ARCHIVUM MATHEMATICUM (BRNO) Tomus 59 (2023), 3–10

TOPOLOGICAL ENTROPY AND DIFFERENTIAL EQUATIONS

Jan Andres and Pavel Ludvík

Abstract. On the background of a brief survey panorama of results on the topic in the title, one new theorem is presented concerning a positive topological entropy (i.e. topological chaos) for the impulsive differential equations on the Cartesian product of compact intervals, which is positively invariant under the composition of the associated Poincaré translation operator with a multivalued upper semicontinuous impulsive mapping.

1. Introduction and some preliminaries

The main aim of this short note is two-fold: (i) to describe briefly the recent state of the study of a topic at the title, (ii) to indicate the investigation of topological entropy for differential equations with multivalued impulses.

The first definition of topological entropy was given in 1965 by Adler, Konheim and McAndrew for (single-valued) continuous maps in compact topological spaces (see [1]). Another definition was introduced in 1971 by Bowen for uniformly continuous maps in not necessarily compact metric spaces (see [10]), who proved the equivalence of his definition with the one in [1] in compact metric spaces.

Definition 1 (cf. [10]). Let (X, d) be a metric space, K be a compact subset of X and f : X → X be a uniformly continuous map. A set S ⊂ K is called (n, ε)-separated with respect to f , for a positive integer n and ε > 0, if for every pair of distinct points x, y ∈ S, x ≠ y, there is at least one k with 0 ≤ k < n such that d(f^k (x), f^k (y)) > ε . Then, denoting the number of different orbits of length n by s(n, ε, f, K ) := max { # S : S ⊂ X is an (n, ε )-separated set with respect to f } ,

the topological entropy h(f ) of f is defined as

(1) h(f ) := sup

K ⊂ X , K is compact

lim_{ε → 0} � lim sup

n →∞ 1 n log s(n, ε, f, K ) � .

2020 Mathematics Subject Classification : primary 34A37; secondary 37B40, 34C28, 47H04. Key words and phrases : topological entropy, impulsive differential equations, multivalued impulses, topological chaos.

This research was supported by the Grant IGA_PrF_2022_008 “Mathematical Models” of the Internal Grant Agency of Palacký University in Olomouc.

Received July 20 2022, accepted November 21, 2022. Editor Z. Došlá. DOI: 10.5817/AM2023-1-3

4 J. ANDRES AND P. LUDVÍK

The topological entropy in the sense of Definition 1 is, besides other things, a topological invariant, but not a homotopy invariant. If f : R^n → R^n is a linear map, then according to [10, Theorem 15]

(2) h(f ) = X |λ_i |> 1

log |λ_i | ,

where λ_1 , . . . , λ_n are the eigenvalues of f .

Definition 1 can be applied to differential equations via the associated Poincaré translation operators along their trajectories (see Section 2 below).

In this way, the upper and lower estimates of topological entropy were obtained for linear systems of ordinary differential equations in e.g. [9, 12, 23, 24].

For nonlinear systems, the obtained results can be characterized as either generic in R^2 (lower estimates) by means of the Artin braid group theory (see e.g. [15, 19, 20, 27]) or rather implicit for higher-dimensional systems (upper and lower estimates, especially in R^3) (see e.g. [16], [21], and the references therein) or just numerical (see e.g. [26]).

For systems with impulses, the results are rare. For nonlinear impulsive systems (see e.g. [2, 5, 8]), and for multivalued or discontinuous impulsive systems (see e.g. [3, 4, 7, 13, 14]).

Of course, if the systems or impulses are multivalued, then Definition 1 is insufficient, and must be appropriately changed. A suitable definition with this respect seems to be the following one by Kelly and Tennant (see [17]).

Definition 2 (cf. [17]). Let (X, d) be a compact metric space and φ : X → K(X), where K(X) := { K ⊂ X : K is a non-empty compact subset }, be an upper semicontinuous map (i.e. φ has a closed graph Γ_φ := {(x, y) ∈ X × X : y ∈ φ (x)}.

