GROUPOID 317

The tangent map of the push-forward map C^ℓ (K, f ) can be identified in the presence of a local addition. As recalled in Appendix A, up to certain (explicit) bundle isomorphisms it has the following form.

1.24. Assume that M, N admit local additions and f : M → N is a C^{ℓ +1} map. Then the identification T C^ℓ (K, M ) ∼= C^ℓ (K, T M ) induces a commuting diagram

(1) T C^ℓ (K, M )^{∼=} �

T C^ℓ (K,f ) � C^ℓ (K, T M )

C^ℓ (K,T f ) � T C^ℓ (K, N )^{∼=} �C^ℓ (K, T N );

see Corollary A.15 for details.

2. Lifting properties of maps to manifolds of mappings

In this section, we prove that certain properties of mappings between manifolds (e.g. the submersion property) are inherited by the corresponding push-forward mappings between infinite-dimensional manifolds of mappings. Notably, we shall prove Theorem E, in several steps. Whenever we refer to the theorem, K will denote a compact smooth manifold (possibly with rough boundary). Moreover, M and N will be smooth manifolds admitting a local addition, and k, ℓ ∈ N_0 ∪ {∞} .

Submersions between manifolds of mappings. The proof of Theorem E (a) relies on two lemmas, which show that certain linear mappings between spaces of sections split. To start with, we consider the case of trivial vector bundles.

Lemma 2.1. Let X and Y be locally convex spaces, Z be a Banach space, U ⊆ X be a locally convex subset with dense interior and f : U × Y → Z be a C^ℓ -map such that f_x := f (x, ·): Y → Z is linear for each x ∈ U. If Z is infinite-dimensional and ℓ = 0 , assume that f is C^1. If x_0 ∈ U such that f_{x 0} is a split linear surjection, then (f |_{U0} )_⋆ : C^ℓ (U_0 , Y) → C^ℓ (U_0 , Z ) , γ → f ∘ (id_{U0} , γ) is a split linear surjection for some open x_0 -neighborhood U_0 ⊆ U.

Proof. As f_{x 0} is a split linear surjection, there exists a closed vector subspace E ⊆ Y such that f_{x 0} |_E : E → Z is an isomorphism of topological vector spaces. The inclusion map j_E : E → Y is continuous linear, entailing that the restriction map ρ_E := L(j_E , Z ): L(Y, Z)_b → L (E, Z )_b , α → α ∘ j_E = α |_E is continuous linear. If f is C^1 , then

f^∨ : U → L (Y, Z)_b , x → f_x

is continuous, by [ 19, Lemma 1.5.9]. If Y is finite-dimensional and ℓ = 0 , then L(Y, Z)_c = L(Y, Z)_b, whence f^∨ : U → L (Y, Z)_c = L(Y, Z)_b is continuous by [ 19, Proposition A.5.17]. In any case, f^∨ : U → L (Y, Z)_b is continuous, whence also

h := ρ_E ∘ f^∨ : U → L (E, Z )_b , x → f_x |_E

318 H. AMIRI, H. GLÖCKNER AND A. SCHMEDING

is continuous. Since the set Iso(E, Z ) of invertible operators is open in L(E, Z )_b, there exists an open x_0-neighborhood U_0 ⊆ U such that h(U_0) ⊆ Iso(E, Z ). As the inversion map

ι: L(E, Z )_b ⊇ Iso(E, Z ) → L (Z, E )_b , α → α^{− 1}

is continuous, we deduce that the map ι∘ h|_{U0} : U_0 → L (Z, E )_b, x → h(x)^{− 1} = (f_x |_E )^{− 1} is continuous and hence also the map

g : U_0 × Z → E ⊆ Y , g(x, z ) := ( ι∘ h)(x)(z) = ( f_x |_E )^{− 1} (z)

(as the evaluation map L(Z, E )_b × Z → E, (T, y) → T y is continuous). Since f is C^ℓ , this entails that g is C^ℓ (see [20, Lemma 2.3]; cf. also [19, Exercise 1.3.10], [21, Theorem 5.3.1]). As a consequence, the linear map

g_⋆ : C^ℓ (U_0 , Z ) → C^ℓ (U_0 , Y) , γ → g ∘ (id_{U0} , γ)

is continuous (see [ 19, Proposition 1.7.12]). It only remains to check that g_⋆ is a right inverse to (f |_{U0} )_⋆ . But (f |_{U0} )_⋆ (g_⋆ (γ))(x) = f (x, g(x, γ(x))) = f_x ((f_x |_E )^{− 1}(γ(x))) = γ(x) for all γ ∈ C^ℓ (U_0 , Z) and x ∈ U_0, entailing that (f |_{U0} )_⋆ (g_⋆ (γ)) = γ and thus (f |_{U0} )_⋆ ∘ g_⋆ = id . □

Lemma 2.2. Let M be a manifold (possibly with rough boundary ), such that M is smoothly paracompact.^7 Let π_E : E → M be a C^ℓ -vector bundle over M, and π_F : F → M be a C^ℓ -vector bundle over M whose fibers are Banach spaces. Let f : E → F be a vector bundle map (over id_M )^8 of class C^ℓ such that f |_{E x} : E_x → F_x is a split linear surjection, for each x ∈ M. If ℓ = 0 and F is not of finite rank, assume, moreover, that E , F , and f are C^1 . Then also

f_∗ : Γ_C ℓ (E ) → Γ_C ℓ (F ) , σ → f ∘ σ

is a split linear surjection.

Proof. For each x ∈ M, there exists an open x-neighborhood U_x ⊆ M such that E |_{Ux} and F |_{Ux} are trivial. By Lemma 2.1, the continuous linear map

(f |_{E |U x} )_∗ : Γ_C ℓ (E |_{Ux} ) → Γ_C ℓ (F |_{Ux} ) , σ → f |_{E |U x} ∘ σ

admits a continuous linear right inverse ρ_x : Γ_C ℓ (F |_{Ux} ) → Γ_C ℓ (E |_{Ux} ), possibly after shrinking the open x-neighborhood U_x ⊆ M. Let (h_x )_{x ∈ M} be a smooth partition of unity on M such that supp( h_x ) ⊆ U_x for each x ∈ M . Then

ρ(σ) := � x ∈ M

(h_x ·ρ_x (σ|_{Ux} ))~

defines a linear right inverse ρ : Γ_C ℓ (F ) → Γ_C ℓ (E) for f_∗ (where ~ indicates the extension of the given section to a global section of E taking points outside U_x

7Recall that a manifold is smoothly paracompact if it admits smooth partitions of unity, see

[25, Section 16].

8Thus f is a C ℓ -map such that f (E x ) ⊆ F x for each x ∈ M and f | E x : E_x → F_x is linear.

LIE GROUPOIDS OF MAPPINGS TAKING VALUES IN A LIE GROUPOID 319

to 0 ∈ E_x ). Then ρ is continuous as each x ∈ M has an open neighborhood V_x ⊆ M such that Φ_x := { y ∈ M : V_x ∩ supp( h_y ) ≠ ∅} is finite, entailing that

Γ_C ℓ (F ) → Γ_C ℓ (E |_{Vx} ) , σ → ρ(σ)|_{Vx} = � y∈ Φ_x

(h_y ·ρ_y (σ|_{Uy} ))~

is continuous (cf. Lemma 1.13). □ We are now in a position to prove Theorem E (a) whose statement we repeat here for the reader’s convenience:

2.3 (Theorem E (a)) . Let f : M → N be a C^{ℓ + k} -submersion and N a Banach manifold, where 2 ≤ k ∈ N ∪ {∞} and ℓ ∈ N_0. Then C^ℓ (K, f ) is a C^k -submersion, assuming ℓ ≥ 1 if some modelling space of N is infinite-dimensional.

Proof of Theorem E (a). For each γ ∈ C^ℓ (K, M ), the map g : γ^∗(T M) → (f ∘ γ)^∗ (T N ) taking v ∈ γ^∗ (T M )_x = T_{γ (x )} (M ) to

T_{γ (x )} f (v) ∈ T_{f (γ (x ))} N = ( f ∘ γ)^∗ (T N )_x

is C^ℓ (as can be checked using local trivializations)^9 and linear in v ∈ γ^∗(T M)_x . Moreover, g(x, ·) corresponds to T_{γ (x )} f (cf. (12) in Corollary A.15), whence it is a split linear surjection. Now

T_γ C^ℓ (K, f ) = g_∗ : Γ_C ℓ (γ^∗ (T M )) → Γ_C ℓ ((f ∘ γ)^∗ (T N ))

is a split linear surjection, by 1.24 and Lemma 2.2. The C^k -map C^ℓ (K, f ) therefore is a naïve submersion in the sense of [ 18]. As Γ_C ℓ ((f ∘ γ)^∗(T N)) is a Banach space (cf. [48, Section 3]) and k ≥ 2, we deduce from [ 18, Theorem A] that C^ℓ (K, f ) is a submersion. □

Remark 2.4. Note that the proof of Theorem E (a) used extensively the Banach manifold structure of C^ℓ (K, N ) as we have established the submersion property by proving that the push-forward is a naïve submersion. Thus the proof will not generalise beyond the Banach setting, e.g. for ℓ = ∞ or K non-compact.

However, if f : M → N is a C^ℓ -submersion between finite-dimensional manifolds the push-forward f_∗ : C^ℓ (K, M ) → C^ℓ (K, N ) can be proven to be a submersion in more general cases: In [ 4], it was shown that for ℓ = ∞ and K (possibly non-compact and with smooth boundary or corners), the push-forward f_∗ is a submersion. This theorem is known as the Stacey-Roberts Lemma. The proof can be generalised to ℓ ∈ N_0 (with f being C^{ℓ +2} ). We note, however, that the results presented here are distinct from the Stacey-Roberts Lemma whose proof in [ 4] does not generalise to infinite-dimensional target manifolds.

9Let ϕ : U

ϕ → V_ϕ ⊆ F be a chart for N , ψ : U_ψ → V_ψ ⊆ E be a chart for M with f (U_ψ ) ⊆ U_ϕ and W ⊆ K be an open subset such that γ(W ) ⊆ U_ψ . Then γ^∗ (T M )|_W = � x ∈ W { x} × Tγ ( x ) M

and the map θ_ψ : γ^∗ (T M )|_W → W × E , (x, y) → (x, dψ (y)) is a local trivialization for γ^∗ (T M ). An analogous formula yields a local trivialization θ_ϕ : (f ∘ γ)^∗ (T N )|_W → W × F of (f ∘ γ)^∗ (T N ). It remains to note that (θ_ϕ ∘ g ∘ θ^{− 1}_ψ )( x, z ) =

�_{x, d (ϕ ∘ f ∘ ψ − 1 )( ψ (γ(x)) , z)}�_{is C ℓ in (x, z ).}

320 H. AMIRI, H. GLÖCKNER AND A. SCHMEDING

Immersions between manifolds of mappings.

Lemma 2.5. Let X and Z be locally convex spaces, Y be a Banach space, U ⊆ X be a locally convex subset with dense interior and f : U × Y → Z be a C^ℓ -map such that f_x := f (x, ·): Y → Z is linear for each x ∈ U. If Y is infinite-dimensional and ℓ = 0 , assume that f is C^1. If x_0 ∈ U such that f_{x 0} admits a continuous linear left inverse, then also

(f |_{U0} )_⋆ : C^ℓ (U_0 , Y) → C^ℓ (U_0 , Z ) , γ → f ∘ (id_{U0} , γ)

admits a continuous linear left inverse, for an open x_0 -neighborhood U_0 ⊆ U.

Proof. Let λ : Z → Y be a continuous linear map such that λ ∘ f_{x 0} = id_Y . Then λ_∗ := L(Y, λ): L(Y, Z)_b → L (Y), S → λ ∘ S is a continuous linear map. As in the proof of Lemma 2.1, we see that f^∨ : U → L (Y, Z)_b is continuous, whence also

h := λ_∗ ∘ f^∨ : U → L (Y)_b , x → λ ∘ f_x

is continuous. Since GL(Y) is open in L(Y)_b, there exists an open x_0-neighborhood U_0 ⊆ U such that h(U_0) ⊆ GL(Y). As the inversion map ι: GL(Y) → GL(Y) is continuous, we deduce that the map

g : U_0 → L (Y)_b , x → (λ ∘ f_x )^{− 1} is continuous and hence also the map g^∧ : U_0 × Y → Y, (x, z) → g(x)(z) (as the evaluation map L(Y)_b × Y → Y is continuous). As λ ∘ f |_{U0 × Y} is C^ℓ , we deduce that g^∧ is C^ℓ (see [20, Lemma 2.3]; cf. also [19, Exercise 1.3.10], [21, Theorem 5.3.1]). Then also

s : U_0 × Z → Y , s(x, z ) := g^∧ (x, λ (z)) = ( λ ∘ f_x )^{− 1} (λ(z))

is C^ℓ , entailing that the linear map

s_⋆ : C^ℓ (U_0 , Z ) → C^ℓ (U_0 , Y) , γ → s ∘ (id_{U0} , γ) is continuous (see [ 19, Proposition 1.7.12]). It only remains to check that s_⋆ is a left inverse to (f |_{U0} )_⋆ . But s_⋆ ((f |_{U0} )_∗(γ))(x) = s(x, f (x, γ(x))) = ( λ ∘ f_x )^{− 1}((λ ∘ f_x )(γ(x))) = γ(x) for all γ ∈ C^ℓ (U_0 , Y) and x ∈ U_0, entailing that s_⋆ ((f |_{U0} )_⋆ (γ)) = γ and thus s_⋆ ∘ (f |_{U0} )_⋆ = id . □

Lemma 2.6. Let M be a smooth manifold (possibly with rough boundary ) which is smoothly paracompact, π_E : E → M be a C^ℓ -vector bundle over M whose fibers are Banach spaces and π_F : F → M be a C^ℓ -vector bundle over M whose fibers are locally convex spaces. Consider a bundle map f : E → F of class C^ℓ such that f |_{E x} : E_x → F_x has a continuous linear left inverse, for each x ∈ M. If ℓ = 0 and E is not a finite rank bundle, assume, moreover, that E, F , and f are C^1. Then also f_∗ : Γ_C ℓ (E ) → Γ_C ℓ (F ) , σ → f ∘ σ has a continuous linear left inverse.

Proof. For each x ∈ M, there exists an open x-neighborhood U_x ⊆ M such that E |_{Ux} and F |_{Ux} are trivial. By Lemma 2.5, the continuous linear map

(f |_{E |U x} )_∗ : Γ_C ℓ (E |_{Ux} ) → Γ_C ℓ (F |_{Ux} )

LIE GROUPOIDS OF MAPPINGS TAKING VALUES IN A LIE GROUPOID 321

admits a continuous linear left inverse λ_x : Γ_C ℓ (F |_{Ux} ) → Γ_C ℓ (E |_{Ux} ), possibly after shrinking the open x-neighborhood U_x ⊆ M. Let (h_x )_{x ∈ M} be a smooth partition of unity on M such that supp(h_x ) ⊆ U_x for each x ∈ M. As in the proof of Lemma 2.2, we see that Λ( σ) := � x ∈ M

(h_x ·λ_x (σ|_{Ux} ))~

defines a continuous linear map Λ : Γ_C ℓ (F ) → Γ_C ℓ (E). It remains to check that Λ is a left inverse for f_∗. Now, given τ ∈ Γ_C ℓ (E), we have λ_x (f_∗(τ)|_{Ux} ) = λ_x ((f ∘τ)|_{Ux} ) = λ_x ((f |_{E |U x} )_∗ (τ|_{Ux} )) = τ|_{Ux} for all x ∈ M and hence

Λ( f_∗ (τ)) = � x ∈ M

(h_x ·λ_x (f_∗ (τ)|_{Ux} ))~ = � x ∈ M

(h_x ·τ|_{Ux} )~ = τ,

which completes the proof. □ We now deduce Theorem E (b), which we repeat for the reader’s convenience

2.7 (Theorem E (b)) . Let f : M → N be an C^{ℓ + k} -immersion with ℓ ∈ N_0 and 2 ≤ k ∈ N ∪ {∞} , where M is a Banach manifold, and ℓ ≥ 1 if some modelling space of M is infinite-dimensional. Then C^ℓ (K, f ) is a C^k -immersion.

Proof of Theorem E (b). For each γ ∈ C^ℓ (K, M ), the map g : γ^∗(T M) → (f ∘ γ)^∗ (T N ) taking v ∈ γ^∗ (T M )_x = T_{γ (x )} (M ) to

T_{γ (x )} f (v) ∈ T_{f (γ (x ))} N = ( f ∘ γ)^∗ (T N )_x

is C^ℓ and linear in v ∈ γ^∗(T M)_x (which can be verified as in the proof of Theorem E (a)). Moreover, g(x, ·) corresponds to T_{γ (x )} f for x ∈ K, (cf. (12) in Corollary A.15), whence it has a continuous linear left inverse. Now

T_γ C^ℓ (K, f ) = g_∗ : Γ_C ℓ (γ^∗ (T M )) → Γ_C ℓ ((f ∘ γ)^∗ (T N ))

has a continuous linear left inverse, by Lemma 2.6. The C^k -map C^ℓ (K, f ) therefore is a naïve immersion in the sense of [ 18]. As Γ_C ℓ ((f ∘ γ)^∗(T M)) is a Banach space and k ≥ 2, we deduce from [18, Theorem H] that C^ℓ (K, f ) is an immersion. □

Local diffeomorphisms between manifolds of mappings. Let us turn to local diffeomorphisms between manifolds of mappings. It turns out that this property can be established immediately using some topological data.

2.8 (Theorem E (c)) . If f : M → N is a local C^{k + ℓ} diffeomorphism and M is a regular topological space, then C^ℓ (K, f ) is a local C^k -diffeomorphism.

