ARCHIVUM MATHEMATICUM (BRNO) Tomus 59 (2023), 85–97

APPROXIMATION OF LIMIT CYCLE OF DIFFERENTIAL

SYSTEMS WITH VARIABLE COEFFICIENTS

Masakazu Onitsuka

Dedicated to Professor Tetsuo Furumochi on the occasion of his 75th birthday

Abstract. The behavior of the approximate solutions of two-dimensional nonlinear differential systems with variable coefficients is considered. Using a property of the approximate solution, so called conditional Ulam stability of a generalized logistic equation, the behavior of the approximate solution of the system is investigated. The obtained result explicitly presents the error between the limit cycle and its approximation. Some examples are presented with numerical simulations.

1. Introduction

We consider the two-dimensional nonlinear differential system

x^′ = f (t)x + g(t)y − f (t) κ x � x^2 + y^2

� α_2 , y^′ = − g(t)x + f (t)y − f (t) κ y � x^2 + y^2

� α_2 , (1.1)

and its perturbed system

x^′ = f (t)x + g(t)y − f (t) κ x � x^2 + y^2

� α_2 + p_1 (t) ,

y^′ = − g(t)x + f (t)y − f (t) κ y � x^2 + y^2

� α_2 + p_2 (t) ,

(1.2)

where f , g, p_1 and p_2 are real-valued continuous functions for t ≥ 0, and α and κ are positive constants. If f = g ≡ 1, α = 2 and κ = 1 , then (1.1) is reduces to the

2020 Mathematics Subject Classification : primary 34C05; secondary 34C07, 34D10, 34A12, 39A30.

Key words and phrases : approximate solution, variable coefficients, generalized logistic equation, conditional Ulam stability, limit cycle.

This research was supported by Japan Society for the Promotion of Science (JSPS) KAKENHI (grant number JP20K03668).

Received August 12, 2022, accepted November 8, 2022. Editor Z. Došlá. DOI: 10.5817/AM2023-1-85

86 M. ONITSUKA

differential system

x^′ = x + y − x � x^2 + y^2 � , y^′ = − x + y − y � x^2 + y^2 � . (1.3)

This system is well-known to have exactly one stable limit cycle x^2 + y^2 = 1 (see, [13]); that is, on the phase plane, there is the orbit of the unique periodic solution of (1.3) that rotates infinitely on the unit circle, and any orbit of the solution except the zero solution (x(t), y(t)) ≡ (0,0) and the periodic solution approaches while rotating to the unit circle.

On the other hand, if p_1 ≢0 ≢p_2 , then the differential system

x^′ = x + y − x � x^2 + y^2 � + p_1 (t) ,

y^′ = − x + y − y � x^2 + y^2 � + p_2 (t) .

(1.4)

does not have the zero solution and it is unknown whether it has a periodic solution. Needless to say, it will be very difficult to derive the conditions for the system to have a limit cycle because (1.4) is a nonautonomous differential system. If it is an autonomous system, many tools can be used, for example, the well-known Poincaré-Bendixon theorem, but a different approach will be needed for nonautonomous systems. See [2, 3, 7, 9, 10, 11, 14, 20] for recent results related to limit cycles. Here, instead of looking for the periodic orbit or limit cycle of (1.4), it can be regarded as a perturbed system of (1.3). If we impose some constraints on p_1 and p_2, we would expect the solution of (1.4) to be an approximation of the solution of (1.3). A well-known tool is the linear approximation method, but unfortunately (1.3) dealt with here is a nonlinear system. In this study, we will introduce a new tool for approximating nonlinear systems. It provides an approximation of the limit cycle by using a property called conditional Ulam stability for a scalar nonlinear equation. The definition of conditional Ulam stability will be given in the next section.

Define ‖(x, y)‖ := p x^2 + y^2 . The main result of this study is as follows.

Theorem 1.1. Suppose that there exists f > 0 such that

(1.5) f (t) ≥ f for t ≥ 0 .