Let the space of n-orbits of φ be denoted as

Orb_n (φ ) := { (x_1 , . . . , x_n ) ∈ X^n : x_{i +1} ∈ φ (x_i ), i = 1 , . . . , n − 1} .

We say that S ⊂ Orb_n (φ ) is (n, ε)-separated for φ , for a positive integer n and ε > 0, if for every pair of distinct n-orbits { x_i }^n_{i =1} and { y_i }^n_{i =1} there is at least one k with 1 ≤ k ≤ n such that d(x_k , y_k ) > ε .

The topological entropy h_{KT} (φ ) of φ is defined as

(3) h_{KT} (φ ) := lim_{ε → 0} � lim sup

n →∞ 1 n log(s(n, ε, φ )) � , where s(n, ε, φ ) stands for the largest cardinality of an (n, ε)-separated subset of Orb_n (φ ) for φ , i.e.

s(n, ε, φ ) := max { # S : S ⊂ Orb_n (φ ) is an (n, ε )-separated set for φ } .

One can readily check that, for single-valued continuous maps in compact metric spaces, Definition 2 reduces to Definition 1.

It will be convenient to prove the following lemma.

Lemma 3. Let φ : X → K (X) and ψ : Y → K (Y) be upper semicontinuous maps with compact convex values in compact convex subsets X and Y of Banach spaces.

TOPOLOGICAL ENTROPY AND DIFFERENTIAL EQUATIONS 5

Then the inequality h_{KT} (φ × ψ ) ≥ max { h_{KT} (φ ), h_{KT} (ψ )} holds for the Cartesian product φ × ψ : X × Y → K (X × Y), where (φ × ψ )(x, y) = φ (x) × ψ (y), for every (x, y) ∈ X × Y, and X × Y is endowed with the maximum norm.

Proof. According to the well known Kakutani-Fan’s theorem (see e.g. [6, Corollary I.6.21]), there exist fixed points x ∈ φ (x) and y ∈ ψ (y) of φ and ψ , and subsequently (x, y) ∈ (φ × ψ )(x, y) of φ × ψ .

One can easily check that from Definition 2 it immediately follows (cf. [17, Theorem 4.2]): h_{KT} (φ × ψ ) ≥ max { h_{KT} (φ × id |_y ), h_{KT} (id |_x × ψ )} = max { h_{KT} (φ ), h_{KT} (ψ )} , which completes the proof. □

Remark 4. The inequality in Lemma 3 can be generalized to the equality

h_{KT} (φ_1 × . . . × φ_n ) = nX i =1

h_{KT} (φ_i ) ,

where φ_i : X_i → K (X_i ) are upper semicontinuous maps in compact metric spaces X_i, i = 1 , . . . , n. Its proof is rather technical, but can be made quite analogously as in the single-valued case (see e.g. [25, Theorem 7.10]).

Let us note that in our papers [3, 4, 7] still formally another extension of Definition 1 was employed, matching with the Nielsen fixed point theory on tori R^n /Z^n . On the other hand, here we would like to follow rather the ideas from [8], where single-valued arguments were, however, exclusively applied on compact subsets in Euclidean spaces R^n .

2. Some further preliminaries

Hence, as already pointed out, it will be also convenient to recall some properties of the Poincaré translation operators T_ω : R^n → R^n , associated with the differential equation (4) x^′ = F (t, x ) where F : R × R^n → R^n satisfies F (t, x) ≡ F (t + ω, x ), for some given ω > 0, and is the Carathéodory mapping , i.e.

(i) F (·, x): [0, ω ] → R^n is measurable, for every x ∈ R^n , (ii) F (t, ·): R^n → R^n is continuous, for almost all (a.a.) t ∈ [0, ω ].

Let, furthermore, (4) satisfy a uniqueness condition and all solutions of (4) entirely exist on the whole (−∞ , ∞ ).

By a (Carathéodory ) solution x(·) of (4), we understand a locally absolutely continuous function, i.e. x ∈ AC_{loc} (R, R^n ), which satisfies (4) for a.a. t ∈ R. For a continuous right-hand side F , we have obviously x ∈ C^1 (R, R^n ).

