ARCHIVUM MATHEMATICUM (BRNO) Tomus 57 (2021), 1–11

NATURALLY REDUCTIVE HOMOGENEOUS

(α, β )-METRIC SPACES

M. Parhizkar and H.R. Salimi Moghaddam

Abstract. In the present paper we study naturally reductive homogeneous (α, β )-metric spaces. We show that for homogeneous (α, β )-metric spaces, under a mild condition, the two definitions of naturally reductive homogeneous Finsler space, given in the literature, are equivalent. Then, we compute the flag curvature of naturally reductive homogeneous (α, β )-metric spaces.

1. Introduction

The study of (α, β )-metrics, which are introduced by M. Matsumoto (see [ 13]), is one of interesting and important fields in Finsler geometry. These metrics are considered not only by Finsler geometers because of their simple and interesting structure, but also by physicists because of their applications in physics. In fact the first type of (α, β )-metrics, Randers metric, was introduced by G. Randers in 1941 for its application in general relativity (see [ 15]). In recent years these metrics have found more applications, for example they are used by G.S. Asanov for formulation pseudo-Finsleroid gravitational field equations (see [1] and [2]). Some important examples of (α, β )-metrics are Randers metric α+ β, Kropina metric

α^2

β , and Matsumoto metric^{α 2}_{α − β} , where α(x, y) = p ã_{ij} (x)y^i y^j and β(x, y) = b_i(x)y^i and ã and β are a Riemannian metric and a 1-form respectively as follows:

ã = ã_{ij} dx^i ⊗ dx^j

(1.1)

β = b_i dx^i .

(1.2)

In this article we study naturally reductive homogeneous (α, β )-metric spaces. There are two different definitions for naturally reductive homogeneous Finsler spaces in the literature. The first one was given by S. Deng and Z. Hou in [ 5] and the second one was given by D. Latifi in [ 10] (also see [11]). In [7], Deng and Hou showed that if a homogeneous Finsler space is naturally reductive in the sense of Latifi then it must be Berwaldian and is naturally reductive in the sense of Deng and Hou. The authors of [ 7] pointed out that it is not clear whether there

2020 Mathematics Subject Classification : primary 53C60; secondary 53C30. Key words and phrases : naturally reductive homogeneous space, invariant Riemannian metric, invariant (α, β )-metric.

Received September 16, 2019. Editor J. Slovák. DOI: 10.5817/AM2021-1-1

2 M. PARHIZKAR AND H.R. SALIMI MOGHADDAM

is a naturally reductive Finsler space in the sense of Deng and Hou which is not a naturally reductive Finsler space in the sense of Latifi.

In this paper we show that for homogeneous (α, β )-metric spaces, under a mild condition, these two definitions are equivalent. Then we compute the flag curvature of naturally reductive homogeneous (α, β )-metric spaces in the sense of Deng and Hou. Now we give some preliminaries of Finsler geometry. Let M be a smooth n− dimensional manifold and T M be its tangent bundle. A Finsler metric on M is a non-negative function F : T M → R which has the following properties:

(1) F is smooth on the slit tangent bundle T M^0 := T M \ { 0}, (2) F (x, λy ) = λF (x, y) for any x ∈ M , y ∈ T_x M and λ > 0,

(3) the n × n Hessian matrix [g_{ij} (x, y)] =

�_1 2 ∂^2 F^2 ∂y^i ∂y^j � is positive definite at every point (x, y) ∈ T M^0 .

The concept of flag curvature is an important quantity which is associated with a Finsler manifold. This quantity is a generalization of the concept of sectional curvature. Flag curvature is defined as follows

(1.3) K (P, y) = g_y (R(u, y)y, u) g_y (y, y) ·g_y (u, u ) − g^2_y (y, u) , where g_y(u, v) =^1_2^{∂2}_{∂s∂t}(F^2(y + su + tv))|_{s = t =0} , P = span { u, y}, R(u, y)y = ∇_u ∇_y y − ∇_y ∇_u y − ∇_{[u,y ]}y and ∇ is the Chern connection induced by F (see [3] and [16]).

Definition 1.1. A Finsler space (M, F ) is called a Berwald space if the Chern connection coefficients Γ^i_{jk} in natural coordinates have no y dependence.

