ARCHIVUM MATHEMATICUM (BRNO) Tomus 59 (2023), 47–68

MAXWELL’S EQUATIONS REVISITED - MENTAL

IMAGERY AND MATHEMATICAL SYMBOLS

Matthias Geyer, Jan Hausmann, Konrad Kitzing, Madlyn Senkyr, and Stefan Siegmund

Abstract. Using Maxwell’s mental imagery of a tube of fluid motion of an imaginary fluid, we derive his equations curl E = −^{∂B}_{∂t} , curl H =^{∂D}_{∂t} + j, div D = ϱ, div B = 0 , which together with the constituting relations D = ε_0 E, B = μ_0 H , form what we call today Maxwell’s equations. Main tools are the divergence, curl and gradient integration theorems and a version of Poincare’s lemma formulated in vector calculus notation. Remarks on the history of the development of electrodynamic theory, quotations and references to original and secondary literature complement the paper.

1. Introduction

Maxwell developed his famous equations

curl E + ∂B ∂t = 0 , div D = ϱ ,

curl H − ∂D ∂t = j , div B = 0 ,

D = ε_0 E , B = μ_0 H ,

in what Hon and Goldstein [12] call an odyssey in electromagnetics consisting of four stations:

– Station 1 (1856-1858): on Faraday’s lines of force [18] – Station 2 (1861-1862): on physical lines of force [19] – Station 3 (1865): A dynamical theory of the electromagnetic field [20] – Station 4 (1873): A treatise on electricity and magnetism [21] Maxwell’s original work is a rich source for methodological inspiration [22, 21]. Many excellent books [4,12,24] and papers [1,2,27] have been written on Maxwell’s construction of an electrodynamic theory, the transcription of Maxwell’s equations to vector analysis notation [13, 28] and their contemporary presentation with differential forms [8, 16, 23, 30]. When it comes to teaching Maxwell’s equations many aspects of the didactic transposition process from Maxwell’s original work, to

2020 Mathematics Subject Classification : primary 78A25. Key words and phrases : Maxwell’s equations. Received October 5, 2022, accepted October 26, 2022. Editor R. Šimon Hilscher. DOI: 10.5817/AM2023-1-47

48 M. GEYER, J. HAUSMANN, K. KITZING, M. SENKYR AND S. SIEGMUND

textbooks and then to classroom are lost. As pointed out in [14] this is, in particular, the case for the displacement current term^{∂D}_{∂t} insertion. In this article we present a method for introducing Maxwell’s displacement current concept, within the framework of an integral formulation of Maxwell’s equations (for other didactic derivations of Maxwell’s equations, see e.g. [5, 9, 14]). Our method is deliberately not formulated in the elegant and more advanced differential form calculus, but the readily available vector calculus notation. We stay very close to Maxwell’s original work in the following specific aspects:

– We start out with Maxwell’s first paper on Faraday’s lines of force [18]. – We apply his analogy of an imaginary fluid to electricity and magnetism. – We use his mental imagery of a tube of fluid motion.

Historical Remarks are added for the reader’s convenience and as references to Maxwell’s work and secondary literature. Mathematical preliminaries are the well-known integration theorems

f_1 − f_2 = R curve

grad f ·ds, R curve

a ·ds = R surface

curl a ·dS, R surface

b ·dS = R volume

div b dV

which are recalled in Theorem 2.3, together with a version of Poincare‘s Lemma.

Historical Remark 1.1 (Mental Imagery & Mathematical Symbols) . On September 15th, 1870, Maxwell gave an Address to the Mathematical and Physical Sections of the British Association (see e.g. the reprint in [22, vol. 2, pp. 218-219]) in which he also explains the role of mental imagery and mathematical symbols:

The human mind is seldom satisfied, and is certainly never exercising its highest functions, when it is doing the work of a calculating machine. What the man of science, whether he is a mathematician or a physical inquirer, aims at is, to acquire and develop clear ideas of the things he deals with. [. . . ] But if he finds that clear ideas are not to be obtained by means of processes the steps of which he is sure to forget before he has reached the conclusion, it is much better that he should turn to another method, and try to understand the subject by means of well-chosen illustrations derived from subjects with which he is more familiar.