6 J. ANDRES AND P. LUDVÍK

The Poincaré translation operator T_ω : R^n → R^n along the trajectories of (4) is defined as follows:

(5) T_ω (x_0 ) := { x(ω ) : x(·) is a solution of (4) such that x(0) = x_0 } .

It is well known (see e.g. [18, 22]) that T_ω is an orientation-preserving homeomorphism such that T^k_ω = T_{kω} , for every k ∈ N. It is also isotopic to identity.

If F ∈ C^1(R^{n +1} , R^n ), then T_ω is a diffeomorphism of class C^1 such that det D T^k_ω (x_0) > 0 holds for every x_0 = T^k_ω (x_0) and any k ∈ N, where the mapping D T_ω (x_0) : R^n → R^n denotes the Fréchet derivative of T_ω at x_0 ∈ R^n , which is a linear map corresponding to the Jacobian matrix of T_ω at x_0 .

For F ∈ C^1(R^{n +1} , R^n ), we can consider the variation equation of (4) with respect to an ω -periodic solution x(·) of (4), namely

(6) x^′ = D_x F (t, x (t))x ,

where D_x F (t, x) is the Jacobian matrix of F (t, x) with respect to x. It is a linear differential equation with ω -periodic continuous coefficients. If W(t) is its fundamental matrix, then D T_ω (x_0 ) = W (ω )W (0)^{− 1} .

Now, consider the vector linear equation

(7) x^′ = A(t)x ,

A(t) = { a_{ij} (t)}^n_{i,j =1} , with ω -periodic measurable coefficients a_{ij} (t), where �R_ω

0 a_{ij} (t) dt � < ∞ , for all i, j = 1 , . . . , n. It is well known that its solution x(·) with x(0) = x_0 can be expressed as x(t) = W(t)x_0, where W(t) is the fundamental matrix of (7) such that W(0) = W^{− 1}(0) is a unit matrix. Thus, T_ω (x_0) = x(ω ) = W(ω )x_0. The operator W(ω ) is called a monodromy operator and the eigenvalues of the related matrix are the multiplicators of (7). The same terminology is related to (6).

If, in particular, A(t) ≡ A in (7) has constant coefficients a_{ij} (t) ≡ a_{ij} ; i, j = 1. . . , n, then the solutions x(·) of (7) take the simple form x(t) = e^{At} x_0, i.e. W (t) = e^{At} , and so T_ω (x_0 ) = e^{Aω} x_0 = W (ω )x_0 .

The multiplicators μ_i of the monodromy matrix W(ω ) can be therefore easily expressed as μ_i = e^{λ i ω} , i = 1 , . . . , n , where λ_i, i = 1 , . . . , n, are the eigenvalues of A. Hence, in order to have |μ_i | > 1, for some i ∈ { 1, . . . , n}, it is sufficient and necessary that Re λ_i > 0 for such i ∈ { 1, . . . , n}.

Because of a uniqueness condition, there is, for any k ∈ N, an evident one-to-one correspondence between the kω -periodic solutions x(·) of (4), x(t) ≡ x(t + kω ) and x(t) ≢x(t + jω ) for j < k , and k-periodic points x_0 of T_ω such that x(0) = x_0, i.e. x_0 = T^k_ω (x_0 ) and x_0 ≠ T^j_ω (x_0 ) for j < k .

Now, consider the impulsive differential equation (8) ( x^′ = F (t, x ), t ≠ t_j := jω , for ω > 0 , x(t^+_j ) = I (x(t^−_j )) , j ∈ Z ,

TOPOLOGICAL ENTROPY AND DIFFERENTIAL EQUATIONS 7

where F : R× R^n → R^n is as above in (4), and I : R^n → K_0 is a compact continuous impulsive mapping such that K_0 := cl I (R^n ) and I(K_0) = K_0. Its solutions will be also understood in the same Carathéodory sense, i.e. x ∈ AC ((t_j , t_{j +1} )), j ∈ Z.

