ARCHIVUM MATHEMATICUM (BRNO) Tomus 57 (2021), 221–253

GENERALIZED c-ALMOST PERIODIC TYPE

FUNCTIONS IN R^n

M. Kostić

Abstract. In this paper, we analyze multi-dimensional quasi-asymptotically c-almost periodic functions and their Stepanov generalizations as well as multi-dimensional Weyl c-almost periodic type functions. We also analyze several important subclasses of the class of multi-dimensional quasi-asymptotically c-almost periodic functions and reconsider the notion of semi- c-periodicity in the multi-dimensional setting, working in the general framework of Lebesgue spaces with variable exponent. We provide certain applications of our results to the abstract Volterra integro-differential equations in Banach spaces.

1. Introduction and preliminaries

The notion of almost periodicity was introduced by the Danish mathematician H. Bohr around 1924–1926 and later reconsidered by many others. Suppose that I is either R or [0, ∞ ) and f : I → X is a given continuous function, where X is a complex Banach space equipped with the norm ‖ · ‖. If ε > 0, then we say that a positive real number τ > 0 is a ε-period for f (·) if and only if ‖f (t + τ) − f (t)‖ ≤ ε, t ∈ I. The set constituted of all ε-periods for f (·) is denoted by ϑ(f, ε ). We say that the function f (·) is almost periodic if and only if for each ε > 0 the set ϑ(f, ε ) is relatively dense in [0, ∞ ), which means that there exists a finite real number l > 0 such that any subinterval of [0, ∞ ) of length l meets ϑ(f, ε ). For more details about almost periodic functions and their applications, we refer the reader to [6, 15, 23, 33, 40, 41, 44, 46].

The class of S-asymptotically ω -periodic functions, where ω > 0, was introduced by H.R. Henríquez, M. Pierri and P. Táboas in [ 25]. This class of continuous functions has different ergodicity properties compared with the classes of ω -periodic functions and asymptotically ω -periodic functions, and it is not so easily comparable with the class of almost periodic functions since an S-asymptotically

2020 Mathematics Subject Classification : primary 42A75; secondary 43A60, 47D99. Key words and phrases : quasi-asymptotically c-almost periodic type functions, (S, D)-asymptotically (ω, c )-periodic type functions, S-asymptotically (ω_j , c_j , D_j )_{j ∈ Nn} -periodic type functions, semi- (c_j )_{j ∈ Nn} -periodic type functions, Weyl c-almost periodic type functions, abstract Volterra integro-differential equations.

Marko Kostić is partially supported by grant 451-03-68/2020/14/200156 of Ministry of Science and Technological Development, Republic of Serbia.

Received March 29, 2021, revised June 2021. Editor R. Šimon Hilscher. DOI: 10.5817/AM2021-4-221

222 M. KOSTIĆ

ω -periodic function is not necessarily uniformly continuous. For some applications of S-asymptotically ω -periodic functions, we refer the reader to [14, 19, 24, 43].

In [30], we have recently analyzed the class of quasi-asymptotically almost periodic functions. Any S-asymptotically ω -periodic function f : I → X is quasi-asympto-tically almost periodic, while the converse statement is not true in general. The class of Stepanov p-quasi-asymptotically almost periodic functions, which has been also analyzed in [ 30], contains all asymptotically Stepanov p-almost periodic functions and make a subclass of the class consisting of all Weyl p-almost periodic functions in the sense of general approach of A.S. Kovanko [ 39]; thus, in [ 30], we have actually initiated the study of generalized (asymptotical) almost periodicity that intermediate the Stepanov concept and a very general Weyl concept.

The main purpose of research articles [ 11]–[12], written in a collaboration with A. Chávez, K. Khalil and M. Pinto, was to analyze various classes of (Stepanov) almost periodic functions of form F : Λ × X → Y, where (Y,‖ · ‖_Y ) is a complex Banach spaces and ∅ ≠ Λ ⊆ R^n . In our recent joint research article [ 22] with V. Fedorov, we have continued the research studies [ 11]–[12] by developing the basic theory of multi-dimensional Weyl almost periodic type functions in Lebesgue spaces with variable exponents (see also the research articles [ 10], [32] and [38] for further information concerning multi-dimensional almost automorphic type functions as well as their Stepanov and Weyl generalizations).

On the other hand, the notion of (ω, c )-periodicity and various generalizations of this concept have recently been introduced and analyzed by E. Alvarez, A. Gómez, M. Pinto [ 3], E. Alvarez, S. Castillo, M. Pinto [ 1]–[2] and M. Fečkan, K. Liu, J.-R. Wang [ 21]. In our joint research article [ 28] with M.T. Khalladi, A. Rahmani, M. Pinto and D. Velinov, we have investigated c-almost periodic type functions and their applications (the notion of c-almost periodicity, depending only on the parameter c, is substantially different from the notion of (ω, c )-periodicity and the recently analyzed notion of (ω, c )-almost periodicity; see the forthcoming research monograph [ 31] for more details about the subject). The analysis from [ 28] has been continued in [ 26], where the same group of authors has analyzed Weyl c-almost periodic type functions, quasi-asymptotically c-almost periodic type functions and S-asymptotically (ω, c )-periodic type functions in the one-dimensional setting, as well as in the research articles [ 29] and [35], where the author of this paper has analyzed multi-dimensional c-almost periodic type functions and various classes of multi-dimensional (ω, c )-almost periodic type functions.

The main aim of this paper is to continue the research studies raised in the above-mentioned papers by introducing and investigating various classes of multi-dimensional quasi-asymptotically c-almost periodic functions, multi-dimen-sional semi-c-periodic functions, multi-dimensional Weyl c-almost periodic functions (see the article [ 4] by J. Andres and D. Pennequin for the initial study of semi-periodicity as well as [ 9], [27] for more details about this topic) and their applications to the abstract Volterra integro-differential equations.

The organization of paper can be briefly described as follows. After recalling the basic definitions and facts about asymptotically c-almost periodic functions in the multi-dimensional framework, we remind the readers of the basic definitions

GENERALIZED c-ALMOST PERIODIC TYPE FUNCTIONS IN R^n 223

and facts about Lebesgue spaces with variable exponents L^{p(x )} (Subsection 1.1), almost periodic type functions in R^n (Subsection 1.2), (ω, c )-periodic functions and (ω_j , c_j )_{j ∈ Nn} -periodic functions (Subsection 1.3). Following our approach from [27]–[28] and [35], in Section 2 we introduce and analyze (S, D)-asymptotically (ω, c )-periodic type functions, S-asymptotically (ω_j , c_j , D_j )_{j ∈ Nn} -periodic type functions and semi- (c_j , B)_{j ∈ Nn} -periodic functions (the last class of functions is investigated in Subsection 2.1); here, it is worth noting that the notion of (S, D)-asymptotical (ω, c )-periodicity seems to be new even in the one-dimensional setting. Various classes of multi-dimensional quasi-asymptotically c-almost periodic functions are examined in Section 3 following the approach obeyed in [ 26] and [37], while the Stepanov generalizations of multi-dimensional quasi-asymptotically c-almost periodic type functions are examined in Section 4 (the introduced classes seem to be new and not considered elsewhere even in the case that the exponent p(·) has a constant value). The main aim of Section 5 is to continue our analysis of Weyl c-almost periodic type functions from [26] in the multi-dimensional setting. Some applications of our results to the abstract Volterra integro-differential equations are presented in Section 6; we also provide numerous illustrative examples henceforth.

We use the standard notation throughout the paper. By (X, ‖ · ‖) and (Y,‖ · ‖_Y ) we denote two complex Banach spaces. By L(X, Y) we denote the Banach algebra of all bounded linear operators from X into Y with L(X, X ) being denoted L(X). The convolution product ∗ of measurable functions f : R^n → C and g : R^n → X is defined by (f ∗ g)(t) := R R^n f (t − s)g(s) ds, t ∈ R

n , whenever the limit exists; ⟨·, ·⟩ denotes the usual inner product in R^n . The shorthand χ_A (·) denotes the characteristic function of a set A ⊆ R^n . If t_0 ∈ R^n and ϵ > 0, then we define B(t_0 , ϵ) := { t ∈ R^n : |t − t_0 | ≤ ϵ}, where | · |denotes the Euclidean norm in R^n ; by (e_1 , e_2 , . . . , e_n ) we denote the standard basis of R^n . Set N_n := {1, . . . , n}. We will always assume henceforth that B is a collection of non-empty subsets of X such that, for every x ∈ X , there exists B ∈ B with x ∈ B .

1.1. Lebesgue spaces with variable exponents L^{p(x )} . The basic reference about the Lebesgue spaces with variable exponents L^{p(x )} is the research monograph [18] by L. Diening, P. Harjulehto, P. Hästüso and M. Ruzicka.

Suppose that ∅ ≠ Ω ⊆ R^n is a non-empty Lebesgue measurable subset and M(Ω : X) denotes the collection of all measurable functions f : Ω → X; M(Ω) := M(Ω : R). By P (Ω) we denote the vector space of all Lebesgue measurable functions p: Ω → [1, ∞ ]. For any p ∈ P (Ω) and f ∈ M (Ω : X ), we set

φ_{p(x )} (t) := 8 >< >: t^{p(x )} , t ≥ 0, 1 ≤ p(x) < ∞ , 0 , 0 ≤ t ≤ 1, p(x) = ∞ , ∞ , t > 1, p(x) = ∞ and ρ(f ) := Z Ω φ_{p(x )} (‖f (x)‖) dx .

224 M. KOSTIĆ

We define the Lebesgue space L^{p(x )} (Ω : X ) with variable exponent by L^{p(x )} (Ω : X ) := � f ∈ M (Ω : X ): lim

λ → 0+

ρ(λf ) = 0 . Equivalently,

L^{p(x )} (Ω : X ) = � f ∈ M (Ω : X ) : there exists λ > 0 such that ρ(λf ) < ∞ ; see, e.g., [18, p. 73]. For every u ∈ L^{p(x )}(Ω : X), we introduce the Luxemburg norm of u(·) by ‖u‖_{p(x )} := ‖u‖_L p ( x )_{(Ω: X )} := inf � λ > 0 : ρ(u/λ) ≤ 1 . Equipped with the above norm, the space L^{p(x )}(Ω : X) becomes a Banach space (see e.g. [18, Theorem 3.2.7] for the scalar-valued case), coinciding with the usual Lebesgue space L^p(Ω : X) in the case that p(x) = p ≥ 1 is a constant function. If p ∈ M (Ω) , we define p^− := essinf_{x ∈ Ω} p(x) and p^+ := esssup_{x ∈ Ω} p(x) . Set D_+ (Ω) := � p ∈ M (Ω) : 1 ≤ p^− ≤ p(x) ≤ p^+ < ∞ for a.e. x ∈ Ω . In the case that p ∈ D_+ (Ω) , the space L^{p(x )}(Ω : X) behaves nicely, with almost all fundamental properties of the Lesbesgue space with constant exponent L^p(Ω : X) being retained; in this case,

L^{p(x )} (Ω : X ) = � f ∈ M (Ω : X ) ; for all λ > 0 we have ρ(λf ) < ∞ . We will use the following lemma (cf. [18] for the scalar-valued case):

Lemma 1.1.

(i) (The Hölder inequality) Let p, q, r ∈ P (Ω) be such that 1 q(x) = 1 p(x) + 1 r (x)

, x ∈ Ω .

Then, for every u ∈ L^{p(x )}(Ω : X) and v ∈ L^{r (x )}(Ω) , we have uv ∈ L^{q(x )}(Ω : X ) and ‖uv‖_{q(x )} ≤ 2‖u‖_{p(x )} ‖v‖_{r (x )} .

(ii) Let Ω be of a finite Lebesgue’s measure and let p, q ∈ P (Ω) such q ≤ p a.e.

on Ω . Then L^{p(x )}(Ω : X) is continuously embedded in L^{q(x )}(Ω : X), and the constant of embedding is less than or equal to 2(1 + m(Ω)) .

(iii) Let f ∈ L^{p(x )}(Ω : X), g ∈ M(Ω : X) and 0 ≤ ‖ g‖ ≤ ‖ f ‖ a.e. on Ω . Then g ∈ L^{p(x )} (Ω : X ) and ‖g‖_{p(x )} ≤ ‖ f ‖_{p(x )} .

(iv) Suppose that f ∈ L^{p(x )}(Ω : X) and A ∈ L(X, Y). Then Af ∈ L^{p(x )}(Ω : Y) and ‖Af ‖_L p ( x )_{(Ω: Y )} ≤ ‖ A‖ · ‖f ‖_L p ( x )_{(Ω: X )} .

For further information concerning the Lebesgue spaces with variable exponents L^{p(x )} , we refer the reader to [ 18], [20] and [42]. See also [16]–[17] and references cited therein.

GENERALIZED c-ALMOST PERIODIC TYPE FUNCTIONS IN R^n 225

1.2. Almost periodic type functions in R^n . Suppose that F : R^n → X is a continuous function. Then we say that F (·) is almost periodic if and only if for each ϵ > 0 there exists l > 0 such that for each t_0 ∈ R^n there exists τ ∈ B(t_0 , l) with F (t + τ) − F (t ) ≤ ϵ , t ∈ R^n .

This is equivalent to saying that for any sequence (b_n ) in R^n there exists a subsequence (a_n ) of (b_n ) such that (F (·+ a_n )) converges in C_b(R^n : X), the Banach space of bounded continuous functions F : R^n → X equipped with the sup-norm. Any trigonometric polynomial in R^n is almost periodic and it is also well known that F (·) is almost periodic if and only if there exists a sequence of trigonometric polynomials in R^n which converges uniformly to F (·); here, by a trigonometric polynomial in R^n we mean any linear combination of functions like t → e^{i ⟨λ, t ⟩} , t ∈ R^n , where λ ∈ R^n . Any almost periodic function F : R^n → X is almost periodic with respect to each of the variables but the converse statement is not true in general. Further on, any almost periodic function F (·) is bounded, uniformly continuous and the mean value

M (F ) := lim

T → + ∞ 1 T^n Z s + K_T

F (t ) dt

exists and it does not depend on s ∈ [0, ∞ )^n ; here, K_T := { t = ( t_1 , t_2 , . . . , t_n ) ∈ R^n : 0 ≤ t_i ≤ T for 1 ≤ i ≤ n}. The Bohr-Fourier coefficient F_λ ∈ X is defined by

F_λ := M � e^{− i ⟨λ, ·⟩}F (·) � , λ ∈ R^n .

The Bohr spectrum of F (·), defined by

σ(F ) := � λ ∈ R^n : F_λ ≠ 0 , is at most a countable set.

If F : R^n → X is an almost periodic function, then F (·) is uniformly recurrent, i.e., F (·) is continuous and there exists a sequence (τ_k ) in R^n such that lim_{k → + ∞} |τ_k | = + ∞ and lim k → + ∞

sup_{t ∈ Rn}

F (t + τ_k ) − F (t )

= 0 .

We say that a function F : R^n → X is asymptotically uniformly recurrent if and only if there exist a uniformly recurrent function G : R^n → X and a function Q ∈ C_0(R^n : X) such that F (t) = G(t) + Q(t) for all t ∈ R^n ; here, C_0(R^n : X) denotes the vector space of continuous functions vanishing at zero when |t | → + ∞ .