Let ε ∈ � 0,^{αf κ} 1 α (α +1)^{α +1}α � , ‖(x_0 , y_0)‖ ∈ � κ α +1

� 1_α , ∞ � , let (x(t), y(t)) and (ξ(t), η(t))

be the solutions of (1.1) and (1.2) with

(1.6) � x(0), y(0) � = � ξ(0), η(0) � = ( x_0 , y_0 ) ,

respectively. If

(1.7) ‖ � p_1 (t), p_2 (t) � ‖ ≤ ε for t ≥ 0 ,

then (x(t), y(t)) and (ξ(t), η(t)) exist on [0, ∞ ). Furthermore, min � ‖ � ξ(t), η(t) � ‖, ‖ � x(t), y(t) � ‖ ≥ � κ α + 1

� 1_α ,

APPROXIMATION OF LIMIT CYCLE 87

and � �‖�ξ(t), η(t)�‖ − ‖ �x(t), y(t)�‖ � �≤ max n α + 1 αf , α + 1 α^2 f o ε for t ∈ [0, ∞ ).

If f = g ≡ 1, α = 2 and κ = 1 , then we immediately obtain the following result.

Corollary 1.2. Let ε ∈ � 0,^2_3^√_3 i , ‖(x_0 , y_0)‖ ∈ h_{1√}

3 , ∞ � , let (x(t), y(t)) and (ξ(t), η(t)) be the solutions of (1.3) and (1.4) with (1.6), respectively. If (1.7) holds, then (x(t), y(t)) and (ξ(t), η(t)) exist on [0, ∞ ). Furthermore, min � ‖ � ξ(t), η(t) � ‖, ‖ � x(t), y(t) � ‖ ≥ 1 √ 3 , and � �‖�ξ(t), η(t)�‖ − ‖ �x(t), y(t)�‖�≤ 3 2 ε for t ∈ [0, ∞ ).

We denote a circle with radius R > 0 centered at the origin by C_R . Let (x_0 , y_0) on the circle C 1_{√ 3} or, be outside the circle C 1_{√ 3} . Now we consider the solutions (x(t), y(t)) and (ξ(t), η(t)) of (1.3) and (1.4) with (1.6) and

(1.8) p_1 (t) = 2 3 √ 3 � 1 − 2 max � cos √ t, 0 � and p_2 (t) = 0 ,

respectively. From ‖(p_1(t), p_2(t))‖ ≤^2_3√_3 for t ≥ 0, we can choose ε =^2_3√_3 , and using Corollary 1.2, we see that (x(t), y(t)) and (ξ(t), η(t)) on the circle C 1_{√ 3} or, are outside the circle C 1_{√ 3} , and

(1.9) � ‖ � ξ(t), η(t) � ‖ − ‖ � x(t), y(t) � ‖ � ≤ 3 2 ε = 1 √ 3 for t ∈ [0, ∞ ) .

Figure 1 shows the orbits corresponding to (x(t), y(t)) and (ξ(t), η(t)) of (1.3) and (1.4) with (1.6), (1.8) and

(1.10) (x_0 , y_0 ) = � 1 √ 6 , 1 √ 6 � . Figure 2 shows the orbits corresponding to (x(t), y(t)) and (ξ(t), η(t)) of (1.3) and (1.4) with (1.6), (1.8) and

(1.11) (x_0 , y_0 ) = (1 .2, 1.2) .

The circle C 1_{√ 3} is drawn with broken line. Figure 3 shows the orbits corresponding

to (x(t), y(t)) and (ξ(t), η(t)) of (1.3) and (1.4) with (1.6), (1.8) and

(1.12) (x_0 , y_0 ) = � 1 √ 2 , 1 √ 2 � ; that is, (x_0 , y_0) on the unit circle. This means that the orbit of (x(t), y(t)) represent the limit cycle. From this, we can conclude that the orbit of (ξ(t), η(t)) represent an approximation of the limit cycle. Note here that all orbits in Figures 1–3 are drawn for 0 ≤ t ≤ 150. If we draw more time than 150, the red curve will fill the inside

88 M. ONITSUKA

of the lip-like area. From (1.9), we see that the orbit corresponding to (ξ(t), η(t)) of (1.4) with (1.6), (1.8) and (1.12) is inside the circle C_{1+} 1_{√ 3} for t ∈ [0, ∞ ). The purpose of this study is to explicitly present the error between the limit cycle of (1.1) and its approximation.