Proof of Theorem E (c). Let γ ∈ C^ℓ (K, M ). For each y ∈ M, there exists an open y-neighborhood U_y ⊆ M such that f (U_y) is open in N and f |_{Uy} : U_y → f (U_y) is a C^{k + ℓ} -diffeomorphism. By [ 12, Lemma 2.1], there exists n ∈ N and open subsets V_1 , . . . , V_n ⊆ M such that γ(K ) ⊆ V_1 ∪ · · · ∪ V_n and

(∀i, j ∈ { 1, . . . , n}) V_i ∩ V_j ≠ ∅ ⇒ (∃y ∈ M ) V_i ∪ V_j ⊆ U_y .

322 H. AMIRI, H. GLÖCKNER AND A. SCHMEDING

Each x ∈ K has an open neighborhood W_x ⊆ K whose closure L_x := W_x is contained in γ^{− 1}(V_{i (x )}) for some i(x) ∈ { 1, . . . , n}. Since K is compact, there exist m ∈ N and x_1 , . . . , x_m ∈ K such that K = W_{x 1} ∪ · · · ∪ W_{x m} . Then P := { η ∈ C^ℓ (K, M ): (∀k ∈ { 1, . . . , m}) η(L_{x k} ) ⊆ V_{i (x k )} }

is an open neighborhood of γ in C^ℓ (K, M ). The restriction C^ℓ (K, f )|_P is injective, as we now verify: Let η_1 , η_2 ∈ P such that f ∘ η_1 = f ∘ η_2. Given x ∈ K, we have x ∈ L_{x k} for some k ∈ { 1, . . . , m}. Since η_1(x), η_2(x) ∈ V_{i (x k )} and f |_{Vi ( x k )} is injective, we deduce from f (η_1 (x)) = f (η_2 (x)) that η_1 (x) = η_2 (x). Thus η_1 = η_2 . The set Ω :=

�_m

k =1 (Wx k × f (Vi (x k ))) is open in K × N and contains the graph of

f ∘ γ. Moreover,

Q := { θ ∈ C^ℓ (K, N ): (∀k ∈ { 1, . . . , m}) θ(L_{x k} ) ⊆ f (V_{i (x k )} )}

is an open neighborhood of f ∘ γ in C^ℓ (K, N ). We claim that the map g : Ω → M, (x, z ) → (f |_{Vi ( x k )} )^{− 1} (z) if x ∈ L_{x k} and z ∈ f (V_{i (x k )} )

is well defined. If this is true, we observe that g is C^{k + ℓ} on each of the sets W_{x k} × f (V_{i (x k )}) which form an open cover for Ω , whence g is C^{k + ℓ} . As a consequence, the map g_⋆ : Q → C^ℓ (K, M ) , θ → g ∘ (id_K , θ) is C^k . By construction, g_⋆ (Q) ⊆ P and (2) C^ℓ (K, f )|_P ∘ g_⋆ = id_Q , whence C^ℓ (K, f )(P ) ⊇ Q and thus C^ℓ (K, f )(P ) = Q (the converse inclusion being obvious). As C^ℓ (K, f )|_P is injective, we see that C^ℓ (K, f )|_P : P → Q is a bijection. We now infer from (2) that (C^ℓ (K, f )|_P )^{− 1} = g_∗, which is C^k . Thus C^ℓ (K, f )|_P : P → Q is a C^k -diffeomorphism. It only remains to verify the claim. If k, h ∈ { 1, . . . , m} such that x ∈ L_{x k} ∩ L_{x h} and z ∈ f (V_{i (x k )}) ∩ f (V_{i (x h )}), then γ(x) ∈ V_{i (x k )} ∩ V_{i (x h )}, whence there exists y ∈ Y such that V_{i (x k )} ∪ V_{i (x h )} ⊆ U_y .

Thus (f |_{Vi ( x k )} )^{− 1} (z) = ( f |_{Uy} )^{− 1} (z) = ( f |_{Vi ( x h )} )^{− 1} (z). □ We mention a variant of Theorem E (c) for spaces of continuous mappings between topological spaces. Proposition 2.9. Let K be a compact Hausdorff topological space, M and N be Hausdorff topological spaces and f : M → N be a local homeomorphism. If M is a regular topological space, then C(K, f ): C(K, M ) → C(K, N ) , γ → f ∘ γ is a local homeomorphism.

LIE GROUPOIDS OF MAPPINGS TAKING VALUES IN A LIE GROUPOID 323

Proof. The proof is analogous to that of 2.8, except that C^ℓ (K, M ) and C^ℓ (K, N ) have to be replaced with C(K, M ) and C(K, N ), respectively. Furthermore, the words “C^k -diffeomorphism” and “ C^{k + ℓ} -diffeomorphism” have to be replaced with “homeomorphism”, and the properties “ C^k ” and “C^{k + ℓ} ” have to be replaced with continuity. □ In light of the results in this section we can now adapt a classical result by Michor to our setting.

Proposition 2.10. Let ι: M → N be a C^{ℓ + k} embedding between manifolds modelled on locally convex spaces with local addition, where ℓ, k ∈ N_0 ∪ {∞} and we assume one of the following:

(1) both M and N are finite dimensional (no restriction on ℓ, k), (2) M is a Banach manifold whose model space is infinite-dimensional and 1 ≤ ℓ < ∞ , k ≥ 2.

Then for every compact manifold K (possibly with rough boundary),

ι_∗ := C^ℓ (K, f ): C^ℓ (K, M ) → C^ℓ (K, N ) , g → f ∘ g

is a C^k -embedding.

Proof. We only have to establish the first case as the second case follows by combining Lemma 1.14 and Theorem E (b) (cf. introduction). Now, due to Corollary 1.22 the push-forward ι_∗ is a C^k -map which is clearly injective with image ι_∗(C^ℓ (K, M )) = C^ℓ (K, ι(M)) (as sets). Considering ι(M) as a submanifold of N, Theorem E (c) shows that ι_∗ corestricts to a C^k -diffeomorphism ι_∗ |^{C ℓ (K,ι (M ))} : C^ℓ (K, M ) → C^ℓ (K, ι(M)). Arguing as in the proof of [ 31, Proposition 10.8]^{10} to prove that C^ℓ (K, ι(M)) is a split submanifold of C^ℓ (K, N ). Then [18, Lemma 1.13] entails that ι_∗ is a C^k -embedding. □

Proper maps between manifolds of maps. In this section, we investigate conditions under which the pushforward of a proper map yields a proper map between manifolds of mappings. To this end, we recall first:

Definition 2.11. Consider a continuous map f : X → Y between Hausdorff topological spaces. Then f is called

(a) proper if f^{− 1}(K ) is a compact subset of X for each compact subset K ⊆ Y (see [38]).

(b) perfect if f is a closed map and f^{− 1}({ y}) is a compact subset of X for each y ∈ Y (see [14, p. 182]).

Every perfect map is proper (see [ 14, Theorem 3.7.2]). If Y is a k-space,^{11} then a continuous map f : X → Y is proper if and only if it is perfect (as proper maps to k-spaces are closed mappings, see [ 38]). Note that every manifold (possibly

10In loc.cit. ℓ = ∞ is assumed. However, the proof generalises verbatim to ℓ ∈ N 0 due to the canonical manifold structure on C^ℓ (K, M ) and C^ℓ (K, N ) from Appendix A.

11A Hausdorff topological space Y is called a k-space if subsets A ⊆ Y are closed if and only

if A ∩ K is closed for each compact subset K ⊆ Y .

324 H. AMIRI, H. GLÖCKNER AND A. SCHMEDING

with rough boundary) modelled on a metrizable locally convex space is a k-space (notably every Banach manifold).

In contrast to our findings concerning submersions and immersions, the push-for-ward of proper maps will in general not be a proper map as the next example shows.

Example 2.12. Let { ⋆} be the one-point manifold and consider the (smooth) map from the circle f : S → { ⋆}. Then f is proper as S is compact. Now C^ℓ (S, { ⋆}) = { ⋆} and we observe that f_∗ : C^∞ (S, S) → { ⋆} cannot be proper as C^∞ (S, S) is an infinite-dimensional manifold (hence non-compact).

However, properness of the push-forward is preserved under additional assumptions. Three lemmas will be useful for these discussions.

Lemma 2.13. Let M, N, and L be C^k -manifolds (possibly with rough boundary ) and q: M → N be a local C^k -diffeomorphism. If f : L → M is a continuous map such that q ∘ f is C^k , then f is C^k .

Proof. Given x ∈ L, let V be an open neighborhood of f (x) in M such that q(V) is open in N and q|_V : V → q(V) is a C^k -diffeomorphism. Let U ⊆ L be an open x-neighborhood such that f (U) ⊆ V. Then f |_U = ( q|_V )^{− 1} ∘ (q ∘ f )|_U is C^k . □

Lemma 2.14. Let X be a connected topological space, Y be a Hausdorff topological space and q: Y → Z be a locally injective map to a set Z. Let f : X → Y and g : X → Y be continuous mappings such that

q ∘ f = q ∘ g . If f (x_0 ) = g(x_0 ) for some x_0 ∈ X , then f = g.

Proof. The subset E := { x ∈ X : f (x) = g(x)} of X is nonempty by hypothesis and closed as Y is Hausdorff and both f and g are continuous. If x ∈ E, let V be a neighborhood of f (x) = g(x) in Y such that q|_V is injective. By continuity of f and g, there is an x-neighborhood U ⊆ X such that f (U) ⊆ V and g(U) ⊆ V. For each y ∈ U, we deduce from q|_V (f (y)) = q|_V (g(y)) that f (y) = g(y), whence U ⊆ E and E is open. As X is connected, E = X follows. □ If X is a set and V ⊆ X × X is a set containing the diagonal Δ_X := {(x, x): x ∈ X }, we set V[x] := { y ∈ X : (x, y) ∈ V}.

Lemma 2.15. Let X be a topological space and (U_j )_{j ∈ J} be an open cover of X. Let (A_j )_{j ∈ J} be a locally finite cover of X by closed subsets A_j of X such that A_j ⊆ U_j for each j ∈ J . Then there exists a neighborhood V of the diagonal Δ_X in X × X such that V[x] ⊆ U_j for all j ∈ J and x ∈ A_j .

Proof. We set V := � x ∈ X � { x} × � j ∈ J :x ∈ A_j

U_j � . To see that V is a neighborhood of Δ_X , let x ∈ X. Since (A_j )_{j ∈ J} is locally finite, the union �

j ∈ J : x ∉A_j

A_j

LIE GROUPOIDS OF MAPPINGS TAKING VALUES IN A LIE GROUPOID 325

of closed sets is closed. Thus

W := X \ � j ∈ J : x ∉A_j

A_j = � j ∈ J :x ∉A_j

(X \ A_j )

is an open neighborhood of x in X. If w ∈ W, then { j ∈ J : w ∈ A_j } ⊆ { j ∈ J : x ∈ A_j }, whence V contains the (x, x )-neighborhood W × � j ∈ J :x ∈ A_j

U_j .

Thus V is a neighborhood of Δ_X in X × X. It remains to observe that V[x] ⊆ U_j for each j ∈ J such that x ∈ A_j , by definition of V. □

Proposition 2.16. Let S be a Hausdorff topological space which is a k-space and admits a cover (K_i)_{i ∈ I} of compact, locally connected subsets K_i such that each compact subset K ⊆ S is contained in � i ∈ Φ K i for some finite subset Φ ⊆ I. Let X,

Y, and Z be Hausdorff topological spaces, α : X → Y be a local homeomorphism and β : X → Z be a continuous map such that (α, β ): X → Y × Z is a proper map. We assume that the topological space X is regular. Consider the local homeomorphism

α_∗ := C(S, α ): C(S, X ) → C(S, Y ), γ → α ∘ γ

and the continuous map β_∗ := C(S, β): C(S, X ) → C(S, Z), γ → β ∘ γ. Then g := ( α_∗ , β_∗ ): C(S, X ) → C(S, Y ) × C(S, Z ), γ → (α ∘ γ, β ∘ γ) is proper.

Remark 2.17. (a) If S is any finite-dimensional manifold (possibly with rough boundary) which is locally compact (which is automatic if S has no boundary), then S admits a cover (K_i )_{i ∈ I} as described in Proposition 2.16.

(b) Consider an ascending sequence S_1 ⊆ S_2 ⊆ · · ·of finite-dimensional manifolds (possibly with rough boundary) which are locally compact, such that each inclusion map S_n → S_{n +1} is a topological embedding. Endow S := � n ∈ N Sn with the direct

limit topology. Then S admits a cover (K_i)_{i ∈ I} as in Proposition 2.16 (composed of those of the S_n , as in (a)). For example, this applies to S := � n ∈ N R = lim −→ R^n with K_n := [ − n, n ]^n for n ∈ N.

Proof of Proposition 2.16. We start with the special case that K := S is compact. Let L ⊆ C(K, Y )× C(K, Z ) ∼ C(K, Y × Z) be a compact set; we have to show that g^{− 1}(L) is compact. As the evaluation map ε : C(K, Y × Z)× K → Y × Z is continuous, { γ(x): γ ∈ L, x ∈ K } = ε(L × K ) is a compact subset of Y × Z. Let C be a compact subset of Y × Z which contains ε(L × K ). Since (α, β ) is proper, B := ( α, β )^{− 1}(C) is a compact subset of X. Then

g^{− 1} (L) ⊆ C(K, B );

in fact, for θ ∈ g^{− 1}(L) and x ∈ K we have g(θ) = ( α ∘ θ, β ∘ θ) ∈ L, whence (α, β )(θ(x)) = g(θ)(x) ∈ C and thus θ(x) ∈ B. Note that C^′ := ( α, β )(B) is a compact subset of C and B = ( α, β )^{− 1}(C^′). Also, g^{− 1}(L) = g^{− 1}(L^′) using the compact set L^′ := { γ ∈ L : (∀x ∈ K ) γ(x) ∈ C^′}. Finally, ε(L^′ × K ) ⊆ C^′.

326 H. AMIRI, H. GLÖCKNER AND A. SCHMEDING

In view of Ascoli’s Theorem, g^{− 1}(L) will be compact if we can show that g^{− 1}(L) ⊆ C(K, B ) is equicontinuous (with respect to the unique uniform structure on the compact Hausdorff space B which is compatible with its topology). Let W be a neighborhood of Δ_B in B × B. For each b ∈ B, we find an open b-neighborhood U_b in X such that (U_b × U_b)∩ (B × B) ⊆ W holds, α(U_b) is open in Y, and α |_{Ub} : U_b → α(U_b) is a homeomorphism. For b ∈ B, let A_b be a compact neighborhood of b in B such that A_b ⊆ U_b. By compactness of B, there exists a finite subset I ⊆ B such that B = � b∈ I Ab.

Let pr_1 : Y × Z → Y, (y, z) → y be the projection onto the first component. Then D := pr_1(C^′) = pr_1((α, β )(B)) = α(B) is a compact subset of Y, and (D ∩ α(U_b))_{b∈ I} is a finite open cover of the compact topological space D. Moreover, the compact sets L_b := α(A_b) cover D for b ∈ I and L_b ⊆ D ∩ α(U_b) holds for all b ∈ I .

By Lemma 2.15, there exists a neighborhood V of Δ_D in D × D such that V[z] ⊆ α(U_b) ∩ D for each z ∈ D and each b ∈ I such that z ∈ L_b. Since { pr_1 ∘ γ : γ ∈ L^′} = C(K, pr_1)(L^′) ⊆ C(K, D ) is compact and hence equicontinuous, each x ∈ K has a neighborhood Q ⊆ K such that

γ_1 (Q) ⊆ V[γ_1 (x)]

for each γ = ( γ_1 , γ_2) ∈ L^′. After shrinking Q, we may assume that Q is connected. If η ∈ g^{− 1}(L) = g^{− 1}(L^′), then γ := g(η) ∈ L^′ with γ_1 := pr_1 ∘ γ = α ∘ η. We have η(x) ∈ B and thus η(x) ∈ A_b for some b ∈ I. Then γ_1(x) = α(η(x)) ∈ α(A_b) = L_b, whence V[γ_1(x)] ⊆ α(U_b) ∩ D. Now ζ := ( α |_{Ub} )^{− 1} ∘ γ_1 |_Q and η|_Q are continuous maps Q → X such that α ∘ ζ = γ_1 |_Q = α ∘ η|_Q and ζ(x) = η|_Q (x) as η(x), ζ(x) ∈ U_b and α |_{Ub} is injective. Hence η|_Q = ζ, by Lemma 2.14. Thus η(Q) = ( α |_{Ub} )^{− 1}(γ_1(Q)) ⊆ U_b and hence { η(x)} × η(Q) ⊆ A_b × U_b. As η(K) ⊆ B, we deduce that { η(x)}× η(Q) ⊆ (U_b ∩ B)× (U_b ∩ B) ⊆ W and thus η(Q) ⊆ W[η(x)]. Hence g^{− 1} (L) is equicontinuous.

The general case: Assume now that S is a k-space admitting a family (K_i)_{i ∈ I} as specified in the proposition. Since S is a k-space, we have

C(S, X ) = lim_{←− K ∈K (S )} C(K, X )

as a topological space, where K(S) is the set of compact subsets of S (directed under inclusion). The limit maps are the restriction maps

ρ_K : C(S, X ) → C(K, X ), γ → γ|_k .

Let L := { � i ∈ Φ K i : Φ ⊆ I , Φ finite }. Then L is cofinal in K(S), whence

C(S, X ) = lim_{←− K ∈L} C(K, X ).