We need the following definitions from [11] and [29]:

Definition 1.2. Suppose that D ⊆ I ⊆ R^n , c ∈ C \{0} and the set D is unbounded, as well as ∅ ≠ I^′ ⊆ I ⊆ R^n , F : I × X → Y is a continuous function and I + I^′ ⊆ I. Then we say that F (·;·) is D-asymptotically Bohr (B, I^′, c)-almost periodic of type 1 if and only if for every B ∈ B and ϵ > 0 there exist l > 0 and M > 0 such that for each t_0 ∈ I^′ there exists τ ∈ B (t_0 , l) ∩ I^′ such that

F (t + τ; x) − cF (t ; x)

Y ≤ ϵ, provided t , t + τ ∈ D_M , x ∈ B .

226 M. KOSTIĆ

Definition 1.3. Suppose that D ⊆ I ⊆ R^n and the set D is unbounded. By C_{0,D,B}(I × X : Y) we denote the vector space consisting of all continuous functions Q : I × X → Y such that, for every B ∈ B , we have lim_{t ∈ D,|t |→ + ∞} Q(t;x) = 0 , uniformly for x ∈ B . For any T > 0, we set D_T := { t ∈ D : |t | ≥ T}.

In our further analyses of Stepanov and Weyl classes, the regions I and I^′ will be also denoted by Λ and Λ^′, respectively (we aim to stay consistent with the notation used in [31]).

Definition 1.4. Suppose that ω ⊆ R^n is a Lebesgue measurable set with positive Lebesgue measure, D ⊆ Λ ⊆ R^n and the set D is unbounded, as well as ∅ ≠ Λ^′ ⊆ Λ ⊆ R^n , F : Λ × X → Y is a continuous function and Λ + Λ^′ ⊆ Λ. Then we say that:

(i) F (·;·) is Stepanov (Ω , p(u))-(B,Λ^′)-almost periodic of type 1 if and only if for every B ∈ B and ϵ > 0 there exist l > 0 and M > 0 such that for each t_0 ∈ Λ^′ there exists τ ∈ B (t_0 , l) ∩ Λ^′ such that

F (t + τ + u ; x) − F (t + u ; x)

L^{p ( u )} (Ω: Y ) ≤ ϵ, provided t , t + τ ∈ DM , x ∈ B .

(ii) F (·;·) is D-asymptotically Stepanov (Ω , p(u))-(B,Λ^′)-uniformly recurrent of type 1 if and only if for every B ∈ B there exist a sequence (τ_k ) in Λ^′ and a sequence (M_k ) in (0, ∞ ) such that lim_{k → + ∞} |τ_k | = lim_{k → + ∞} M_k = + ∞ and lim k → + ∞ sup t ,t + τ_k ∈ D_{M k} ;x ∈ B

F (t + τ_k + u ; x) − F (t + u ; x)

L^{p ( u )} (Ω: Y ) = 0 .

If Λ^′ = Λ , then we also say that F (·;·) is D-asymptotically Stepanov (Ω , p(u))-B-al-most periodic of type 1 (D-asymptotically Stepanov (Ω , p(u))-B-uniformly recurrent of type 1); furthermore, if X ∈ B, then it is also said that F (·;·) is D-asymptotically Stepanov (Ω , p(u))-Λ^′-almost periodic of type 1 (D-asymptotically Stepanov Λ^′-uniformly recurrent of type 1). If Λ^′ = Λ and X ∈ B, then we also say that F (·;·) is D-asymptotically Stepanov almost periodic of type 1 (D-asymptotically Stepanov uniformly recurrent of type 1). Here and hereafter we will remove the prefix “D-” in the case that D = Λ and remove the prefix “ (B,)” in the case that X ∈ B (the last can be done because the assumption X ∈ B implies that a function F (·;·) is Stepanov (Ω , p(u))-(B,Λ^′)-almost periodic of type 1, e.g., if and only if F (·;·) is Stepanov (Ω , p(u))-(B_f ,Λ^′)-almost periodic of type 1, where B_f denotes the collection of all subsets of X ).

1.3. (ω, c )-Periodic functions and (ω_j , c_j )_{j ∈ Nn} -periodic functions. A continuous function F : I → X is said to be Bloch (p , k)-periodic, or Bloch periodic with period p and Bloch wave vector or Floquet exponent k, where p ∈ R^n and k ∈ R^n , if and only if F (t + p) = e^{i ⟨k ,p ⟩} F (t), t ∈ I (we assume here that p + I ⊆ I). Following the recent research analyses of E. Alvarez, A. Gómez, M. Pinto [ 3] and E. Alvarez, S. Castillo, M. Pinto [ 1]–[2], we have recently extended the notion of Bloch (p , k)-periodicity in the following way:

Definition 1.5 ([35]). Let ω ∈ R^n \ {0}, c ∈ C \ {0} and ω + I ⊆ I. A continuous function F : I → X is said to be (ω, c )-periodic if and only if F (t + ω ) = cF (t), t ∈ I .

GENERALIZED c-ALMOST PERIODIC TYPE FUNCTIONS IN R^n 227

If F : I → X is a Bloch (p , k)-periodic function, then F (·) is (p , c)-periodic with c = e^{i ⟨k ,p ⟩} ; conversely, if |c| = 1 and F : I → X is (ω, c )-periodic, then we can always find a point k ∈ R^n such that the function F (·) is Bloch (p , k)-periodic. If c = 1 , resp. c = − 1, then we say that the function F (·) is ω -periodic, resp. ω -anti-periodic. If |c| ≠ 1 and F : I → X is (ω, c )-periodic, then F (t + mω ) = c^m F (t), t ∈ I, m ∈ N, so that the existence of a point t_0 ∈ I such that F (t_0) ≠ 0 implies lim_{m →∞} ||F (t_0 + mω )|| = + ∞ , provided that |c| > 1, and lim_{m →∞} ||F (t_0 + mω )|| = 0, provided that |c| < 1.

Definition 1.6 ([35]). Let ω_j ∈ R \ {0}, c_j ∈ C \ {0} and ω_j e_j + I ⊆ I (1 ≤ j ≤ n). A continuous function F : I → X is said to be (ω_j , c_j )_{j ∈ Nn} -periodic if and only if F (t + ω_j e_j ) = c_j F (t ), t ∈ I , j ∈ N_n .

If c_j = 1 for all j ∈ N_n , resp. c_j = − 1 for all j ∈ N_n , then we also say that the function F (·) is (ω_j )_{j ∈ Nn} -periodic, resp. (ω_j )_{j ∈ Nn} -anti-periodic. The classes of (ω, c )-periodic functions and (ω_j , c_j )_{j ∈ Nn} -periodic functions are closed under the operation of the pointwise convergence of functions.

Let c_j ∈ C \ {0}. Then it is said that a continuous function F : I → X is (c_j )_{j ∈ Nn} -periodic if and only if there exist real numbers ω_j ∈ R \ {0} such that ω_j e_j + I ⊆ I (1 ≤ j ≤ n) and the function F : I → X is (ω_j , c_j )_{j ∈ Nn} -periodic. It can be simply verified that the assumption |c_j | = 1 for all j ∈ N_n implies that any (c_j )_{j ∈ Nn} -periodic function F : R^n → X is almost periodic.

In [35], we have also introduced the following notion:

Definition 1.7. Suppose that D ⊆ I ⊆ R^n , the set D is unbounded, ω ∈ R^n \ {0}, c ∈ C \ {0}, ω + I ⊆ I, ω_j ∈ R \ {0}, c_j ∈ C \ {0}, ω_j e_j + I ⊆ I (1 ≤ j ≤ n) and F : I × X → Y. Then we say that the function F (·;·) is (D, B)-asymptotically (ω, c )-periodic, resp. (D, B)-asymptotically (ω_j , c_j )_{j ∈ Nn} -periodic, if and only if there exist an (ω, c )-periodic, resp. an (ω_j , c_j )_{j ∈ Nn} -periodic, function F_0 : I × X → Y (by that we mean that for each fixed element x ∈ X the function F (·;x) is (ω, c )-periodic, resp. (ω_j , c_j )_{j ∈ Nn} -periodic) and a function Q ∈ C_{0,D,B}(I : X) such that F (t ; x) = F_0 (t ; x) + Q(t ; x), t ∈ I , x ∈ X .

Before we proceed to our next section, we would like to note that the notions of (ω, c )-periodicity and (ω_j , c_j )_{j ∈ Nn} -periodicity have been generalized in several other directions [ 35]; for example, in this paper, we have considered several various classes of (ω_j , c_j ;r_j , I^′_j )_{j ∈ Nn} -almost periodic type functions. We will not deal with these classes of functions henceforth.

2. (S, D, B)-asymptotically (ω, c )-periodic type functions, (S, B)-asymptotically (ω_j , c_j , D_j )_{j ∈ Nn} -periodic type functions and semi- (c_j , B)_{j ∈ Nn} -periodic type functions

This section investigates the classes of (S, D)-asymptotically (ω, c )-periodic type functions, S-asymptotically (ω_j , c_j , D_j )_{j ∈ Nn} -periodic type functions and semi-(c_j , B)_{j ∈ Nn} -periodic type functions. In the following two definitions, we extend the recently introduced notion of S_c-asymptotical periodicity (cf. M.T. Khalladi, M. Kostić, M. Pinto, A. Rahmani and D. Velinov [ 26, Definition 3.1], where the

228 M. KOSTIĆ

authors have considered the case in which X = {0} and I = D = D_1 is R or [0, ∞ )) and its subnotions: the S-asymptotical Bloch (ω, c )-periodicity, resp. S-asymptotical ω -anti-periodicity (see [ 8, Definition 3.1, Definition 3.2], where Y.-K. Chang and Y. Wei have considered the particular cases |c| = 1 , resp. c = − 1, X = {0} and I = R = D = D_1 ):

Definition 2.1. Let ω ∈ R^n \ {0}, c ∈ C \ {0}, ω + I ⊆ I, D ⊆ I ⊆ R^n and the set D be unbounded. A continuous function F : I × X → Y is said to be (S, D, B)-asymptotically (ω, c )-periodic if and only if for each B ∈ B we have lim |t |→ + ∞ ,t ∈ D

F (t + ω ; x) − cF (t ; x)

Y = 0 , uniformly in x ∈ B .

Definition 2.2. Let ω_j ∈ R \ {0}, c_j ∈ C \ {0}, ω_j e_j + I ⊆ I, D_j ⊆ I ⊆ R^n and the set D_j be unbounded ( 1 ≤ j ≤ n). A continuous function F : I × X → Y is said to be (S, B)-asymptotically (ω_j , c_j , D_j )_{j ∈ Nn} -periodic if and only if for each j ∈ N_n we have lim |t |→ + ∞ ,t ∈ D_j

F (t + ω_j e_j ; x) − c_j F (t ; x)

Y = 0 , uniformly in x ∈ B .

Before going any further, we will present an illustrative example:

Example 2.3. Let X := c_0(C) be the Banach space of all numerical sequences tending to zero, equipped with the sup-norm. Suppose that ω_j = 2 π, c_j ∈ C and |c_j | = 1 for all j ∈ N_n . From [35, Example 2.12], we know that the function

F_1 � t_1 , . . . , t_n � := nY j =1 c t j 2 π j sin t_j , t = ( t_1 , . . . , t_n ) ∈ [0, ∞ )^n

is (2π, c_j )_{j ∈ Nn} -periodic. On the other hand, from [ 25, Example 3.1] and [ 30, Example 2.6], we know that the function

f (t) :=

� 4k2 t2

(t^2 + k^2 )^2 � k ∈ N

, t ≥ 0

is S-asymptotically ω -periodic for any positive real number ω > 0, as well as that its range is not relatively compact in X and f (·) is uniformly continuous; let us only note here that R. Xie and C. Zhang have constructed, in [ 45, Example 17], an example of an S-asymptotically ω -periodic function which is not uniformly continuous. Set F � t_1 , . . . , t_n , t_{n +1} � := F_1 � t_1 , . . . , t_n � ·f � t_{n +1} � , � t_1 , . . . , t_n , t_{n +1} � ∈ [0, ∞ )^{n +1} .

Then the function F (·) is S-asymptotically (ω_j , c_j , D_j )_{j ∈ Nn +1} -periodic, where c_{n +1} = 1 , ω_{n +1} > 0 being arbitrary, D_j = [0, ∞ )^{n +1} for 1 ≤ j ≤ n and D_{n +1} = K × [0, ∞ ) (∅ ≠ K ⊆ [0, ∞ )^n is a compact set), as easily approved. See also [30, Example 2.16, Example 2.17, Example 2.18].

Immediately from the corresponding definitions, we have the following result:

GENERALIZED c-ALMOST PERIODIC TYPE FUNCTIONS IN R^n 229

Proposition 2.4.

(i) Let ω ∈ R^n \ {0}, c ∈ C \ {0}, ω + I ⊆ I, D ⊆ I ⊆ R^n and the set D be unbounded. If ω + D ⊆ D and the function F : I × X → Y is (D, B)- -asymptotically (ω, c )-periodic, then the function F (·;·) is (S, D, B)-asymptotically (ω, c )-periodic.

(ii) Let ω_j ∈ R \ {0}, c_j ∈ C \ {0}, ω_j e_j + I ⊆ I, D_j ⊆ I ⊆ R^n and the set D_j be unbounded ( 1 ≤ j ≤ n). If ωe_j + D ⊆ D and the function F : I × X → Y is (D, B)-asymptotically (ω_j , c_j )_{j ∈ Nn} -periodic, then the function F (·;·) is (S, B)-asymptotically (ω_j , c_j , D_j )_{j ∈ Nn} -periodic with D_j ≡ D for all j ∈ N_n .

We will provide the proof of the first part of the following simple result for the sake of completeness:

Proposition 2.5.

(i) Let ω ∈ R^n \ {0}, c ∈ C \ {0}, ω + I ⊆ I, D ⊆ I ⊆ R^n and the set D be unbounded. If for each B ∈ B there exists ϵ_B > 0 such that the sequence (F_k (·;·)) of (S, D, B)-asymptotically (ω, c )-periodic functions converges uniformly to a function F (·;·) on the set B^∘ ∪ S x ∈ ∂B B(x, ϵB ), then F (·;·) is

(S, D, B)-asymptotically (ω, c )-periodic.

(ii) Let ω_j ∈ R \{0}, c_j ∈ C \{0}, ω_j e_j + I ⊆ I, D_j ⊆ I ⊆ R^n and the set D_j be unbounded ( 1 ≤ j ≤ n). If for each B ∈ B there exists ϵ_B > 0 such that the sequence (F_k (·;·)) of (S, B)-asymptotically (ω_j , c_j , D_j )_{j ∈ Nn} -periodic functions converges uniformly to a function F (·;·) on the set B^∘ ∪ S x ∈ ∂B B(x, ϵB ),

then the function F (·; ·) is (S, B)-asymptotically (ω_j , c_j , D_j )_{j ∈ Nn} -periodic.