� �_�^� � � � � �

� � � � �

� �

� �

Fig. 1: Orbits of (1.3) (blue) and (1.4) (red) with (1.8) and (1.10).

� �_�^� � � � � �

� � � � �

� �

� �

Fig. 2: Orbits of (1.3) (blue) and (1.4) (red) with (1.8) and (1.11).

In Section 2, we introduce the concept of conditional Ulam stability and present previous results that play an important role in this study. In Section 3, we prove Theorem 1.1 by using a previous result. In Section 4, we present the second main result and prove it. In Section 5, we give two examples of variable coefficients and present numerical simulations.

2. Conditional Ulam stability

In this section, we consider the nonautonomous generalized logistic equation

(2.1) z^′ = h(t)z � 1 − z^α K � , where h is a positive continuous function for t ≥ 0, and α and K are positive constants. Especially when h(t) is a constant, (2.1) is called the Richards model, which is one of the models that describe infectious diseases. Here, z, h, and K represent the cumulative number of cases/deaths, growth rate, and final epidemic size, respectively. In [16], the present author studied conditional Ulam stability of (2.1). Conditional Ulam stability is a property that guarantees the difference between the approximate solution and the exact solution to be finite. The exact definition is as follows.

APPROXIMATION OF LIMIT CYCLE 89

�

� � � � � � � � �

� � � � � � �

Fig. 3: Orbits of (1.3) (blue) and (1.4) (red) with (1.8) and (1.12).

Definition 2.1. Let A ⊆ (0, ∞ ) and B ⊆ R be nonempty sets. Define the class C_B := � x ∈ C^1 [0, T_x ) : x(0) ∈ B, T_x > 0 with T_x = ∞ or |x(t)| → ∞ as t ↗ T_x . Note that [0, T_x ) refers to the maximal existence interval of x(t). The nonlinear differential equation (2.2) z^′ = F (t, z ) is conditionally Ulam stable on [0, min { T_z , T_ζ }) with A in the class C_B if there exists L > 0 such that for any ε ∈ A and any approximate solution ζ ∈ C_B that satisfy |ζ^′ − F (t, ζ)| ≤ ε for t ∈ [0, T_ζ ) , there exists a solution z ∈ C_B of (2.2) such that |ζ(t) − z(t)| ≤ Lε for t ∈ [0, min { T_z , T_ζ }). We call such an L an Ulam constant for (2.2) on [0, min { T_z , T_ζ }).

If A = (0 , ∞ ) and B = R, then this definition is exactly the same as that for the standard Ulam stability. See [1, 4, 5, 6, 8, 12, 15, 17, 18, 19] for previous studies on standard and conditional Ulam stabilities. In [16], the present author obtained the following results. Theorem 2.2 ([16, Theorem 5.1]) . Suppose that there exists h > 0 such that h(t) ≥ h for t ≥ 0 .

Let ε ∈

0,^{αh K} 1 α (α +1)^{α +1}α # , z_0 ∈ h�_K

α +1

� 1_α , ∞ � , let z ∈ C^1 [0, T_z ) be the solution

of (2.1) with z(0) = z_0, and let ζ ∈ C^1 [0, T_ζ ) be the solution of the perturbed

90 M. ONITSUKA

nonautonomous Richards model

(2.3) ζ^′ = h(t)ζ � 1 − ζ^α K � + p(t) , |p(t)| ≤ ε

with ζ(0) = z_0, where p(t) is a real-valued continuous function. Then the global existence of the solutions of (2.1) and (2.3) with z(0) = ζ(0) = z_0 is guaranteed. That is, T_z = T_ζ = ∞ holds. Furthermore,

|ζ(t) − z(t)| ≤ max n α + 1 αh , α + 1 α^2 h o ε for t ∈ [0, ∞ ) .