[. . . ] [A] truly scientific illustration is a method to enable the mind to grasp some conception or law in one branch of science, by placing before it a conception or a law in a different branch of science, and directing the mind to lay hold of that mathematical form which is common to the corresponding ideas in the two sciences [. . . ].

The correctness of such an illustration depends on whether the two systems of ideas which are compared together are really analogous in form, or whether, in other words, the corresponding physical quantities really belong to the same mathematical class. When this condition is fulfilled, the illustration is not only convenient for teaching science in a pleasant and easy manner, but the recognition of the formal analogy between the two systems of ideas leads to a knowledge of both, more profound than could be obtained by studying each system separately.

[. . . ] [S]cientific truth should be presented in different forms, and should be regarded as equally scientific, whether it appears in the robust form and the vivid colouring of a physical illustration, or in the tenuity and paleness of a symbolical expression.

MAXWELL’S EQUATIONS REVISITED 49

Time would fail me if I were to attempt to illustrate by examples the scientific value of the classification of quantities. I shall only mention the name of that important class of magnitudes having direction in space which Hamilton has called vectors, and which form the subject-matter of the Calculus of Quaternions, a branch of mathematics which, when it shall have been thoroughly understood by men of the illustrative type, and clothed by them with physical imagery, will become, perhaps under some new name, a most powerful method of communicating truly scientific knowledge to persons apparently devoid of the calculating spirit. ⋄

In this paper we adopt Maxwell’s empathetic perception that scientific truth should be presented in different forms, using mental imagery as well as mathematical symbols. We follow his analogy between a model of an imaginary fluid and his equations of electrodynamics which are indeed analogous in form and belong to the same mathematical class. A truly scientific illustration taking the role of mental imagery will suggest itself by visualizing the concepts corresponding to the mathematical symbols used to describe the analogy, in our case this will be the divergence, curl and gradient integration theorems and a geometric interpretation of Poincaré’s Lemma in terms of the integration theorems.

Historical Remark 1.2 (Quaternions & Vector Analysis) . Maxwell’s prevision that the Calculus of Quaternions under some new name would become a most powerful method of communicating scientific knowledge (see Remark 1.1) came true with the early development of vector analysis [3] from quaternions

q_0 + q_1 i + q_2 j + q_3 k (q_0 , q_1 , q_2 , q_3 ∈ R) with i^2 = j^2 = k^2 = ijk = − 1 . Hamilton who discovered the quaternions in 1843 noted already the special role of what he called a vector q_1 i + q_2 j + q_3 k compared to what he called the scalar part q_0 of q := q_0 + q_1 i + q_2 j + q_3 k. His notation Sq = q_0 and V q = q_1 i + q_2 j + q_3 k applied to the product of two vectors

S(xi + yj + zk)(x^′i + y^′j + z^′k) = − (xx^′ + yy^′ + zz^′) , V(xi + yj + zk)(x^′i + y^′j + z^′k) = ( yz^′ − zy^′)i + ( zx^′ − xz^′)j + ( xy^′ − yx^′)k ,

founded the vector calculus notation of the scalar and cross product, respectively, which was then most prominently developed and promoted by Heaviside (see e.g. [13] and the references therein) and by Gibbs [10, 11] who coined most of the notation

∇ f := grad f := � ∂_1 f, ∂_2 f, ∂_3 f � for f ∈ C^1 (R^3 , R),

∇ × a := curl a := � ∂_2 a_3 − ∂_3 a_2 , ∂_3 a_1 − ∂_1 a_3 , ∂_1 a_2 − ∂_2 a_1 � , ∇ · a := div a := ∂_1 a_1 + ∂_2 a_2 + ∂_3 a_3 for a ∈ C^1 (R^3 , R^3 ) ,

which is still used today in vector calculus. ⋄

Heaviside developed vector analysis independently of Gibbs and it was him who expressed Maxwell’s equations in vector calculus notation (see e.g. [1, 28] and the many references therein).