Definition 1.2. Suppose that α is a Riemannian metric and β is a 1-form as above. Let

(1.4) ‖β(x)‖_α := q ã^{ij} (x)b_i (x)b_j (x) .

Now, let the function F be defined as follows

(1.5) F := αϕ (s) , s = β α , where ϕ = ϕ(s) is a positive C^∞ function on (− b_0 , b_0 ) satisfying (1.6) ϕ(s) − sϕ^′(s) + ( b^2 − s^2 )ϕ^{′′}(s) > 0 , |s| ≤ b < b_0 . Then by Lemma 1.1.2 of [ 4], F is a Finsler metric if ‖β(x)‖_α < b_0 for any x ∈ M. A Finsler metric in the form (1.5) is called an (α, β )-metric.

For example if we consider ϕ(s) = 1 + s, ϕ(s) =^1_{1− s} and ϕ(s) =^1_s then we have Randers, Matsumoto and Kropina metrics respectively.

NATURALLY REDUCTIVE HOMOGENEOUS (α, β )-METRIC SPACES 3

The Riemannian metric ã induces an inner product on any cotangent space T^∗_x M such that < dx^i(x), dx^j (x) > = ã^{ij} (x). The induced inner product on T^∗_x M induces a linear isometry between T^∗_x M and T_x M. Then the 1-form β corresponds to a vector field X on M such that

(1.7) ã � y, X (x) � = β(x, y) .

Also we have ‖β(x)‖_α = ‖X(x)‖_α (for more details see [ 6] and [14]). Therefore we can write (α, β )-metrics as follows:

(1.8) F (x, y) = α (x, y)ϕ

� ã(X (x), y) α (x, y) � , where for any x ∈ M , p ã(X (x), X (x)) = ‖X (x)‖_α < b_0 .

2. Naturally reductive homogeneous (α, β )-metric spaces In order to study the geometric properties of (α, β )-metrics, we need a formula for the spray coefficients of an (α, β )-metric. Let ∇ β = b_{i |j} y^i dx^j denote the covariant derivative of β with respect to α. Let G^i and G̃^i denote the spray coefficients of F and α , respectively, given by

(2.1) G^i = g^{il} 4 � [F^2 ]_x k_y l y^k − [F^2 ]_x l

, G̃^i = ã^{il} 4 � [α^2 ]_x k_y l y^k − [α^2 ]_x l , where (g^{ij} ) = ( g_{ij} )^{− 1} and (ã^{ij} ) = (ã_{ij} )^{− 1} . Let

r_{ij} := 1 2 (b_{i |j} + b_{j |i} ) , s_{ij} := 1 2 (b_{i |j} − b_{j |i} ) ,

s^i_j := ã^{ik} s_{kj} , s_j := b_i s^i_j = b^k s_{kj} , b_{ij} := r_{ij} + b_i s_j + b_j s_i , and r_{00} := r_{ij} y^i y^j , s_0 := s_i y^i , s^i_0 := s^i_j y^j .

By a direct computation, one gets the following formula:

(2.2) G^i = G̃^i + αQs^i_0 + Θ � − 2Qαs_0 + r_{00} y^i α + Ψ � − 2Qαs_0 + r_{00} b^i ,

where

Q := ϕ ϕ − sϕ^′ , Θ :=

(ϕ − sϕ^′ )ϕ^′ 2 � (ϕ − sϕ^′ ) + ( b^2 − s^2 )ϕ^{′′} � ϕ − sΨ ,

Ψ := ϕ^{′′} 2 � (ϕ − sϕ^′ ) + ( b^2 − s^2 )ϕ^{′′} � ,

4 M. PARHIZKAR AND H.R. SALIMI MOGHADDAM

where s :=^β_α and b := ‖β_x ‖_α (see [4]). Thus the above, after some manipulation, becomes

G^i := 1 2 Γ^i_{jk} y^j y^k = 1 2 Γ̃^i_{jk} y^j y^k + 1 2 αQb_{j |k} � ã^{ij} y^k − ã^{ik} y^j �

+ Θ b_{j |k} � − Qα (y^j b^k − y^k b^j ) + y^j y^k y^i α + Ψ b_{j |k} � − Qα (y^k b^j − y^j b^k ) + y^j y^k b^i ,