Proof. The validity of (i) can be deduced as follows. By the proofs of [ 11, Proposition 2.7, Proposition 2.8], it follows that the function F (·;·) is continuous. Let ϵ > 0 and B ∈ B be fixed. Then there exists k_0 ∈ N such that ‖F_{k 0} (t;x) − F (t;x)‖_Y ≤ ϵ/3(1 + |c|) for all (t , x) ∈ I × B. Further on, there exists M > 0 such that the assumptions |t | > M , t ∈ D and x ∈ B imply ‖F_{k 0} (t + ω ;x) − cF_{k 0} (t;x)‖_Y < ϵ/3. Then the final conclusion follows from the well known decomposition and estimates

F (t + ω ; x) − cF (t ; x) Y ≤ F (t + ω ; x) − F_{k 0} (t ; x) Y + F_{k 0} (t + ω ; x) − cF_{k 0} (t ; x) Y + |c| ·

F_{k 0} (t + ω ; x) − F (t ; x)

Y ≤ 3 ·(ϵ/3) = ϵ . □ The convolution invariance of function spaces introduced in Definition 2.1 and Definition 2.2 can be shown under very mild assumptions:

Theorem 2.6. Suppose that h ∈ L^1(R^n ) and F : R^n × X → Y is a continuous function satisfying that for each B ∈ B there exists a finite real number ϵ_B > 0 such that sup_{t ∈ R}n_{,x ∈ B} · ‖F (t , x)‖_Y < + ∞ , where B^· ≡ B^∘ ∪ S x ∈ ∂B B (x, ϵB ).

230 M. KOSTIĆ

(i) Suppose that D = R^n . Then the function

(h ∗ F )(t ; x) := Z R^n

h(σ)F (t − σ; x) dσ, t ∈ R^n , x ∈ X

(2.1)

is well defined and for each B ∈ B we have sup_{t ∈ R}n_{,x ∈ B} · ‖(h ∗ F )(t;x)‖_Y < + ∞ ; furthermore, if F (·;·) is (S, R^n , B)-asymptotically (ω, c )-periodic, then the function (h ∗ F )(·; ·) is (S, R^n , B)-asymptotically (ω, c )-periodic.

(ii) Suppose that D_j = R^n for all j ∈ N_n . Then the function (h ∗ F )(·;·), given by (2.1), is well defined and for each B ∈ B we have sup_{t ∈ R}n_{,x ∈ B} · ‖(h ∗ F )(t;x)‖_Y < + ∞ ; moreover, if the function F (·;·) is (S, B)-asymptotically (ω_j , c_j , R^n )_{j ∈ Nn} -periodic, then the function (h ∗ F )(·;·) is likewise (S, B)-asymptotically (ω_j , c_j , R^n )_{j ∈ Nn} -periodic.

Proof. We will prove only (i). It is clear that the function (h ∗ F )(·;·) is well defined as well as that sup_{t ∈ R}n_{,x ∈ B} · ‖(h ∗ F )(t;x)‖_Y < + ∞ for all B ∈ B. Its continuity at the fixed point (t_0;x_0) ∈ R^n × X follows from the existence of a set B ∈ B such that x_0 ∈ B, the assumption sup_{t ∈ R}n_{,x ∈ B} · ‖F (t;x)‖_Y < + ∞ and the dominated convergence theorem. Let ϵ > 0 and B ∈ B be fixed. Then there exists a sufficiently large real number M > 0 such that ‖F (t + ω ;x) − cF (t;x)‖_Y < ϵ/2, provided |t | > M_1 and x ∈ B. Therefore, there exists a finite constant c_B ≥ 1 such that

(h ∗ F )(t + ω ; x) − c(h ∗ F )(t ; x) Y ≤ Z R^n

|h(σ)| ·

F (t + ω − σ; x) − cF (t − σ; x)

Y dσ = Z |σ |≤ M_1

|h(t − σ)| ·

F (σ + ω ; x) − cF (σ; x)

Y dσ + Z |σ |≥ M_1

|h(t − σ)| ·

F (σ + ω ; x) − cF (σ; x)

Y dσ

≤ ϵ/2 + Z |σ |≥ M_1

|h(t − σ)| ·

F (σ + ω ; x) − cF (σ; x)

Y dσ

≤ ϵ/2 + c_B Z |σ |≥ M_1

|h(t − σ)| dσ .

On the other hand, there exists a finite real number M_2 > 0 such that R |σ |≥ M_2 |h(σ)|

dσ < ϵ/2c_B . If |t | > M_1 + M_2 , then for each σ ∈ R^n with |σ| ≤ M_1 we have |t − σ| ≥ M_2 . This simply implies the required conclusion. □ The following result connects the notion introduced in Definition 2.1 and Definition 2.2:

Proposition 2.7. Let ω_j ∈ R \ {0}, c_j ∈ C \ {0}, ω_j e_j + I ⊆ I, D_j ⊆ I ⊆ R^n and the set D_j be unbounded ( 1 ≤ j ≤ n). If F : I × X → Y is (S, B)-asymptotically (ω_j , c_j , D_j )_{j ∈ Nn} -periodic and the set D consisting of all tuples t ∈ D_n such that t + P_n

i = j +1 ω i ei for all j ∈ Nn − 1 is unbounded in R

n , then the function F (·;·) is (S, D, B)-asymptotically (ω, c )-periodic, with ω :=

P_n

j =1 ω j ej and c :=

Q_n

j =1 cj .

GENERALIZED c-ALMOST PERIODIC TYPE FUNCTIONS IN R^n 231

Proof. The proof simply follows from the corresponding definitions and the next estimates: F (t + ω ; x) − cF (t ; x) = F �t_1 + ω_1 , . . . , t_n + ω_n ; x� − c_1 . . . c_n F �t_1 , . . . , t_n ; x� ≤ F �t_1 + ω_1 , t_2 + ω_2 , . . . , t_n + ω_n ; x� − c_1 F �t_1 , t_2 + ω_2 , . . . , t_n + ω_n ; x� + � c_1 � · F � t_1 , t_2 + ω_2 , . . . , t_n + ω_n ; x � − c_2 . . . c_n F � t_1 , . . . , t_n ; x � ≤ F � t_1 + ω_1 , t_2 + ω_2 , . . . , t_n + ω_n ; x � − c_1 F � t_1 , t_2 + ω_2 , . . . , t_n + ω_n ; x � + � �c_1 � �· h F �t_1 , t_2 + ω_2 , . . . , t_n + ω_n ; x� − c_2 F �t_1 , t_2 , . . . , t_n + ω_n ; x� + � �c_2 � �· F �t_1 , t_2 , . . . , t_n + ω_n ; x� − c_3 . . . c_n F �t_1 , t_2 , . . . , t_n ; x� i ≤ . . . . □ The proof of following proposition is simple and therefore omitted:

Proposition 2.8. Let ω, a ∈ R^n \ {0}, c ∈ C \ {0}, α ∈ C, ω + I ⊆ I and a + I ⊆ I. Suppose that the functions F : I × X → Y and G : I × X → Y are (S, D, B)-asymptotically (ω, c )-periodic ( (S, B)-asymptotically (ω_j , c_j , D_j )_{j ∈ Nn} -periodic). Then we have the following:

(i) The function F̌ (·;·) is (S, − D, B)-asymptotically (− ω, c )-periodic ( (S, B)-asymptotically (− ω_j , c_j , − D_j )_{j ∈ Nn} -periodic), where F̌ (t;x) := F (− t;x), t ∈ − I , x ∈ X .

(ii) The functions ‖F (·;·)‖, [F + G](·;·) and αF (·;·) are (S, D, B)-asymptotically (ω, |c|)-periodic ( (S, B)-asymptotically (ω_j , |c_j |, D_j )_{j ∈ Nn} -periodic).

(iii) If a + D ⊆ D (a + D_j ⊆ D_j for all j ∈ N_n ) and y ∈ X, then the function F_{a,y} : I × X → Y defined by F_{a,y} (t;x) := F (t + a;x + y), t ∈ I, x ∈ X is (S, D, B_y)-asymptotically (ω, c )-periodic ( (S, B_y)-asymptotically (ω_j , c_j , D_j )_{j ∈ Nn} -periodic), where B_y := {− y + B : B ∈ B} .

(iv) If ω ∈ R^n \ {0}, c_i ∈ C \ {0} for i = 1 ,2, ω + I ⊆ I, the function G : I × X → C is (S, D, B)-asymptotically (ω, c_1)-periodic and the function H : I × X → Y is (S, D, B)-asymptotically (ω, c_2)-periodic, then the function F (·) := G(·)H(·) is (S, D, B)-asymptotically (ω, c_1 c_2)-periodic, provided that for each set B ∈ B we have sup_{t ∈ I ;x ∈ B} [|G(t ; x)| + ‖F (t ; x)‖_Y ] < ∞ .

(v) Let ω_j ∈ R \ {0}, c_{j,i} ∈ C \ {0} and ω_j e_j + I ⊆ I (1 ≤ j ≤ n, 1 ≤ i ≤ 2). Suppose that the function G : I × X → C is (S, B)-asymptotically (ω_j , c_{j, 1} , D_j )_{j ∈ Nn} -periodic and the function H : I → X is (S, B)-asymptotically (ω_j , c_{j, 2} , D_j )_{j ∈ Nn} -periodic. Set c_j := c_{j, 1} c_{j, 2} , 1 ≤ j ≤ n. Then the function F (·) := G(·)H(·) is (S, B)-asymptotically (ω_j , c_j , D_j )_{j ∈ Nn} -periodic, provided that for each set B ∈ B we have sup_{t ∈ I ;x ∈ B} [|G(t;x)|+ ‖F (t;x)‖_Y ] < ∞ . It should be noted that the classes of (ω, c )-periodic functions and (ω_j , c_j )_{j ∈ Nn} -periodic functions can be profiled in the following way ([ 35]; see also Example 2.18 of this paper for an interesting application):

232 M. KOSTIĆ

(i) Let ω = ( ω_1 , ω_2 , . . . , ω_n ) ∈ R^n \{0}, ω + I ⊆ I, c ∈ C\{0} and S := { i ∈ N_n :

ω_i ≠ 0 }. Denote by A the collection of all tuples a = ( a_1 , a_2 , . . . , a_{|S |}) ∈ R^{|S |} such that P i ∈ S a i = 1 . Then a continuous function F : I → X

is (ω, c )-periodic if and only if, for every (some) a ∈ A, the function G_a : I → X , defined by

G_a � t_1 , t_2 , . . . , t_n � := c^− P i ∈ S a i t i

ω i F � t_1 , t_2 , . . . , t_n � , t = � t_1 , t_2 , . . . , t_n � ∈ I ,

is (ω, 1)-periodic. (ii) Let ω_j ∈ R \ {0}, c_j ∈ C \ {0}, ω_j e_j + I ⊆ I (1 ≤ j ≤ n) and the function F : I → X is continuous. For each j ∈ N_n , we define the function G_j : I → X by

G_j � t_1 , t_2 , . . . , t_n � := c^− t j ω j j F � t_1 , t_2 , . . . , t_n � , t = � t_1 , t_2 , . . . , t_n � ∈ I .

Then F (·) is (ω_j , c_j )_{j ∈ Nn} -periodic if and only if, for every t = ( t_1 , t_2 , . . . , t_n ) ∈ I and j ∈ N_n , we have

G_j � t_1 , t_2 , . . . , t_j + ω_j , . . . , t_n � = G_j � t_1 , t_2 , . . . , t_j , . . . , t_n � . Using these clarifications, we can introduce various spaces of pseudo-like (S, D, B)- -asymptotically (ω, c )-periodic type functions and pseudo-like (S, B)-asymptotically (ω_j , c_j , D_j )_{j ∈ Nn} -periodic type functions following the method proposed in [ 1, Definition 2.4, Definition 2.5] and [ 2, Definition 2.4, Definition 2.5]; we will skip all related details for simplicity. The interested reader may also try to formulate extensions of [26, Proposition 3.1, Corollary 3.1-Corollary 3.2] in the multi-dimensional setting.

2.1. Semi- (c_j , B)_{j ∈ Nn} -periodic functions. In this subsection, we will briefly exhibit the main results about the class of multi-dimensional semi- (c_j , B)_{j ∈ Nn} -periodic functions. For the sake of brevity, we will always assume here that the region I has the form I = I_1 × I_2 × · · · ×I_n , where each set I_j is equal to R, (−∞ , a_j ] or [a_j , ∞ ) for some real number a_j ∈ N (1 ≤ j ≤ n).

We will use the following definition:

Definition 2.9. Suppose that F : I × X → Y is a continuous function and c_j ∈ C \ {0} (1 ≤ j ≤ n). Then we say that F (·;·) is semi-(c_j , B)_{j ∈ Nn} -periodic if and only if, for every ϵ > 0 and B ∈ B, there exist real numbers ω_j ∈ R \ {0} such that ω_j e_j + I ⊆ I (1 ≤ j ≤ n) and F � t + mω_j e_j ; x � − c^m_j F (t ; x)

≤ ϵ, m ∈ N, j ∈ N_n , t ∈ R^n , x ∈ B .

(2.2)

The function F (·;·) is said to be semi- B-periodic if and only if F (·;·) is semi-(c_j , B)_{j ∈ Nn} -periodic with c_j = 1 for all j ∈ N_n .

Suppose that j ∈ N_n , x ∈ X and |c_j | ≠ 1 . Fix the variables t_1 , ·· ·, t_{j − 1} , t_{j +1} , . . . , t_n . Then there exist three possibilities:

1. I_j = R. Then, due to (2.2), the function f : R → Y given by f (t) := F (t_1 , · · ·, t_{j − 1} , t, t_{j +1} , . . . , t_n ), t ∈ R is semi-c_j -periodic of type 1_+ in the sense of [27, Definition 3(i)] and therefore f (·) is c_j -periodic due to [ 27, Theorem 1]. Hence, the function F (·; x) is c_j -periodic in the variable t_j .

GENERALIZED c-ALMOST PERIODIC TYPE FUNCTIONS IN R^n 233

2. I_j = [a_j ,+ ∞ ) for some real number a_j ∈ R. Then the function F (·;x) is c_j -periodic in the variable t_j , which follows from the same argumentation applied to the function f (t) := F (t_1 , · · ·, t_{j − 1} , t − a_j , t_{j +1} , . . . , t_n ), t ≥ 0.

3. I_j = ( −∞ , a_j ] for some real number a_j ∈ R. Then the function F (·;x) is c_j -periodic in the variable t_j , which follows from the same argumentation applied to the function f (t) := F (t_1 , · · ·, t_{j − 1} , − t − | a_j |, t_{j +1} , . . . , t_n ), t ≥ 0.

In the remainder of this subsection, we will assume that |c_j | = 1 for all j ∈ N_n . Then any semi- (c_j , B)_{j ∈ Nn} -periodic function F : I × X → Y is bounded on any subset B of the collection B, as easily approved; even in the one-dimensional setting, this function need not be periodic in the usual sense (see [ 27, p. 2]). Furthermore, if for each integer k ∈ N the function F_k : I × X → Y is semi-(c_j , B)_{j ∈ Nn} -periodic and for each B ∈ B there exists a finite real number ϵ_B > 0 such that lim_{k → + ∞} F_k (t;x) = F (t;x) for all t ∈ I, uniformly in x ∈ B^· ≡ B^∘ ∪ S x ∈ ∂B B(x, ϵB ), then the function

F (·; ·) is likewise semi-(c_j , B)_{j ∈ Nn} -periodic.

Let B ∈ B be fixed. In what follows, we consider the Banach space l_∞ (B : Y) consisting of all bounded functions f : B → Y,equipped with the sup-norm. Suppose that the function F : I × X → Y is semi-(c_j , B)_{j ∈ Nn} -periodic. Define the function F_B : I → l_∞ (B : Y) by � F_B (t ) � (x) := F (t ; x) , t ∈ I, x ∈ B .