50 M. GEYER, J. HAUSMANN, K. KITZING, M. SENKYR AND S. SIEGMUND

a =^{dH}_{dy} −^{dG}_{dz} b =^{dF}_{dz} −^{dH}_{dx} c =^{dG}_{dx} −^{dF}_{dy}

9 >= > ; (A) B = ∇ × A

P = c^{dy}_{dt} − b^{dz}_{dt} −^{dF}_{dt} −^{dΨ}_{dx} Q = a^{dz}_{dt} − c^{dx}_{dt} −^{dG}_{dt} −^{dΨ}_{dy} R = b^{dx}_{dt} − a^{dy}_{dt} −^{dH}_{dt} −^{dΨ}_{dz}

9 > = > ; (B) E = v × B −^{∂A}_{∂t} − ∇ φ

X = vc − wb Y = wa − uc Z = ub − va

9 >= >; (C) F = J × B

a = α + 4 πA b = β + 4 πB c = γ + 4 πC

9 >= >; (D) B = μ_0 H + M

4πu =^{dγ}_{dy} −^{dβ}_{dz} 4πv =^{dα}_{dz} −^{dγ}_{dx} 4πw =^{dβ}_{dx} −^{dα}_{dy}

9 >= > ; (E) J = ∇ × H

D =^1_{4π} E (F) D = ϵE K = CE (G) J_c = σE C = K + Ḋ (H) J = J_c +^{∂D}_{∂t} u = p +^{df}_{dt} v = q +^{dg}_{dt} w = r +^{dh}_{dt}

9 >= > ; (H^∗ ) J = J_c +^{∂D}_{∂t}

C = ( C +^1_{4π} K^d_{dt} )E (I) J = σE + ϵ^{∂E}_{∂t} u = CP +^1_{4π} K^{dP}_{dt} v = CQ +^1_{4π} K^{dQ}_{dt} w = CR +^1_{4π} K^{dR}_{dt}

9 > = >; (I^∗ ) J = σE + ϵ^{∂E}_{∂t}

ρ =^{df}_{dx} +^{dg}_{dy} +^{dh}_{dz} (J) ϱ= ∇ · D σ = lf + mg + nh + l^′f^′ + m^′g^′ + n^′h^′ (K) ϱ_s = n ·(D_1 − D_2 ) B = μH (L) B = μH

Fig. 1: Maxwell’s original equations.

MAXWELL’S EQUATIONS REVISITED 51

Figure 1 displays Maxwell’s original set of equations [21, vol. 2, pp. 215-=233] which were almost completely in coordinate-wise “longhand” notation, together with their interpretation in modern Gibbsean vector calculus notation (cp. also [16, p. 3]).

2. Vector analysis, integration theorems and Poincaré’s Lemma

One of the cornerstones of vector analysis is the fact that the sequence

0 → R → C^∞ (Ω , R)^{grad}→ C^∞ (Ω , R^3 )^{curl}→ C^∞ (Ω , R^3 )^{div}→ C^∞ (Ω , R) → 0

is exact. We work with the following more detailed description of this statement.

Theorem 2.1 (Poincaré’s Lemma) . Let Ω ⊂ R^3 be open and star shaped with star center x_0 ∈ Ω .

(a) For each a ∈ C^1 (Ω , R^3 )

curl a = 0 ⇔ ∃ f ∈ C^1 (Ω , R): a = grad f ,

e.g. f (x) :=

R_1 0 ⟨a (x_0 + t(x − x_0 )), x − x_0 ⟩ dt for x ∈ Ω .

(b) For each b ∈ C^1 (Ω , R^3 )

div b = 0 ⇔ ∃ a ∈ C^1 (Ω , R^3 ): b = curl a ,

e.g. a (x) :=

R_1 0 tb (x_0 + t(x − x_0 ))dt × (x − x_0 ) for x ∈ Ω .

(c) For each g ∈ C^1 (Ω , R)

∃b ∈ C^1 (Ω , R^3 ): g = div b ,

e.g. b (x) :=

R_1 0 t^2 g(x_0 + t(x − x_0 ))( x − x_0 )dt for x ∈ Ω .

Proof. Theorem 2.1 is a special case of Poincaré’s Lemma for differential forms (see e.g. [15, Theorems 11.49 & 17.14 and Lemma 17.27]). We prove only (a). The proofs of (b) and (c) have the same structure due to the fact that the exterior derivative of a differential form specializes to div, curl and grad , respectively.