(2.3)

where Γ^i_{jk} are the Christoffel symbols of the Chern connection of F and Γ̃^i_{jk} are the Christoffel symbols of the Levi-Civita connection of α . Let F = αϕ (^β_α ) be an (α, β )-metric. If β is parallel with respect to α (b_{j |k} = 0 ), then by (2.3), Γ^i_{jk} = Γ̃^i_{jk} . Thus F is of Berwald type. The converse is also true(see [12] and [8]). Definition 2.1 (see [9]). A homogeneous manifold M =^G_H with an invariant Riemannian metric ã is said to be naturally reductive if it admits an Ad(H)-invariant decomposition g = h ⊕ m satisfying the condition (2.4) ⟨[x, y]_m , z⟩ + ⟨y, [x, z ]_m ⟩ = 0 , x, y, z ∈ m, where ⟨, ⟩ is the bilinear form on m induced by ã and [,]_m is the projection to m with respect to the decomposition g = h ⊕ m.

In particular case if we consider H = { e} then m = g which shows that the condition (2.4) reduces to the condition (2.5) ⟨[x, y], z⟩ + ⟨y, [x, z ]⟩ = 0 , for a bi-invariant Riemannian metric on G.

In literature, there are two versions of the definition of naturally reductive Finsler metrics on a manifold. The first version has been introduced by the S. Deng and Z. Hou in [5] and the second one has been introduced by D. Latifi in [10]. Definition 2.2 ([5], Deng and Hou) . A homogeneous manifold^G_H with an invariant Finsler metric F is called naturally reductive if there exists an invariant Riemannian metric ã on^G_H such that

�_G H ,ã � is naturally reductive and the connections of ã and F coincide.

In this definition, they assume that such a metric must be of Berwald type. Definition 2.3. ([10], Latifi) A homogeneous manifold^G_H with an invariant Finsler metric F is called naturally reductive if there exists an Ad(H)-invariant decomposition g = h ⊕ m such that (2.6) g_y ([x, u ]_m , v) + g_y (u, [x, v]_m ) + 2 C_y ([x, y]_m , u, v) = 0 , where y ≠ 0 , x, u, v ∈ m.

NATURALLY REDUCTIVE HOMOGENEOUS (α, β )-METRIC SPACES 5

In [7], Deng and Hou proved the following theorem.

Theorem 2.4. If a homogeneous Finsler space

�_G H , F � is naturally reductive in

the sense of Definition 2.3, then it must be naturally reductive in the sense of

Definition 2.2.

Corollary 2.5. Let

�_G H , F � be a naturally reductive homogeneous Finsler space in

the sense of Definition 2.3 then it must be of Berwald type.

Corollary 2.6. Let

�_G H , F � be a homogeneous Finsler manifold, where F is an

invariant (α, β )-metric defined by an invariant Riemannian metric ã and an

invariant vector field X. If

�_G H , F � is naturally reductive in the sense of 2.3 then �_G H ,ã � is naturally reductive.

Proof.

�_G H , F � is naturally reductive in the sense of 2.3, therefore it is naturally

reductive in the sense of 2.2 and it is Berwaldian. Hence

�_G H ,ã � is naturally

reductive. □

We show that, under a mild condition, two definitions of naturally reductive

(α, β )-metric space are equivalent.

Theorem 2.7. Let

�_G H , F � be a homogeneous Finsler manifold, where F is an

invariant (α, β )-metric defined by an invariant Riemannian metric ã and an

invariant vector field X such that ϕ^′(r) ≠ 0 , where r :=^{ã (X,y )}√_{ã (y,y )} = β

�_y

‖y‖_α � . Then,

the two Definitions 2.2 and 2.3 are equivalent.

Proof. By attention to Theorem 2.4 it is sufficient to prove if

�_G H , F � is a naturally

reductive Finsler space in the sense of 2.2 then it is naturally reductive in the sense

of 2.3. Suppose that

�_G H , F � is a naturally reductive Finsler space in the sense of

2.2, hence it is of Berwald type and also

�_G H ,ã � is naturally reductive. We show

that for all 0 ≠ y, z, u, v ∈ m

(2.7) g_y ([z, u]_m , v) + g_y (u, [z, v]_m ) + 2 C_y ([z, y]_m , u, v) = 0 .