Theorem 2.3 ([16, Theorem 5.2]) . Suppose that there exists h > 0 such that

h(t) ≥ h for t ≥ 0.

Let A =

0,^{αh K} 1 α (α +1)^{α +1}α # and B = h�_K

α +1

� 1_α , ∞ � . Then (2.1) is conditionally Ulam

stable on [0, ∞ ) with A in the class C_B . Furthermore, L = max n_{α +1} αh ,^{α +1}_{α 2 h} o is an Ulam constant on [0, ∞ ).

In this study, we will especially use Theorem 2.2, which is clearly given the initial values, to help analyze the approximate solutions of (1.1).

3. Proof of main result Using the polar transformation x = r cos θ and y = r sin θ to (1.1) and (1.2), we obtain the systems

r^′ = f (t)r � 1 − r^α κ � , rθ^′ = − g(t)r ,

(3.1)

and r^′ = f (t)r � 1 − r^α κ � + p_1 (t) cos θ + p_2 (t) sin θ,

rθ^′ = − g(t)r − p_1 (t) sin θ + p_2 (t) cos θ

(3.2)

for t ≥ 0, respectively. In this section, first we present the proof of main result by using (3.1), (3.2) and Theorem 2.2. Proof of Theorem 1.1. Suppose that there exists f > 0 such that (1.5) holds.

Given an arbitrary ε ∈ � 0,^{αf κ} 1 α (α +1)^{α +1}α � , suppose that (1.7) holds. Let (x(t), y(t)) and (ξ(t), η(t)) be the solutions of (1.1) and (1.2) with (1.6) and

‖(x_0 , y_0 )‖ ∈ h� κ

α + 1

� 1_α , ∞ � ,

APPROXIMATION OF LIMIT CYCLE 91

respectively. Now we consider the solution (ρ(t), ϕ(t)) of (3.2) corresponding to (ξ(t), η(t)). Then, by (1.7), we see that

ρ^′ − f (t)ρ � 1 −^{ρ α}_κ � ρ � ϕ^′ + g(t) � ! = � p_1 (t) cos ϕ + p_2 (t) sin ϕ − p_1 (t) sin ϕ + p_2 (t) cos ϕ �

= p (p_1 (t) cos ϕ + p_2 (t) sin ϕ)^2 + ( − p_1 (t) sin ϕ + p_2 (t) cos ϕ)^2 = q p^2_1 (t) + p^2 (t) = ‖ � p_1 (t), p_2 (t) � ‖ ≤ ε for t ≥ 0 .

Hence we obtain

(3.3) � � �ρ^′ − f (t)ρ � 1 − ρ^α κ � � � �≤ ρ^′ − f (t)ρ � 1 −^{ρ α}_κ � ρ � ϕ^′ + g(t) � ! ≤ ε for t ≥ 0 .

Moreover, by (1.6) we know that

ρ(0) = ‖ � ξ(0), η(0) � ‖ = ‖(x_0 , y_0 )‖ ∈ h� κ

α + 1

� 1_α , ∞ � . Next we consider the solution (r(t), θ(t)) of (3.1) corresponding to (x(t), y(t)).

Then, from (1.6) it follows that

r (0) = ‖(x(0), x(0)) ‖ = ρ(0).

Using Theorem 2.2 with h = f , K = κ, z = r, ζ = ρ, we conclude that r(t) and ρ(t) exist on [0, ∞ ) and

|ρ(t) − r (t)| ≤ max n α + 1 αf , α + 1 α^2 f o ε for t ∈ [0, ∞ ) ;

that is, � ‖ � ξ(t), η(t) � ‖ − ‖ � x(t), y(t) � ‖ � ≤ max n α + 1 αf , α + 1 α^2 f o ε for t ∈ [0, ∞ ) .