As a consequence,

ρ := ( ρ_K )_{K ∈L} : C(S, X ) → � K ∈L

C(K, X ), γ → (γ|_K )_{K ∈L}

LIE GROUPOIDS OF MAPPINGS TAKING VALUES IN A LIE GROUPOID 327

is a topological embedding onto a closed subset. Given K ∈ L , there is a finite subset Φ_K ⊆ I such that K = � i ∈ Φ_K K i . The map

σ_K : C(K, X ) → � i ∈ Φ_K

C(K_i , X ), γ → (γ|_{K i} )_{i ∈ Φ K}

is continuous, injective, and its image is the set { (γ_i )_{i ∈ Φ K} : (∀i, j ∈ Φ_K ) γ_i |_{K i ∩ K j} = γ_j |_{K i ∩ K j} } (by the Glueing Lemma), which is closed in � i ∈ Φ_K C(K i , X). If H ⊆ K is compact

and O ⊆ X an open set, then γ ∈ C(K, X ) satisfies γ(H) ⊆ O if and only if γ|_{K i} satisfies γ|_{K i} (K_i ∩ H) ⊆ O for all i ∈ Φ_K . As a consequence, σ_K is a topological embedding. Thus � � K ∈L

σ_K � ∘ ρ : C(S, X ) → � K ∈L � i ∈ Φ_K

C(K_i , X )

is a topological embedding with closed image. Let L ⊆ C(S, Y × Z) be a compact set. Then g^{− 1}(L) is closed in C(S, X ). By the preceding, g^{− 1}(L) will be compact if we can show that ρ_{K i} (g^{− 1}(L)) is relatively compact in C(K_i , X) for each i ∈ I. We now use that R_i : C(X, Y × Z) → C(K_i , Y × Z), γ → γ|_{K i} is continuous, whence R_i (L) is compact. From the above special case, we know that the map g_i : C(K_i , X ) → C(K_i , Y × Z ), γ → (α ∘ γ, β ∘ γ)

is proper, whence g^{− 1}_i (R_i(L)) is compact in C(K_i , X). Now g_i ∘ρ_{K i} = R_i ∘g. To see that ρ_{K i} (g^{− 1}(L)) is relatively compact, it only remains to note that ρ_{K i} (g^{− 1}(L)) ⊆ g^{− 1}_i (R_i (L)) as g_i (ρ_{K i} (g^{− 1} (L))) = R_i (g(g^{− 1} (L))) ⊆ R_i (L). □ After these preparations, we are now in a position to prove Theorem E (d), which we repeat here for the reader’s convenience.

2.18 (Theorem E (d)) . If f : M → N is a proper C^{k + ℓ} -map, M is a regular topological space and N = N_1 × N_2 with smooth manifolds N_1 and N_2 such that N_1 admits a local addition and pr_1 ∘ f : M → N_1 is a local C^{k + ℓ} -diffeomorphism, then C^ℓ (K, f ) is proper.

Proof of Theorem E (d). Abbreviate g := C^ℓ (K, f ). Let L ⊆ C^ℓ (K, N ) be a compact subset; we have to verify that g^{− 1}(L) ⊆ C^ℓ (K, M ) is compact. We show that each net (γ_j )_{j ∈ J} in g^{− 1}(L) has a convergent subnet in g^{− 1}(L). Since g(γ_j ) ∈ L and L is compact, after passage to a subnet we may assume that g(γ_j ) → η in C^ℓ (K, N ) for some η ∈ L. Write η = ( η_1 , η_2) with η_i ∈ C^ℓ (K, N_i) for i ∈ { 1,2}. The map h : C(K, M ) → C(K, N ), γ → (α ∘ γ, β ∘ γ) is proper, by Proposition 2.16. Since L also is a compact subset of C(K, N ),

C := h^{− 1} (L) = { γ ∈ C(K, M ): (α ∘ γ, β ∘ γ) ∈ L} is compact in C(K, M ). Hence, after passage to a subnet we may assume that γ_j converges to some γ ∈ C with respect to the compact-open topology on C(K, M ). As h is continuous, we must have h(γ_j ) → h(γ) in C(K, N ). But h(γ_j ) = g(γ_j ) → η in C^ℓ (K, N ) and hence also in C(K, N ). Hence h(γ) = η ∈ L ⊆ C^ℓ (K, N_1) ×

328 H. AMIRI, H. GLÖCKNER AND A. SCHMEDING

C^ℓ (K, N_2), whence α ∘ γ = pr_1 ∘ h(γ) = pr_1 ∘ η ∈ C^ℓ (K, N_1). Using Lemma 2.13, we deduce that γ ∈ C^ℓ (K, M ).

We show that γ_j → γ in C^ℓ (K, M ): Given x ∈ K, let W ⊆ M be an open γ(x)-neighborhood such that α(W) ⊆ N_1 is open and α |_W : W → α(W) is a C^ℓ -diffeomorphism. Let ϕ : U_ϕ → V_ϕ ⊆ E be a chart of K around x and K_x := ϕ^{− 1}(C_x ), where C_x is a compact convex ϕ(x)-neighborhood in V_ϕ ; choosing C_x small enough, we may assume that γ(K_x ) ⊆ W and thus η_1(K_x ) ⊆ α(W). Let U_x be the interior of K_x in K . We then get a continuous restriction map

ρ_{K x} : C^ℓ (K, N_1 ) → C^ℓ (K_x , N_1 ), θ → θ|_{K x} .

There exists an index j_x such that γ_j (K_x ) ⊆ W for all j ≥ j_x . Then

γ_j |_{K x} = ( α |_W )^{− 1} ∘ (α ∘ γ_j )|_{K x} = C^ℓ (K_x , (α |_W )^{− 1} )(ρ_{K x} (α ∘ γ_j )),

which converges to C^ℓ (K_x ,(α |_W )^{− 1})(ρ_{K x} (η_1)) = ( α |_W )^{− 1} ∘ η_1 |_{K x} in C^ℓ (K_x , M) as α_1 ∘ γ_j converges to η_1 in C^ℓ (K, N_1). In particular, γ_j |_{K x} → (α |_W )^{− 1} ∘ η_1 |_{K x} in C(K_x , M). Since also γ_j |_{K x} → γ|_{K x} in C(K_x , M), we deduce that γ|_{K x} = (α |_W )^{− 1} ∘ η_1 |_{K x} . Hence

γ_j |_{K x} → γ|_{K x} in C^ℓ (K_x , M ),

whence γ_j |_{Ux} → γ|_{Ux} in C^ℓ (U_x , M) a fortiori. As (U_x )_{x ∈ K} is an open cover of K, we deduce with Lemma 1.13 that γ_j → γ in C^ℓ (K, M ). The proof is complete. □

3. Current groupoids

In this section, we deal with the Lie groupoids of mappings on a manifold with values in a (possibly infinite-dimensional) manifold. These were defined in the introduction and we briefly recall the construction and prove Theorems A–C.

3.1 (Current groupoids) . We let G = ( G ⇒ M) be a Lie groupoid, K be a compact manifold and ℓ ∈ N_0 ∪ {∞} . Define now the current groupoid C^ℓ (K, G) as the groupoid given by the following data

– C^ℓ (K, G ) (space of arrows), C^ℓ (K, M ) (space of units) – pointwise groupoid operations, i.e. the pushforwards of the groupoid maps α_∗, β_∗, m_∗, ι_∗ and 1_∗ are the source, target, multiplication, inversion and unit maps.

Clearly a current groupoid is a groupoid. The following theorem, which encompasses Theorem A of the introduction, will now establish that current groupoids are Lie groupoids.

Theorem 3.2. Let G = ( G ⇒ M) be a Lie groupoid, where M is a Banach manifold. Fix a compact manifold K (possibly with rough boundary), and ℓ ∈ N_0 ∪{∞} . If ℓ = 0 , assume that all modelling spaces of M are finite-dimensional and if ℓ = ∞ we assume in addition that all modelling spaces of G are finite-dimensional. If G and M admit a local addition, then the current groupoid C^ℓ (K, G) is a Lie groupoid.

LIE GROUPOIDS OF MAPPINGS TAKING VALUES IN A LIE GROUPOID 329

Proof. As we assume that G and M admit a local addition, C^ℓ (K, G) and C^ℓ (K, M ) admit canonical smooth manifold structures. By Theorem E (a) (or for ℓ = ∞ by the Stacey-Roberts Lemma [4, Lemma 2.4]), the mappings

α_∗ := C^ℓ (K, α ): C^ℓ (K, G ) → C^ℓ (K, M )

and β_∗ := C^ℓ (K, β ) are submersions. As a consequence, the fiber product

C^ℓ (K, G )^{(2)} := { (γ_1 , γ_2 ) ∈ C^ℓ (K, G ) × C^ℓ (K, G ): α_∗ (γ_1 ) = β_∗ (γ_2 )}

is a submanifold of C^ℓ (K, G) × C^ℓ (K, G) (see [18, Theorem B]). Now C^ℓ (K, G)^{(2)} = C^ℓ (K, G^{(2)} ) as a set, which enables a groupoid multiplication on C^ℓ (K, G) to be defined via

μ_∗ : C^ℓ (K, G )^{(2)} → C^ℓ (K, G ), (γ_1 , γ_2 ) → μ ∘ (γ_1 , γ_2 ),

where μ : G^{(2)} → G is the smooth multiplication in the groupoid G. By Lemma 1.22, μ_∗ is smooth. Since G is a Lie groupoid, the map 1 : M → G, x → e_x ∈ G_x is smooth. Then e_γ := 1 ∘ γ is the neutral element in C^ℓ (K, G)_γ for γ ∈ C^ℓ (K, M ), and the map C^ℓ (K, 1): C^ℓ (K, M ) → C^ℓ (K, G), γ → e_γ = 1 ∘ γ is smooth. As the inversion map ι: G → G is smooth, also ι_∗ : C^ℓ (K, G) → C^ℓ (K, G) is smooth. Thus C^ℓ (K, G ) is a Lie groupoid. □

Example 3.3. Recall that a locally convex Lie group G can be made into a Lie groupoid G ⇒ { ⋆} over the one-point manifold { ⋆} (which is trivially a Banach manifold). Note that C^ℓ (K, { ⋆}) = { ⋆}. Moreover, G admits a local addition [ 25, 42.4] whence Theorem A yields a current groupoid C^ℓ (K, G) ⇒ { ⋆} which can be canonically identified with the current group C^ℓ (K, G) from [36]. Thus for the circle K = S our construction recovers the loop groups from [40].

Example 3.4. Let M be a smooth manifold with local addition. Recall the following groupoids associated to M :

– the unit groupoid u(M) = ( M ⇒ M) where all structure maps are the identity. – the pair groupoid P (M) = ( M × M ⇒ M) where the groupoid multiplication is given by (a, b) ·(b, c) := ( a, c) (and the other structure maps are obvious).

For K compact and ℓ ∈ N_0 ∪ {∞} (with M finite dimensional if ℓ = ∞ ) our construction yields C^ℓ (K, u(M)) = u(C^ℓ (K, M )). Collapsing the groupoid structure in this (trivial) example, the current groupoid encodes only the manifold of C^ℓ -maps K → M, [31, 48]. In view of Lemma 1.19 (d) we further have C^ℓ (K, P (M)) ∼= P (C^ℓ (K, (M ))) as Lie groupoids.

Remark 3.5. Note that in the situation of Theorem 3.2, the current groupoid C^ℓ (K, G) of a Banach-Lie groupoid G, is a Banach-Lie groupoid if ℓ < ∞ and a Fréchet-Lie groupoid if ℓ = ∞ . Basic Lie theory and differential geometry for Banach-Lie groupoids have recently been studied in [ 6] (also see [30] for a discussion in a categorical framework).

If Ω ⊆ M is open, the restriction G|_Ω := (G|_Ω := α^{− 1}(Ω) ∩ β^{− 1}(Ω) ⇒ Ω) becomes a Lie groupoid called restriction of G to Ω [28, p. 14].

330 H. AMIRI, H. GLÖCKNER AND A. SCHMEDING

Example 3.6. In the situation of Theorem 3.2 consider Ω ⊆ M open. Then we define ⌊K, Ω ⌋_ℓ := { f ∈ C^ℓ (K, M ) | f (K ) ⊆ Ω } and note that it is an open subset of C^ℓ (K, M ) due to Proposition 1.20. One immediately computes that the restriction of the current groupoid to ⌊K, Ω ⌋_ℓ satisfies

C^ℓ (K, G)|_{⌊K, Ω ⌋ℓ} = C^ℓ (K, G|_Ω ) (as Lie groupoids) .

Thus C^ℓ (K, G|_Ω ) is an open subgroupoid of the current groupoid C^ℓ (K, G).

Example 3.7. Consider a left Lie group action^{12} Λ : G × M → M, (g, m) → g.m. Then the action groupoid G ⋉ M := (G × M ⇒ M) is the Lie groupoid defined by the structure maps α(g, m) := m, β(g, m) := g.m, μ((g, h.m),(h, m))) := (gh, m) and ι(g, m) := (g^{− 1} , g.m). If M admits a local addition, so does G × M^{13}, whence we can consider the current groupoid C^ℓ (K, G ⋉ M ).

As the manifolds of mappings are canonical, Lemma 1.19 shows that Λ_∗ : C^ℓ (K, G × M ) ∼= C^ℓ (K, G ) × C^ℓ (K, M ) → C^ℓ (K, M ) is a Lie group action of the current Lie group C^ℓ (K, G) on C^ℓ (K, M ) and moreover, the associated action groupoid satisfies C^ℓ (K, G ) ⋉ C^ℓ (K, M ) ∼= C^ℓ (K, G ⋉ M ) as Lie groupoids.

We will now study some specific classes of current groupoids in the next sections. There Theorems B and C from the introduction will be established as immediate consequences of Theorem E in Section 2.

Transitivity and local transitivity of current groupoids. In this section, we investigate whether the current groupoid inherits the transitivity of the target groupoid (resp., local transitivity). To this end recall the following definitions.

Definition 3.8. Let G = ( G ⇒ M ) be a Lie groupoid. Then we call the map (α, β ): G → M × M, g → (α (g), β(g)) the anchor of G. We call the Lie groupoid G

– transitive if the anchor is a surjective submersion, and totally intransitive if the image of the anchor is the diagonal in M × M ;

– locally transitive if the anchor is a submersion.

The next example shows that transitivity is not inherited by current groupoids:

Example 3.9. Consider the left action of R on S via t.z := e^{it} z and the corresponding action groupoid G := R ⋉ S over M := S with α : G → S, (t, z) → z and β : G → S, (t, z) → e^{it} z. Then α, β, and (α, β ) are submersions and G is a transitive groupoid as the R-action on S is transitive. Taking K := S and ℓ ∈ N_0, we obtain a current groupoid C^ℓ (S, G). Let c_1 : S → S be the constant map taking each element to 1 ∈ S. Then (α_∗ , β_∗): C^ℓ (S, G) → C^ℓ (S, S) × C^ℓ (S, S) is not surjective

12 Thus Λ is a left G-action on a smooth manifold M and Λ is smooth 13 G admits a local addition as a Lie group and the product G × M inherits a local addition

by the product of the local additions on G and M .

LIE GROUPOIDS OF MAPPINGS TAKING VALUES IN A LIE GROUPOID 331

(whence C^ℓ (S, G) is not a transitive Lie groupoid), as (id_S, c_1) is not contained in its image. In fact, if there was γ = ( γ_1 , γ_2) ∈ C^ℓ (S, G) = C^ℓ (S, R × S) with (α_∗ , β_∗ )(γ) = (id_S, c_1 ), then γ_2 = α ∘ γ = id_S .

Hence 1 = β(γ(z)) = e^{iγ 1 (z )} z for all z ∈ S and thus z = e^{− iγ 1 (z )}, contradicting the fact that id_S does not admit a continuous lift for the covering map R → S, t → e^{it} .

Theorem 3.10 (Theorem B) . If G is locally transitive in the situation of Theorem 3.2, then also C^ℓ (K, G) is locally transitive.

Proof. Identifying the manifold C^ℓ (K, M )× C^ℓ (K, M ) with C^ℓ (K, M × M) (Lemma 1.19), the map (C^ℓ (K, α ), C^ℓ (K, β )) can be identified with C^ℓ (K, (α, β )) : C^ℓ (K, G) → C^ℓ (K, M × M), γ → (α, β ) ∘ γ. As (α, β ) is a submersion, also C^ℓ (K, (α, β )) is a submersion (by Theorem E (a)) and hence also (C^ℓ (K, α ), C^ℓ (K, β )). Thus C^ℓ (K, G ) is locally transitive. □

Current groupoids of proper and étale Lie groupoids. In this section, we study proper and étale Lie groupoids. These Lie groupoids are closely connected to orbifolds and we review this connection in Appendix B together with a discussion of how the groupoids we construct are connected to morphisms of orbifolds (see e.g. [44]). Recall that a Lie groupoid is proper if the anchor is a proper map and étale if the source map is a local diffeomorphism. As the following example shows, current groupoids of proper groupoids need not be proper.

Example 3.11. Consider G := S × S as a Lie groupoid over M := S with α = β := pr_1 : S × S → S, (z, w) → z and (z, w_1)(z, w_2) := ( z, w_1 w_2) for z, w_1 , w_2 ∈ S (using the multiplication in the circle group). Thus the Lie groupoid we obtain is a Lie group bundle, which is a totally intransitive.

Then (α, β ): G → M × M is a proper map (as G is compact). Hence G is a proper Lie groupoid. However, the Lie groupoid C(K, G) is not proper for any compact smooth manifold K of positive dimension. To see this, note that (α_∗ , β_∗): C(K, G) → C(K, M ) × C(K, M ) is the map taking (γ_1 , γ_2) to (γ_1 , γ_1). If we fix η ∈ C(K, M ), then

(α_∗ , β_∗ )^{− 1} ({ η}) = { η} × C(K, S)

in the topological space C(K, S) × C(K, S) ∼ C(K, S × S) = C(K, G). As the singleton { η} is compact but C(K, S) is an infinite-dimensional manifold and hence not compact, we deduce that (α_∗ , β_∗ ) is not a proper map.

Though properness is not preserved in general, there are special situations, outlined in Theorem C, in which properness is preserved.

3.12 (Theorem C) . Let G be an étale Lie groupoid such that G and M admit a local addition. Let K be a compact smooth manifold (possibly with rough boundary ), and ℓ ∈ N_0 ∪ {∞} . If the topological space underlying G is regular, then C^ℓ (K, G) is an étale Lie groupoid. If, moreover, G is proper, then also C^ℓ (K, G) is proper.