By using the formula g_y(u, v) =^1_2^{∂2}_{∂t∂s}F^2(y+ su + tv)|_{s = t =0} and some computations,

for the (α, β )-metric F defined by relation (1.8) we have:

g_y (u, v) = ã(u, v)ϕ^2 (r ) + ã(y, u)ϕ(r )ϕ^′(r )

� ã(X, v ) p ã(y, y) − ã(X, y )ã(y, v)

(ã(y, y))^32 �

+ � (ϕ^′(r ))^2 + ϕ(r )ϕ^{′′}(r )

� ã(X, v ) p ã(y, y) − ã(X, y )ã(y, v)

(ã(y, y))^32 �

× � ã(X, u ) p ã(y, y) − ã(y, u)ã(X, y ) p ã(y, y) �

+ ϕ(r )ϕ^′(r ) p ã(y, y) � ã(X, u )ã(y, v) − ã(u, v)ã(X, y ) � , (2.8)

6 M. PARHIZKAR AND H.R. SALIMI MOGHADDAM

where r =^{ã (X,y )}√_{ã (y,y )} .

So for any y ≠ 0 , z ∈ m we have

g_y (y, [y, z]_m ) = ã(y, [y, z]_m ) � ϕ^2 (r ) − ϕ(r )ϕ^′(r )r � + ã(X, [y, z]_m ) � ϕ^′(r )F (y) � . (2.9) �_G H ,ã � is naturally reductive, therefore the equation (2.4) shows that

(2.10) ã(y, [y, z]_m ) = 0 , ∀y ≠ 0 , z ∈ m .

By attention to the Definition 2.2,

�_G H , F � and �_G H ,ã � have the same connection, the same geodesics and so the same geodesic vectors. Therefore by using Theorem 3.1 of [10] for all y ≠ 0 , z ∈ m we have

(2.11) g_y (y, [y, z]_m ) = 0 .

On the other hand we have ϕ^′(r ) ≠ 0 therefore for all 0 ≠ y, z ∈ m we have

(2.12) ã(X, [y, z]_m ) = 0 .

By using the relations (2.8), (2.10), (2.12) and some computations we have

g_y ([z, u]_m , v) = ã([z, u]_m , v) � ϕ^2 (r ) − ϕ(r )ϕ^′(r )r � + ã([z, u]_m , y)

� ã(X, v ) p ã(y, y) − ã(y, v) ã(y, y) r �

× � ϕ(r )ϕ^′(r ) − ((ϕ^′(r ))^2 + ϕ(r )ϕ^{′′}(r ))r � , (2.13) and g_y ([z, v]_m , u) = ã([z, v]_m , u) � ϕ^2 (r ) − ϕ(r )ϕ^′(r )r �

+ ã([z, v]_m , y)

� ã(X, u ) p ã(y, y) − ã(y, u) ã(y, y) r �

× � ϕ(r )ϕ^′(r ) − ((ϕ^′(r ))^2 + ϕ(r )ϕ^{′′}(r ))r � . (2.14)

Now by using the definition

C_y (z, u, v) = 1 4 ∂ ∂s ∂ ∂t ∂ ∂h [F^2 (y + sz + tu + hv)] � � �_{s = t = h =0} ,

for Cartan tensor we have,

2C_y (u, v, z ) =

� 3ϕ ′(r )ϕ ′′(r ) + ϕ(r )ϕ ′′′(r )

ã(y, y) � ã(X, v ) − ã(v, y)ã(X, y ) ã(y, y) �

× � ã(X, u ) p ã(y, y) − ã(u, y)ã(X, y ) p ã(y, y) � ã(X, z ) − ã(z, y)ã(X, y ) ã(y, y) �

NATURALLY REDUCTIVE HOMOGENEOUS (α, β )-METRIC SPACES 7 + � (ϕ ′(r )) 2 + ϕ(r )ϕ ′′(r )

ã(y, y) � ã(X, v ) − ã(v, y)ã(X, y ) ã(y, y) �

× � ã(X, u )ã(z, y) − ã(u, z )ã(X, y ) − ã(u, y)ã(z, X ) + ã(z, y)ã(u, y)ã(X, y ) ã(y, y) �

− � (ϕ ′(r )) 2 + ϕ(r )ϕ ′′(r )

ã(y, y) p ã(y, y) � ã(X, u ) p ã(y, y) − ã(u, y)ã(X, y ) p ã(y, y) �

× � ã(z, y)ã(X, v ) + ã(v, z)ã(X, y ) + ã(v, y)ã(X, z ) −

3ã(v, y)ã(X, y )ã(z, y) ã(y, y) �

+ � (ϕ ′(r )) 2 + ϕ(r )ϕ ′′(r )

ã(y, y) � ã(X, z ) − ã(z, y)ã(X, y ) ã(y, y) �

× � ã(X, u )ã(v, y) − ã(u, v)a(X, y ) + ã(u, y)ã(X, v ) − ã(v, y)ã(u, y)ã(X, y ) ã(y, y) �

+ ϕ(r )ϕ^′(r ) p ã(y, y) � ã(X, u )ã(v, z) + ã(u, v)ã(X, z ) + ã(u, z )ã(X, v )

− ã(z, y)ã(v, y)ã(X, u ) + ã(u, v)ã(X, y )ã(z, y) + ã(u, y)ã(X, v )ã(z, y) ã(y, y) − ã(v, z)ã(u, y)ã(X, y ) + ã(v, y)ã(u, z )ã(X, y ) + ã(v, y)ã(u, y)ã(X, z ) ã(y, y) + 3ã(z, y)ã(v, y)ã(u, y)ã(X, y ) (ã(y, y))^2 � . (2.15)

So we have

2C_y ([z, y]_m , u, v) = ã([z, y]_m , u)

� ã(X, v ) p ã(y, y) − ã(v, y) ã(y, y) r �

× � ϕ(r )ϕ^′(r ) − � (ϕ^′(r ))^2 + ϕ(r )ϕ^{′′}(r ) � r �

+ ã([z, y]_m , v)

� ã(X, u ) p ã(y, y) − ã(u, y) ã(y, y) r �

× � ϕ(r )ϕ^′(r ) − � (ϕ^′(r ))^2 + ϕ(r )ϕ^{′′}(r ) � r � . (2.16)

Therefore

g_y ([z, u]_m , v) + g_y (u, [z, v]_m ) + 2 C_y ([z, y]_m , u, v) = � ã([z, u]_m , v) + ã([z, v]_m , u) � (ϕ(r ))^2 − ϕ(r )ϕ^′(r )r �

+ � ã([z, u]_m , y) + ã([z, y]_m , u)

� ã(X, v ) p ã(y, y) − ã(v, y) ã(y, y) r �

8 M. PARHIZKAR AND H.R. SALIMI MOGHADDAM × � ϕ(r )ϕ^′(r ) − � (ϕ^′(r ))^2 + ϕ(r )ϕ^{′′}(r ) � r �

+ � ã([z, v]_m , y) + ã([z, y]_m , v)

� ã(X, u ) p ã(y, y) − ã(u, y) ã(y, y) r �

× � ϕ(r )ϕ^′(r ) − � (ϕ^′(r ))^2 + ϕ(r )ϕ^{′′}(r ) � r � = 0 ,

(2.17)

for all y ≠ 0 , u, v, z ∈ m. □

Remark 2.8. The condition ϕ^′(r) ≠ 0 which is assumed in the previous theorem is not a restrictive condition. For example the famous (α, β )-metrics of Randers, Kropina and Matsumoto satisfy this condition because for any y ≠ 0 ∈ m we have:

Randers: ϕ^′(r ) = 1 ≠ 0

Kropina: ϕ^′(r ) = −^{ã (y,y )}_{ã (X,y )} = − F (y) ≠ 0

Matsumoto: ϕ^′(r ) =^{ã (y,y )} ( √_{ã (y,y )− ã (X,y )) 2} ≠ 0 .

Theorem 2.9. Suppose that (^G_H , F ) is a homogeneous Finsler manifold, where F is an invariant (α, β )-metric defined by an invariant Riemannian metric ã and an invariant vector field X such that ϕ^′(r) ≠ 0 . Then the homogeneous Finsler manifold (^G_H , F ) is naturally reductive in the sense of 2.2 (or equivalently 2.3) if and only if (ad_x )_m , for every x ∈ g, is skew-adjoint with respect to ã and ã(X, [m, m]_m ) = 0 .