Then the mapping F_B (·) is well defined and semi- (c_j )_{j ∈ Nn} -periodic. Using now an insignificant modification of the proofs of [ 4, Lemma 1, Theorem 1], we may conclude that for each set B ∈ B there exists a sequence of (c_j )_{j ∈ Nn} -periodic functions (F_k : I × X → Y)_{k ∈ N} such that lim_{k → + ∞} F_k (t;x) = F (t;x) for all t ∈ I, uniformly in x ∈ B. The converse statement is also true; hence, we have the following important result:

Theorem 2.10. Suppose that F : I × X → Y is continuous. Then the function F (·;·) is semi-(c_j , B)_{j ∈ Nn} -periodic if and only if for each set B ∈ B there exists a sequence of (c_j )_{j ∈ Nn} -periodic functions (F_k : I → l_∞ (B : Y))_{k ∈ N} such that lim_{k → + ∞} F_k (t ) = F_B (t ) uniformly in t ∈ I .

Now we would like to present the following illustrative application of Theorem 2.10:

Example 2.11. Suppose that q_1 , . . . , q_n are odd natural numbers. Define F : R^n → C by F � t_1 , t_2 , . . . , t_n � := X l=( l_1 ,l_2 ,...,l_n )∈ N^n

e^{it 1 /(2 l1 q1 +1)} e^{it 2 /(2 l2 q2 +1)} . . . e^{it n /(2 ln qn +1)} l_1 !l_2 !. . . l_n ! , for any t = ( t_1 , t_2 , . . . , t_n ) ∈ R^n . Then F (·) is semi-(− 1, − 1, . . . , − 1)-periodic function since it is a uniform limit of (− 1, − 1, . . . , − 1)-periodic functions

F_k (t ) := X |l|≤ k

e^{it 1 /(2 l1 q1 +1)} e^{it 2 /(2 l2 q2 +1)} . . . e^{it n /(2 ln qn +1)} l_1 !l_2 !. . . l_n !

, t ∈ R^n , k ∈ N .

234 M. KOSTIĆ

We continue with the observation that the statements of Proposition 2.5, Proposition 2.7, Proposition 2.8, Proposition 2.9, Proposition 2.12, Theorem 2.13 and Proposition 2.17 of [ 28] admit very simple reformulations in the multi-dimensional setting. For example, if F : I → R is semi-(c_j )_{j ∈ Nn} -periodic, then c_j ∈ {− 1,1} for all j ∈ N_n ; furthermore, if F (t ) ≥ 0 for all t ∈ I , then c_j = 1 for all j ∈ N_n .

Any semi-(c_j )_{j ∈ Nn} -periodic function F : I → Y can be extended uniquely to a semi-(c_j )_{j ∈ Nn} -periodic function F̃ : R^n → Y and therefore it has a mean value as an almost periodic function; see e.g., the proof of [ 11, Theorem 2.36]. Furthermore, any semi-(c_j )_{j ∈ Nn} -periodic function F : I → Y is semi-periodic. In the one-dimensional case, [4, Lemma 2] tells us that there exists a positive real number θ > 0 such that σ(F ) ⊆ θ·Q, which enables one to construct a great deal of almost periodic functions which are not semi-periodic. A similar situation holds in the multi-dimensional setting, when we have the following:

Proposition 2.12. Suppose that the function F : I → Y is semi-(c_j )_{j ∈ Nn} -periodic, λ = ( λ_1 , λ_2 , . . . , λ_n ) ∈ σ(F ) and μ = ( μ_1 , μ_2 , . . . , μ_n ) ∈ σ(F ). Then there exist non-zero real numbers ω_j ∈ R \ {0} (1 ≤ j ≤ n) such that λ_j ω_j ∈ 2πZ and μ_j ω_j ∈ 2πZ for all j ∈ N_n .

Proof. By the foregoing, we may assume that I = R^n , λ = μ and c_j = 1 for all j ∈ N_n . We will follow the proof of [ 5, Corollary 4.5.4(d)] with appropriate modifications. First of all, note that lim_{k → + ∞} k^{− 1}

P_{k − 1}

j =0 z

j = 0 if |z| = 1 and z ≠ 1 , while lim_{k → + ∞} k^{− 1}

P_{k − 1}

j =0 z

j = 1 if z = 1 . Our assumption is that lim T → + ∞ 1 T^n Z [0,T ]^n

e^{− i ⟨λ, t ⟩} F (t ) dt ≠ 0 and lim

T → + ∞ 1 T^n Z [0,T ]^n

e^{− i ⟨μ, t ⟩} F (t ) dt ≠ 0 .

By Theorem 2.10, the proof of [ 4, Lemma 2] and continuity, we may assume without loss of generality that F (·) is (ω_j , c_j )_{j ∈ Nn} -periodic for some non-zero real numbers ω_j ∈ R \ { 0} (1 ≤ j ≤ n). We have lim T → + ∞ 1 T^n Z [0 ,T ]n

e^{− i ⟨λ, t ⟩} F (t ) dt

= lim

T → + ∞ 1 T^n

⌊T / |ω 1 |⌋ X j 1 =0

. . .

⌊T / |ω n |⌋ X j n =0 Z Q_n

k =1

[j k |ω k |,( j k +1) |ω k |]

e^{− i ⟨λ, t ⟩} F (t ) dt

= lim

T → + ∞ 1 T^n

⌊T / |ω 1 |⌋ X j 1 =0

. . .

⌊T / |ω n |⌋ X j n =0 Z [0 ,|ω 1 |]× ... × [0 ,|ω n |]

e^i

�_{λ 1 j 1 |ω 1 |+ ···+ λ n j n |ω n |}� e^{− i ⟨λ, t ⟩} F (t ) dt

= lim

T → + ∞

nh 1 T ⌊T / |ω 1 |⌋ X j 1 =0 � e^{iλ 1 |ω 1 |}

�_{j 1} i

. . . h 1 T ⌊T / |ω n |⌋ X j n =0 � e^{iλ n |ω n |}

�_{j n} io

= lim

T → + ∞ h 1 T ⌊T / |ω 1 |⌋ X j 1 =0 � e^{iλ 1 |ω 1 |}

�_{j 1} i

. . . lim

T → + ∞ h 1 T ⌊T / |ω n |⌋ X j n =0 � e^{iλ n |ω n |}

�_{j n} i .

GENERALIZED c-ALMOST PERIODIC TYPE FUNCTIONS IN R^n 235

The final conclusion follows by observing that the product of above limits, which exist in C, is not equal to zero if and only if exp(iλ_j |ω_j |) = 1 for all j ∈ N_n , as well as that the same calculation can be given for the tuple μ. □ The Stepanov classes of semi- (c_j , B)_{j ∈ Nn} -periodic functions can be also analyzed;

see [9, Section 3] for more details given in the one-dimensional setting.

3. Multi-dimensional quasi-asymptotically c-almost periodic type functions

In this section, we investigate several various classes of multi-dimensional quasi-asymptotically c-almost periodic functions. We start by introducing the notion of D-quasi-asymptotical (B, I^′, c)-almost periodicity and recall the notion of D-quasi-asymptotical (B, I^′, c)-uniform recurrence here (it can be easily shown that the notion of quasi-asymptotical uniform recurrence introduced in [ 37, Definition 9], with D = I = I^′ = R, is equivalent with the corresponding notion introduced in the second part of the following definition; concerning the first part of this definition, it extends the notion of quasi-asymptotical c-almost periodicity introduced in [ 26, Definition 3.3]):

Definition 3.1. Suppose that D ⊆ I ⊆ R^n , ∅ ≠ I^′ ⊆ I ⊆ R^n , the sets D and I^′ are unbounded, F : I × X → Y is a continuous function and I + I^′ ⊆ I. Then we say that:

(i) F (·;·) is D-quasi-asymptotically (B, I^′, c)-almost periodic if and only if for every B ∈ B and ϵ > 0 there exists l > 0 such that for each t_0 ∈ I^′ there exists τ ∈ B(t_0 , l) ∩ I^′ such that there exists a finite real number M(ϵ, τ) > 0 such that

F (t + τ; x) − cF (t ; x)

Y ≤ ϵ, provided t , t + τ ∈ D_{M (ϵ,τ )} , x ∈ B.

(3.1)

(ii) F (·;·) is D-quasi-asymptotically (B, I^′, c)-uniformly recurrent if and only if for every B ∈ B there exist a sequence (τ_k ) in I^′ and a sequence (M_k ) in (0, ∞ ) such that lim_{k → + ∞} |τ_k | = lim_{k → + ∞} M_k = + ∞ and lim k → + ∞ sup t ,t + τ_k ∈ D_{M k} ;x ∈ B

F (t + τ_k ; x) − cF (t ; x)

Y = 0 .

If I^′ = I, then we also say that F (·;·) is D-quasi-asymptotically (B, c)-almost periodic (D-quasi-asymptotically (B, c)-uniformly recurrent); furthermore, if X ∈ B , then it is also said that F (·;·) is D-quasi-asymptotically (I^′, c)-almost periodic (D-quasi-asymptotically (I^′, c)-uniformly recurrent). If I^′ = I and X ∈ B, then we also say that F (·;·) is D-quasi-asymptotically c-almost periodic ( D-quasi-asympto-tically c-uniformly recurrent). We remove the prefix “ D-” in the case that D = I, remove the prefix “ (B,)” in the case that X ∈ B and remove the prefix “ c-” if c = 1 .

In [11] and [29], we have also analyzed the notion of D-asymptotical Bohr (B, I^′, c)-almost periodicity of type 1, which is a special case of D-quasi-asymptotical (B, I^′, c)-almost periodicity. The notion of D-quasi-asymptotical (B, I^′, c)-uniform recurrence, which generalizes the notion of D-quasi-asymptotical (B, I^′, c)-almost

236 M. KOSTIĆ

periodicity, has been also introduced in [ 29, Definition 2.25(ii)], under the slightly different name of D-asymptotical (B, I^′, c)-uniform recurrence of type 1. It is evident that the notion of D-asymptotical Bohr (B, I^′, c)-almost periodicity of type 1 (see Definition 1.2) is a special case of the notion of D-quasi-asymptotical (B, I^′, c)-almost periodicity introduced in Definition 3.1(i). The following generalization of [ 37, Proposition 2] can be deduced straightforwardly (we can simply formulate an extension of [37, Proposition 3] in the multi-dimensional setting, as well):

Proposition 3.2. Suppose that D ⊆ I ⊆ R^n , c ∈ C \ {0} and the set D is unbounded, as well as ∅ ≠ I^′ ⊆ I ⊆ R^n , F : I × X → Y is a continuous function and I + I^′ ⊆ I. If the function F (·;·) is D-quasi-asymptotically (B, I^′, c)-almost periodic, resp. D-quasi-asymptotically (B, I^′, c)-uniformly recurrent, and Q ∈ C_{0,D,B}(I × X : Y), then [F + Q](·;·) is D-quasi-asymptotically (B, I^′, c)-almost periodic, resp. D-quasi-asymptotically (B, I^′, c)-uniformly recurrent.

We continue by providing an illustrative example:

Example 3.3. The function F : R^n → R, given by F (t) := sin(ln(1 + |t |)), t ∈ R^n , is quasi-asymptotically almost periodic but not asymptotically uniformly recurrent; this can be shown as in the one-dimensional case (see [ 37, Example 3]). Furthermore, it can be easily shown that F (·) is quasi-asymptotically c-almost periodic for some c ∈ C \ { 0} if and only if c = 1 .

In the following result, we show that the notion introduced in the previous section can be viewed as a particular case of the notion introduced in Definition 3.1(i), under some very reasonable assumptions (in the second part, we can also consider the situation in which I^′ := ω_j e_j ·N for some j ∈ N_n ):

Proposition 3.4.

(i) Let ω ∈ I \ {0}, c ∈ C \ {0}, |c| ≤ 1, ω + I ⊆ I and D ⊆ I ⊆ R^n . Set I^′ := ω ·N. If a continuous function F : I × X → Y is (S, D, B)-asymptotically (ω, c )-periodic, then the function F (·;·) is D-quasi-asymptotically (B, I^′, c)- -almost periodic.

(ii) Let ω_j ∈ R \ {0}, c_j ∈ C \ {0}, ω_j e_j + I ⊆ I, D_j ⊆ I ⊆ R^n , the set D_j be unbounded ( 1 ≤ j ≤ n) and the set D consisting of all tuples t ∈ D_n such that t +

P_n

i = j +1 ω i ei for all j ∈ Nn − 1 be unbounded in R n . Set ω :=

P_n

j =1 ω j ej , I

′ := ω ·N and c :=

Q_n

j =1 cj . If F : I × X → Y is

(S, B)-asymptotically (ω_j , c_j , D_j )_{j ∈ Nn} -periodic, |c| ≤ 1 and ω ∈ I, then the function F (·; ·) is D-quasi-asymptotically (B, I^′, c)-almost periodic.

Proof. The proof of (i) is very similar to the proof of [ 26, Proposition 3.2]. First of all, note that our assumptions ω ∈ I \ {0} and D + ω ·N_0 ⊆ D imply that the set D is unbounded, whilst the assumptions ω ∈ I \ {0} and ω + I ⊆ I imply that I^′ is an unbounded subset of I and I + I^′ ⊆ I. Let B ∈ B and ϵ > 0 be fixed. Then we can take l = 2 |ω | in Definition 3.1(i) since for each t_0 = n^′ω ∈ I^′, where n^′ ∈ N, there exists τ = nω ∈ B(t_0 , l) ∩ I^′, with n^′ = n + 1 . Since the function F (·;·) is (S, D, B)-asymptotically (ω, c )-periodic, we have the existence of

GENERALIZED c-ALMOST PERIODIC TYPE FUNCTIONS IN R^n 237

a finite real number M > 0 such that the assumptions |t | > M and t ∈ D imply ‖F (t + ω ;x)− cF (t;x)‖ < ϵ/n for all x ∈ B. Let t ∈ D and |t | > M (ϵ, τ) ≡ M + n|ω |. Then (3.1) holds since the assumptions t , t + τ ∈ D_{M (ϵ,τ )} and x ∈ B imply:

F (t + τ; x) − cF (t ; x) Y ≤ n − 1X

k =0

|c|^{n − k − 1}

F (t + ( k + 1) ω ; x) − cF (t + kω ; x) Y ≤ n − 1X

k =0

F (t + ( k + 1) ω ; x) − cF (t + kω ; x) Y ≤ n(ϵ/n) = ϵ ,

as claimed. To deduce (ii), it suffices to observe that our assumptions imply by Proposition 2.7 that the function F (·;·) is (S, D, B)-asymptotically (ω, c )-periodic, with ω =

P_n

j =1 ω j ej . After that, we can apply the first part of proposition. □

The spaces introduced in Definition 3.1 do not form vector spaces under the pointwise addition of functions and these spaces are not closed under the pointwise multiplication with scalar-valued functions of the same type, as is well known in the one-dimensional case ([ 30]). The introduced spaces are homogeneous and, under certain reasonable assumptions, these spaces are translation invariant, invariant under the homotheties with ratio b > 0 and the reflections at zero with respect to the first variable; details can be left to the interested readers. Furthermore, we have the following statements stated here without simple proofs (see also [ 11, Proposition 2.7, Proposition 2.8]):

Proposition 3.5.

(i) Suppose that D ⊆ I ⊆ R^n , ∅ ≠ I^′ ⊆ I ⊆ R^n , the sets D and I^′ are unbounded, F : I × X → C is a continuous function and I + I^′ ⊆ I .