(a) The implication (⇐ ) follows easily by computing curl grad f = 0 . To show the implication (⇒ ) define w(x) := x − x_0, (w_1 , w_2 , w_3) := w, (a_1 , a_2 , a_3) := a and f (x) :=

R_1 0 P_3

k =1 a k (x 0 + tw(x))wk (x)dt for x ∈ Ω . Let j ∈ { 1,2,3}. We use

52 M. GEYER, J. HAUSMANN, K. KITZING, M. SENKYR AND S. SIEGMUND

∂_j a_k = ∂_k a_j for k ∈ { 1, 2, 3} to compute

∂_j f (·) =

Z_1 0 3X k =1

∂_j � a_k (x_0 + tw(·))w_k (·) � dt

= Z_1 0 �^3X

k =1

grad a_k (x_0 + tw(·)), te_j � w_k (·) + a_j (x_0 + tw(·)) � dt

= Z_1 0 t 3X k =1

∂_j a_k (x_0 + tw(·))w_k (·) dt +

Z_1 0 a_j (x_0 + tw(·)) dt

= Z_1 0 t 3X k =1

∂_k a_j (x_0 + tw(·))w_k (·) dt +

Z_1 0 a_j (x_0 + tw(·)) dt

= Z_1 0 t grad a_j (x_0 + tw(·)), w(·) � dt +

Z_1 0 a_j (x_0 + tw(·)) dt .

However, for x ∈ Ω t → grad a_j (x_0 + tw(x)), w(x) � = d dt � t → a_j (x_0 + tw(x)) � . We conclude by partial integration that for x ∈ Ω

∂_j f (x) = ta_j (x_0 + tw(x)) � �^1

t =0 − Z_1 0 a_j (x_0 + tw(x)) dt + Z_1 0 a_j (x_0 + tw(x))dt = a_j (x) . □

Historical Remark 2.2 (Early Days of Electrodynamics) . The early days of electrodynamics - a term coined by Ampère [6] - read like an exciting detective novel and are excellently presented e.g. in [4,12,24] and the references therein. The following timeline is adapted from [27].

1785 Coulomb’s Law is published 1813 Gauss’s Divergence Theorem is discovered 1820 Ørsted discovers that an electric current creates a magnetic field 1820 Ampère’s work founds electrodynamics; Biot-Savart Law is discovered 1826 Ampère’s Formula is published 1831 Faraday’s Law is published 1856 Maxwell publishes “On Faraday’s lines of force” 1861 Maxwell publishes “On physical lines of force” 1865 Maxwell publishes “A dynamical theory of the electromagnetic field” 1873 Maxwell publishes “A Treatise on Electricity and Magnetism” 1888 Hertz discovers radio waves 1940 Einstein popularizes the name “Maxwell’s Equations”

In 1785 Coulomb published his law, which states that the force between two electrical charges is proportional to the product of the charges and inversely

MAXWELL’S EQUATIONS REVISITED 53

proportional to the square of the distance between them (see e.g. [31] for a documentary).

In 1813 Gauss discovered a special case of the divergence theorem. Todays version, that the surface integral of a vector field over a closed surface is equal to the volume integral of the divergence over the region inside the surface, was formulated and proved by Ostrogradsky (not by Gauss) 13 years later. Maxwell credits the divergence theorem to Ostrogradsky. He cited a paper by Ostrogradsky from the correct year but with a wrong title. This citation was later removed but can still be found in the first edition of Maxwell’s Treatise on Electricity and Magnetism.

In 1820 Ørsted discovered that a compass needle was deflected from the magnetic north direction by a nearby electric current. He thus confirmed a direct relationship between electricity and magnetism. Already on September 30, 1820, Biot and Savart announced their results for the distance dependence of the magnetic force exerted by a long, straight current-carrying wire on a magnetic needle.

In 1826 Ampère’s formula on the force between two infinitesimal current elements was published. Maxwell respected Ampère’s work and his genius but he questioned the action-at-a-distance concept which was commonly accepted then as the state-of-the-art also by Ampère e.g. in his formula. When Maxwell later developed his field theory of electromagnetism Ampère’s formula fell into disuse. Sometime around the 1930s Ampère’s name came to be associated with “the first law of circulation”, then also called Ampère’s Law which, however, is not due to Ampère. One should therefore speak of Ampère’s formula which was published in 1826.