Proof. Suppose that, for every x ∈ g, (ad_x )_m is skew-adjoint and ã(X, [m, m]_m) = 0 . Therefore by attention to the proof of Theorem 2.7, the equations (2.10), (2.12) and therefore (2.17) hold. Conversely Let (^G_H , F ) be naturally reductive. By using Theorem 2.7, for any 0 ≠ y, z ∈ m we have

(2.18) g_y (y, [y, z]_m ) = 0 , and (2.19) ã(y, [y, z]_m ) = 0 .

Equation (2.19) shows that (ad_x )_m is skew-adjoint, for every x ∈ g. Now equations (2.18), (2.19) and (2.9) together with the condition ϕ^′(r) ≠ 0 show that

(2.20) ã(X, [m, m]_m ) = 0 . □ Corollary 2.10. Let G be a connected Lie group with a left invariant Finsler metric F , where F is an (α, β )-metric defined by a left invariant Riemannian metric ã and a left invariant vector field X such that ϕ^′(r) ≠ 0 . Then the (α, β )- metric F is bi-invariant if and only if ad_x is skew-adjoint with respect to ã for every x ∈ g, and ã(X, [g, g]) = 0 .

Proof. It is sufficient, in Theorem 2.9, to consider H = { e} and use Theorem 2.3 of [5]. □

NATURALLY REDUCTIVE HOMOGENEOUS (α, β )-METRIC SPACES 9

Now we give the formula of the flag curvature of naturally reductive (α, β )-metric spaces, in the sense of 2.2, explicitly.

Theorem 2.11. Let (^G_H , F ) be a naturally reductive homogeneous Finsler manifold in the sense of Definition 2.2, where F is an invariant (α, β )-metric defined by an invariant Riemannian metric ã and an invariant vector field X. Let { P, y} be a flag constructed in (e, y), and { u, y} be an orthonormal basis of P with respect to the inner product induced by the Riemnnian metric ã on m. Then the flag curvature of the flag { P, y} in m is given by

K (P, y) = 1 θ n � ϕ^2 (r ) − ϕ(r )ϕ^′(r )r � 1 4 ã([y, [u, y]_m ]_m , u) + ã([y, [u, y]_h ], u) �

+ � (ϕ^′)^2 (r ) + ϕ(r )ϕ^{′′}(r ) � ã(X, u ) × � 1 4 ã([y, [u, y]_m ]_m , X ) + ã([y, [u, y]_h ], X ) �o , (2.21)

where r =^{ã (X,y )}_{ã (y,y )} = ã(X, y) and θ = ϕ^2(r) � ϕ^2(r) + ϕ(r)ϕ^{′′}(r)ã^2(X, u)− ϕ(r)ϕ^′(r)r � . Proof. Since the (α, β )-metric F is naturally reductive in the sense of Definition 2.2 therefore there exists an invariant Riemannian metric g on^G_H such that (^G_H , g) is naturally reductive and the Levi-Civita connection of g and the Chern connection of F and therefore their curvature tensors coincide. So we have (see [9])

(2.22) R(u, y)y = 1 4 [y, [u, y]_m ]_m + [ y, [u, y]_h ], ∀u, y ∈ m .

Now by using the relations (2.22) and (2.8) we have:

g_y (R(u, y)y, u) = � ϕ^2 (r ) − ϕ(r )ϕ^′(r )r � 1 4 ã([y, [u, y]_m ]_m , u) + ã([y, [u, y]_h ], u) �

+ � ϕ(r )ϕ^′(r )ã(X, u ) − � (ϕ^′)^2 (r ) + ϕ(r )ϕ^{′′}(r ) � ã(X, u )r � × � 1 4 ã([y, [u, y]_m ]_m , y) + ã([y, [u, y]_h ], y) �

+ � (ϕ^′)^2 (r ) + ϕ(r )ϕ^{′′}(r ) � ã(X, u ) × � 1 4 ã([y, [u, y]_m ]_m , X ) + ã([y, [u, y]_h ], X ) � , (2.23)

g_y (u, u ) = ϕ^2 (r ) + � (ϕ^′)^2 (r ) + ϕ(r )ϕ^{′′}(r ) � ã^2 (X, u ) − ϕ(r )ϕ^′(r )r ,

(2.24)

g_y (y, y) = ϕ^2 (r ) ,

(2.25) and g_y (y, u) = ϕ(r )ϕ^′(r )ã(X, u ) .