332 H. AMIRI, H. GLÖCKNER AND A. SCHMEDING

Proof. Since G is an étale Lie groupoid, α and β are local C^∞ -diffeomorphisms. Using Theorem E (c), we deduce that C^ℓ (K, α ) and C^ℓ (K, β ) are local C^∞ -diffeomorphisms and hence submersions. We now find as in the proof of Theorem A that C^ℓ (K, G) is a Lie groupoid. As C^ℓ (K, α ) is a local C^∞ -diffeomorphism, C^ℓ (K, G) is étale. If G is étale and proper, then α is a local C^∞ -diffeomorphism and (α, β ) is proper, whence C^ℓ (K, (α, β )) (and hence also (C^ℓ (K, α ), C^ℓ (K, β ))) is a proper map, by Theorem E (d). Thus C^ℓ (K, G) is a proper Lie groupoid in this case. □ Finite-dimensional proper and étale Lie groupoids are locally isomorphic to action groupoids, see [ 27, Proposition 2.23]. We establish a suitable version in our setting. Proposition 3.13. Let G = ( G ⇒ M) be a proper étale Lie groupoid such that M × M is a k-space. Then G is locally isomorphic to an action groupoid, i.e. every x ∈ M has an open neighborhood U_x ⊆ M with an action of the isotropy group G_x := α^{− 1} (x) ∩ β^{− 1} (x) such that there is an isomorphism of étale Lie groupoids G|_{Ux} ∼= G_x ⋉ U_x .

Remark 3.14. The proof of Proposition 3.13 follows closely the classical proof in [34, Theorem 4] with some added detail (see proof of claim below). In addition, loc.cit. assumes that the Lie groupoids are effective and finite dimensional. Both assumptions are not necessary for this part of the proof of [ 34, Theorem 4, (4) ⇒ (1)]. To highlight this, we chose to provide full details. Proof of Proposition 3.13. Let us show that for a fixed x ∈ M there exists an open neighborhood on which the groupoid G restricts to an action groupoid.

Note first that since (α, β ): G → M × M is a proper local diffeomorphism, the group G_x := (α, β )^{− 1} { x} is finite. For all g ∈ G_x we choose an open g-neighborhood Ω_g in G such that α |_{Ω g} and β|_{Ω g} are diffeomorphisms onto their (open) image in M . Shrinking the Ω_g we may assume that they are pairwise disjoint.

Claim: There are open g-neighborhoods W_g ⊆ Ω_g such that (3) ∀g, h ∈ G_x and (x, y) ∈ W_g × W_h with α (x) = β(y), we have xy ∈ Ω_{gh} . If this is true, then the proof can be concluded as follows: Consider the open x-neighborhood U_x := � g∈ G_x α(Wg). Since (α, β ) is proper and M × M a k-space,

(α, β ) is a perfect map, whence closed (cf. remarks after Definition 2.11). Thus we can apply [ 14, 3.2.10. Wallace Theorem] to obtain an open x-neighborhood V_x ⊆ U_x with (4) V_x × V_x ∩ (α, β ) (G \ ∪_{g∈ G x} W_g ) = ∅ , i.e. h ∈ G with α (h), β(h) ∈ N_x ⇒ h ∈ W_g for some g ∈ G_x .

As W_g ⊆ Ω_g and α, β restrict to diffeomorphisms on Ω_g, we can now define for g ∈ G_x the diffeomorphism δ_g : α (W_g ) → β(W_g ), δ_g := β ∘ (α |_{W g} )^{− 1} .

As every δ_g is defined on V_x ⊆ U_x , we can define an open x-neighborhood via

N_x := { y ∈ V_x | δ_g (y) ∈ V_x , ∀g ∈ G_x } = V_x ∩ � g∈ G_x

δ^{− 1}_g (V_x ).

LIE GROUPOIDS OF MAPPINGS TAKING VALUES IN A LIE GROUPOID 333

We claim that δ_g(N_x ) ⊆ N_x for all g ∈ G_x . To see this, note that since y and δ_{g1} (y) are contained in V_x , both δ_{g2} ∘ δ_{g1} (y) and δ_{g1 g2} (y) are defined. By construction of δ_g, δ_g(z) is the target of the unique arrow in W_g starting at z. Thus δ_{g2} ∘ δ_{g1} (z) is the target of a product of arrows in W_{g2} × W_{g1} and by (3) this arrow is the unique arrow in Ω_{g2 g1} starting at z. Now δ_{g1 g2} (z) is the target of an arrow in W_{g2 g1} ⊆ Ω_{g2 g1} starting at z and by uniqueness δ_{g2} ∘ δ_{g1} (z) = δ_{g2 g1} (z) ∈ V_x holds. Hence we obtain a group action

(5) δ: G_x × N_x → N_x , (g, y) → δ_g (y).

Now we define for g ∈ G_x the open g-neighborhood

O_g := W_g ∩ α^{− 1} (N_x ) = W_g ∩ (α, β )^{− 1} (N_x × N_x ),

where the last identity follows from (5) as δ_g(y) ∈ N_x for all y ∈ N_x , g ∈ G_x . From (4) we deduce that (α, β )^{− 1}(N_x × N_x ) = ⊔_{g∈ G x} O_g is the disjoint union of the open sets O_g. We can thus consider the open Lie subgroupoid G|_{N x} = ⊔_{g∈ G x} O_g ⇒ N_x . Using that α restricts to a diffeomorphism on every O_g, we obtain a diffeomorphism

Φ: ⊔_{g∈ G x} O_g → G_x × N_x , γ → (g, α (γ)), if γ ∈ O_g .

From the definition of the δ-action of G_x on N_x it is then clear, that Φ induces a Lie groupoid isomorphism G|_{N x} ∼= (G_x ⋉ N_x ⇒ N_x ) onto the action groupoid associated to (5).

Proof of the claim: As G is a Lie groupoid, the multiplication m : G ×_{α,β} G → G is continuous. By [ 18, Theorem B], the domain G ×_{α,β} G is a split submanifold of G × G such that the projections pr_i : G ×_{α,β} G → G, i ∈ { 1,2} onto the ith component are submersions, whence open mappings. For every choice g, h ∈ G_x we thus obtain open subsets

L_{g,h} := pr_1 � Ω_g × Ω_h ∩ m^{− 1} (Ω_{gh} ) � , R_{g,h} := pr_2 � Ω_g × Ω_h ∩ m^{− 1} (Ω_{gh} ) � . By construction g ∈ L_{g,h} ⊆ Ω_g , h ∈ R_{g,h} ⊆ Ω_h . Let now (x, y) ∈ L_{g,h} × R_{g,h} such that α(x) = β(y). As α, β restrict to bijections on Ω_g for every g ∈ G_x , (x, y) is the unique pair in Ω_g × Ω_h with α(x) = β(y). Now by construction of L_{g,h} , there must be (at least) one pair in (x, z) ∈ Ω_g × Ω_h ∩ m^{− 1}(Ω_{gh} ). By definition of this set, (x, z) ∈ Ω_g × Ω_h with α(x) = β(z), whence z = y. This entails m(x, y) ∈ Ω_{gh} whenever a pair of arrows in L_{g,h} × R_{g,h} is composable. Since G_x is finite we obtain open g-neighborhoods W_g := � h ∈ G_x Lg,h ∩ R h,g . By construction the Wg satisfy

(3). □

In the situation of Theorem C, the current groupoid of a proper étale Lie groupoid is again proper étale such that its base, C^ℓ (K, M ), is a Fréchet manifold. Thus C^ℓ (K, M ) × C^ℓ (K, M ) is a Fréchet manifold, hence a k-space and we obtain:

Corollary 3.15. In the situation of Theorem C, the proper étale Lie groupoid C^ℓ (K, G) is locally isomorphic to an action groupoid.

334 H. AMIRI, H. GLÖCKNER AND A. SCHMEDING

Analogues to Theorem C for topological groupoids. Let G be a (Hausdorff) topological groupoid over the Hausdorff topological space M, with initial point map α : G → and terminal point map β : G → M. Given a Hausdorff topological space K, we endow C(K, G) and C(K, M ) with the compact-open topology. Then C(K, G) is a topological groupoid over the base C(K, M ), with initial point map C(K, α ) and terminal point map C(K, β ) (as the latter maps, the groupoid multiplication and the map taking a base point to its corresponding identity element are continuous by standard results concerning the compact-open topology, like [19, Lemma A.5.3]).

3.16. A topological groupoid G is called étale if α : G → M is a local homeomorphism. If (α, β ): G → M × M is a proper map, then G is called proper .

The following is immediate from Propositions 2.9 and 2.16.

Corollary 3.17. Let K be a compact Hausdorff topological space and G be a topological groupoid over a Hausdorff topological space M. Assume that the topological space underlying G is regular. If G is étale, then also the mapping groupoid C(K, G) is étale. If G is étale and proper and K is locally connected, then C(K, G) is proper. □

The results obtained in this section on proper étale topological/Lie groupoids are used in Appendix B to discuss (infinite-dimensional) orbifolds.

Subgroupoids and groupoid actions. In this section we explore subgroupoids and groupoid actions of current groupoids. To this end, let us observe first that the construction of current groupoids is functorial.

Remark 3.18 (Functoriality of the current groupoid construction) . Let F : G → H be a morphism^{14} of Lie groupoids between Lie groupoids which satisfy the assumptions of Theorem 3.2. Then the push-forward induces a groupoid morphism

C^ℓ (K, F ): C^ℓ (K, G) → C^ℓ (K, H )

which is smooth due to Corollary 1.22. Similarly, one can prove that the construction takes natural transformations between morphisms of Lie groupoids to natural transformations (cf. [ 30, 3.5]). In conclusion, we obtain for every compact manifold K and ℓ ∈ N_0 ∪ {∞} a (2-)functor between suitable ( 2-)categories of groupoids. In the present paper we will not investigate this further.

Definition 3.19. Let F : H → G be a morphism of Lie groupoids. We call H an – immersed subgroupoid of G if F and the induced map on the base are injective immersions.

– embedded subgroupoid of G if F and the induced map on the base are embeddings.

14That is a smooth map F : H → G (where H and G are the arrow manifolds) which is compatible with the groupoid multiplication and inversion in the obvious way and maps units to units. Since F maps units to units, it descends to a smooth map f between the bases.

LIE GROUPOIDS OF MAPPINGS TAKING VALUES IN A LIE GROUPOID 335

We have already seen in Example 3.6 that the restriction of a Lie groupoid to an open set gives rise to a corresponding restriction of the current groupoids. More generally, one immediately concludes from Theorem E (b) and Proposition 2.10 the following.

Corollary 3.20. Let H be an immersed Banach subgroupoid of the Banach groupoid G and ℓ ∈ N. Then C^ℓ (K, H) is an immersed Banach subgroupoid of C^ℓ (K, G). If in addition H is an embedded subgroupoid of G, then C^ℓ (K, H) is an embedded Banach subgroupoid of C^ℓ (K, G).

Another way to construct subgroupoids of current groupoids from open subsets of the manifold base will be discussed now.

3.21. For Ω ⊆ M open we define the set

I_K (Ω) := { f ∈ C^ℓ (K, M ) | f (K ) ∩ Ω ≠ ∅} = � x ∈ K

ε(·, x)^{− 1} (Ω)

As the evaluation is continuous by Lemma 1.19, I_K (Ω) is an open subset of the base of the current groupoid C^ℓ (K, G) and we can consider the restriction C^ℓ (K, G)|_{I K (Ω)} .

For the next result we restrict ourselves to ℓ = ∞ . Though the authors believe that the statement is also true for ℓ ∈ N_0, the proof uses a result which, to our knowledge, has so far only been established in the ℓ = ∞ case.

Proposition 3.22. In the situation of Theorem 3.2, consider an open subset E ⊆ C^∞ (K, M ). Then the restriction C^∞ (K, G)|_E is an (open) embedded Lie subgroupoid of C^∞ (K, G|_{ε (E × K )} ).

Proof. Observe first that ε : C^∞ (K, M ) × K → M is a smooth, surjective submersion by [46, Corollary 2.9]. Hence ε is open and so is Ω := ε(E × K ). Thus it makes sense to consider the restriction C^∞ (K, G|_{ε (E × K )}) as an open Lie subgroupoid of C^∞ (K, G).

By the definition of the restriction, f ∈ C^∞ (K, G)|_E satisfies α_∗(f ), β_∗(f ) ∈ E, whence f ∈ C^∞ (K, G |_{ε (K × E )}). We conclude that C^∞ (K, G)|_E ⊆ C^∞ (K, G|_{ε (E × K )}) as open sets, hence as open Lie subgroupoids. □ In the rest of this section we study current groupoids related to groupoid actions.

This generalises Example 3.7 of the current groupoid of an action groupoid. We recall first the definition of a Lie groupoid action.

Definition 3.23. An action of a Lie groupoid G = ( G ⇒ M) on a smooth map q: X → M is given by a smooth action map

A : G ×_{α,q} X → X, g.x := A(g, x)

where G⋉ X := {(g, x) ∈ G× X | α(g) = q(x)} is the fiber product. We call X a (left) G-manifold if the action map satisfies q(g.x) = β(g), as well as (g_1 g_2).x = g_1 .(g_2 .x) and 1_m .x = x for all g_i ∈ G, x ∈ X, m ∈ M, and whenever the composition is defined. The map q is called the moment map of the action.

336 H. AMIRI, H. GLÖCKNER AND A. SCHMEDING

We define the action groupoid G ⋉ X := (G ⋉ X ⇒ X) as the Lie groupoid with α_⋉ (g, x) := x, β_⋉ (g, x) := g.x and multiplication, inversion and unit map induced by the corresponding mappings in G [28, 1.6].

Note that if the Lie groupoid G is a Lie group, then a Lie groupoid action coincides with a Lie group action and the action groupoid just defined is the one discussed in Example 3.7.

Proposition 3.24. Let G be a finite dimensional Lie groupoid and X be a finite dimensional manifold. If X is a G-manifold, then C^ℓ (K, X ) is a C^ℓ (K, G)-manifold and we obtain an isomorphism of Lie groupoids

C^ℓ (K, G) ⋉ C^ℓ (K, X ) ∼= C^ℓ (K, G ⋉ X ).

Proof. Let q be the moment map and A : G ⋉ X → X be the action map of the groupoid action. By Theorem E, the fiber product C^ℓ (K, G) ⋉ C^ℓ (K, X ) = (α_∗ , q_∗)^{− 1}({(f, f ) | f ∈ C^ℓ (K, M )} is a splitting submanifold of C^ℓ (K, G) × C^ℓ (K, X ) [18, Theorem B]. Further, we deduce from Proposition 2.10 that C^ℓ (K, G ⋉ X) is a splitting submanifold of C^ℓ (K, G × X). It is easy to see that the isomorphism C^ℓ (K, G) × C^ℓ (K, X ) ∼= C^ℓ (K, G × X) and its inverse factors through the split submanifolds. Thus C^ℓ (K, G ⋉ X) ∼= C^ℓ (K, G) ⋉ C^ℓ (K, X ) as sets and also as manifolds, since smoothness is inherited by the (co-)restriction of the smooth maps to the split submanifolds. In particular, the push-forward of the action map A induces a smooth action

C^ℓ (K, G ) ⋉ C^ℓ (K, X ) → C^ℓ (K, X ) , (g, f ) → A ∘ (g, f ) . □

A finite dimensional proper étale Lie groupoid is locally around x ∈ M isomorphic to an action groupoid G|_{Ux} ∼= (G_x ⋉ U_x ⇒ U_x ) [27, Theorem 2.23] (cf. Proposition 3.13). Hence combining Example 3.6 and Proposition 3.24 immediately yields:

Corollary 3.25. Let G be a finite dimensional proper étale Lie groupoid locally isomorphic to an action groupoid G_x ⋉ U_x ⇒ U_x . Then C^ℓ (K, G)|_{⌊K,U x ⌋ℓ} is isomorphic to an embedded Lie subgroupoid of the action groupoid C^ℓ (K, G_x ) ⋉ C^ℓ (K, U_x ).

4. Current algebroids

In this section, we study the Lie algebroid associated to a current groupoid. Lie algebroids are infinitesimal counterparts of Lie groupoids akin to the role Lie algebras play to Lie groups. Let us first recall from [ 6] the definition of an (infinite-dimensional) Lie algebroid:

Definition 4.1. Fix a locally convex vector bundle A → M over a locally convex manifold together with a vector bundle morphism a : A → T M covering the identity (a is called anchor , (A, M, a) anchored bundle ). Note that the anchor induces a map a : Γ( A) → Γ( T M ) by post-composition.

(1) A Lie bracket on the anchored bundle is a skew-symmetric R-linear map [·, ·]_A : Γ( A) × Γ( A) → Γ( A) satisfying the following conditions (a) [X, fY ]_A = f + T fa (X )X for all f ∈ C^∞ (M ) and X, Y ∈ Γ( A).

LIE GROUPOIDS OF MAPPINGS TAKING VALUES IN A LIE GROUPOID 337

(b) [X, [Y, Z]_A ]_A +[Z, [X, Y]_A ]_A +[Y,[Z, X ]_A ]_A = 0 for all X, Y, Z ∈ Γ(A). A Lie bracket is localisable if for every non-empty open set U ⊆ M there is a Lie bracket [·, ·]_U on the restriction of the anchored bundle A|_U such that for U = M we have [·, ·]_U = [·, ·]_A and [X |_V , Y|_V ]_V = [X, Y]_U |_V for all open subsets V ⊆ U ⊆ M and X, Y ∈ Γ( A|_U ).

(2) An anchored bundle with a Lie bracket is called a Lie algebroid if the Lie bracket is localisable and the map a : Γ(A) → Γ(T M) is a Lie algebra morphism.