(i) If F (·;·) is D-quasi-asymptotically (B, I^′, c)-almost periodic and, for every B ∈ B, there exists a real number c_B > 0 such that |F (t;x)| ≥ c_B for all x ∈ B and t ∈ I, then the function 1/F(·;·) is D-quasi-asympto-tically (B, I^′, 1/c)-almost periodic.

(ii) F (·;·) is D-quasi-asymptotically (B, I^′, c)-uniformly recurrent if and only if for every B ∈ B there exist a sequence (τ_k ) in I^′ and a sequence (M_k ) in (0, ∞ ) such that lim_{k → + ∞} |τ_k | = lim_{k → + ∞} M_k = + ∞ and lim k → + ∞ sup t ,t + τ_k ∈ D_{M k} ;x ∈ B

F (t + τ_k ; x) − cF (t ; x)

Y = 0 .

(ii) If (F_k (·;·)) is a sequence of D-quasi-asymptotically (B, I^′, c)-almost periodic functions, resp. D-quasi-asymptotically (B, I^′, c)-uniformly recurrent functions, such that for each B ∈ B there exists a finite real number ϵ_B > 0 such that lim_{k → + ∞} F_k (t;x) = F (t;x) for all t ∈ R, uniformly in x ∈ B^· ≡ B^∘ ∪ S x ∈ ∂B B(x, ϵB ), then the function F (·;·) is D-quasi-asymptotically

(B, I^′, c)-almost periodic, resp. D-quasi-asymptotically (B, I^′, c)-uniformly recurrent.

238 M. KOSTIĆ

The proof of following result is very similar to that of Theorem 2.6 and therefore omitted (the assumption on compact support of function h(·) made in [37] for the class of quasi-asymptotically uniformly recurrent functions is superfluous):

Theorem 3.6. Suppose that h ∈ L^1(R^n ), ∅ ≠ I^′ ⊆ R^n is unbounded and F : R^n × X → Y is a continuous function satisfying that for each B ∈ B there exists a finite real number ϵ_B > 0 such that sup_{t ∈ R}n_{,x ∈ B} · ‖F (t , x)‖_Y < + ∞ , where B^· ≡ B^∘ ∪ S x ∈ ∂B B(x, ϵB ). Suppose that D = R

n . Then the function (h ∗F )(·;·), given by (2.1), is well defined and for each B ∈ B we have sup_{t ∈ R}n_{,x ∈ B} · ‖(h ∗ F )(t;x)‖_Y < + ∞ ; furthermore, if F (·;·) is R^n -quasi-asymptotically (B, I^′, c)-almost periodic, resp. R^n -quasi-asymptotically (B, I^′, c)-uniformly recurrent, then the function (h ∗ F )(·;·) is likewise R^n -quasi-asymptotically (B, I^′, c)-almost periodic, resp. R^n -quasi-asymptotically (B, I^′, c)-uniformly recurrent.

Accepting the notation employed in [ 30] and [37], we have the following ( I = R or I = [0 , ∞ ); ω ∈ I ):

(i) Suppose that f ∈ SAP_ω (R : X) ∩ AAA(R : X), resp. f ∈ SAP_ω (I :

X ) ∩ AAP (I : X ). Then f ∈ AP_ω (R : X ), resp. f ∈ AP_ω (I : X ). (ii) Suppose that f ∈ SAP_ω (R : X) ∩ AA(R : X), resp. f ∈ SAP_ω (I : X) ∩ AP (I : X ). Then f ∈ C_ω (R : X ), resp. f ∈ C_ω (I : X ).

(iii) AAA(R : X)∩ Q− AAP (R : X) = AAP (R : X) and [AAA(R : X)\AAP (R :

X )] ∩ Q − AAP (R : X ) = ∅ . (iv) AA(R : X ) ∩ Q − AAP (R : X ) = AP (R : X ). (v) Let F(I : X) be any space of functions h : I → X satisfying that for each τ ∈ I the supremum formula holds for the function h(·+ τ) − h(·), i.e., sup_{t ∈ I} ‖h(·+ τ) − h(·)‖ = sup

t ∈ I, |t |≥ a

‖h(·+ τ) − h(·)‖ , a ∈ I .

Then we have: [F(I : X) + C_0(I : X)] ∩ Q − AUR(I : X) ⊆ AUR(I : X) and F( I : X ) ∩ Q − AUR(I : X ) ⊆ UR(I : X ).

Furthermore, the above statements can be reformulated for the corresponding Stepanov classes.

We will only note here that these statements admit very simple generalizations in the multi-dimensional setting. For example, if I = R^n or I = [0, ∞ )^n and the function F : I → Y is both S-asymptotically (ω_j , c_j , I)_{j ∈ Nn} -periodic and I-asymptotically Bohr (I, 1)-almost periodic, then the function F (·) is (ω_j , c_j )_{j ∈ Nn} - -periodic (see also [ 37, Example 4], which can be used to provide certain examples of compactly almost automorphic functions in R^n which are not quasi-asymptotically uniformly recurrent [ 11]-[10]). The crucial thing is that the proof of [ 37, Theorem 1] works in the multi-dimensional setting (see the item (v) above).

4. Stepanov classes of quasi-asymptotically c-almost periodic type functions

In this section, we investigate the Stepanov classes of quasi-asymptotically c-almost periodic type functions (the Weyl and Besicovitch generalizations of

GENERALIZED c-ALMOST PERIODIC TYPE FUNCTIONS IN R^n 239

quasi-asymptotically c-almost periodic type functions can be also introduced and analyzed but we will skip all related details concerning this issue here). We will always assume that c ∈ C \ {0}, Ω is a fixed compact subset of R^n with positive Lebesgue measure, ∅ ≠ Λ ⊆ R^n satisfies Λ + Ω ⊆ Λ, D ⊆ Λ ⊆ R^n , ∅ ≠ Λ^′ ⊆ Λ ⊆ R^n , the sets D and Λ^′ are unbounded, as well as Λ + Λ^′ ⊆ Λ .

We employ the following conditions:

(MD − B )_S : ϕ : [0, ∞ ) → [0, ∞ ), p ∈ P (Ω)

F: Λ × (0, ∞ ) × Λ^′ → (0, ∞ ), F : Λ × N → (0, ∞ ) and F: Λ → (0, ∞ ) .

We will follow the approach obeyed for introduction of notion in [ 37, Definition 13–Definition 15], only, in which we do not loose the valuable information about the translation invariance of introduced spaces (cf. also [ 37, Definition 10 – Definition 12], where this is not the case):

Definition 4.1. Let (MD − B )_S hold.

(i) A function F : Λ × X → Y is called Stepanov- [Ω, B,Λ^′, D, p, ϕ, F, c]-quasi- -asymptotically almost periodic, resp. Stepanov- [Ω, B,Λ^′, D, p, ϕ, F , c]-quasi- -asymptotically uniformly recurrent, if and only if for every B ∈ B and ϵ > 0 there exists l > 0 such that for each t_0 ∈ Λ^′ there exists τ ∈ B(t_0 , l) ∩ Λ^′ such that there exists a finite real number M (ϵ, τ) > 0 such that sup t ∈ D_{M ( ϵ,τ )} :t + τ ∈ D_{M ( ϵ,τ )} ;x ∈ B

F(t , ϵ, τ)ϕ � F (·+ t + τ; x) − cF (·+ t ; x) Y � L^{p ( ·)} (Ω) ≤ ϵ ,

(4.1)

resp. there exist a strictly increasing sequence (τ_k ) in Λ^′ whose norms tending to plus infinity and a sequence (M_k ) of positive real numbers tending to plus infinity such that lim k → + ∞ sup t ∈ D_{M k} :t + τ_k ∈ D_{M k} ;x ∈ B

F (t , k)ϕ � F (·+ t + τ_k ; x) − cF (·+ t ; x)

Y �_{L p ( ·) (Ω)} = 0 .

(ii) Let ω ∈ R^n \ {0}, c ∈ C \ {0}, ω + Λ ⊆ Λ, D ⊆ Λ ⊆ R^n and the set D be unbounded. A function F : Λ × X → Y is said to be Stepanov [S, Ω , B, D, p, ϕ, F]-asymptotically (ω, c )-periodic if and only if for each B ∈ B we have lim |t |→ + ∞ ,t ∈ D

F(t )ϕ

� F (t + ω + ·; x) − cF (t + ·; x) Y � L p ( ·) (Ω) = 0 , uniformly in x ∈ B .

(iii) Let ω_j ∈ R \ {0}, c_j ∈ C \ {0}, ω_j e_j + Λ ⊆ Λ, D_j ⊆ Λ ⊆ R^n and the set D_j be unbounded ( 1 ≤ j ≤ n). A function F : Λ × X → Y is said to be [S, Ω , B, D, p, ϕ, F]-asymptotically (ω_j , c_j , D_j )_{j ∈ Nn} -periodic if and only if for each j ∈ N_n we have lim |t |→ + ∞ ,t ∈ Dj

F(t )ϕ

� F (t + ω j ej + ·; x) − cj F (t + ·; x) Y � L p ( ·) (Ω) = 0 , uniformly in x ∈ B .

Definition 4.2. Let (MD − B )_S hold.

240 M. KOSTIĆ

(i) A function F : Λ × X → Y is called Stepanov- [Ω, B,Λ^′, D, p, ϕ, F, c]-quasi- -asymptotically almost periodic of type 1, resp. Stepanov- [Ω, B,Λ^′, D, p, ϕ, F , c]-quasi-asymptotically uniformly recurrent of type 1, if and only if for every B ∈ B and ϵ > 0 there exists l > 0 such that for each t_0 ∈ Λ^′ there exists τ ∈ B(t_0 , l) ∩ Λ^′ such that there exists a finite real number M (ϵ, τ) > 0 such that sup t ∈ D_{M ( ϵ,τ )} :t + τ ∈ D_{M ( ϵ,τ )} ;x ∈ B

F(t , ϵ, τ)ϕ � F (·+ t + τ; x) − cF (·+ t ; x)

L^{p ( ·)} (Ω: Y ) � ≤ ϵ ,

resp. there exist a strictly increasing sequence (τ_k ) in Λ^′ whose norms tending to plus infinity and a sequence (M_k ) of positive real numbers tending to plus infinity such that lim k → + ∞ sup t ∈ D_{M k} :t+τ_k ∈ D_{M k} ;x ∈ B

F (t , k)ϕ � F (·+ t + τ_k ; x) − cF (·+ t ; x)

L^{p ( ·)} (Ω: Y ) � = 0 .

(ii) Let ω ∈ R^n \ {0}, c ∈ C \ {0}, ω + Λ ⊆ Λ, D ⊆ Λ ⊆ R^n and the set D be unbounded. A function F : Λ × X → Y is said to be Stepanov [S, Ω , B, D, p, ϕ, F]-asymptotically (ω, c )-periodic of type 1 if and only if for each B ∈ B we have lim |t |→ + ∞ ,t ∈ D

F(t )ϕ

� F (t + ω + ·; x) − cF (t + ·; x)

L_{p ( ·) (Ω: Y )} � = 0 , uniformly in x ∈ B .

(iii) Let ω_j ∈ R \ {0}, c_j ∈ C \ {0}, ω_j e_j + Λ ⊆ Λ, D_j ⊆ Λ ⊆ R^n and the set D_j be unbounded ( 1 ≤ j ≤ n). A function F : Λ × X → Y is said to be [S, Ω , B, D, p, ϕ, F]-asymptotically (ω_j , c_j , D_j )_{j ∈ Nn} -periodic of type 1 if and only if for each j ∈ N_n we have lim |t |→ + ∞ ,t ∈ Dj

F(t )ϕ

� F (t + ω j ej + ·; x) − cj F (t + ·; x)

�_{L p ( ·) (Ω: Y )} = 0 , uniformly in x ∈ B .

Definition 4.3. Let (MD − B )_S hold.

(i) A function F : Λ × X → Y is called Stepanov- [Ω, B,Λ^′, D, p, ϕ, F, c]-quasi- -asymptotically almost periodic of type 2, resp. Stepanov- [Ω, B,Λ^′, D, p, ϕ, F , c]-quasi-asymptotically uniformly recurrent of type 2, if and only if for every B ∈ B and ϵ > 0 there exists l > 0 such that for each t_0 ∈ Λ^′ there exists τ ∈ B(t_0 , l) ∩ Λ^′ such that there exists a finite real number M (ϵ, τ) > 0 such that sup t ∈ D_{M ( ϵ,τ )} :t + τ ∈ D_{M ( ϵ,τ )} ;x ∈ B ϕ � F(t , ϵ, τ)

F (·+ t + τ; x) − cF (·+ t ; x)

L_{p ( ·) (Ω: Y )} � ≤ ϵ,

resp. there exist a strictly increasing sequence (τ_k ) in Λ^′ whose norms tending to plus infinity and a sequence (M_k ) of positive real numbers tending to plus infinity such that lim k → + ∞ sup t ∈ D_{M k} :t + τ_k ∈ D_{M k} ;x ∈ B ϕ � F (t , k)

F (·+ t + τ_k ; x) − cF (·+ t ; x)

L_{p ( ·) (Ω: Y )} � = 0 .

(ii) Let ω ∈ R^n \ {0}, c ∈ C \ {0}, ω + Λ ⊆ Λ, D ⊆ Λ ⊆ R^n and the set D be unbounded. A function F : Λ × X → Y is said to be Stepanov

GENERALIZED c-ALMOST PERIODIC TYPE FUNCTIONS IN R^n 241

[S, Ω , B, D, p, ϕ, F]-asymptotically (ω, c )-periodic of type 2 if and only if for each B ∈ B we have lim |t |→ + ∞ ,t ∈ D ϕ �

F(t )

F (t + ω + ·; x) − cF (t + ·; x)

L_{p ( ·) (Ω: Y )} � = 0 , uniformly in x ∈ B .

(iii) Let ω_j ∈ R \ {0}, c_j ∈ C \ {0}, ω_j e_j + Λ ⊆ Λ, D_j ⊆ Λ ⊆ R^n and the set D_j be unbounded ( 1 ≤ j ≤ n). A function F : Λ × X → Y is said to be [S, Ω , B, D, p, ϕ, F]-asymptotically (ω_j , c_j , D_j )_{j ∈ Nn} -periodic of type 2 if and only if for each j ∈ N_n we have lim |t |→ + ∞ ,t ∈ Dj ϕ �

F(t )

F (t + ω_j e_j + ·; x) − c_j F (t + ·; x)

L_{p ( ·) (Ω: Y )} � =0 , uniformly in x ∈ B .

Remark 4.4. If D+Λ^′ ⊆ D (this is always true provided that D = Λ due to our standing assumption), then it is irrelevant whether we will write sup_{t ∈ DM k :t + τk ∈ DM k} · or only sup_{t ∈ DM k} ·in Definition 4.1(ii); a similar comment holds for the notion introduced in Definition 4.1(i), Definition 4.2 and Definition 4.3.