One can readily check that there is again a one-to-one correspondence between kω -periodic solutions x(·) of (8) and k-periodic points x_0 = x(0) of the composition I ∘ T_ω , for any k ∈ N.

Therefore, we can naturally introduce the following definition of topological entropy for (4), (7) and (8).

Definition 5. We say that equation (4) (in particular (7)), resp. (8), has a topological entropy h if h = h(T_ω ), resp. h = h(I ∘ T_ω ).

In view of Definitions 1, 5 and formulas (2), (5), equation (7) has a topological entropy h = h(T_ω ) = h(W(ω ) ·id) = P |μ_i |> 1 log |μ i |, where W(ω ) is a fundamental

matrix of (7) at ω > 0 and μ_i, i = 1 , . . . , n, are its eigenvalues. In particular, for A(t) ≡ A, we get that

h = h(e^{Aω} ·id) = X Re λ_i > 0

log |e^{λ i ω} | = ω log e X Re λ_i > 0

Re λ_i .

For ω = 1 , it is in accordance with the calculations in [9, 12, 23].

Similarly, equation (8), where F (t, x) := A(t)x and I is a real (n × n)-matrix, has a topological entropy

h = h(I ·W (ω ) ·id) = X |ν_i |> 1

log |ν_i | ,

where W(ω ) is as above and ν_i, i = 1 , . . . , n, are the eigenvalues of the product I ·W (ω ).

3. Topological chaos for impulsive differential equations

In spite of the above arguments, observe that e.g. the scalar equation x^′ = ax with I = id |_R possesses for a =^{log 2}_{ω log e} the positive entropy h = h(T_ω ) = log2, but does not admit any nontrivial (nonzero) periodic solution. In the spirit of the “criticism” in [11], since the dynamics of x^′ = ax have not a complicated behaviour, Definitions 1 and 5 are not suitable for any sort of deterministic chaos. In other words, to speak about topological chaos determined by a positive entropy requires here to be restricted to compact subsets of R^n , which are positively invariant under the compositions I ∘ T_ω .

For multivalued impulses, the situation becomes still more delicate, because Definition 1 must be replaced e.g. by Definition 2.

For the sake of simplicity, we will consider just the linear homogeneous diagonal system of differential equations with special multivalued upper semicontinuous impulses, namely (9) ( x^′ = (diag[ a_1 , . . . , a_n ]) x , x = ( x_1 , . . . , x_n ) , x_i (t^+_j ) ∈ I_i (x_i (t^−_j )) , i = 1 , . . . , n, j ∈ Z ,

8 J. ANDRES AND P. LUDVÍK

where I_i : R → K ([0, 1]), I_i (x_i ) ≡ I_i (x_i + 1) , and

I_i |_{[0,1]} (x_i ) := ( [0, 1], for x_i ∈ { 0, 1} , x_i , otherwise (i.e. for x_i ∈ (0, 1)) , i = 1 , . . . , n.

Definition 6. We say that system (9) has a topological entropy h if h := h_{KT} (I ∘ T_1 |_{[0,1]}n ), where h_{KT} denotes the topological entropy in the sense of Definition 2, I = ( I_1 , . . . , I_n ) and T_1 : R^n → R^n is the associated Poincaré translation operator along the trajectories of x^′ = (diag[ a_1 , . . . , a_n ])x, defined for ω = 1 in (5).

Theorem 7. The topological entropy h of equation (9) satisfies the inequality h ≥ (log √ 2) P a_i ≥ 0 sgn(1 + a i). In particular, if at least one coefficient a i is

nonnegative (i.e. a_i ≥ 0, for some i ∈ { 1, . . . , n}), then equation (9) exhibits on [0, 1]^n a topological chaos in the sense that h > 0.

Proof. The associated Poincaré translation operator T_1 along the trajectories of x^′ = (diag[ a_1 , . . . , a_n ])x, defined for ω = 1 in (5), takes the form T_1(x) = ( e^{a 1} , . . . , e^{a n} )x = W(1)x, where μ_i = e^{a i} , i = 1 , . . . , n, are the multiplicators of W (1).