Remark 4.2. Localisability of the Lie bracket is a new feature which is automatic for finite-dimensional algebroids. The Lie brackets associated to a Lie groupoid (see 4.4 below) are automatically localisable (this was proved in [ 6, Theorem 4.17] for Banach Lie algebroids, however the proof carries over to our more general situation). Hence we chose to include it in the definition. Up to now no example of a non-localisable Lie bracket is known. 4.3. Let K be a compact manifold, ℓ ∈ N_0 ∪{∞} and (A, a, [·, ·]) be a Lie algebroid over M. Assume that M and A admit local additions. Then the push-forward of the bundle projection turns C^ℓ (K, A) into a vector bundle over C^ℓ (K, M ). Using the canonical manifold structure, we see that the pointwise application of the Lie bracket of the Lie algebroid yields a Lie bracket on the section algebra Γ(C^ℓ (K, M ), C^ℓ (K, A)) which is compatible with the push-forward of the anchor of A. We obtain an anchored bundle which becomes a Lie algebroid (C^ℓ (K, A), a_∗ ,[·, ·]_{pw} ) if the Lie bracket is localisable. A Lie algebroid of this form is called a current algebroid .

Note that for a Lie algebroid L(G) associated to a Lie groupoid G (to be recalled in 4.4 below) the anchored bundle in 4.3 will always have a localisable Lie bracket. This follows a posteriori from Theorem 4.6 and Remark 4.2. As we are only interested in the Lie algebroid associated to current groupoids, we shall not investigate the localisability further. However, it is well known that there are Lie algebroids which do not integrate to Lie groupoids [ 11] (i.e. are not of the form L(G)) and for these we do not know whether the anchored bundle is localisable.^{15} Let us now recall how to associate such a Lie algebroid to a Lie groupoid G = ( G ⇒ M ), e.g. [28, Section 3.5] or [6, 45]. 4.4. Consider the subset T^α G = � g∈ G Tg α

− 1(α(g)) of T G. For all x ∈ T^α_g G the definition implies T α(x) = 0_{α (g)} ∈ T_{α (g)} M, i.e. fiber-wise we have T^α_g G = ker T_g α. Since α is a submersion, the same is true for T α. Computing in submersion charts, the kernel of T_g α is a direct summand of the model space of T G. Furthermore, the submersion charts of T α yield submanifold charts for T^α G whence T^α G becomes a split submanifold of T G. Restricting the projection of T G, we thus obtain a subbundle π_α : T^α G → G of the tangent bundle T G.

An element in Γ(T^α G) is called vertical vector field . A vertical vector field Y is called right-invariant if for all (h, g) ∈ G×_{α,β} G the equation Y(hg) = T_h (R_g)(Y(h))

15Note that to establish localisability of general algebroids [ 6] requires smooth bump functions

on the base. However, for ℓ < ∞ the mapping spaces C^ℓ (K, M ) do not admit such bump functions, see [25, Section 14].

338 H. AMIRI, H. GLÖCKNER AND A. SCHMEDING

holds. Due to [ 28, Lemma 3.5.5] the set of all right invariant vector fields Γ^R (T^α G) is a Lie subalgebra of Γ( T G).

4.5 (The Lie algebroid associated to a Lie groupoid) . Define L(G) to be the pullback bundle 1^∗ T^α G where 1: M → G is the unit embedding (we will think of the pullback 1^∗ as restriction). The anchor a_{L (G)} : L(G) → T M is defined as the composite L(G) → T^α G^⊆−→ T G^{T β}−→ T M.

Let g be an element of G. We define the smooth map R_g : α^{− 1}(β(g)) → G, h → hg. Then [28, Corollary 3.5.4] (or [6, Propositions 4.13 (i) and 4.14 (ii)]) shows

(6) Γ( L(G)) → Γ^R (G), X → −→ X , with −→ X (g) = T(R_g )(X (β(g)))

is an isomorphism of C^∞ (G)-modules. Its inverse is Γ^R (G) → Γ(L(G)), X → X ∘1. Now define the Lie bracket on Γ( L(G)) via

(7) [X, Y ] := [ −→ X , −→ Y ] ∘ 1.

Then (L(G), M, a_{L (G)} , [·, ·]) is the Lie algebroid [6, Theorem 4.17] associated to G.

We can now identify the Lie algebroid associated to a current groupoid.

Theorem 4.6 (The Lie algebroid associated to a current groupoid) . In the situation of Theorem 3.2 consider the current groupoid C^ℓ (K, G). Then the Lie algebroid associated to the current groupoid is canonically isomorphic to a current algebroid, � L(C^ℓ (K, G), a_{L (C} ℓ_{(K, G)} , [·, ·] � ∼ = � C^ℓ (K, L(G), (a_{L (G})_∗ , [·, ·]_{pw} � , where the Lie bracket is given by the pointwise application of the bracket on L(G).

Proof. By Theorem A.12 T C^ℓ (K, G) ∼= C^ℓ (K, T G) holds. Then (1) lets us conclude that T^{α ∗} C^ℓ (K, G ) = � f ∈ C^r (K,G ) Ker (Tf α ∗ ) ∼= C

ℓ (K, T^α G). Thus

(8) L � C^ℓ (K, G) � ∼ = (1∗ )^∗ T^{α ∗} C^ℓ (K, G ) ∼= C^ℓ � K, 1^∗ (T^α G) � = C^ℓ � K, L(G) � . Analogously (1) yields a_{L (C} ℓ_{(K, G))} = ( a_{L (G)})_∗ : C^ℓ (K, L(G)) → C^ℓ (K, T M ). Finally, we observe that the Lie groupoid operations of the current groupoid are given by pointwise application of the groupoid operations of G. Thus a section of the bundle C^ℓ (K, T^α G) → C^ℓ (K, G) is right invariant if and only if it satisfies the right invariance property pointwise. We conclude from (8) together with (6) and (7) that the Lie bracket on C^ℓ (K, L(G) induced from the Lie algebroid L(C^ℓ (K, G) is given by the pointwise application bracket [·, ·]_{L (G}. Summing up, we can identify L(C^ℓ (K, G)) with the Lie algebroid (C^ℓ (K, L(G),(a_{L (G) ∗} ,[·, ·]_{pw} ) where [·, ·]_{pw} is the pointwise Lie bracket. Thus the Lie algebroid associated to a current groupoid is a current algebroid. □ The construction of the current algebroid in Theorem 4.6 recovers the construction of current algebras.

Remark 4.7. A locally convex topological Lie algebra of the form C^ℓ (K, h) with pointwise Lie bracket, where h is a locally convex topological Lie algebra, is called a current algebra .

LIE GROUPOIDS OF MAPPINGS TAKING VALUES IN A LIE GROUPOID 339

As was noted in [ 45, Warning after 1.7], a Lie group H with Lie algebra L(H) gives rise to a Lie groupoid H ⇒ { ⋆} over the one point manifold, but L(H ⇒ { ⋆}) ≠ L(H) ⇒ { ⋆}. The reason for this is that due to conventions the Lie bracket of one of these Lie algebras is the negative of the other. Thus the current algebra C^ℓ (K, L(H) ⇒ { ⋆}) of [36] is only anti-isomorphic to C^ℓ (K, L(H ⇒ { ⋆})).

We have restricted ourselves to compact K in this section. For ℓ = ∞ and K without rough boundary (but possibly with smooth boundary and non compact) one can obtain a similar identification of the current algebroid if G is a Banach Lie groupoid.

To see this, note that the identification becomes T C^∞ (K, G) ∼= D(K, T G) (where D denotes smooth mappings constant outside some compact set, [ 31, Section 10]). Then the above proof carries over using the results contained in [ 31, Sections 10 and 11]. We chose to suppress this more complicated case. Acknowledgement. The authors wish to thank D.M. Roberts (Adelaide) for useful comments which helped improve this article. H.A. was supported by a travel grant of the University of Zanjan. Further funding was provided by DFG grant GL 357/9-1. H.A. and A.S. wish to thank H.G. and the mathematical institute in Paderborn for their hospitality during their stay in summer 2018.

Appendix A. Manifold structure on C^ℓ (K, M )

In this appendix, we present a construction of the canonical manifold structure on the spaces C^ℓ (K, M ) for K a compact manifold (possibly with rough boundary), ℓ ∈ N_0 ∪ {∞} , and M a (possibly infinite-dimensional) smooth manifold which admits a local addition (in the sense recalled in Definition A.7). Constructions of the manifold structure are well known in special cases; see [ 13, 21, 25, 31] (for ℓ = ∞ and K a manifold with corners), [ 41] (for ℓ = ∞ and K with rough boundary), and [48] (for K without boundary, finite ℓ and M of finite dimension). In all approaches mentioned (with the exception of [ 41]), the construction hinges on a version of the so-called Ω -Lemma. This result is not currently available for manifolds with rough boundary^{16}. However, as suggested by the work of Michor and carried out in [41, Section 5], one can circumvent this problem for compact source manifolds by using exponential laws for C^{k,ℓ} -functions (as provided in [ 1]). We work out this approach here and mention that the authors are not aware of a published source for the results if ℓ < ∞ , in the current generality.

Pullbacks of vector bundles and their spaces of sections. The smooth manifold structure on C^ℓ (K, M ) we strive to construct is modelled on spaces of C^ℓ -sections of certain pullback bundles f^∗(T M). We therefore give some explanations concerning such pullbacks and their sections, before turning to C^ℓ (K, M ).

A.1. Let M be a smooth manifold, ℓ ∈ N_0 ∪ {∞} and K be a C^ℓ -manifold (possibly with rough boundary). If π : E → M is a smooth vector bundle over M

16 But will be contained in [19].

340 H. AMIRI, H. GLÖCKNER AND A. SCHMEDING

and f : K → M is a C^ℓ -map, then

f^∗ (E ) := � x ∈ K

{ x} × E_{f (x )}

is a submanifold of the C^ℓ -manifold K × E (as it locally looks like graph (f ) × E_x inside K × M × E_x around points in { x}× E_x ). We endow f^∗(E) with the submanifold structure. Together with the natural vector space structure on { x} × E_{f (x )} ∼= E_{f (x )} and the map π_f : f^∗(E) → K, (x, y) → x, we obtain a C^ℓ -vector bundle f^∗(E) over K, the so-called pullback of E along f . For each local trivialization θ = (π|_{E |U} , θ_2 ): E |_U → U × F of E and W := f^{− 1} (U), the map

f^∗ (E )|_W → W × F , (x, y) → � x, θ_2 (y) � is a local trivialization of f^∗ (E ). We endow

Γ_f := { τ ∈ C^ℓ (K, E ): π ∘ τ = f }

with the topology induced by C^ℓ (K, E ). With pointwise operations, Γ_f is a vector space and the map

Ψ: Γ_C ℓ (f^∗ (E )) → Γ_f , σ → pr_2 ∘σ

is a bijection with inverse τ → (id_K , τ). As C^ℓ (K, pr_2): C^ℓ (K, K × E) → C^ℓ (K, E ) is a continuous map and also τ → (id_K , τ) ∈ C^ℓ (K, K )× C^ℓ (K, E ) ∼= C^ℓ (K, K × E) is continuous, we deduce that Γ_f is a locally convex topological vector space and Ψ is an isomorphism of topological vector spaces. If we wish to emphasize the dependence on E , we also write Γ_f (E ) instead of Γ_f .

The following Exponential Law is essential for us, in the preceding situation.

Lemma A.2. Let k ∈ N_0 ∪ {∞} and g : N → Γ_f be a map, where N is a C^k -manifold (possibly with rough boundary ). If K is locally compact, then g is C^k if and only if g^∧ : N × K → E , (x, y) → g(x)(y) is a C^{k,ℓ} -map.

Proof. Let (K_j )_{j ∈ J} be a cover of K by open sets K_j such that f (K_j ) ⊆ U_j for an open subset U_j ⊆ M such that E |_{Uj} is trivializable; let θ_j : E |_{Uj} → U_j × F_j be a local trivialization. Write θ_j = ( π, θ_{j, 2}) with a smooth map θ_{j, 2} : E |_{Uj} → F_j . By Lemma 1.13, the topology on Γ_f is initial with respect to the maps

ρ_j : Γ_j → C^ℓ (K_j , E ) , τ → τ|_{K j}

for j ∈ J . We may regard these as maps to C^ℓ (K_j , E |_{Uj} ) as τ(K_j ) ⊆ E |_{Uj} for each τ ∈ Γ_f (cf. Lemma 1.14). As the map C^ℓ (K_j , θ_j ): C^ℓ (K_j , E |_{Uj} ) → C^ℓ (K_j , U_j × E_j ) ∼= C^ℓ (K_j , U_j ) × C^ℓ (K_j , F_j ) is a homeomorphism, the topology on Γ_f is also initial with respect to the maps C^ℓ (K_j , θ_j ) ∘ ρ_j : Γ_f → C^ℓ (K_j , U_j ) × C^ℓ (K_j , F_j ) sending τ ∈ Γ_f to

(9) (f |_{K j} , θ_{j, 2} ∘ τ|_{K j} ) .

LIE GROUPOIDS OF MAPPINGS TAKING VALUES IN A LIE GROUPOID 341

As the first component in (9) is independent of τ, the topology on Γ_f is also initial with respect to the mappings

ψ_j : Γ_f → C^ℓ (K_j , F_j ) , τ → θ_{j, 2} ∘ τ|_{K j}

for j ∈ J , which are linear maps. As a consequence, the map

ψ := ( ψ_j )_{j ∈ J} : Γ_f → � j ∈ J

C^ℓ (K_j , F_j )

is linear and a topological embedding. The vector subspace

{ (γ_j )_{j ∈ J} ∈ � j ∈ J

C^ℓ (K_j , F_j ):

(∀i, j ∈ J )(∀x ∈ K_i ∩ K_j ) γ_i (x) = θ_{i, 2} (θ^{− 1}_j (f (x), γ_j (x))) } of � j ∈ J C

ℓ (K_j , F_j ) is closed and coincides with the image of ψ . [It clearly contains the image and given (γ_j )_{j ∈ J} , we have (γ_j )_{j ∈ J} = ψ (τ) if we set τ(x):= θ^{− 1}_j (f (x), γ_j (x)) for j ∈ J and x ∈ K_j .]

As a consequence, a map g : N → Γ_f as in the lemma is C^k if and only if ψ_j ∘ g : N → C^ℓ (K_j , F_j ) is C^k for all j ∈ J (see [19, Lemmas 1.4.5 and 1.4.15]; cf. 1.7). By the Exponential Law [1, Theorem 4.6], the latter holds if and only if

(ψ_j ∘ g)^∧ : N × K_j → F_j , (x, y) → θ_{j, 2} � g(x)(y) � is C^{k,ℓ} for each j ∈ J . The latter holds if and only if

N × K_j → U_j × F_j , (x, y) → � f (y), θ_{j, 2} (g(x)(y)) � = θ_j � g^∧ (x, y) � is C^{k,ℓ} for all j ∈ J . This in turn holds if and only if g^∧ |_{N × K j} : N × K_j → E |_{Uj} ⊆ E is C^{k,ℓ} for all j ∈ J , which holds if and only if g^∧ is C^{k,ℓ} . □

Remark A.3. (a) Note that C^{k,ℓ} -maps to f^∗(E) (which is only a C^ℓ -manifold) do not make sense, whence an exponential law for Γ_C ℓ (f^∗(E)) would not make sense in naïve form. Because we do have an exponential law for Γ_f , it is essential for us to work with Γ_f rather than Γ_C ℓ (f^∗ (E )).

(b) Dropping the hypothesis of local compactness, we might assume instead, e.g., that N × K is metrizable in Lemma A.2, as the Exponential Law [ 1, Theorem 4.6] also applies in this situation (further variants involve k-spaces, see loc.cit. ).

(c) If all fibers of E are Fréchet spaces and K is σ-compact and locally compact, then Γ_f is a Fréchet space; if all fibers of E are Banach spaces, K is compact and ℓ < ∞ , then Γ_f is a Banach space. To see this, take a countable (resp., finite) family (K_j )_{j ∈ J} of compact subsets K_j ⊆ K (instead of open ones) whose interiors cover K with f (K_j ) ⊆ U_j as in the proof of Lemma A.2, such that K_j admits a smooth manifold structure with rough boundary making the inclusion map K_j → K a smooth map and such that K_j and K induce the same smooth manifold structure on the interior K^0_j relative K (e.g., the K_j can be chosen as preimages of compact

342 H. AMIRI, H. GLÖCKNER AND A. SCHMEDING

convex sets with non-empty interior under charts of K ). Then

ψ : Γ_f → � j ∈ J

C^ℓ (K_j , F_j ) , τ → (θ_{j, 2} ∘ τ|_{K j} )_{j ∈ J}

is linear and a topological embedding with closed image. If all F_j are Fréchet spaces, so is each C^ℓ (K_j , F_j ) (see, e.g., [19]) and hence also Γ_f . If all F_j are Banach spaces and ℓ as well as J is finite, then each C^ℓ (K_j , F_j ) is a Banach space ( loc. cit. ) and hence also Γ_f .

Lemma A.4. If K is locally compact in the preceding situation, then the evaluation map ε : Γ_f × K → E , (τ, x) → τ(x)

is C^{∞ ,ℓ} .

Proof. Since id: Γ_f → Γ_f , τ → τ is a C^∞ -map, id^∧ : Γ_f × K → E, (τ, x) → id(τ)(x) = τ(x) = ε(τ, x) is C^{∞ ,ℓ} , by Lemma A.2. □

Remark A.5. The conclusions of Lemmas A.2 and A.4 remain valid if K is only a C^ℓ -manifold (possibly with rough boundary) and N as well as the vector bundle π : E → M are only C^{k + ℓ} ; however, we shall not need the added generality.^{17}

Lemma A.6. Let π_1 : E_1 → M and π_2 : E_2 → M be smooth vector bundles over a smooth manifold M. Let ℓ ∈ N_0 ∪ {∞} and f : K → M be a C^ℓ -map from a C^ℓ -manifold K (possibly with rough boundary ) to M . Then the following holds:

(a) If ψ : E_1 → E_2 is a mapping of smooth vector bundles over id_M , then ψ ∘ τ ∈ Γ_f (E_2 ) for each τ ∈ Γ_f (E_1 ) and

Γ_f (ψ ): Γ_f (E_1 ) → Γ_f (E_2 ) , τ → ψ ∘ τ

is a continuous linear map. (b) Γ_f (E_1 ⊕ E_2 ) is canonically isomorphic to Γ_f (E_1 ) × Γ_f (E_2 ).