Without any doubt, the most intriguing case is that in which we have p(x) ≡ p ∈ [1, ∞ ), ϕ(x) ≡ x, Ω = [0 ,1]^n , and the functions F, F, F are identically equal to one. In this case, we can simply reformulate a great number of statements clarified by now for the Stepanov classes of functions introduced in this section by using the notion of multi-dimensional Bochner transform from [ 12]. More precisely, for a given function F : Λ × X → Y,we define its multi-dimensional Bochner transform F̂_Λ : Λ × X → YΩ by �^ F_Λ (t ; x) � (u ) := F (t + u ; x) , t ∈ Λ , u ∈ Ω , x ∈ B ;

here, Y^Ω denotes the collection of all functions f : Ω → Y. If F̂_Ω : Λ × X → L^{p(u )}(Λ : Y) is well defined and continuous, then the function F : Λ × X → Y will be, e.g., Stepanov- [Ω, B,Λ^′, D, p, ϕ, F, c]-quasi-asymptotically almost periodic if and only if the function F̂_Ω : Λ × X → L^{p(u )}(Λ : Y) is D-quasi-asymptotically (B,Λ^′, c)-almost periodic. In the case that the functions F, F , F are only bounded and not necessarily identically equal to one, then we can simply transfer the statements of [ 37, Proposition 4, Corollary 1] to the multi-dimensional setting. Details can be left to the interested readers.

Using the trivial inequalities and Lemma 1.1, we can clarify a great number of inclusions for the introduced classes of functions (see [ 37] for more details given in the one-dimensional setting); for example, using Lemma 1.1(iv) and a simple argumentation, we may deduce the following:

Proposition 4.5. Let a function F : Λ × X → Y be Stepanov-[Ω, B,Λ^′, D, p, ϕ, F, c]- -quasi-asymptotically almost periodic, resp. Stepanov- [Ω, B,Λ^′, D, p, ϕ, F , c]-quasi- -asymptotically uniformly recurrent, and let A ∈ L(Y, Z). Then AF : Λ × X → Z is likewise Stepanov- [Ω, B,Λ^′, D, p, ϕ, F, c]-quasi-asymptotically almost periodic, resp. Stepanov- [Ω , B, Λ^′, D, p, ϕ, F , c]-quasi-asymptotically uniformly recurrent.

The main result of this section, Theorem 4.6, can be reworded for all other classes of functions introduced in Definition 4.1(ii)–(iii), Definition 4.2 and Definition 4.3:

242 M. KOSTIĆ

Theorem 4.6. Let a function F : R^n × X → Y be Stepanov-[Ω, B,Λ^′, D, p, ϕ, F, c]- -quasi-asymptotically almost periodic, resp. Stepanov- [Ω, B,Λ^′, D, p, ϕ, F , c]-quasi- -asymptotically uniformly recurrent, where Ω = [0 ,1]^n , D = R^n , ϕ : [0, ∞ ) → [0, ∞ ) is a convex, monotonically increasing function which additionally satisfies condition (F) There exists a function φ : [0, ∞ ) → [0, ∞ ) such that ϕ(xy) ≤ φ (x)ϕ(y) for all x, y ≥ 0.

Let h ∈ L^1(R^n ) and let for each set B ∈ B we have sup_{t ∈ R}n_{;x ∈ B} ‖F (t;x)‖_Y < ∞ . Suppose that there exists a continuous function g : [0, ∞ ) → [0, ∞ ) with g(0) = 0 and a sequence (a_k )_{k ∈ Z}n of strictly increasing positive reals such that P k ∈ Z^n a k = 1

and for each ϵ > 0 and τ ∈ Λ^′, resp. for each n ∈ N and τ ∈ Λ^′, there exists M^′(ϵ, τ) > 0, resp. M^′(n, τ) > 0, such that for each t ∈ R^n with |t | ≥ M^′(ϵ, τ), resp. |t | ≥ M^′(n, τ ), we have

Z [0 ,1] n

φ_{p ( u )} � F1 (t , ϵ, τ) � φ (2) X k ∈ Zn

a k φ (a^{− 1}_k ) � φ (|h(t − σ − k)|) � L q ( σ ) (Ω)

F(u + k, ϵ, τ)

+ g(ϵ) � du ≤ 1 ,

(4.2)

resp. Z [0 ,1] n

φ_{p ( u )} � F 1 (t , n ) � φ (2) X k ∈ Zn

a k φ (a^{− 1}_k ) � φ (|h(t − σ − k)|) � L q ( σ ) (Ω)

F(u + k, n )

+ g(1/n) � du ≤ 1 .

Then the function (h∗F )(·;·) is Stepanov- [Ω, B,Λ^′, D, p, ϕ, F_1 , c]-quasi-asymptotically almost periodic, resp. Stepanov- [Ω, B,Λ^′, D, p, ϕ, F_1 , c]-quasi-asymptotically uniformly recurrent.

Proof. We will prove the result only for the class of Stepanov- [Ω, B,Λ^′, D, p, ϕ, F, c]- -quasi-asymptotically almost periodic functions. It is clear that the function (h ∗ F )(·;·) is well defined. Let ϵ > 0 and B ∈ B be fixed. Due to our assumption, there exists l > 0 s.t. for each t_0 ∈ Λ^′ there exists τ ∈ B(t_0 , l) ∩ Λ^′ s.t. there exists a finite real number M(ϵ, τ) > 0 s.t. (4.1) holds. Let such a point τ be fixed. Then we know that there exists M^′(ϵ, τ) > 0 such that for each t ∈ R^n with |t | ≥ M^′(ϵ, τ) we have (4.2). Let M_1(ϵ, τ) ≥ M(ϵ, τ) + M^′(ϵ, τ) + |τ|. Arguing as in the proof of Theorem 2.6, the continuity of function ϕ(·) at the point t = 0 implies that there exists a finite real number M_3 (ϵ, τ) ≥ M_1 (ϵ, τ) such that

φ � 2c_B �1 2 ϕ �Z |σ |≤ M_2 (ϵ,τ )

|h(t − σ)| dσ � ≤ ϵg(ϵ) .

(4.3)

Keeping in mind (4.2) and the definition of norm in L^{p(·)}(Ω) , with λ = ϵ/F_1(t , ϵ, τ) and the meaning clear, it suffices to show that, for every fixed element x ∈ B and

GENERALIZED c-ALMOST PERIODIC TYPE FUNCTIONS IN R^n 243

for every fixed point t ∈ R^n with |t | ≥ M_4 (ϵ, τ) ≡ M_3 (ϵ, τ) + |τ|, we have: ϕ � (h ∗ F )(t + u + τ; x) − c(h ∗ F )(t + u ; x) Y �

= ϕ � Z R^n

h(t − σ) · h F (σ + u + τ; x) − cF (σ + u ; x) i dσ Y � (4.4)

≤ ϵφ (2) X k ∈ Z^n

a_k φ (a^{− 1}_k ) � φ (|h(t − σ − k)|) � L^{q ( σ )} (Ω)

F(u + k, ϵ, τ)

+ ϵg(ϵ) .

(4.5)

Towards this end, observe first that there exists a finite constant c_B > 0 such that (see (4.4)): ϕ � Z Rn h (t − σ ) ·

�_{F (σ + u + τ ; x ) − cF (σ + u ; x )}�_{dσ} Y �

≤ ϕ � 2 1 2 Z | σ |≥ M 4 ( ϵ,τ )

|h (t − σ )|

F_{(t + σ + τ ; x ) − cF (u + σ )} Y dσ + c_B 2 Z | σ |≤ M 4 ( ϵ,τ )

|h (t − σ )| dσ �

≤ φ (2) 1 2 ϕ � Z | σ |≥ M 4 ( ϵ,τ )

|h (t − σ )|

F_{(t + σ + τ ; x ) − cF (u + σ )} Y dσ �

+ φ �_{2cB} �_1 2 ϕ � Z | σ |≤ M 4 ( ϵ,τ )

|h (t − σ )| dσ � . Then (4.5) follows from the last estimate, (4.3) and the next computation involving the Jensen inequality: ϕ �Z |σ |≥ M 4 ( ϵ,τ )

|h(t − σ )|

F (t + σ + τ; x) − cF (u + σ )

Y dσ �

= ϕ � X k ∈ Zn a k Z σ ∈ k +Ω; |σ |≥ M 4 ( ϵ,τ )

a^{− 1}_k |h(t − σ )|

F (t + σ + τ; x) − cF (u + σ )

Y dσ �

≤ X k ∈ Zn

a k φ � a^{− 1}_k �Z σ ∈ Ω; |σ + k |≥ M 4 ( ϵ,τ )

φ (|h(t − σ )|)

F (t + σ + τ; x) − cF (u + σ )

Y dσ � , and a simple application of the Hölder inequality after that. □

5. Multi-dimensional Weyl c-almost periodic type functions

In this section, we will introduce and analyze the multi-dimensional Weyl c-almost periodic type functions following our approach obeyed in [ 22, Definition 2.4–Definition 2.6], with c = 1 (see also [22, Definition 2.1–Definition 2.3]); we will always assume that the following condition holds:

(WM2): ∅ ≠ Λ ⊆ R^n , ∅ ≠ Λ^′ ⊆ R^n , ∅ ≠ Ω ⊆ R^n is a Lebesgue measurable set such that m(Ω) > 0, p ∈ P (Ω) , Λ^′ + Λ + lΩ ⊆ Λ, Λ + lΩ ⊆ Λ for all l > 0, ϕ : [0, ∞ ) → [0, ∞ ) and F : (0, ∞ ) × Λ → (0, ∞ ).

Definition 5.1.

(i) By e − W^{[p(u ),ϕ, F,c ]}

Ω ,Λ^′,B (Λ × X : Y) we denote the set consisting of all functions

F : Λ × X → Y such that, for every ϵ > 0 and B ∈ B, there exist two

244 M. KOSTIĆ

finite real numbers l > 0 and L > 0 such that for each t_0 ∈ Λ^′ there exists τ ∈ B (t_0 , L) ∩ Λ^′ such that

sup_{x ∈ B} sup_{t ∈ Λ} l^n F(l, t )ϕ � F (t + τ + lu ; x) − cF (t + lu ; x) Y � L^{p ( u )} (Ω)

< ϵ .

(ii) By W^{[p(u ),ϕ, F,c ]}

Ω ,Λ^′,B (Λ × X : Y) we denote the set consisting of all functions

F : Λ × X → Y such that, for every ϵ > 0 and B ∈ B, there exists a finite real number L > 0 such that for each t_0 ∈ Λ^′ there exists τ ∈ B(t_0 , L) ∩ Λ^′ such that

lim sup

l→ + ∞

sup_{x ∈ B} sup_{t ∈ Λ} l^n F(l, t )ϕ � F (t + τ + lu ; x) − cF (t + lu ; x) Y � L^{p ( u )} (Ω: Y )

< ϵ .

Definition 5.2.

(i) By e − W^{[p(u ),ϕ, F,c ]1}

Ω ,Λ^′,B (Λ × X : Y) we denote the set consisting of all functions

F : Λ × X → Y such that, for every ϵ > 0 and B ∈ B, there exist two finite real numbers l > 0 and L > 0 such that for each t_0 ∈ Λ^′ there exists τ ∈ B (t_0 , L) ∩ Λ^′ such that

sup_{x ∈ B} sup_{t ∈ Λ} l^n F(l, t )ϕ � F (t + τ + lu ; x) − cF (t + lu ; x)

L_{p ( u ) (Ω: Y )} � < ϵ .

(ii) By W^{[p(u ),ϕ, F,c ]1}

Ω ,Λ^′,B (Λ × X : Y) we denote the set consisting of all functions

F : Λ × X → Y such that, for every ϵ > 0 and B ∈ B , there exists a finite real number L > 0 such that for each t_0 ∈ Λ^′ there exists τ ∈ B(t_0 , L) ∩ Λ^′ such that

lim sup

l→ + ∞

sup_{x ∈ B} sup_{t ∈ Λ} l^n F(l, t )ϕ � F (t + τ + u ; x) − cF (t + u ; x)

L_{p ( u ) (lΩ: Y )} � < ϵ .

Definition 5.3.

(i) By e − W^{[p(u ),ϕ, F,c ]2}

Ω ,Λ^′,B (Λ × X : Y) we denote the set consisting of all functions

F : Λ × X → Y such that, for every ϵ > 0 and B ∈ B, there exist two finite real numbers l > 0 and L > 0 such that for each t_0 ∈ Λ^′ there exists τ ∈ B (t_0 , L) ∩ Λ^′ such that

sup_{x ∈ B} sup_{t ∈ Λ} ϕ � l^n F(l, t )

F (t + τ + lu ; x) − cF (t + lu ; x)

L_{p ( u ) (Ω: Y )} � < ϵ .

(ii) By W^{[p(u ),ϕ, F,c ]2}

Ω ,Λ^′,B (Λ × X : Y) we denote the set consisting of all functions

F : Λ × X → Y such that, for every ϵ > 0 and B ∈ B, there exists a finite real number L > 0 such that for each t_0 ∈ Λ^′ there exists τ ∈ B(t_0 , L) ∩ Λ^′ such that

lim sup

l→ + ∞

sup_{x ∈ B} sup_{t ∈ Λ} ϕ � l^n F(l, t )

F (t + τ + lu ; x) − cF (t + lu ; x)

L_{p ( u ) (Ω: Y )} � < ϵ .

It is clear that the notion from the second parts of the above definitions extends the corresponding notion from the first parts of these definitions. Using the Jensen integral inequality, we can clarify certain embedding results between the introduced spaces, provided that the function ϕ(·) is convex (concave); see [ 22, 34] for more details. The statement of Proposition 2.5 can be formulated for some classes of

GENERALIZED c-ALMOST PERIODIC TYPE FUNCTIONS IN R^n 245

functions introduced in the fourth section and the above three definitions; this could be also left to the interested readers to make precise.

In many concrete situations, the situation in which Λ^′ ≠ Λ can occur:

Example 5.4 (see e.g., [29, Example 2.12(i)] and [ 22, Example 3.1]) . Suppose that the complex-valued mapping t → g_j (s) ds, t ∈ R is essentially bounded and (equi-)Weyl- (p, c)-almost periodic ( 1 ≤ j ≤ n). Define F � t_1 , . . . , t_{2n} � := nY j =1 h g_j � t_{j + n} � − g_j � t_j �i , where t_j ∈ R for 1 ≤ j ≤ 2n ,

and Λ^′ := {(τ, τ) : τ ∈ R^n }. Arguing similarly is [ 11, Example 2.13(ii)], we can show that the function F (·) belongs to the class (e− )W^{[p,x,l − n/p ,c ]}

[0,1]^n ,Λ^′ (R

2n : C).

It is clear that all introduced spaces are invariant under the pointwise multiplications with complex scalars provided that condition (F) holds. The translation invariance of spaces introduced in Definition 5.1 and Definition 5.2 holds provided that, for every τ ∈ Λ , we have sup l> 0,t ∈ Λ

F(l, t ) F(l, t + τ)

< + ∞ ,

while the translation invariance of spaces introduced in Definition 5.3 holds provided this condition and condition (F). The interested reader may try to formulate sufficient conditions which ensure that the introduced function spaces are invariant, in a certain sense, under the operations of form F (·;·) → F (b·;b^′·), where b > 0 and b^′ ∈ C \ {0} (see also the item (iii) in the paragraph following [ 22, Example 2.8]). Furthermore, it can be simply shown that for any scalar-valued function F (·;·) which is bounded away from zero on elements of the collection B, the function 1/F(·;·) is well defined and belongs to the same space of functions as F (·;·), with the constant c replaced by 1/c in the corresponding space and the meaning clear (see also [26, Theorem 2.1]).

The conclusions from the following result can be also formulated for the classes of functions introduced in Definition 5.2 and Definition 5.3 (cf. [ 26, Proposition 2.1–Proposition 2.2] for the one-dimensional case):

Proposition 5.5.