Note here that r(t) and ρ(t) are non-negative on [0, ∞ ) because r(t) = ‖(x(t), y(t))‖ and ρ(t) = ‖(ξ(t), η(t))‖.

Next, we will show that

‖(ξ(t), η(t))‖ = ρ(t) ≥ � κ α + 1

� 1_α for t ∈ [0, ∞ ) .

To prove this fact, we assume that there exists t_1 > 0 such that

ρ(t_1 ) < � κ α + 1

� 1_α . From the continuity of ρ(t), ρ(t) is negative near t = t_1. Using this with ρ(0) ∈ � κ α +1

� 1_α , ∞ � , we see that there exists 0 ≤ t_2 < t_1 such that

ρ(t_2 ) = � κ α + 1

� 1_α ,

92 M. ONITSUKA and (3.4) ρ(t) < � κ α + 1

� 1_α

for t ∈ (t_2 , t_1 ].

Now we consider the case (i) ε ∈ � 0,^{αf κ} 1 α (α +1)^{α +1}α � . From (1.5) and (3.3), we have

ρ^′(t_2 ) ≥ f (t_2 )ρ(t_2 ) � 1 − ρ^α (t_2 ) κ � − ε = f (t_2 ) ακ^{1α} (α + 1)^{α +1}α − ε

≥ αf κ^{1α} (α + 1)^{α +1}α

− ε > 0 .

From this with the continuity of ρ^′(t), ρ^′(t) is positive near t = t_2. Thus, we see that there exists 0 < δ ≤ t_1 − t_2 such that ρ^′(t) > 0 for t ∈ [t_2 , t_2 + δ].

Therefore, ρ(t) ≥ ρ(t_2 ) = � κ α + 1

� 1_α

for t ∈ [t_2 , t_2 + δ]. This contradicts (3.4).

Next we consider the case (ii) ε =^{αf κ} 1 α (α +1)^{α +1}α

. From ρ ≥ 0, (1.5) and (3.4), we have

f (t)ρ(t) � 1 − ρ^α (t) κ � ≥ f (t)ρ(t) � 1 − 1 α + 1 � > αf α + 1 ρ(t) ≥ 0 for t ∈ (t_2 , t_1 ].

Hence, by (3.3), we have � ρ(t)e^{− αfα +1 (t − t 2 )}

�_′ = � ρ^′(t) − αf α + 1 ρ(t) � e^{− αfα +1 (t − t 2 )} > � ρ^′(t) − f (t)ρ(t) � 1 − ρ^α (t) κ � e^{− αfα +1 (t − t 2 )}

≥ − εe^{− αfα +1 (t − t 2 )} for t ∈ (t_2 , t_1 ]. Integrating this inequality and using

ρ(t_2 ) = � κ α + 1

� 1_α

and ε = αf κ^{1α} (α + 1)^{α +1}α , we obtain

ρ(t)e^{− αfα +1 (t − t 2 )} > ρ (t_2 ) + α + 1 αf ε � e^{− αfα +1 (t − t 2 )} − 1 �

= � κ α + 1

� 1_α + α + 1 αf αf κ^{1α} (α + 1)^{α +1}α � e^{− αfα +1 (t − t 2 )} − 1 �

= � κ α + 1

� 1_α

e^{− αfα +1 (t − t 2 )}

APPROXIMATION OF LIMIT CYCLE 93

for t ∈ (t_2 , t_1 ]. This contradicts (3.4). Hence we can conclude that

ρ(t) ≥ � κ α + 1

� 1_α

for t ∈ [0, ∞ ).

If p_1 = p_2 ≡ 0, then ρ ≡ r . Therefore,

r (t) ≥ � κ α + 1

� 1_α

for t ∈ [0, ∞ ).

This completes the proof of Theorem 1.1. □

4. Second main result By assuming stronger condition to ‖(p_1(t), p_2(t))‖, we can also obtain a relationship between θ and ϕ. The following theorem is the second main result in this paper.