Proof. (a) If τ ∈ Γ_f (E_1), then ψ ∘ τ : K → E_2 is C^ℓ and π_2 ∘ ψ ∘ τ = π_1 ∘ τ = f , whence ψ ∘ τ ∈ Γ_f (E_2). Evaluating at points we see that the map Γ_f (ψ ) is linear; being a restriction of the continuous map C^ℓ (K, ψ ): C^ℓ (K, E_1) → C^ℓ (K, E_2), it is continuous.

(b) If ρ_j : E_1 ⊕ E_2 → E_j is the map taking (v_1 , v_2) ∈ E_1 × E_2 to v_j for j ∈ { 1,2} and ι_j : E_j → E_1 ⊕ E_2 is the map taking v_j ∈ E_j to (v_1 ,0) and (0, v_2), respectively, then � Γ_f (ρ_1 ), Γ_f (ρ_2 ) � : Γ_f (E_1 ⊕ E_2 ) → Γ_f (E_1 ) × Γ_f (E_2 )

is a continuous linear map which is a homeomorphism as it has the continuous map (σ, τ ) → Γ_f (ι_1 )(σ) + Γ_f (ι_2 )(τ) as its inverse. □

17The evaluation ε will be C k,ℓ then and hence C ∞ ,ℓ , being linear in its first argument (cf. [ 1, Lemma 3.14]).

LIE GROUPOIDS OF MAPPINGS TAKING VALUES IN A LIE GROUPOID 343

Construction of the canonical manifold structure. We now construct the canonical manifold structure on C^ℓ (K, M ), assuming that M admits a local addition.We recall the concept. Definition A.7. Let M be a smooth manifold. A local addition is a smooth map Σ: U → M , defined on an open neighborhood U ⊆ T M of the zero-section 0_M := {0_p ∈ T_p M : p ∈ M } such that Σ(0_p ) = p for all p ∈ M , U^′ := { (π_{T M} (v), Σ( v)): v ∈ U} is open in M × M (where π_{T M} : T M → M is the bundle projection) and the map θ := ( π_{T M} , Σ): U → U^′ is a C^∞ -diffeomorphism. If (10) T_{0p} (Σ |_{Tp M} ) = id_{Tp M} we say that the local addition Σ is normalized .

Until Lemma A.10, we fix the following setting, which allows a canonical manifold structure on C^ℓ (K, M ) to be constructed. A.8. We consider a compact smooth manifold K (possibly with rough boundary), a smooth manifold M which admits a local addition Σ : T M ⊇ U → M, and ℓ ∈ N_0 ∪ {∞} . A.9 (Manifold structure on C^ℓ (K, M )). For f ∈ C^ℓ (K, M ), the locally convex space of C^ℓ -sections of the pullback-vector bundle f^∗ (T M ) is isomorphic to Γ_f := { τ ∈ C^ℓ (K, T M ): π_{T M} ∘ τ = f } , as explained in A.1. Then O_f := Γ_f ∩ C^ℓ (K, U ) is an open subset of Γ_f , O^′_f := { g ∈ C^ℓ (K, M ): (f, g )(K ) ⊆ U^′} is an open subset of C^ℓ (K, M ) and the map (11) ϕ_f : O_f → O^′_f , τ → Σ ∘ τ is a homeomorphism with inverse g → θ^{− 1} ∘ (f, g). By the preceding, if also h ∈ C^ℓ (K, M ), then ψ := ϕ^{− 1}_h ∘ ϕ_f has an open domain D ⊆ Γ_f and is a smooth map D → Γ_h by Lemma A.2, as ψ^∧ : D × K → T M ,

(τ, x) → (ϕ^{− 1}_h ∘ ϕ_f )(τ)(x) = θ^{− 1} � h(x), Σ( τ(x)) � = θ^{− 1} � h(x), Σ( ε(τ, x)) � is a C^{∞ ,ℓ} -map (exploiting that the evaluation map ε : Γ_f × K → T M is C^{∞ ,ℓ} , by Lemma A.4). Hence C^ℓ (K, M ) has a smooth manifold structure for which each of the maps ϕ^{− 1}_f is a local chart.

344 H. AMIRI, H. GLÖCKNER AND A. SCHMEDING

We now prove that the manifold structure on C^ℓ (K, M ) is canonical. Together with Lemma 1.19 (b), this implies that the smooth manifold structure on C^ℓ (K, M ) constructed in A.9 is independent of the choice of local addition.

Lemma A.10. The manifold structure on C^ℓ (K, M ) constructed in A.9 is canonical.

Proof. We first show that the evaluation map ev: C^ℓ (K, M )× K → M is C^{∞ ,ℓ} . It suffices to show that ev(ϕ_f (τ), x) is C^{∞ ,ℓ} in (τ, x) ∈ O_f × K for all f ∈ C^ℓ (K, M ). This follows from ev � ϕ_f (τ), x � = Σ � τ(x) � = Σ � ε(τ, x) � , where ε : Γ_f × K → T M, (τ, x) → τ(x) is C^{∞ ,ℓ} by Lemma A.4. Now let k ∈ N_0 ∪ {∞} and h : N → C^ℓ (K, M ) be a map, where N is a C^k -manifold modelled on locally convex spaces (possibly with rough boundary). If h is C^k , then h^∧ = ev ∘(h × id_K ) is C^{k,ℓ} . If, conversely, h^∧ is C^{k,ℓ} , then h is continuous as a map to C(K, M ) with the compact-open topology (see [ 19, Proposition A.5.17]) and h(x) = h^∧ (x, ·) ∈ C^ℓ (K, M ) for each x ∈ N. Given x ∈ N, let f := h(x). Then ψ_f : C(K, M ) → C(K, M ) × C(K, M ) ∼ C(K, M × M), g → (f, g) is a continuous map. Since ψ_f (g) is C^ℓ if and only if g is C^ℓ , we see that

W : = h^{− 1} (O^′_f ) = h^{− 1} � ψ^{− 1}_f (C^ℓ (K, U^′)) � = � ψ_f ∘ h)^{− 1} (C^ℓ (K, U^′) � = ( ψ_f ∘ h)^{− 1} � C(K, U^′) � is an open x-neighborhood in N . As the map (ϕ^{− 1}_f ∘ h|_W )^∧ : W × K → T M ,

(y, z) → � (ϕ_f )^{− 1} ∘ h|_W

�_∧

(y, z) = � θ^{− 1} ∘ (f, h (y)) � (z) = θ^{− 1} � f (z), h^∧ (y, z) � is C^{k,ℓ} by [1, Lemma 3.18], the map ϕ^{− 1}_f ∘ h|_W : W → Γ_f (and hence also h|_W ) is C^k , by Lemma A.2. □

The tangent bundle of C^ℓ (K, M ). We now identify the tangent bundle of a manifold of mappings, as well as the tangent maps of superposition operators between such manifolds. We start with a description of the main steps and ideas; three more technical proofs (of Lemma A.11, Lemma A.14, and Theorem A.12) are relegated to the following subsection. An observation is crucial:

Lemma A.11 (cf. [45, Lemma 7.5] or [31, 10.11]). If a smooth manifold M admits a local addition, then also its tangent manifold T M admits a local addition.

Since M admits a local addition in the setting of A.8, we deduce from Lemmas A.11 and A.10 that also C^ℓ (K, T M ) admits a canonical smooth manifold structure. By Proposition 1.20, the map

C^ℓ (K, π_{T M} ): C^ℓ (K, T M ) → C^ℓ (K, M ) , τ → π_{T M} ∘ τ

is smooth. For each f ∈ C^ℓ (K, M ), we have C^ℓ (K, π_{T M} )^{− 1}({ f }) = Γ_f , which we endow with a vector space structure as in A.1. Given x ∈ K , let ε_x : C^ℓ (K, M ) → M, f → f (x) be the point evaluation at x. Then the tangent bundle of C^ℓ (K, M ) can be described as follows:

LIE GROUPOIDS OF MAPPINGS TAKING VALUES IN A LIE GROUPOID 345

Theorem A.12. In the situation of A.8, C^ℓ (K, π_{T M} ): C^ℓ (K, T M ) → C^ℓ (K, M ) is a smooth vector bundle with fiber Γ_f over f ∈ C^ℓ (K, M ). For each v ∈ T(C^ℓ (K, M )), we have Φ( v) := ( T ε_x (v))_{x ∈ K} ∈ C^ℓ (K, T M ) and the map Φ: T C^ℓ (K, M ) → C^ℓ (K, T M ) , v → Φ( v) is an isomorphism of smooth vector bundles (over the identity ).

If we wish to emphasize the dependence on M , we write Φ_M instead of Φ . Remark A.13. (a) Assume that the local addition Σ : U → M is normalized in the sense of (10). Then the proof of Theorem A.12 will show that Φ ∘ T ϕ_f (0, ·): Γ_f → C^ℓ (K, T M ) is the inclusion map τ → τ, for each f ∈ C^ℓ (K, M ) (where ϕ_f is as in (11)).

(b) Compare [ 31, Theorem 10.13] for a special case of Theorem A.12 for finite-dimensional M and ℓ = ∞ (and [45, Theorem 7.9] for additional explanations concerning Michor’s discussion).

By the preceding, it is useful to work with normalized local additions. This is no further restriction: Lemma A.14. If a smooth manifold M admits a local addition, then M also admits a normalized local addition.

Theorem A.12 allows us to identify the tangent maps of superposition operators. Corollary A.15. Let K be a compact smooth manifold (possibly with rough boundary ) and g : M → N be a C^{ℓ +1} -map between smooth manifolds M and N admitting local additions. Then the tangent map of the C^1 -map C^ℓ (K, g ): C^ℓ (K, M ) → C^ℓ (K, N ) , f → g ∘ f is given by T(C^ℓ (K, g)) = Φ^{− 1}_N ∘ C^ℓ (K, T g) ∘Φ_M . For each f ∈ C^ℓ (K, M ), we have Φ_M (T_f (C^ℓ (K, M ))) = Γ_f (T M), Φ_N (T_{g∘f} (C^ℓ (K, N ))) = Γ_{g∘f} (T N) and C^ℓ (K, T g) restricts to the map (12) Γ_f (T M ) → Γ_{g∘f} (T N ) , τ → T g ∘ τ which is continuous linear and corresponds to T_f (C^ℓ (K, g )). Remark A.16. In the following proof and also in the following subsection, we find it convenient to consider the tangent space T_p M of a smooth manifold M at p ∈ M as a geometric tangent space. Thus, the elements of T_p M are geometric tangent vectors, i.e., equivalence classes [γ] of C^1-curves γ : ]− ε, ε[→ M with γ(0) = p (where two such curves are considered equivalent if their velocity at t = 0 coincides in each chart). In the case of an open subset U of a vector space E, we shall also identify T U with U × E (as usual).

346 H. AMIRI, H. GLÖCKNER AND A. SCHMEDING

Proof of Corollary A.15. Let Σ be a normalized local addition on M (cf. Lemma A.14). Given f ∈ C^ℓ (K, M ), the map T ϕ_f (0, ·): Γ_f → T_f (C^ℓ (K, M )) is an isomorphism of vector spaces. The assertions follow from

Φ_N � T(C^ℓ (K, g ))T ϕ_f (0, σ) � = � [t → g(Σ( tσ (x)))] � x ∈ K = � T g^d_{dt} � t =0 Σ( tσ (x)) � x ∈ K = � T g(σ(x)) � x ∈ K

= T g ∘ σ = C^ℓ (K, T g)(σ) = C^ℓ (K, T g)Φ_M T ϕ_f (0, σ) ,

where we used (10) for the third equality and Remark A.13 (a) for the last. □ We mention a further consequence.

Remark A.17. If M has the local addition Σ : U → M, then C^ℓ (K, U ) is an open subset of C^ℓ (K, T M ), which we identify with T(C^ℓ (K, M )) by means of the map Φ from Theorem A.12. Using this identification, the map C^ℓ (K, Σ) : C^ℓ (K, U) → C^ℓ (K, M ), γ → Σ ∘ γ is easily seen to be a local addition for C^ℓ (K, M ). If N is a compact smooth manifold (possibly with rough boundary) and k ∈ N_0 ∪ {∞} , this enables a canonical smooth manifold structure to be defined on C^k (N, C^ℓ (K, M )). By a variant of the construction described in this appendix, it is possible to endow also C^{k,ℓ} (N × K, M ) with a suitable canonical smooth manifold structure, and to obtain an exponential law of the form

C^{k,ℓ} (N × K, M ) ∼= C^k � N, C^ℓ (K, M ) � ; notably, C^k (N, C^ℓ (K, M )) ∼= C^ℓ (K, C^k (N, M )) (joint work in progress by the second and third author).

Proof of Lemma A.14, Lemma A.11, and Theorem A.12. We now fill in the three proofs which have been postponed in the preceding subsection.

The following notation is useful: If U_j is an open subset of a locally convex space E_j for j ∈ { 1,2} and f : U_1 × U_2 → F is a C^1-map to a locally convex space F , we abbreviate d_2 f (x, y, z ) := df � (x, y), (0, z) � for (x, y) ∈ U_1 × U_2 and z ∈ E_2 . Proof of Lemma A.14. Given a local addition Σ : U → M, let us use the notation from A.7. The C^∞ -diffeomorphism θ := ( π_{T M} ,Σ) : U → U^′ ⊆ M × M takes the open set T_p M ∩ U ⊆ T_p M to the submanifold ({ p}× M)∩ U^′ of M × M for each p ∈ M and restricts to a C^∞ -diffeomorphism between these sets. Hence Σ |_{Tp M ∩ U} is a C^∞ -diffeomorphism onto an open subset of M, whence α_p := T_{0p} (Σ |_{Tp M} ) ∈ GL( T_p M ) for each p ∈ M . Define

h : T M → T M , h (v) := α^{− 1}_{π T M (v)} (v) .

We claim that h is smooth. If this is true, then Σ ∘ h : h^{− 1}(U) → M is a normalized local addition. To prove the claim, let us show smoothness of T ϕ ∘ h ∘ T ϕ^{− 1} for a given chart ϕ : U_ϕ → V_ϕ ⊆ E_ϕ of M . Abbreviate

P := θ^{− 1} (U_ϕ × U_ϕ ) ∩ T U_ϕ

LIE GROUPOIDS OF MAPPINGS TAKING VALUES IN A LIE GROUPOID 347

and Q := T ϕ(P ). Then 0_p ∈ P for each p ∈ U_ϕ as θ(0_p) = ( p, p) ∈ U_ϕ × U_ϕ and 0_p ∈ T U_ϕ . As a consequence, V_ϕ × { 0} ⊆ Q. Then f := ( ϕ × ϕ) ∘ θ|_P ∘ T ϕ^{− 1} |^P_Q : Q → E_ϕ × E_ϕ is a C^∞ -diffeomorphism onto the open subset (ϕ × ϕ)(θ(P )) of E_ϕ × E_ϕ and f is of the form f (x, y) = ( x, g(x, y)) with a smooth function g : Q → E_ϕ . By the following lemma, β_x := d_2 g(x, 0, ·) ∈ GL( E_ϕ ) for all x ∈ V_ϕ and the map V_ϕ × E_ϕ → E_ϕ , (x, z ) → β^{− 1}_x (z) is smooth. Given (x, y) ∈ V_ϕ × E_ϕ , let w := T ϕ^{− 1}(x, y), p := ϕ^{− 1}(x), v := α^{− 1}_p (w) and z := dϕ(v) (whence v = T ϕ^{− 1} (x, z )). Since

g(x, u ) = ϕ � Σ |_{Tp M} T ϕ^{− 1} (x, ·)|^{Tp M}_{E ϕ} (u) � for u ∈ E_ϕ close to 0, we deduce that

β_x (z) = d_2 g(x, 0, z) = T ϕ � α_p (T ϕ^{− 1} (x, z )) � = T ϕ � α_p (v) � = T ϕ(w) = ( x, y) .

Thus, dϕ(v) = z = β^{− 1}_x (x, y) and (T ϕ ∘ h ∘ T ϕ^{− 1})(x, y) = T ϕ(α^{− 1}_p (w)) = T ϕ(v) = (x, β^{− 1}_x (x, y)), which is a smooth E_ϕ × E_ϕ -valued function of (x, y) ∈ V_ϕ × E_ϕ . □

Lemma A.18. Let E be a locally convex space, W ⊆ E be an open subset and Q ⊆ E × E be an open subset such that W × { 0} ⊆ Q. Let g : Q → E be a smooth mapping such that f : Q → E × E , (x, y) → � x, g(x, y) � has open image and is a C^∞ -diffeomorphism onto its image. Then β_x := d_2 g(x, 0, ·) ∈ GL( E ) for each x ∈ W and the map W × E → E, (x, z ) → β^{− 1}_x (z) is smooth.

Proof. Given x ∈ W , the hypotheses imply that the map g_x := g(x, ·): { y ∈ E : (x, y) ∈ Q} → E , y → g(x, y) is a C^∞ -diffeomorphism onto { z ∈ E : (x, z) ∈ f (Q)}. Hence β_x := d_2 g(x, 0, ·) = d(g_x )(0, ·) ∈ GL(E). Write h for the second component of f^{− 1}. Given x ∈ W, we have h(x, g(x, y)) = y for all y ∈ E such that (x, y) ∈ Q (notably for y = 0 ), whence d_2 h(x, g(x, 0), d_2 g(x, 0, v)) = v for all v ∈ E and thus d_2 h(x, g(x, 0), ·) ∘ β_x = id_E .