(i) Suppose that the function ϕ(·) is monotonically increasing and F ∈ (e− ) W^{[p(u ),ϕ, F,c ]}

Ω ,Λ^′,B (Λ × X : Y). Then we have ‖F (·;·)‖Y ∈ (e− )W

[p(u ),ϕ, F,|c|] Ω ,Λ^′,B (Λ ×

X : Y).

(ii) Suppose that F ∈ (e− )W^{[p(u ),ϕ, F,c ]}

Ω ,Λ^′,B (Λ × X : Y). Then we have F̌ ∈

(e− )W^{[p 1 (u ),ϕ, F1 ,c ]}

− Ω ,− Λ^′,B ((− Λ) × X : Y), where p1(·) := p(−·) and F1(·;·) :=

F(·; −·).

Proof. The proof of (i) simply follows from Lemma 1.1(iii), our assumption that the function ϕ(·) is monotonically increasing and the inequality � � F (t + τ + lu ; x)

Y − | c|

F (t + lu ; x) Y � �≤ F (t + τ + lu ; x) − cF (t + lu ; x) Y ,

246 M. KOSTIĆ

with the notation and meaning clear. The proof of (ii) follows from the chain rule, the definition of norm in L^{p 1 (·)} (− Ω) and the next equalities:

l^n F(l, − t )

�_ϕ � _{F (− t − τ − lu ; x ) − cF (− t − lu ; x )} Y � L p 1 ( ·) ( − Ω)

= l^n F(l, − t ) inf

�_{λ > 0 :} Z − Ω φ_{p ( − u )}

�_ϕ �_{‖F (− t − τ − lu ; x ) − cF (− t − lu ; x )‖Y} � λ � du ≤ 1

= l^n F(l, − t ) inf

�_{λ > 0 :} Z Ω φ_{p ( u )}

�_ϕ �_{‖F (− t − τ + lu ; x ) − cF (− t + lu ; x )‖Y} � λ � du ≤ 1 , with the notation and meaning clear. □ In what follows, we will extend the statements of [ 26, Proposition 2.3, Corollary 2.1, Proposition 2.4] to the multi-dimensional setting:

Theorem 5.6. Suppose that the function F(·;·) does not depend on the second argument.

(i) Suppose that m ∈ N, jΛ^′ + Λ + lΩ ⊆ Λ for all l ≥ 0 and j ∈ N, as well as that condition (F) holds and there exists a finite real constant c_m > 0 such that ϕ � x_1 + · · ·+ x_m � ≤ c_m h ϕ � x_1 � + · · ·+ ϕ � x_m �i , x_i ≥ 0 � i ∈ N_m � . (5.1)

Suppose, further, that F ∈ (e− )W^{[p(u ),ϕ, F,c ]}

Ω ,Λ^′,B (Λ × X : Y), resp.

F ∈ (e− )W^{[p(u ),ϕ, F,c ]i}

Ω ,Λ^′,B (Λ × X : Y) for i = 1 ,2. Then F ∈ (e− )W

[p(u ),ϕ, F,c^m ] Ω ,m Λ^′,B

(Λ × X : Y), resp. F ∈ (e− )W^{[p(u ),ϕ, F,c m ]i}

Ω ,m Λ^′,B (Λ × X : Y) provided i = 1 ,2,

and the function ϕ(·) is monotonically increasing. (ii) Suppose that m ∈ 2Z \ {0}, p ∈ N, (m, n) = 1 , |c| = 1 and arg(c) = πm/p [m ∈ 2Z + 1 , p ∈ N, (m, n) = 1 , |c| = 1 and arg(c) = πm/p], m ∈ N, jΛ^′+Λ+ lΩ ⊆ Λ for all l ≥ 0 and j ∈ N, as well as that condition (F) holds and there exists a finite real constant c_m > 0 such that (5.1) holds. If F ∈ (e− )W^{[p(u ),ϕ, F,c ]}

Ω ,Λ^′,B (Λ × X : Y), resp. F ∈ (e− )W

[p(u ),ϕ, F,c ]_i Ω ,Λ^′,B (Λ × X : Y) for i =

1,2, then F ∈ (e− )W^{[p(u ),ϕ, F,1]}

Ω ,m Λ^′,B (Λ × X : Y) [F ∈ (e− )W

[p(u ),ϕ, F,− 1] Ω ,m Λ^′,B (Λ × X :

Y)], resp. F ∈ (e− )W^{[p(u ),ϕ, F,1]i}

Ω ,m Λ^′,B (Λ × X : Y) [F ∈ (e− )W

[p(u ),ϕ, F,− 1]_i Ω ,m Λ^′,B (Λ ×

X : Y)], provided i = 1 ,2 and the function ϕ(·) is monotonically increasing. (iii) Suppose that |c| = 1 , arg(c) /∈ πQ, jΛ^′ + Λ + lΩ ⊆ Λ for all l ≥ 0 and j ∈ N, as well as that condition (F) holds and for each m ∈ N there exists a finite real constant c_m > 0 such that (5.1) holds. Let the function φ (·) be continuous at zero. Suppose, further, that F ∈ (e− )W^{[p(u ),ϕ, F,c ]}

Ω ,Λ^′,B (Λ ×

X : Y), resp. F ∈ (e− )W^{[p(u ),ϕ, F,c ]i}

Ω ,Λ^′,B (Λ × X : Y) for i = 1 ,2. Then

F ∈ (e− )W^{[p(u ),ϕ, F,c ′]}

Ω ,Λ^′,B (Λ × X : Y), provided that for each set B ∈ B the

following condition holds sup l> 1,t ∈ Λ; x ∈ B

l^n F(l) h ϕ � ‖F (t + lu ; x)‖_Y �i L^{p ( u )} (Ω)

< + ∞ ,

(5.2)

GENERALIZED c-ALMOST PERIODIC TYPE FUNCTIONS IN R^n 247

resp. F ∈ (e− )W^{[p(u ),ϕ, F,c ′]1}

Ω ,Λ^′,B (Λ × X : Y) [F ∈ (e− )W

[p(u ),ϕ, F,c^′]_2 Ω ,Λ^′,B (Λ × X :

Y)] provided that the function ϕ(·) is monotonically increasing and for each set B ∈ B the following condition holds sup l> 1,t ∈ Λ; x ∈ B

l^n F(l)ϕ � ‖F (t + lu ; x)‖_L p ( u )_{(Ω: Y )} � < + ∞ h sup l> 1,t ∈ Λ; x ∈ B ϕ � l^n F(l)‖F (t + lu ; x)‖_L p ( u )_{(Ω: Y )} � < + ∞ i . Proof. We will prove the statements (i) and (iii) for the class (e− )W^{[p(u ),ϕ, F,c ]}

Ω ,Λ^′,B (Λ ×

X : Y), only. Clearly, we have the following decomposition ( t ∈ Λ; u ∈ Ω ; l > 0):

F (t + mτ + lu ; x) − c^m F (t + lu ; x) = m − 1X

j =0

c^j h F (t + ( m − j )τ + lu ; x) − c^m F (t + ( m − j − 1) + lu ; x) i . Therefore, our assumptions imply ϕ � F (t + mτ + lu ; x) − c^m F (t + lu ; x) Y � L p ( u ) (Ω)

≤ cm

m − 1X

j =0 φ � c^j � ϕ � F (t + ( m − j )τ + lu ; x) − c^m F (t + ( m − j − 1)τ + lu ; x) _Y � L p ( u ) (Ω)

and t + ( m − j − 1)τ ∈ Λ for all t ∈ Λ and 0 ≤ j ≤ m − 1. The final conclusion of (i) simply follows from the above. To prove (iii), it should be only recalled that the set { c^m : m ∈ N} is dense in the unit circle S_1 ≡ { z ∈ C : |z| = 1 } so that there exists a strictly increasing sequence (l_k ) of positive integers such that lim_{l→ + ∞} c^{lk} = c^′. Then the conclusion follows similarly as in the proof of [ 26, Proposition 2.3], by applying the first part of this theorem, our assumption with m = 2 and the estimate (5.2). □ In what follows, we will revisit once more [ 26, Example 2.1–Example 2.2] and [22, Example 2.7–Example 2.8]:

Example 5.7. Let Ω = [0 , 1]^n .

(i) Suppose that ∅ ≠ K ⊆ R^n and F (t) := χ_K (t), t ∈ R^n . We will prove that for each p ∈ D_+ (Ω) and c ∈ C \ {0} we have F ∈ e − W^{[p(u ),x,l − σ ,c ]}

Ω ,R^n (R

n : C). Keeping in mind Lemma 1.1(ii), we get that ( τ ∈ R^n ; l > 0):

sup_{t ∈ Rn} l^{n − σ} χ K (t + τ + lu ) − cχ K (t + lu )

L_{p ( u ) (Ω)}

≤ 4 sup_{t ∈ Rn} l^{n − σ} χ K (t + τ + lu ) − cχ K (t + lu )

L_{p + (Ω)}

= 4 sup_{t ∈ Rn} l^{− σ} χ K (t + τ + u ) − cχ K (t + u )

L_{p + (lΩ)}

248 M. KOSTIĆ

≤ 4 sup_{t ∈ Rn} l^{− σ} h χ_K (·)

L_{p + (lΩ ∩ [K − t − τ ])} + |c| χ_K (·)

L_{p + (lΩ ∩ [K − t ])} i

≤ 4l^{− σ} (1 + |c|)m(K ) .

This simply implies the required. (ii) Set F (t) := χ_{[0,∞ )} n (t), t ∈ R^n . In [22, Example 2.8], we have proved that F ∈ W^{[p,x,l − σ ,1]}

Ω ,R^n (R

n : C) if and only if σ > (n − 1)/p, as well as that there is

no σ > 0 such that F ∈ e − W^{[p,x,l − σ ,1]}

Ω ,R^n (R

n : C); similarly, we have that there

is no σ > 0 and c ∈ C \ { 0} such that F ∈ e − W^{[p,x,l − σ ,c ]}

Ω ,R^n (R

n : C). Since

sup_{t ∈ Rn} χ_{[0,∞ ) n} (t + τ + lu ) − cχ_{[0,∞ ) n} (t + lu )

L^p (Ω)

≥ | 1 − c| ,

as easily approved, we get that there is no c ∈ C \ {0,1} such that F ∈ W^{[p,x,l − σ ,c ]}

Ω ,R^n (R

n : C) for n ≥ σ > (n − 1)/p. This is also the optimal result we can obtain because for any σ > 0 and any essentially bounded function F (·) we have F ∈ e − W^{[p,x,l − σ ,c ]}

Ω ,R^n (R

n : C).

Regarding the convolution invariance of spaces introduced in this section, we will clarify just one result for the class (e− )W^{[p(u ),ϕ, F,c ]}

Ω ,Λ^′,B (Λ × X : Y); the proof is

almost the same as the proof of [22, Theorem 2.9] and therefore omitted:

Theorem 5.8. Suppose that ϕ : [0, ∞ ) → [0, ∞ ) is a convex monotonically increasing function satisfying condition (F) . Suppose, further, that h ∈ L^1(R^n ), Ω = [0 ,1]^n , F ∈ (e− )W^{[p(u ),ϕ, F,c ]}

Ω ,Λ^′,B (R

n × X : Y), 1/p(u) + 1 /q(u) = 1 , and for each x ∈ X we have sup_{t ∈ R}n ‖F (t;x)‖_Y < ∞ . If F_1 : (0, ∞ ) × R^n → (0, ∞ ), p_1 ∈ P (R^n ) and if, for every t ∈ R^n and l > 0, there exists a sequence (a_k )_{k ∈ lZ}d of positive real numbers such that P k ∈ lZ^n a k = 1 and Z Ω φ_{p 1 ( u )} � 2 X k ∈ l Zn

a k l^{− n} h φ � a^{− 1}_k l^n h(k − lv ) �i L q ( v ) (Ω)

F1 (l, t ) � F(l, t + lu − k)

�_{− 1} � du ≤ 1 ,

then h ∗ F ∈ (e− )W^{[p 1 (u ),ϕ, F1 ,c ]}

Ω ,Λ^′,B (R

n × X : Y).

If p ∈ [1, ∞ ), then any Stepanov (p, c)-quasi-asymptotically almost periodic function is Weyl- (p, c)-almost periodic (see [ 26, Proposition 3.3]), which also holds for the corresponding classes of uniformly recurrent functions. In the one-dimensional setting, the generalized Weyl uniform recurrence in Lebesgue spaces with variable exponents has been thoroughly analyzed in [ 37, Section 2]. This notion can be also introduced and analyzed in the multi-dimensional setting; for the sake of brevity, we will only mention the following notion here: Let (WM2) hold. Then we say that a function F : Λ × X → Y is Weyl-[Ω, B,Λ^′, p, ϕ, F , c]-uniformly recurrent if and only if for each set B ∈ B we can find a sequence (τ_k ) in Λ^′ such that lim_{k → + ∞} |τ_k | = + ∞ as well as that lim k → + ∞

lim sup

l→ + ∞ sup t ∈ Λ; x ∈ B h F (l, t )ϕ � ‖F (·l + t + τ_k ; x) − cF (·l + t ; x)‖_Y � L^{p ( ·)} (Ω) i = 0 .

GENERALIZED c-ALMOST PERIODIC TYPE FUNCTIONS IN R^n 249

The above-mentioned result about the set-theoretical embedding of space of Stepanov (p, c)-quasi-asymptotically almost periodic functions into the space of Weyl-(p, c)-almost periodic functions can be generalized in many different directions; in [37, Proposition 6], e.g., we have shown that any Stepanov- (p, ϕ, F )-quasi-asym-ptotically uniformly recurrent function is Weyl- (p(x), ϕ, F_1)-uniformly recurrent under certain assumptions. This result can be formulated in the multi-dimensional setting but we will consider here only the constant coefficient case p(·) ≡ p ∈ [1, ∞ ) for brevity:

Proposition 5.9. Suppose that (MD − B)_S holds and a function F : Λ × X → Y is Stepanov- [Ω, B,Λ^′,Λ, p, ϕ, F , c]-quasi-asymptotically uniformly recurrent. If F_1 : (0, ∞ ) × Λ → (0, ∞ ) satisfies lim k → + ∞

lim sup

l→ + ∞

sup_{t ∈ Λ} F_1 (l, t ) X a ∈ Z^n ∩ [0,l ]^n 1 F (t + a, k ) < ∞ and lim l→ + ∞

sup_{t ∈ Λ} F_1 (l, t ) = 0 ,

then the function F (·; ·) is Weyl-[Ω , B, Λ^′, p, ϕ, F , c]-uniformly recurrent.

We close this section with the observation that the notion introduced in [ 22, Definition 3.17] can be also analyzed following the approach employed here, by replacing the corresponding differences ‖ ·− ·‖in definitions with a general constant c ∈ C \ { 0} and the differences ‖ · −c · ‖.

6. Applications to the abstract Volterra integro-differential equations

This section is devoted to some applications of our abstract theoretical results to the abstract Volterra integro-differential equations.