Since

I ∘ T_1 (x) = ( I_1 (e^{a 1} x_1 ), . . . , I_n (e^{a n} x_n )) , where x = ( x_1 , . . . , x_n ) ∈ [0, 1]^n , I_i (e^{a i} x_i ) ≡ I_i (e^{a i} (x_i + e^{− a i} )), and

I_i |_{[0,e} − a_{i ]}(e^{a i} x_i ) = ( [0, 1], for x_i ∈ { 0, e^{− a i} } , x_i , otherwise (i.e. for x_i ∈ (0, e^{− a i} )) , i = 1 , . . . , n, we obtain by means of the equality in Remark 4 (for a particular inequality, see Lemma 3) that

h := h_{KT} (I ∘ T_1 |_{[0,1]}n ) = nX i =1

h_{KT} (I_i (e^{a i} ·id |_{[0,1]} )) .

Checking the proof of [17, Theorem 6.2], it is straightforward to realize that h_{KT} (I_i(e^{a i} ·id |_{[0,1]})) ≥ log √ 2, provided a_i ≥ 0 for some i ∈ { 1, . . . , n}. Summing up, h = h_{KT} (I ∘ T_1 |_{[0,1]}n ) ≥ (log √ 2) P a_i ≥ 0 sgn(1 + a i ), as claimed. □

Remark 8. If at least one component I_i, for some i ∈ { 1, . . . , n}, of the impulsive mapping I is replaced by Î_i : R → K ([0, 1]), where Î_i (x_i ) ≡ Î_i (x_i + 1) , and

Î_i |_{[0,1]} (x) := ( [0, 1], for x ∈ { 0, 1} , { 0} , otherwise (i.e. for x_i ∈ (0, 1)) ,

then (cf. Lemma 3) h = h_{KT} (Î_i(e^{a i} ·id |_{[0,1]})) = ∞ , for any a_i ∈ R, because (see [17, Theorems 5.4 and 7.1])

h_{KT} (Î_i (e^{a i} ·id |_{[0,1]} ) ≥ 1 2 h_{KT} (Î_i^2 (e^{a i} ·id |_{[0,1]} ) = h_{KT} ([0, 1]|_{[0,1]} ) = ∞ ,

where [0, 1]|_{[0,1]} denotes a constant multivalued mapping with values [0, 1].

TOPOLOGICAL ENTROPY AND DIFFERENTIAL EQUATIONS 9

Remark 9. In case of diagonalizable or weakly coupled systems, the situation becomes more complicated and requires a further technical elaboration. For the single-valued case, see e.g. [8].

References

[1] Adler, R.L., Konheim, A.G., McAndrew, M.H., Topological entropy , Trans. Amer. Math. Soc.

114 (1965), 309–319. [2] Andres, J., Topological entropy for impulsive differential equations , Electron. J. Qual. Theory Differ. Equ. (2020), Paper No. 68, 1–15, Corrigendum to "Topological entropy for impulsive differential equations". Electron. J. Qual. Theory Differ. Equ., (2021) Paper No. 19, 1-3.

[3] Andres, J., Chaos for differential equations with multivalued impulses , Internat. J. Bifur.

Chaos Appl. Sci. Engrg. 31 (2021), no. 7, Paper No. 2150113, 16. [4] Andres, J., Topological chaos for differential inclusions with multivalued impulses on tori , Internat. J. Bifur. Chaos Appl. Sci. Engrg. 31 (2021), no. 15, Paper No. 2150237, 11.

[5] Andres, J., Parametric topological entropy and differential equations with time-dependent impulses , J. Differential Equations 317 (2022), 365–386.

[6] Andres, J., Górniewicz, L., Topological fixed point principles for boundary value problems , Topological Fixed Point Theory and Its Applications, vol. 1, Kluwer Academic Publishers, Dordrecht, 2003.

[7] Andres, J., Jezierski, J., Ivanov’s theorem for admissible pairs applicable to impulsive differential equations and inclusions on tori , Mathematics 8 (2020), no. 9.