Faraday was one of the most influential scientists in history and definitely during his time. He was an excellent experimentalist who conveyed his ideas in clear and simple language (see e.g. [32] for a documentary). He published from 1831 until 1854 in the “Philosophical Transactions of the Royal Society” a series of articles with the title “Experimental Researches in Electricity”. He chose this also as the title of a three volume book in which he summarised his research results on electricity in 30 series of articles consisting of 3430 numbered paragraphs. Maxwell acknowledged and accepted the phenomena discovered by Ørsted, Ampère, and others but, principally, he depended on the conceptual framework and experimental achievements of Faraday [12, p. 4] (see [7] for a reprint of Faraday’s Experimental Researches in Electricity). In the preface to his Treatise on Electricity and Magnetism of 1873 [16, p. viii], Maxwell recalled:

[B]efore I began the study of electricity I resolved to read no mathematics on the subject till I had first read through Faraday’s Experimental Researches in Electricity.

Maxwell’s initial publication [17] of 1856 (an abstract) on electromagnetism placed his methodology at the forefront [12, Sec. 1.3, p. 9]. For details we recommend the excellent discussion of the importance of methodology for Maxwell in Hon and Goldstein [12, Secs. 1.3 & 1.4] from which we quote freely. At the beginning of the abstract [17] Maxwell indicated that the methodology he adopted was a modified version of the formal analogy invoked by Thomson [26, ‘On the uniform motion of

54 M. GEYER, J. HAUSMANN, K. KITZING, M. SENKYR AND S. SIEGMUND

heat in homogeneous solid bodies, and its connexion with the mathematical theory of electricity’, pp. 1–14]:

The method pursued in this paper is a modification of that mode of viewing electrical phenomena in relation to the theory of the uniform conduction of heat, which was first pointed out by Professor W. Thomson, [...] Instead of using the analogy of heat, a fluid, the properties of which are entirely at our disposal [i.e., purely imaginary], is assumed as the vehicle of mathematical reasoning.

Maxwell actually stated that he would modify Thomson’s methodology of analogy that relates two distinct physical domains via the same mathematical structure. He used Faraday’s concept of lines of force as processes of reasoning and introduced an imaginary imponderable and incompressible fluid that permeates a medium whose resistance is directly proportional to the velocity of the fluid. ⋄

We now recall the classical integration theorems, called gradient theorem, curl theorem (theorem of Stokes or Kelvin-Stokes theorem) and divergence theorem (theorem of Gauß or Ostrogradsky-Gauß theorem), and fix the notation for the integration of a function f : M → R on a k-dimensional submanifold M ⊂ R^n . For simplicity assume that Φ : U → V, with U ⊂ R^k open, is a chart of M such that supp f ⊂ V. Then with the Gramian g(u) := det(DΦ( u)^⊤ DΦ( u)) the integral is defined by Z M f (x) dS (x) := Z U f (Φ( u )) p g(u ) du .

We follow common physics notation, omit the argument x, i.e. we write R M f dS , and for n = 3 notationally distinguish between the cases k = 1 , 2, 3 by writing ds, dS and dV instead of dS, respectively. Moreover, to further bridge the notational gap, we typeset vectorial line and surface elements in bold face as displayed and defined in the following theorem.

Theorem 2.3 (Classical Integration Theorems) . Let Ω ⊂ R^3 be open.

Gradient Theorem. Let γ : [0,1] → Ω be piecewise continuously differentiable and f ∈ C^1 (Ω , R). Then Z_1 0 ⟨grad f (γ(t)), γ^′(t)⟩ dt = f (γ(1)) − f (γ(0)) ,

and with p = γ(0), q = γ(1), even shorter and more common in physics literature Z γ grad f ·ds = f (q ) − f (p ) .

Curl Theorem. Let M ⊂ Ω be a bounded piecewise smooth oriented two-dimensional

manifold with unit normal field ν : M → R^3 and piecewise smooth boundary curve ∂M with induced unit tangent field τ : ∂M→ R^3 , and a ∈ C^1 (Ω , R^3 ). Then Z M ⟨curl a , ν⟩ dS = Z ∂M ⟨a , τ⟩ ds ,

MAXWELL’S EQUATIONS REVISITED 55

and even shorter and more common in physics literature Z M curl a ·dS = Z ∂M a ·ds .

Divergence Theorem. Let M ⊂ Ω be bounded open with piecewise smooth boundary ∂M, ν : ∂M→ R^3 the outer unit normal field, and b ∈ C^1 (Ω , R^3 ). Then Z M div b dV = Z ∂M ⟨b , ν⟩ dS ,

and even shorter and more common in physics literature Z M div b dV = Z ∂M b ·dS .