1. We start by noting that all established applications made in the fourth section of [22], including applications to the d’Alembert formula, the Gaussian semigroups in R^n and the nonautonomous differential equations of the first order, can be straightforwardly formulated for the corresponding classes of multi-dimensional (equi-)Weyl c-almost periodic type functions considered in this paper. In this part, we will present the following illustrative application of Theorem 4.6, only: Let Y be one of the spaces L^p(R^n ), C_0(R^n ) or BUC(R^n ), where 1 ≤ p < ∞ . Then the Gaussian semigroup

(G(t)F )(x) := � 4πt �_{− (n/ 2)} Z

R^n

F (x − y)e^{− | y | 24 t} dy, t > 0, f ∈ Y, x ∈ R^n

can be extended to a bounded analytic C_0-semigroup of angle π/2, generated by the Laplacian Δ_Y acting with its maximal distributional domain in Y. Suppose now that t_0 > 0 is a fixed real number, Ω = [0 ,1]^n , D = Λ = R^n and the function F : R^n → C is Stepanov- [Ω,Λ^′, R^n , p, x, F, c]-quasi-asymptotically almost periodic, resp. Stepanov- [Ω,Λ^′, R^n , p, x, F , c]-quasi-asymptotically uniformly recurrent. Then

250 M. KOSTIĆ

the function x → (G(t_0)F )(x), x ∈ R^n is Stepanov- [Ω,Λ^′, R^n , p, x, F_1 , c]-quasi-asym-ptotically almost periodic, resp. Stepanov- [Ω,Λ^′, R^n , p, x, F_1 , c]-quasi- asymptotically uniformly recurrent provided that there exists a continuous function g : [0, ∞ ) → [0, ∞ ) with g(0) = 0 such that for each ϵ > 0 and τ ∈ Λ^′, resp. for each n ∈ N and τ ∈ λ^′, there exists M(ϵ, τ) > 0, resp. M(n, τ) > 0, such that for each t ∈ R^n with |t | ≥ M (ϵ, τ), resp. |t | ≥ M (n, τ ), we have Z [0,1]^n " F_1 (t , ϵ, τ) X k ∈ Z^n

e^{−| t − k |2} F(u + k, ϵ, τ)

+ g(ϵ)

!#_p

du ≤ 1 ,

resp. Z [0,1]^n " F_1 (t , n) X k ∈ Z^n

e^{−| t − k |2} F (u + k, n )

+ g(1/n)

!#_p

du ≤ 1 .

However, this is a pure theoretical condition which cannot be so simply verified in some practical situations; see also Theorem 2.6 and Theorem 3.6 which can be also applied here.

2. Concerning the regular solutions of the inhomogeneous wave equations given by the d’Alembert formula, we would like to note that the analysis carried out in the issues [35, 2.2–2.3, Section 4] can be also used to justify the introduction of notion in Definition 2.1 and Definition 2.2. More precisely, suppose that ω ∈ R \{0}, k ∈ N and c ∈ C \ {0} satisfies c^{k − 1} = 1 . Recall that the regular solution of the wave equation u_{tt} = a^2 u_{xx} in domain {(x, t) : x ∈ R, t > 0}, equipped with the initial conditions u(x, 0) = f (x) ∈ C^2(R) and u_t (x, 0) = g(x) ∈ C^1(R), is given by the famous d’Alembert formula

u(x, t ) = 1 2 � f (x − at ) + f (x + at ) � + 1 2a Z_{x + at}

x − at

g(s) ds, x ∈ R, t > 0.

Suppose that D is any unbounded set in the plane R^2 such that ( g^{[1]}(·) ≡

R_· 0 g(s) ds): lim |(x,t )|→ + ∞ ,(x,t )∈ D " |f (x − at + ω ) − cf (x − at )| + � �g_{[1]} (x − at + ω ) − cg_{[1]} (x − at ) � �

+ kX j =1 � |f (x + at + jω ) − cf (x + at + ( j − 1)ω )|

+ � �g_{[1]} (x + at + jω ) − cg_{[1]} (x + at + ( j − 1)ω ) � � # = 0 ,

as well as that ω_1 :=

1 + k 2 ω and ω_2 := k − 1 2a ω . Then (ω_1 , ω_2) ≠ (0 ,0), ω_1 − aω_2 = ω , ω_1 + aω_2 = kω , c^k = c and a simple use of the estimate � �f (x + kω ) − c^k f (x) � �≤ kX j =1

|f (x + jω ) − cf (x + ( j − 1)ω )|, x ∈ R

GENERALIZED c-ALMOST PERIODIC TYPE FUNCTIONS IN R^n 251

shows that the function (x, t) → u(x, t), (x, t) ∈ R^2 is (S, D)-asymptotically (ω, c )-periodic. In the particular case a = 1 and D := {(x, t) ∈ R^2 : x ≥ 0, t ≥ 0, x ≥ t^2 + 1 }, e.g., it suffices to assume that the restrictions of functions f (·) and g^{[1]}(·) to the interval [0, ∞ ) are S-asymptotically (ω, c )-periodic in the sense of [ 26, Definition 3.1].

3. Concerning the composition theorems and applications to semilinear Cauchy problems, we may refer, e.g., to [ 8, Theorem 3.5, Theorem 3.6], [ 26, Theorem 3.3, Theorem 3.4] and [ 29, Theorem 2.19] for some results known in the one-dimensional setting so far. The proofs of all these results are very elementary and we will only reconsider here the semilinear Hammerstein integral equation of convolution type on R^n (cf. the last application of [ 29, Section 3]). By the foregoing, we know that the space SP (R^n : X) of all semi-periodic functions F : R^n → X is convolution invariant (it is not a Banach space but only a complete metric space). Since the composition principle [ 31, Theorem 2.9.51] admits a straightforward extension to the multi-dimensional setting, we are able to show that, under certain assumptions, the following semilinear Hammerstein integral equation

y(t ) = Z R^n

k(t − s)G(s, y(s)) ds, t ∈ R^n ,

(6.1)

where G : R^n × X → X is semi-(c_j , B)_{j ∈ Nn} -periodic with B being the collection of all bounded subsets of X and c_j = 1 for all j ∈ N_n , has a unique semi-periodic solution. Let us assume that there exists a finite real constant L > 0 such that G(t ; y) − G�t ; y^′�

X ≤ L y − y^′

X , t ∈ R^n , y ∈ X, y^′ ∈ X.

It can be simply shown that for any semi-periodic function y : R^n → X we have that the mapping t → G(t;y(t)), t ∈ R^n is semi-periodic, as well. Since the space of semi-periodic functions in R^n is convolution invariant, it follows that the mapping

SP (R^n : X ) ∋ y → Z R^n

k(· − s)G(s, y(s)) ds ∈ SP (R^n : X )

is well defined. If we assume that L R R^n |k(t)| dt < 1, then the use of Banach

contraction principle yields that there exists a unique solution of (6.1) which belongs to the space SP (R^n : X ).

References

[1] Alvarez, E., Castillo, S., Pinto, M., (ω, c )-Pseudo periodic functions, first order Cauchy problem and Lasota-Wazewska model with ergodic and unbounded oscillating production of red cells , Bound. Value Probl. 106 (2019), 1–20.

[2] Alvarez, E., Castillo, S., Pinto, M., (ω, c )-asymptotically periodic functions, first-order Cauchy problem, and Lasota-Wazewska model with unbounded oscillating production of red cells , Math. Methods Appl. Sci. 43 (2020), 305–319.

[3] Alvarez, E., Gómez, A., Pinto, M., (ω, c )-periodic functions and mild solution to abstract fractional integro-differential equations , Electron. J. Qual. Theory Differ. Equ. 16 (2018), 1–8.

[4] Andres, J., Pennequin, D., Semi-periodic solutions of difference and differential equations , Bound. Value Probl. 141 (2012), 1–16, doi.org/10.1186/1687-2770-2012-141 .

252 M. KOSTIĆ

[5] Arendt, W., Batty, C.J.K., Hieber, M., Neubrander, F., Vector-valued Laplace Transforms and Cauchy Problems , Birkhäuser/Springer Basel AG, Basel, 2001.

[6] Besicovitch, A.S., Almost Periodic Functions , Dover Publ., New York, 1954. [7] Blot, J., Cieutat, P., N’Guérékata, G.M., S-asymptotically ω -periodic functions and applications to evolution equations , Afr. Diaspora J. Math. 12 (2011), 113–121.

[8] Chang, Y.-K., Wei, Y., S-asymptotically Bloch type periodic solutions to some semi-linear evolution equations in Banach spaces , Acta Mathematica Sci. 41B (2021), 413–425.

[9] Chaouchi, B., Kostić, M., Pilipović, S., Velinov, D., Semi-Bloch periodic functions, semi-anti-periodic functions and applications , Chelj. Phy. Math. J. 5 (2020), 243–255.

[10] Chávez, A., Khalil, K., Kostić, M., Pinto, M., Multi-dimensional almost automorphic type functions and applications , preprint. 2021. arXiv:2103.10467.

[11] Chávez, A., Khalil, K., Kostić, M., Pinto, M., Multi-dimensional almost periodic type functions and applications , preprint. 2020. arXiv:2012.00543.

[12] Chávez, A., Khalil, K., Kostić, M., Pinto, M., Stepanov multi-dimensional almost periodic functions and applications , preprint. 2020. hal-03035195.

[13] Cheban, D.N., Asymptotically Almost Periodic Solutions of Differential Equations , Hindawi Publishing Corporation, 2009.

[14] Cuevas, C., de Souza, J.C., Existence of S-asymptotically ω -periodic solutions for fractional order functional integro-differential equations with infinite delay , Nonlinear Anal. 72 (2010), 1683–1689.

[15] Diagana, T., Almost Automorphic Type and Almost Periodic Type Functions in Abstract Spaces , Springer-Verlag, New York, 2013.

[16] Diagana, T., Kostić, M., Generalized almost periodic and generalized asymptotically almost periodic type functions in Lebesgue spaces with variable exponents L^{p ( x )} , Filomat 34 (2020), 1629–1644.

[17] Diagana, T., Kostić, M., Recent Studies in Differential Equations , ch. Chapter 1. Generalized almost automorphic and generalized asymptotically almost automorphic type functions in Lebesgue spaces with variable exponents L^{p ( x )} , pp. 1–28, Nova Science Publishers, New York, 2020.

[18] Diening, L., Harjulehto, P., Hästüso, P., Růužicka, M., Lebesgue and Sobolev Spaces with Variable Exponents , Lecture Notes in Math., Springer, Heidelberg, 2011.

[19] Dimbour, W., Manou-Abi, S.M., Asymptotically ω -periodic functions in the Stepanov sense and its application for an advanced differential equation with piecewise constant argument in a Banach space , Mediterranean J. Math. 15:25 (2018), 18 pp., https://doi.org/10.1007/

s00009-018-1071-61660-5446/18/010001-18

. [20] Fan, X.L., Zhao, D., On the spaces L^{p ( x )} (O) and W^{m,p ( x )} (O), J. Math. Anal. Appl. 263 (2001), 424–446.

[21] Fečkan, M., Liu, K., Wang, J.-R., (w, T)-Periodic solutions of impulsive evolution equations , Evol. Equ. Control Theory, doi:10.3934/eect.2021006 . [22] Fedorov, V., Kostić, M., Multi-dimensional Weyl almost periodic type functions and applications , preprint. arXiv:2101.11754.

[23] Fink, A.M., Almost Periodic Differential Equations , Springer-Verlag, Berlin, 1974. [24] Henríquez, H.R., Asymptotically periodic solutions of abstract differential equations , Nonlinear Anal. 80 (2013), 135–149.

[25] Henríquez, H.R., Pierri, M., Táboas, P., On S-asymptotically ω -periodic functions on Banach spaces and applications , J. Math. Appl. Anal. 343 (2008), 1119–1130.

[26] Khalladi, M.T., Kostić, M., Pinto, M., Rahmani, A., Velinov, D., Generalized c-almost periodic functions and applications , Bull. Int. Math. Virtual Inst. 11 (2021), 283–293.

GENERALIZED c-ALMOST PERIODIC TYPE FUNCTIONS IN R^n 253

[27] Khalladi, M.T., Kostić, M., Pinto, M., Rahmani, A., Velinov, D., On semi- c-periodic functions , J. Math. (2021), 5 pp., Article ID 6620625, https://doi.org/10.1155/2021/6620625 . [28] Khalladi, M.T., Kostić, M., Rahmani, A., Pinto, M., Velinov, D., c-Almost periodic type functions and applications , Nonauton. Dyn. Syst. 7 (2020), 176–193.

[29] Kostić, M., Multi-dimensional c-almost periodic type functions and applications , preprint.

aXiv:2012.15735.

[30] Kostić, M., Quasi-asymptotically almost periodic functions and applications , Bull. Braz.

Math. Soc. (N.S.) 52 , 183–212. [31] Kostić, M., Selected Topics in Almost Periodicity , Book Manuscript, 2021. [32] Kostić, M., Weyl almost automorphic functions and applications , preprint 2021.

hal-03168920.

[33] Kostić, M., Almost Periodic and Almost Automorphic Type Solutions to Integro-Differential Equations , W. de Gruyter, Berlin, 2019.

[34] Kostić, M., Asymptotically Weyl almost periodic functions in Lebesgue spaces with variable exponents , J. Math. Anal. Appl. 498 (2021), 32 pp.

[35] Kostić, M., Multi-dimensional (ω, c )-almost periodic type functions and applications , Nonauton. Dyn. Syst. 8 (2021), 136–151.

[36] Kostić, M., Du, W.-S., Generalized almost periodicity in Lebesgue spaces with variable exponents , Fixed Point Theory and Dynamical Systems with Applications, 2020, Special issue of Mathematics, Mathematics 8 928; doi:10.3390/math8060928.

[37] Kostić, M., Du, W.-S., Generalized almost periodicity in Lebesgue spaces with variable exponents, Part II , Fixed Point Theory and Dynamical Systems with Applications, Special issue of Mathematics, 2020, Mathematics 8(7) , 1052; https://doi.org/10.3390/math8071052 . [38] Kostić, M., Kumar, V., Pinto, M., Stepanov multi-dimensional almost automorphic type functions and applications , preprint 2021. hal-03227094.

[39] Kovanko, A.S., Sur la compacié des sysémes de fonctions presque-périodiques généralisées de H. Weyl , C.R. (Doklady) Ac. Sc. URSS 43 (1944), 275–276.

[40] Levitan, M., Almost Periodic Functions , G.I.T.T.L., Moscow, 1953, (in Russian). [41] N’Guérékata, G.M., Almost Automorphic and Almost Periodic Functions in Abstract Spaces , Kluwer Acad. Publ., Dordrecht, 2001.

[42] Nguyen, P.Q.H., On variable Lebesgue space , Ph.D. thesis, Kansas State University. Pro- Quest LLC, Ann Arbor, MI, 2011, 63 pp,.

[43] Oueama-Guengai, E.R., N’Guérékata, G.M., On S-asymptotically ω -periodic and Bloch periodic mild solutions to some fractional differential equations in abstract spaces , Math. Methods Appl. Sci. 41 (2018), 9116–9122.

[44] Pankov, A.A., Bounded and Almost Periodic Solutions of Nonlinear Operator Differential Equations , Kluwer Acad. Publ., Dordrecht, 1990.

[45] Xie, R., Zhang, C., Space of ω -periodic limit functions and its applications to an abstract Cauchy problem , J. Function Spaces 2015 (2015), 10 pp., Article ID 953540, http://dx.doi.

org/10.1155/2015/953540.

[46] Zaidman, S., Almost-Periodic Functions in Abstract Spaces , Pitman Research Notes in Math., vol. 126, Pitman, Boston, 1985.

Faculty of Technical Sciences, University of Novi Sad, Trg D. Obradovića 6, 21125 Novi Sad, Serbia E-mail : marco.s@verat.net