[8] Andres, J., Ludvík, P., Topological entropy of composition and impulsive differential equations satisfying a uniqueness condition , Chaos Solitons Fractals 156 (2022), Paper No. 111800, 11.

[9] Anikushin, M.M., Raĭtmann, F., Development of the concept of topological entropy for systems with multidimensional time , Differ. Uravn. Protsessy Upr. 52 (2016), no. 4, 14–41.

[10] Bowen, R., Entropy for group endomorphisms and homogeneous spaces , Trans. Amer. Math.

Soc. 153 (1971), 401–414. [11] Cánovas, J. S., Rodríguez, J.M., Topological entropy of maps on the real line , Topology Appl.

153 (2005), no. 5-6, 735–746. [12] Hoock, A.-M., Topological and invariance entropy for infinite-dimensional linear systems , J.

Dyn. Control Syst. 20 (2014), no. 1, 19–31. [13] Jaque, N., San Martín, B., Topological entropy and metric entropy for regular impulsive semiflows , 2019, arXiv: 1909.09897.

[14] Jaque, N., San Martín, B., Topological entropy for discontinuous semiflows , J. Differential Equations 266 (2019), no. 6, 3580–3600.

[15] Jiang, B.J., Nielsen theory for periodic orbits and applications to dynamical systems , Nielsen theory and dynamical systems (South Hadley, MA, 1992), Contemp. Math., vol. 152, Amer. Math. Soc., Providence, RI, 1993, pp. 183–202.

[16] Kawan, Ch., Matveev, A.S., Pogromsky, A.Yu., Remote state estimation problem: towards the data-rate limit along the avenue of the second Lyapunov method , Automatica J. IFAC 125(4) (2021), 1–12.

[17] Kelly, J.P., Tennant, T., Topological entropy of set-valued functions , Houston J. Math. 43 (2017), no. 1, 263–282.

[18] Krasnoselskiĭ, M.A., The operator of translation along the trajectories of differential equations , American Mathematical Society, Providence, R.I., 1968.

[19] Matsuoka, T., The number and linking of periodic solutions of periodic systems , Invent.

Math. 70 (1982/83), no. 3, 319–340.

10 J. ANDRES AND P. LUDVÍK

[20] Matsuoka, T., The number and linking of periodic solutions of nondissipative systems , J.

Differential Equations 76 (1988), no. 1, 190–201. [21] Pogromsky, A.Yu., Matveev, A.S., Estimation of topological entropy via the direct Lyapunov method , Nonlinearity 24 (2011), no. 7, 1937–1959.

[22] Shiraiwa, K., A generalization of the Levinson-Massera’s equalities , Nagoya Math. J. 67 (1977), 121–138.

[23] Tien, L., Nhien, L., On the topological entropy of nonautonomous differential equations , Journal of Applied Mathematics and Physics 07 (2019), 418–429.

[24] Vetokhin, A.N., Topological entropy of a diagonalizable linear system of differential equations. , Int. Workshop QUALITDE-2020 (December 19-21, 2020) (Tbilisi, Georgia), 2021.

[25] Walters, P., An introduction to ergodic theory , Graduate Texts in Mathematics, vol. 79, Springer-Verlag, New York-Berlin, 1982.

[26] Wang, Z., Ma, J., Chen, Z., Zhang, Q., A new chaotic system with positive topological entropy , Entropy 17 (2015), no. 8, 5561–5579.

[27] Wójcik, K., Relative Nielsen numbers, braids and periodic segments , Adv. Nonlinear Stud.

17 (2017), no. 3, 527–550.

Department of Mathematical Analysis and Applications of Mathematics, Faculty of Science, Palacký University, 17. listopadu 12, 771 46 Olomouc, Czech Republic E-mail : jan.andres@upol.cz

Department of Mathematical Analysis and Applications of Mathematics, Faculty of Science, Palacký University, 17. listopadu 12, 771 46 Olomouc, Czech Republic E-mail : pavel.ludvik@upol.cz