(2.26)

We know that for any Riemannian manifold (M, g) we have g(R(X_1 , X_2)X_3 , X_4) = − g(R(X_1 , X_2 )X_4 , X_3 ) so by using equation (2.22) we have

(2.27) ã(R(u, y)y, y) = 1 4 ã([y, [u, y]_m ]_m , y) + ã([y, [u, y]_h ], y) = 0 .

10 M. PARHIZKAR AND H.R. SALIMI MOGHADDAM

Now it is sufficient to substitute the equations (2.23), (2.24), (2.25) and (2.26) in (1.3). □ Remark 2.12. In Theorem 2.11 if we let (^G_H , F ) be a naturally reductive homogeneous Finsler manifold in the sense of Definition 2.3 then the results are true by Theorem 2.4.

References

[1] Asanov, G.S., Finsleroid space with angle and scalar product , Publ. Math. Debrecen 67 (2005), 209–252.

[2] Asanov, G.S., Finsleroid Finsler spaces of positive-definite and relativistic type , Rep. Math.

Phys. 58 (2006), 275–300. [3] Bao, D., Chern, S.S., Shen, Z., An Introduction to Riemann-Finsler Geometry , Springer, Berlin, 2000.

[4] Chern, S.S., Shen, Z., Riemann-Finsler geometry , Nankai Tracts in Mathematics, vol. 6, World Scientific, 2005.

[5] Deng, S., Hou, Z., Invariant Finsler metrics on homogeneous manifolds , J. Phys. A: Math.

Gen. 37 (2004), 8245–8253. [6] Deng, S., Hou, Z., Invariant Randers metrics on homogeneous Riemannian manifolds , J.

Phys. A: Math. Gen. 37 (2004), 4353–4360. [7] Deng, S., Hou, Z., Naturally reductive homogeneous Finsler spaces , Manuscripta Math. 131 (2010), 215–229.

[8] Kikuchi, S., On the condition that a space with (α, β )-metric be locally Minkowskian , Tensor, N.S. 33 (1979), 142–246.

[9] Kobayashi, S., Nomizu, K., Foundations of differential geometry , Wiley-Interscience, New York, 1969.

[10] Latifi, D., Homogeneous geodesics in homogeneous Finsler spaces , J. Geom. Phys. 57 (2007), 1421–1433.

[11] Latifi, D., Naturally reductive homogeneous Randers spaces , J. Geom. Phys. 60 (2010), 1968–1973.

[12] Matsumoto, M., The Berwald connection of a Finsler space with an (α, β )-metric , Tensor, N.S. 50 (1991), 18–21.

[13] Matsumoto, M., Theory of Finsler spaces with (α, β )-metric , Rep. Math. Phys. 31 (1992), 43–83.

[14] Moghaddam, H.R. Salimi, The flag curvature of invariant (α, β )− metrics of type^{( α + β ) 2}_α , J.

Phys. A: Math. Theor. 41 (2008), 6 pp., 275206. [15] Randers, G., On an asymmetrical metric in the four-space of general relativity , On an asymmetrical metric in the four-space of general relativity 59 (1941), 195–199.

[16] Shen, Z., Lectures on Finsler Geometry , World Scientific, 2001.

Corresponding author: H.R. Salimi Moghaddam, Department of Pure Mathematics, Faculty of Mathematics and Statistics, University of Isfahan, Isfahan, 81746-73441 Iran E-mail : hr.salimi@sci.ui.ac.ir salimi.moghaddam@gmail.com

NATURALLY REDUCTIVE HOMOGENEOUS (α, β )-METRIC SPACES 11

Physics Group, Faculty of Basic Sciences Imam Ali University, Tehran, Iran E-mail : m_parhizkar66@yahoo.com m.parhizkar@uma.ac.ir