Theorem 4.1. Suppose that there exists f > 0 such that (1.5) holds. Let ε ∈ � 0,^{αf κ} 1 α (α +1)^{α +1}α � , ‖(x_0 , y_0)‖ ∈ � κ α +1

� 1_α , ∞ � , let (x(t), y(t)) and (ξ(t), η(t)) be the solutions of (1.1) and (1.2) with (1.6), respectively. If there exists β > 1 such that

(4.1) ‖(p_1 (t), p_2 (t))‖ ≤ ε (t + 1)^β for t ≥ 0,

then the global existence of (x(t), y(t)) and (ξ(t), η(t)) is guaranteed. Furthermore, the following holds: Let (r(t), θ(t)) and (ρ(t), ϕ(t)) be the solutions of (3.1) and (3.2) corresponding to (x(t), y(t)) and (ξ(t), η(t)), respectively. Then (r(t), θ(t)) and (ρ(t), ϕ(t)) exist on [0, ∞ ), and

min { ρ(t), r (t)} ≥ � κ α + 1

� 1_α ,

|ρ(t) − r (t)| ≤ max � α + 1 αf , α + 1 α^2 f � ε and |ϕ(t) − θ(t)| ≤ � α + 1 κ � 1_α ε β − 1 for t ∈ [0, ∞ ).

Proof. Suppose that there exists f > 0 such that (1.5) holds. Given an arbitrary ε ∈ � 0,^{αf κ} 1 α (α +1)^{α +1}α � , suppose that (1.7) holds. Let (x(t), y(t)) and (ξ(t), η(t)) be the

solutions of (1.1) and (1.2) with (1.6) and ‖(x_0 , y_0)‖ ∈ � κ α +1

� 1_α , ∞ � , respectively.

In addition, let (r(t), θ(t)) and (ρ(t), ϕ(t)) be the solutions of (3.1) and (3.2) corresponding to (x(t), y(t)) and (ξ(t), η(t)), respectively. Note that (4.1) implies (1.7). Then, using the same method as the proof of Theorem 1.1, we see that

r (0) = ρ(0) = ‖(ξ(0), η(0)) ‖ = ‖(x_0 , y_0 )‖ ∈ " � κ α + 1

� 1_α , ∞ ! ;

94 M. ONITSUKA

(4.2) |ρ(ϕ^′ + g(t))| ≤ ρ^′ − f (t)ρ � 1 −^{ρ α}_κ � ρ(ϕ^′ + g(t)) ! ≤ ε (t + 1)^β for t ≥ 0;

and r (t) and ρ(t) exist on [0, ∞ ); and

(4.3) min { ρ(t), r (t)} ≥ � κ α + 1

� 1_α , and |ρ(t) − r (t)| ≤ max � α + 1 αf , α + 1 α^2 f � ε for t ∈ [0, ∞ ).

Next we will prove that θ(t) and ϕ(t) exist on [0, ∞ ) and

|ϕ(t) − θ(t)| ≤ � α + 1 κ � 1_α ε β − 1 for t ∈ [0, ∞ ).

Define q(t) := ρ(t)(ϕ^′(t) + g(t)) for t ∈ [0, ∞ ). Then, by (4.2), we have

|q(t)| ≤ ε (t + 1)^β for t ≥ 0.

Since ρ(t) is positive on [0, ∞ ), we can solve the above differential equation. Then we obtain

ϕ(t) = ϕ(0) +

Z_t 0 � g(s) + q(s) ρ(s) � ds for t ∈ [0, ∞ ).

Because ρ(t) exists on [0, ∞ ), ϕ(t) exists on [0, ∞ ). Obviously, θ^′(t) + g(t) = 0 is also solved and we obtain

θ(t) = θ(0) +

Z_t 0 g(s)ds for t ∈ [0, ∞ ).