Hence β^{− 1}_x (z) = d_2 h(x, g(x, 0), z), which is smooth in (x, z ) ∈ W × E . □ As a tool for the proofs of Lemma A.11 and Theorem A.12, we recall the definition of the canonical flip on T^2 M := T(T M ), and some of its properties.

A.19. Consider a smooth manifold M and the bundle projection π_{T M} : T M → M. Then T^2 M is a smooth vector bundle over T M; we write π_T 2_M : T^2 M → T M for its bundle projection. Given a chart ϕ : U_ϕ → V_ϕ ⊆ E_ϕ of M and (x, y, z, w) ∈ V_ϕ × E_ϕ × E_ϕ × E_ϕ , we define κ � T^2 (ϕ^{− 1} )(x, y, z, w) � := T^2 (ϕ^{− 1} )(x, z, y, w) .

It is easy to check that a well-defined smooth map κ : T^2 M → T^2 M

348 H. AMIRI, H. GLÖCKNER AND A. SCHMEDING

is obtained in this way (the canonical flip ), such that κ ∘ κ = id_T 2_M . [In fact, if T^2 (ϕ^{− 1} )(x, y, z, w) = T^2 (ψ^{− 1} )(x^′, y^′, z^′, w^′), then

(x^′, y^′, z^′, w^′) = T^2 (f )(x, y, z, w) = � f (x), df (x, y), df (x, z ), df (x, w) + d^{(2)} f (x, y, z ) � with f := ψ ∘ ϕ^{− 1} and thus T^2 (ψ^{− 1} )(x^′, z^′, y^′, w^′) = T^2 (ψ^{− 1} ) � f (x), df (x, z ), df (x, y), df (x, w) + d^{(2)} f (x, y, z ) � , which coincides with T^2 (ϕ^{− 1} )(x, z, y, w) = T^2 (ψ^{− 1} )T^2 (f )(x, z, y, w) = T^2 (ψ^{− 1} ) � f (x), df (x, z ), df (x, y), df (x, w) + d^{(2)} f (x, z, y) � .] Using a local chart, one readily verifies that (13) π_T 2_M = ( T π_{T M} ) ∘ κ. [As (ϕ ∘ π_{T M} ∘ T(ϕ^{− 1}))(x, y) = x, we have T(ϕ ∘ π_{T M} ∘ T(ϕ^{− 1}))(x, y, z, w) = ( x, z) and thus (T(ϕ)∘T(π_{T M} )∘κ∘T^2(ϕ^{− 1}))(x, y, z, w) = T(ϕ∘π_{T M} ∘T(ϕ^{− 1}))(x, z, y, w) = (x, y) = ( T ϕ ∘ π_T 2_M ∘ T^2 (ϕ^{− 1} ))( x, y, z, w).] Proof of Lemma A.11. If Σ : U → M is a local addition for M and θ = (π_{T M} ,Σ) : U → U^′ ⊆ M × M (as above) the associated C^∞ -diffeomorphism, then T U is open in T^2 M , the set T(U^′) is open in T(M × M ) (which we identify with T M × T M via (T pr_1 , T pr_2 )) and T θ: T U → T U^′ is a C^∞ -diffeomorphism. Then also (T θ) ∘ κ : κ(T U) → T U^′ ⊆ T M × T M is a C^∞ -diffeomorphism and (T θ) ∘ κ = ( π_T 2_M , Σ_{T M} ) with Σ_{T M} := ( TΣ) ∘ κ : κ(T U) → T M .

We shall readily check that 0_v ∈ κ(T U) for all v ∈ T M and Σ_{T M} (0_v) = v, whence Σ_{T M} is a local addition for T M. [Given p ∈ M, let ϕ : U_ϕ → V_ϕ ⊆ E_ϕ be a chart for M such that p ∈ U_ϕ and ϕ(p) = 0 . Set P := U ∩ T U_ϕ and Q := ( T ϕ)(P ). Since 0_p ∈ U, we have (0,0) ∈ Q, whence {0} × { 0} × E_ϕ × E_ϕ ⊆ T Q = ( T^2 ϕ)(P ) and thus T^2 ϕ^{− 1}({0} × E_ϕ × { 0} × E_ϕ ) = κ(T^2 ϕ^{− 1}({0} × { 0} × E_ϕ × E_ϕ )) ⊆ κ(T U), entailing that 0_v ∈ κ(T U) for all v ∈ T_p M . To see that Σ_{T M} (0_v) = v for all v ∈ T_p M, note that T^2 ϕ(κ(0_v)) = (0 ,0, y,0) for some y ∈ E_ϕ . Now

v = π_T 2_M (0_v ) = T(π_{T M} )(κ(0_v )) = T(π_{T M} )T^2 ϕ^{− 1} (0, 0, y, 0) = T(π_{T M} ∘ T ϕ^{− 1} )(0, 0, y, 0) = T ϕ^{− 1} (0, y)

LIE GROUPOIDS OF MAPPINGS TAKING VALUES IN A LIE GROUPOID 349

since π_{T M} ∘ T ϕ^{− 1}(z,0) = ϕ^{− 1}(z) for all z ∈ V_ϕ and thus T(π_{T M} ∘ T ϕ^{− 1})(0,0, y,0) = T ϕ^{− 1} (0, y). As a consequence,

Σ_{T M} (0_v ) = TΣ( κ(0_v )) = T(Σ ∘ T ϕ^{− 1} )(0, 0, y, 0)

=^d_{dt} � �_{t =0} Σ T ϕ^{− 1} (ty, 0) =^d_{dt} � �_{t =0} Σ(0_{ϕ − 1 (ty )} )

=^d_{dt} � �_{t =0} ϕ^{− 1} (ty) = T ϕ^{− 1} (0, y) = v ,

which completes the proof. □ The following considerations prepare the proof of Theorem A.12. Let M be a smooth manifold modelled on locally convex spaces. In the following proofs, given p ∈ M we write λ_p : T_p M → T M, v → v for the inclusion map. We abbreviate T^2 M := T(T M) and let κ : T^2 M → T^2 M be the canonical flip. The zero-section 0_M := {0_p ∈ T_p M : p ∈ M } is a split submanifold of T M. As the bundle projection π_T 2_M : T^2(M) → T M is a smooth submersion, [ 18, Theorem C] shows that the preimage π^{− 1}_{T 2 M} (0_M )

is a split submanifold of T^2 M. We can also see this by hand: If ϕ : U_ϕ → V_ϕ ⊆ E_ϕ is a chart for M, then T^2 ϕ : T^2 U_ϕ → T^2 V_ϕ = V_ϕ × E_ϕ × E_ϕ × E_ϕ is a chart for T^2 M and (14) T^2 ϕ(T^2 (U_ϕ ) ∩ π^{− 1}_{T 2 M} (0_M )) = V_ϕ ×{ 0}× E_ϕ × E_ϕ = T^2 (V_ϕ ) ∩ (E_ϕ ×{ 0}× E_ϕ × E_ϕ ) ,

where E_ϕ × { 0} × E_ϕ × E_ϕ is a complemented topological vector subspace of E_ϕ × E_ϕ × E_ϕ × E_ϕ . Define

π : π^{− 1}_{T 2 M} (0_M ) → M , v → π_{T M} � π_T 2_M (v) � . For p ∈ M, we give π^{− 1}({ p}) = T_{0p} (T M) the vector space structure as the tangent space of the smooth manfold T M at 0_p. Then d(T ϕ) restricts to a linear isomorphism π^{− 1}({ p}) = T_{0p} (T M) → E_ϕ × E_ϕ for each chart ϕ as before and p ∈ U_ϕ . As a consequence, each of the the C^∞ -diffeomorphisms (π, d(T ϕ)) : π^{− 1}(U_ϕ ) → U_ϕ × E_ϕ × E_ϕ is a local trivialization and π^{− 1}_{T 2 M} (0_M ) is a smooth vector bundle.

Lemma A.20. In the preceding situation, the following holds:

(a) Θ( v, w) := κ(T λ_p (v, w)) ∈ T_{0p} (T M ) for all p ∈ M and v, w ∈ T_p M ; (b) The map Θ : T M ⊕ T M → π^{− 1}_{T 2 M} (0_M ) is an isomorphism of C^∞ -vector bundles over id_M ;

(c) If U ⊆ T M is an open subset and U ×_M T M := � p∈ M (U ∩ Tp M) × Tp M ⊆

T M ⊕ T M , then Θ( U ×_M T M ) = κ(T U) ∩ π^{− 1}_{T 2 M} (0_M ). Now let K be a compact smooth manifold (possibly with rough boundary ) and ℓ ∈ N_0 ∪ {∞} . Let Γ_f := { τ ∈ C^ℓ (K, T M ): (∀x ∈ K ) τ(x) ∈ T_{f (x )} M },

Γ_{0∘f} := { τ ∈ C^ℓ (K, T^2 M ): (∀x ∈ K ) τ(x) ∈ T_{0f ( x )} T M } ,

O_f := { τ ∈ Γ_f : τ(K) ⊆ U} and O_{0∘f} := { τ ∈ Γ_{0∘f} : τ(K) ⊆ κ(T U)}. Then the following holds:

350 H. AMIRI, H. GLÖCKNER AND A. SCHMEDING

(d) Θ ∘ (σ, τ ) ∈ Γ_{0∘f} for all σ, τ ∈ Γ_f and the map (15) Γ_f × Γ_f → Γ_{0∘f} , (σ, τ ) → Θ ∘ (σ, τ )

is an isomorphism of topological vector spaces. (e) The isomorphism from (d) restricts to a C^∞ -diffeomorphism Ψ_f : O_f × Γ_f → O_{0∘f} .

Proof. (a) and (b): Let ϕ : U_ϕ → V_ϕ ⊆ E_ϕ be a chart for M and x ∈ V_ϕ . Abbreviate p := ϕ^{− 1}(x). The map α : E_ϕ → T_p M, y → (T ϕ^{− 1})(x, y) is an isomorphism of topological vector spaces. Since (T ϕ ∘ λ_p ∘ α )(y) = ( x, y) for all y ∈ E_ϕ , we have (T^2 ϕ ∘ T λ_p)(T ϕ^{− 1}(x, y), T ϕ^{− 1}(x, z)) = ( T^2 ϕ ∘ T λ_p ∘ T α)(y, z) = ( x, y, 0, z) for all y, z ∈ E_ϕ and hence

(16) (T^2 ϕ ∘ κ ∘ T λ_p )(T ϕ^{− 1} (x, y), T ϕ^{− 1} (x, z ))) = ( x, 0, y, z) . Writing v := T ϕ^{− 1}(x, y) and w := T ϕ^{− 1}(x, z), we deduce that κ(T λ_p(v, w)) = T^2 ϕ^{− 1}(x, 0, y, z) ∈ T_{0p} (T M), establishing (a). It follows from (16) that the map T_p M × T_p M → T_{0p} (T M), (v, w) → κ(T λ_p(v, w)) is a bijection. As a consequence, Θ is a bijection. Given a chart ϕ : U_ϕ → V_ϕ ⊆ E_ϕ of M , the map

T ϕ ⊕ T ϕ : (T M ⊕ T M )|_{T U ϕ} → V_ϕ × E_ϕ × E_ϕ , (v, w) → � T ϕ(v), dϕ(w) � is a chart for T M ⊕ T M . Using (16), we find that

(T^2 ϕ ∘ Θ ∘ (T ϕ ⊕ T ϕ)^{− 1} )(x, y, z ) = ( T^2 ϕ ∘ Θ) � T ϕ^{− 1} (x, y), T ϕ^{− 1} (x, z ) � = ( x, 0, y, z) for (x, y, z) ∈ V_ϕ × E_ϕ × E_ϕ , which is a C^∞ -diffeomorphism from V_ϕ × E_ϕ × E_ϕ onto V_ϕ × { 0} × E_ϕ × E_ϕ = T^2 V_ϕ ∩ (E_ϕ × { 0} × E_ϕ × E_ϕ ). As T^2 ϕ restricts to a chart of the submanifold π^{− 1}_{T 2 M} (0_M ) (cf. (14)), we deduce that Θ restricts to a C^∞ -diffeomorphism (T M ⊕ T M)|_{T U ϕ} → (T^2 U_ϕ ) ∩ π^{− 1}_{T 2 M} (0_M ). Now Θ(( T M ⊕ T M)_p) ⊆ π^{− 1}({ p}) for each p ∈ M, by (a). Since (d(T ϕ)∘Θ ∘(T ϕ⊕ T ϕ)^{− 1})(x, y, z) = (y, z) is linear in (y, z), we deduce that the C^∞ -diffeomorphism Θ is an isomorphism of smooth vector bundles over id_M .

(c) Let p ∈ M and v, w ∈ T_p M. Pick a chart ϕ : U_ϕ → V_ϕ ⊆ E_ϕ with p ∈ U_ϕ and set x := ϕ(p). Then v = T ϕ^{− 1}(x, y) and w = T ϕ^{− 1}(x, z) with suitable y, z ∈ E_ϕ and Θ( v, w) ∈ κ(T U) ∩ T_{0p} (T M ) ⇔ Θ( v, w) ∈ κ(T U) ⇔ T λ_p (v, w) ∈ T U ∩ T^2 U_ϕ = T(U ∩ T U_ϕ ) ⇔ (x, y, 0, z) = T^2 ϕT λ_p (v, w) ∈ T^2 ϕ(T U ∩ T^2 U_ϕ ) ⇔ (x, y) ∈ T ϕ(U ∩ T U_ϕ ) ⇔ v ∈ U .

Thus Θ^{− 1}(κ(T U) ∩ π^{− 1}_{T 2 M} (0_M )) ∩ (T_p M × T_p M) = ( T_p M ∩ U) × T_p M and the assertion follows.

(d) We have Γ_{0∘f} := Γ_{0∘f} (T^2 M) = Γ_f (π^{− 1}_{T 2 M} (0_M )) as a set and as a topological space, as a consequence of 1.7 and Lemma 1.14. Since π^{− 1}({ p}) = T_{0p} (T M) as a vector space for each p ∈ M, a pointwise calculation shows that Γ_{0∘f} (T^2 M) =

LIE GROUPOIDS OF MAPPINGS TAKING VALUES IN A LIE GROUPOID 351

Γ_f (π^{− 1}_{T 2 M} (0_M )) also as vector spaces, and hence as locally convex spaces. Identifying Γ_f × Γ_f with Γ_f (T M ⊕ T M ) as in Lemma A.6 (b), we have

Θ ∘ (σ, τ ) = Γ_f (Θ)( σ, τ ) ∈ Γ_f � π^{− 1}_{T 2 M} (0_M ) � for all (σ, τ) ∈ Γ_f × Γ_f , by Lemma A.6 (a). The map (15) to Γ_f (π^{− 1}_{T 2 M} (0_M )) = Γ_{0∘f} (T^2 M) therefore coincides with Γ_f (Θ) , which is an isomorphism of locally convex spaces (with inverse Γ_f (Θ^{− 1} )) by Lemma A.6 (a).

(e) Given σ, τ ∈ Γ_f , we have Θ ∘ (σ, τ) ∈ O_{0∘f} if and only if Θ( σ(x), τ(x)) ∈ κ(T U) for all x ∈ K. By (c), this holds if and only if σ(x) ∈ U for all x ∈ K, i.e., if and only if σ ∈ O_f . Thus { Θ ∘ (σ, τ ): (σ, τ ) ∈ O_f × Γ_f } = O_{0∘f} . □ Proof of Theorem A.12. Given f ∈ C^ℓ (K, M ), the map ϕ_f : O_f → O^′_f ⊆ C^ℓ (K, M ) is a C^∞ -diffeomorphism with ϕ_f (0) = f , whence T ϕ_f (0, ·): Γ_f → T_f (C^ℓ (K, M )) is an isomorphism of topological vector spaces. For τ ∈ Γ_f , we have for each x ∈ K

T ε_x T ϕ_f (0, τ) = T ε_x � [t → Σ ∘ (tτ )] � = [ t → Σ � tτ (x) � ] = [ t → Σ |_{Tf ( x ) M} � tτ (x) � ] = TΣ |_{Tf ( x ) M} � τ(x) � = τ(x) ,

as Σ is assumed normalized. Thus Φ( T ϕ_f (0, τ)) = τ ∈ Γ_f ⊆ C^ℓ (K, T M ), whence Φ( v) ∈ Γ_f ⊆ C^ℓ (K, T M ) for each v ∈ T_f (C^ℓ (K, M )) and Φ takes T_f (C^ℓ (K, M )) bijectively and linearly onto Γ_f . As T(C^ℓ (K, M )) and C^ℓ (K, T M ) is the disjoint union of the sets T_f (C^ℓ (K, M )) and Γ_f = C^ℓ (K, π_{T M} )^{− 1}({ f }), respectively, we see that Φ is a bijection. If we can show that Φ is a C^∞ -diffeomorphism, it will also follow from the preceding that C^ℓ (K, π_{T M} ): C^ℓ (K, T M ) → C^ℓ (K, M ) is a smooth vector bundle over C^ℓ (K, M ) (like T(C^ℓ (K, M ))) and Φ an isomorphism of smooth vector bundles over id_M . The bijective map Φ will be a C^∞ -diffeomorphism if we

can show that^{18} Φ ∘ T ϕ_f = ϕ_{0∘f} ∘ Ψ_f

for each f ∈ C^ℓ (K, M ), where Ψ_f : O_f × Γ_f → O_{0∘f} is the C^∞ -diffeomorphism from Lemma A.20 (e). Recall that λ_p : T_p M → T M, z → z is the inclusion for p ∈ M . Now T ϕ_f (σ, τ ) = [ t → Σ ∘ (σ + tτ )]

for all (σ, τ ) ∈ O_f × Γ_f , and thus

Φ( T ϕ_f (σ, τ )) = ([ t → Σ � σ(x) + tτ (x) � ])_{x ∈ K} = � [t → (Σ ∘ λ_{f (x )} )(σ(x) + tτ (x))] � x ∈ K = � T(Σ ∘λ_{f (x )} )(σ(x), τ(x)) � x ∈ K = � Σ_{T M} ((κ ∘T λ_{f (x )} )(σ(x), τ(x))) � x ∈ K

= ((Σ_{T M} ∘ Ψ_f )(σ, τ )(x))_{x ∈ K} = ( ϕ_{0∘f} ∘ Ψ_f )(σ, τ ) . □ 18The sets S_f := T ϕ_f (O_f × Γ_f ) form an open cover of T(C^ℓ (K, M )) for f ∈ C^ℓ (K, M ), whence the sets Φ( S_f ) form a cover of C^ℓ (K, T M ) by sets which are open as Φ( S_f ) = ( ϕ_{0∘ f} ∘ Ψ_f )( O_f × Γ_f ) = ϕ_{0∘ f} (O_{0∘ f} ).