By (1.6), we have ϕ(0) = θ(0), and so that

|ϕ(t) − θ(t)| ≤

Z_t 0 |q(s)| ρ(s) ds ≤

Z_t 0 ε ρ(s)(s + 1)^β ds for t ∈ [0, ∞ ).

From this with (4.3) it follows that

|ϕ(t) − θ(t)| ≤ � α + 1 κ � 1_α ε Z_t 0 1 (s + 1)^β ds ≤ � α + 1 κ � 1_α ε β − 1 � 1 − 1 (t + 1)^{β − 1} �

< � α + 1 κ � 1_α ε β − 1 for t ∈ [0, ∞ ). This completes the proof of Theorem 4.1. □

APPROXIMATION OF LIMIT CYCLE 95

5. Examples

In this section, we will present two examples of variable coefficients. Let (x_0 , y_0) on the circle C 1_{√ 3} or, be outside the circle C 1_{√ 3} . Consider the the solutions (x(t), y(t)) and (ξ(t), η(t)) of (1.1) and (1.2) with (1.6), (1.8) and

(5.1) α = 2 , κ = 1 , f (t) =

| sin t| t + 1

+ 1 , g(t) = cos t + 0 .5,

respectively. From f = 1 and ‖(p_1(t), p_2(t))‖ ≤^2_3√_3 for t ≥ 0, we can choose ε =^2_3^√_3 , and using Theorem 1.1, we conclude that (x(t), y(t)) and (ξ(t), η(t)) on the circle C 1_{√ 3} or, are outside of C 1_{√ 3} , and (1.9) holds. Figure 4 shows the orbits corresponding to (x(t), y(t)) and (ξ(t), η(t)) of (1.1) and (1.2) with (1.6), (1.8), (1.12) and (5.1), for 0 ≤ t ≤ 150. From (3.1), we see that (1.1) has a limit cycle as the unit circle. Thus, the orbit of (x(t), y(t)) represent the limit cycle, and the orbit of (ξ(t), η(t)) represent an approximation of the limit cycle. Note that (x(t), y(t)) rotates in the opposite direction each time the sign of g changes on the unit circle. However, because lim_{t →∞} θ(t) = −∞ holds, we will call the unit circle the limit cycle here.

Next we consider the the solutions (x(t), y(t)) and (ξ(t), η(t)) of (1.1) and (1.2) with (1.6), (1.12), (5.1) and

(5.2) p_1 (t) = 2 3 √ 3(t + 1)^2 � 1 − 2 max n cos √ t, 0 o� and p_2 (t) = 0 ,

respectively. From f = 1 and

‖(p_1 (t), p_2 (t))‖ ≤ 2 3 √ 3(t + 1)^2 ≤ 2 3 √ 3 for t ≥ 0,

we can choose ε =^2_3^√_3 and β = 2 . Let (r(t), θ(t)) and (ρ(t), ϕ(t)) be the solutions of (3.1) and (3.2) corresponding to (x(t), y(t)) and (ξ(t), η(t)), respectively. Using Theorem 4.1, we have

|ρ(t) − r (t)| ≤ 3 2 ε = 1 √ 3 and |ϕ(t) − θ(t)| ≤ √ 3ε = 2 3 for t ∈ [0, ∞ ). Figure 5 shows the orbits corresponding to (x(t), y(t)) and (ξ(t), η(t)) of (1.1) and (1.2) with (1.6), (1.12), (5.1) and (5.2), for 0 ≤ t ≤ 50.

96 M. ONITSUKA

�

� � � � � � � � �

� � � � � � �

Fig. 4: Orbits of (1.1) (blue) and (1.2) (red) with (1.6), (1.8), (1.12) and (5.1).

�

� � � � � � � � �

� � � � � � �

Fig. 5: Orbits of (1.1) (blue) and (1.2) (red) with (1.6), (1.12), (5.1) and (5.2).

References

[1] Anderson, D.R., Onitsuka, M., Hyers-Ulam stability for differential systems with 2 × 2 constant coefficient matrix , Results Math. 77 (2022), 23, Paper No. 136.