352 H. AMIRI, H. GLÖCKNER AND A. SCHMEDING

Appendix B. Current groupoids related to orbifold morphisms

In this section, the relation of current groupoids of proper étale Lie groupoids with orbifolds and morphisms of orbifolds is discussed. An orbifold is a generalisation of a manifold allowing mild singularities; we recall from [33, 34, 44]:

B.1 (Orbifolds in local charts) . Let Q be a Hausdorff topological space. An orbifold chart (V, G, π) is a triple, where V is a connected manifold, G ⊆ Diff (V) a finite subgroup and π : V → Q a continuous map with open image, which induces a homeomorphism V/G ∼= π(V). Two orbifold charts (V, G, π), (W, H, ψ ) on Q are compatible if for every π(x) = ψ (y) there exists a smooth diffeomorphism φ : V_x → V_y, a change of charts between x- and y-neighborhoods, such that ψ ∘ φ = π|_{Vx} .^{19} An orbifold atlas is a family of pairwise compatible orbifold charts whose images cover Q.

One usually assumes that the manifolds appearing in orbifold charts are paracompact and finite dimensional, i.e. the orbifold atlas is finite dimensional. We do not assume this per se. However, recall that every (finite-dimensional) orbifold atlas gives rise to an atlas groupoid which is a proper étale Lie groupoid.

B.2 (Atlas groupoids) . Consider an orbifold atlas V := { V_i , G_i , φ_i)}_{i ∈ I} on a topological space Q such that the manifolds V_i , i ∈ I are finite dimensional. Then we construct a proper étale Lie groupoid Γ(V), called atlas groupoid , as follows. Its space of arrows is given by the disjoint union ⊔_{i ∈ I} V_i, while the arrows are germs of change of chart morphisms (with the germ topology turning Γ(V) into a proper étale groupoid). For details we refer to [34, Theorem 4 (4) ⇒ (1)] and [39].

Different (but equivalent) orbifold atlases give rise to different (but Morita equivalent) atlas groupoids. This construction can be reversed, as [ 33, 34] showed that the orbit space associated to the canonical right action of a (finite-dimensional) proper étale Lie groupoid on its space of units gives rise to a topological space with an orbifold atlas. Again, Morita equivalent groupoids give rise to equivalent orbifold atlases. Hence at least in the finite-dimensional case, orbifolds correspond to proper étale Lie groupoids. Currently, there seems to be no consensus on the definition of an infinite-dimensional orbifold, however, the Lie groupoid picture generalises with ease.

Definition B.3. We call a proper étale Lie groupoid G an orbifold groupoid .

It is currently unknown whether an orbifold groupoid modelled on an infinite-di-mensional space corresponds to an orbifold in (infinite-dimensional) local charts. The classical proof (see e.g. [ 34, Theorem 4]) requires a suitable version of a slice theorem for infinite-dimensional Lie group actions. No such theorem is known in general. As a special case, Theorem C entails that current groupoids of orbifold groupoids are again orbifold groupoids which are locally isomorphic to action

19Contrary to manifolds, the change of charts is not given by ψ^{− 1} ∘ π as ψ might not be invertible.

LIE GROUPOIDS OF MAPPINGS TAKING VALUES IN A LIE GROUPOID 353

groupoids by Proposition 3.13. We conjecture that at least these orbifold groupoids correspond to orbifolds in local charts.^{20} However, this is beyond the present paper.

It is known that spaces of orbifold maps are infinite-dimensional orbifolds [9, 10, 43, 47]. Now, since a compact manifold K is a trivial orbifold, does the current groupoid model the space of C^ℓ -orbifold morphisms C^ℓ_{Orb} (K, Q)? In general, this is not even the case if G represents a manifold.

Example B.4. Let Q = S = K and choose a manifold atlas V of Q to construct Γ(V). Its space of units Γ(V)_0 is the disjoint union of at least two smooth manifolds (as every atlas of the unit sphere must contain at least two charts). Since K is connected, the image of every smooth map K → Γ(V)_0 is contained in exactly one component of Γ(V)_0, i.e. in one chart domain. In particular, the identity id: S → S is not contained in the current groupoid, but C^ℓ (S, S) = C^ℓ_{Orb} (K, M ) for all ℓ ∈ N_0 ∪ {∞} .

Note the contrast to Example 3.4 where we recovered the full space C^ℓ (S, S). However, in a specialised case we can avoid atlas groupoids to obtain current groupoids which encode orbifold morphisms.

B.5 (Curves into developable orbifolds) . Recall that a (smooth) orbifold (Q, U) is developable if there is a discrete subgroup Γ ⊆ Diff(M) such that Γ × M → M is a proper action and as orbifolds Q ∼= M/Γ (see [8, Section III. G 1.3]). To every developable (smooth) orbifold one can associate a proper étale (Lie) groupoid, by defining the action groupoid Γ ⋉ M ⇒ M where Γ is endowed with the discrete topology (i.e. is a 0-dimensional manifold).

Let now Q = M/Γ be developable. Then every C^ℓ -orbifold path I → (Q, U) from a compact interval I ⊆ R induces a C^ℓ -map I → M.^{21} For ℓ = 0 this is recorded in [ 8, III.G Example 3.9 (1)]. For ℓ > 0 every C^ℓ -orbifold path to Q admits lifts in orbifold charts which embed as open sets of M (due to developability of Q). Then [ 44, Lemma F.1] generalises to ℓ ∈ N and yields an open cover of I by intervals together with C^ℓ -lifts such that every x ∈ I is contained at most in two subintervals. Now gluing the lifts together using changes of charts (which are induced by the Γ action!) yields the desired C^ℓ -map I → M. Of course, in general, many different C^ℓ -curves lift the same C^ℓ -orbifold path. One now identifies the C^ℓ -orbifold paths with the orbit space Orb^ℓ (I, Q ) := C^ℓ (I, M )/C^ℓ (I, Γ ⋉ M ):

(1) if ℓ = 0 , the orbit space Orb^ℓ (I, Q) coincides with the space of continuous orbifold paths as is explained in [ 8, III.G Example 3.9 (1)]. Thus (up to homotopy of paths) the current groupoid encodes the so-called G-paths and the fundamental group of a developable étale groupoid (cf. [ 8, Section III.G 3.]).

20Since for Banach manifolds and tame Fréchet manifolds suitable slice theorems are known.

Chen proves a similar statement for orbispaces, see B.5 below.

21In local charts, a C^ℓ -path is a continuous map c : I → Q which lifts locally to C^ℓ -paths ĉ_i : ]t_i , t_{i +1} [→ V_i in orbifold charts such that the lifts c_i , c_j are (locally) related via λ ∘ c_i = c_j by suitable change of orbifold charts. See [44, Section 4.1 and Appendix E] for details.

354 H. AMIRI, H. GLÖCKNER AND A. SCHMEDING

(2) For ∞ > ℓ ≥ 0 [9, Theorem 3.3.3 (ii)] shows that Orb^ℓ (I, Q) coincides with the C^ℓ -orbifold paths. Thus we recover Chen’s orbispace structure on Orb^ℓ (I, Q). In this case, the Lie groupoid structure of C^ℓ (K, Γ ⋉ M) ⇒ C^ℓ (K, M ) is new as in loc.cit. only the orbispace structure of the quotient and a topological groupoid structure are discussed. However, the setting of [ 9] is much more general as it allows spaces of orbifold maps between orbifolds to be treated.

References

[1] Alzaareer, H., Schmeding, A., Differentiable mappings on products with different degrees of differentiability in the two factors , Expo. Math. 33 (2015), no. 2, 184–222. MR 3342623 DOI: 10.1016/j.exmath.2014.07.002

[2] Amiri, H., A group of continuous self-maps on a topological groupoid , Semigroup Forum (2017), 1–12. DOI: 10.1007/s00233-017-9857-6

[3] Amiri, H., Schmeding, A., Linking Lie groupoid representations and representations of infinite-dimensional Lie groups , 2018.

[4] Amiri, H., Schmeding, A., A differentiable monoid of smooth maps on Lie groupoids , J. Lie Theory 29 (4) (2019), 1167–1192.

[5] Bastiani, A., Applications différentiables et variétés différentiables de dimension infinie , J.

Analyse Math. 13 (1964), 1–114. MR 0177277

[6] Beltiţă, D., Goliński, T., Jakimowicz, G., Pelletier, F., Banach-Lie groupoids and generalized inversion , J. Funct. Anal. 276 (5) (2019), 1528–1574.

[7] Bertram, W., Glöckner, H., Neeb, K.-H., Differential calculus over general base fields and rings , Expo. Math. 22 (2004), no. 3, 213–282. MR 2069671 (2005e:26042) DOI: 10.1016/S0723-0869(04)80006-9

[8] Bridson, M.R., Haefliger, A., Metric spaces of non-positive curvature , Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences], vol. 319, Springer-Verlag, Berlin, 1999. MR 1744486 DOI: 10.1007/978-3-662-12494-9

[9] Chen, Weimin, On a notion of maps between orbifolds. I. Function spaces , Commun. Contemp.

Math. 8 (2006), no. 5, 569–620. MR 2263948 DOI: 10.1142/S0219199706002246

[10] Coufal, V., Pronk, D., Rovi, C., Scull, L., Thatcher, C., Orbispaces and their mapping spaces via groupoids: a categorical approach , Women in topology: collaborations in homotopy theory, Contemp. Math., vol. 641, Amer. Math. Soc., Providence, RI, 2015, pp. 135–166. MR 3380073 DOI: 10.1090/conm/641/12857

[11] Crainic, M., Fernandes, R.L., Integrability of Lie brackets , Ann. of Math. (2) 157 (2003), no. 2, 575–620. MR 1973056 DOI: 10.4007/annals.2003.157.575

[12] Dahmen, R., Glöckner, H., Schmeding, A., Complexifications of infinite-dimensional manifolds and new constructions of infinite-dimensional Lie groups , 2016.

[13] Eells, J.Jr., A setting for global analysis , Bull. Amer. Math. Soc. 72 (1966), 751–807.

MR 0203742 DOI: 10.1090/S0002-9904-1966-11558-6

[14] Engelking, R., General Topology , Sigma Series in Pure Mathematics, vol. 6, Heldermann, Berlin, 1989.

[15] Glöckner, H., Infinite-dimensional Lie groups without completeness restrictions , Geometry and Analysis on Lie Groups (Strasburger, A., Hilgert, J., Neeb, K.-H., Wojtyński, W., eds.), Banach Center Publication, vol. 55, Warsaw, 2002, pp. 43–59.

LIE GROUPOIDS OF MAPPINGS TAKING VALUES IN A LIE GROUPOID 355

[16] Glöckner, H., Lie group structures on quotient groups and universal complexifications for infinite-dimensional Lie groups , J. Funct. Anal. 194 (2002), no. 2, 347–409. MR 1934608 DOI: 10.1006/jfan.2002.3942 [17] Glöckner, H., Regularity properties of infinite-dimensional Lie groups, and semiregularity , 2015.

[18] Glöckner, H., Fundamentals of submersions and immersions between infinite-dimensional manifolds , 2016.

[19] Glöckner, H., Neeb, K.-H., Infinite-dimensional Lie groups , book in preparation. [20] Glöckner, H., Neeb, K.-H., Diffeomorphism groups of compact convex sets , Indag. Math.

(N.S.) 28 (2017), no. 4, 760–783. MR 3679741 DOI: 10.1016/j.indag.2017.04.004 [21] Hamilton, R.S., The inverse function theorem of Nash and Moser , Bull. Amer. Math. Soc.

(N.S.) 7 (1982), no. 1, 65–222. MR 656198 DOI: 10.1090/S0273-0979-1982-15004-2 [22] Hjelle, E.O., Schmeding, A., Strong topologies for spaces of smooth maps with infinite-dimensional target , Expo. Math. 35 (2017), no. 1, 13–53. MR 3626202 DOI: 10.1016/j.exmath.2016.07.004 [23] Kac, V.G., Infinite-dimensional Lie algebras , third ed., Cambridge University Press, Cambridge, 1990. MR 1104219 DOI: 10.1017/CBO9780511626234 [24] Keller, H.H., Differential calculus in locally convex spaces , Lecture Notes in Math., Vol. 417, Springer-Verlag, Berlin-New York, 1974. MR 0440592 (55 #13466) [25] Kriegl, A., Michor, P.W., The Convenient Setting of Global Analysis , Mathematical Surveys and Monographs 53, Amer. Math. Soc., Providence R.I., 1997.

[26] Lang, S., Fundamentals of Differential Geometry , Graduate texts in mathematics 191, Springer, New York,^2 2001.

[27] Lerman, E., Orbifolds as stacks? , Enseign. Math. (2) 56 (2010), no. 3-4, 315–363. MR 2778793 DOI: 10.4171/LEM/56-3-4 [28] Mackenzie, K.C.H., General theory of Lie groupoids and Lie algebroids , London Mathematical Society Lecture Note Series, vol. 213, Cambridge University Press, Cambridge, 2005. MR 2157566 (2006k:58035) [29] Meinrencken, E., Lie Groupoids and Lie algebroids , Lecture notes Fall 2017. [30] Meyer, R., Zhu, Ch., Groupoids in categories with pretopology , Theory Appl. Categ. 30 (2015), Paper No. 55, 1906–1998. MR 3438234 [31] Michor, P.W., Manifolds of Differentiable Mappings , Shiva Mathematics Series, vol. 3, Shiva Publishing Ltd., Nantwich, 1980. MR MR583436 (83g:58009) [32] Milnor, J., Remarks on infinite-dimensional Lie groups , Relativity, Groups and Topology, II (Les Houches, 1983), North-Holland, Amsterdam, 1984, pp. 1007–1057. MR MR830252 (87g:22024) [33] Moerdijk, I., Mrčun, J., Introduction to foliations and Lie groupoids , Cambridge Studies in Advanced Mathematics, vol. 91, Cambridge University Press, Cambridge, 2003. MR 2012261 DOI: 10.1017/CBO9780511615450 [34] Moerdijk, I., Pronk, D.A., Orbifolds, sheaves and groupoids , K -Theory 12 (1997), no. 1, 3–21. MR 1466622 DOI: 10.1023/A:1007767628271 [35] Neeb, K.-H., Towards a Lie theory of locally convex groups , Japanese J. Math. 1 (2006), no. 2, 291–468. MR MR2261066 [36] Neeb, K.-H., Wagemann, F., Lie group structures on groups of smooth and holomorphic maps on non-compact manifolds , Geom. Dedicata 134 (2008), 17–60. MR 2399649 DOI: 10.1007/s10711-008-9244-2 [37] Palais, R.S., Foundations of global non-linear analysis , W.A. Benjamin, Inc., New York-Amsterdam, 1968. MR 0248880

356 H. AMIRI, H. GLÖCKNER AND A. SCHMEDING

[38] Palais, R.S., When proper maps are closed , Proc. Amer. Math. Soc. 24 (1970), 835–836.

MR 0254818 DOI: 10.2307/2037337 [39] Pohl, A.D., The category of reduced orbifolds in local charts , J. Math. Soc. Japan 69 (2017), no. 2, 755–800. MR 3638284 DOI: 10.2969/jmsj/06920755 [40] Pressley, A., Segal, G., Loop groups , Oxford Mathematical Monographs, The Clarendon Press, Oxford University Press, New York, 1986, Oxford Science Publications. MR 900587 [41] Roberts, D.M., Schmeding, A., Extending Whitney’s extension theorem: nonlinear function spaces , to appear in Annales de l’Institut Fourier, 2018.

[42] Roberts, D.M., Vozzo, R.F., Smooth loop stacks of differentiable stacks and gerbes , Cah.

Topol. Géom. Différ. Catég. 59 (2018), no. 2, 95–141. MR 3727316 [43] Roberts, D.M., Vozzo, R.F., The smooth Hom-stack of an orbifold , 2016 MATRIX annals, MATRIX Book Ser., vol. 1, Springer, Cham, 2018, pp. 43–47. MR 3792515 [44] Schmeding, A., The diffeomorphism group of a non-compact orbifold , Dissertationes Math.

(Rozprawy Mat.) 507 (2015), 179. MR 3328452 DOI: 10.4064/dm507-0-1 [45] Schmeding, A., Wockel, Ch., The Lie group of bisections of a Lie groupoid , Ann. Global Anal. Geom. 48 (2015), no. 1, 87–123. MR 3351079 DOI: 10.1007/s10455-015-9459-z [46] Schmeding, A., Wockel, Ch., (Re)constructing Lie groupoids from their bisections and applications to prequantisation , Differential Geom. Appl. 49 (2016), 227–276. MR 3573833 DOI: 10.1016/j.difgeo.2016.07.009 [47] Weinmann, Th.O., Orbifolds in the framework of Lie groupoids , Ph.D. thesis, ETH Zürich, 2007. DOI: 10.3929/ethz-a-005540169 [48] Wittmann, J., The Banach manifold Ck(M,N) , Differential Geom. Appl. 63 2) (2019), 166–185.

University of Zanjan, Iran E-mail : h.amiri@znu.ac.ir

University of Paderborn, Germany E-mail : glockner@math.upb.de

University of Bergen E-mail : alexander.schmeding@uib.no