[2] Benterki, R., Jimenez, J., Llibre, J., Limit cycles of planar discontinuous piecewise linear Hamiltonian systems without equilibria separated by reducible cubics , Electron. J. Qual. Theory Differ. Equ. 2021 (2021), 38 pp., Paper No. 69.

[3] Boukoucha, R., Limit cycles explicitly given for a class of a differential systems , Nonlinear Stud. 28 (2) (2021), 375–387.

[4] Castro, L.P., Simões, A.M., A Hyers-Ulam stability analysis for classes of Bessel equations , Filomat 35 (13) (2021), 4391–4403.

[5] Deepa, S., Bowmiya, S., Ganesh, A., Govindan, V., Park, C., Lee, J., Mahgoub transform and Hyers-Ulam stability of n-th order linear differential equations , AIMS Math. 7 (4) (2022), 4992–5014.

[6] Devi, A., Kumar, A., Hyers-Ulam stability and existence of solution for hybrid fractional differential equation with p-Laplacian operator , Chaos Solitons Fractals 156 (2022), 8 pp., Paper No. 111859.

[7] Diab, Z., Guirao, J.L.G., Vera, J.A., On the limit cycles for a class of generalized Liénard differential systems , Dyn. Syst. 37 (1) (2022), 1–8.

[8] Fečkan, M., Li, Q., Wang, J., Existence and Ulam-Hyers stability of positive solutions for a nonlinear model for the Antarctic Circumpolar Current , Monatsh. Math. 197 (3) (2022), 419–434.

[9] Galias, Z., Tucker, W., The Songling system has exactly four limit cycles , Appl. Math.

Comput. 415 (2022), 8 pp., Paper No. 126691. [10] Gong, S., Han, M., An estimate of the number of limit cycles bifurcating from a planar integrable system , Bull. Sci. Math. 176 (2022), 39 pp., Paper No. 103118.

APPROXIMATION OF LIMIT CYCLE 97

[11] Huang, J., Li, J., On the number of limit cycles in piecewise smooth generalized Abel equations with two asymmetric zones , Nonlinear Anal. Real World Appl. 66 (2022), 17 pp., Paper No. 103551.

[12] Jung, S.-M., Ponmana Selvan, A., Murali, R., Mahgoub transform and Hyers–Ulam stability of first-order linear differential equations , J. Math. Inequal. 15 (3) (2021), 1201–1218.

[13] Kelley, W.G., Peterson, A.C., The Theory of Differential Equations: Classical and Qualitative , Springer, New York, 2010, Second Edition, Universitext.

[14] Li, J., Han, M., Planar integrable nonlinear oscillators having a stable limit cycle , J. Appl.

Anal. Comput. 12 (2) (2022), 862–867. [15] Nam, Y.W., Hyers-Ulam stability of loxodromic Möbius difference equation , Appl. Math.

Comput. 356 (2019), 119–136. [16] Onitsuka, M., Approximate solutions of generalized logistic equation , submitted. [17] Onitsuka, M., Conditional Ulam stability and its application to the logistic model , Appl.

Math. Lett. 122 (2021), 7 pp., Paper No. 107565. [18] Onitsuka, M., Conditional Ulam stability and its application to von Bertalanffy growth model , Math. Biosci. Eng. 19 (3) (2022), 2819–2834.

[19] Onitsuka, M., El-Fassi, Iz., On approximate solutions of a class of Clairaut’s equations , Appl.

Math. Comput. 428 (2022), 13 pp., Paper No. 127205. [20] Sugie, J., Ishibashi, K., Limit cycles of a class of Liénard systems derived from state-dependent impulses , Nonlinear Anal. Hybrid Syst. 45 (2022), 16 pp., Paper No. 101188.

Department of Applied Mathematics, Okayama University of Science, Okayama, 700-0005, Japan E-mail : onitsuka@ous.ac.jp; onitsuka@xmath.ous.ac.jp