Proof. The proofs of these classical integration theorems can be found in many textbooks. We refer to [25, Chapter 8, p. 261, Stokes’ Theorem] for a unified proof of all three statements using differential forms. □ Whereas the classical integration theorems 2.3 allow for an integral interpretation of the differential operators div, curl and grad, the following theorem additionally also provides the converse implication.

Theorem 2.4 (Geometric interpretation of gradient, curl and divergence) . Let Ω ⊂ R^3 be non-empty and open.

(a) Let Γ := { γ : [0,1] → Ω | γ is piecewise continuously differentiable }. Then for each f ∈ C^1(Ω , R) and a ∈ C(Ω , R^3) the following statements are equivalent:

(i) ∀γ ∈ Γ: R γ a ·ds = f (γ(1)) − f (γ(0)) .

(ii) a = grad f .

(b) Let M be the set of bounded oriented piecewise smooth two-dimensional submanifolds M of Ω with piecewise smooth boundary ∂M. Then for each a ∈ C^1 (Ω , R^3 ) and b ∈ C(Ω , R^3 ) the following statements are equivalent:

(i) ∀M ∈ M : R M b ·dS = R ∂M a ·ds.

(ii) b = curl a .

(c) Let M be the set of bounded open subsets M of Ω with piecewise smooth boundary. Then for each b ∈ C^1(Ω , R^3) and g ∈ C(Ω , R) the following statements are equivalent:

(i) ∀M ∈ M : R M g dV = R ∂M b ·dS.

(ii) g = div b .

For the proof of Theorem 2.4 we use the following lemma.

Lemma 2.5. Let Ω ⊂ R^3 be non-empty and open. Let v ∈ C(Ω , R^3) and g ∈ C(Ω , R). The following statements hold:

(a) If for all paths γ : [0,1] → Ω , t → (1 − t)x_0 + tx_1 where x_0 , x_1 ∈ Ω , R γ v ·ds = 0 , then v = 0 .

(b) If for all discs D(x, n , r) ⊂ Ω with center x ∈ Ω , radius r > 0, unit normal n ∈ R^3 and the orientation induced by n , R D (x ,n ,r ) v ·dS = 0 , then v = 0 .

56 M. GEYER, J. HAUSMANN, K. KITZING, M. SENKYR AND S. SIEGMUND

(c) If for all balls B(x, r) ⊂ Ω with center x ∈ Ω and radius r > 0, R B (x ,r ) g dV = 0 , then g = 0 .

Proof. We only prove (b). Suppose to the contrary, that v ≠ 0 . Then there is x ∈ Ω with v(x) ≠ 0 . We define n := v(x)/‖v(x)‖. Then the function g(y) := ⟨v(y), n ⟩ is continuous in Ω and satisfies g(x) = ‖v(x)‖ > 0. Hence there is r > 0, s.t. B(x, r) ⊆ Ω and for all y ∈ B(x, r) it holds that g(y) > 0. Then the disk D(x, n , r) := { y ∈ B(x, r) | ⟨y− x, n ⟩ = 0 } has unit normal field D(x, n , r) ∋ y → n and can be parameterized almost globally by a parameterization γ : dom γ ⊂ R^2 → D(x, n , r), where dom γ has non-zero measure. We compute 0 = Z D (x ,n ,r )

v ·dS = Z dom γ

⟨v(γ(s, t )), n ⟩ d(s, t ) = Z dom γ

g(γ(s, t )) d(s, t ) > 0,

which is a contradiction. □

Proof of Theorem 2.4. The proposition (a)(ii) ⇒ (i) follows by an application of the Fundamental Theorem of Calculus and (b)(ii) ⇒ (i) respectively (c)(ii) ⇒ (i) follows from the Curl respectively the Divergence Theorem. The converse implications (a)(i) ⇒ (ii), (b)(i) ⇒ (ii) and (c)(i) ⇒ (ii) can be deduced again from the Fundamental Theorem of Calculus, the Curl and the Divergence Theorem and Lemma 2.5. We provide the proof only for (b)(i) ⇒ (ii). By an application of the Curl Theorem, we compute for M ∈ M , Z M � b − curl a � ·dS = 0 .

Since all discs D(x, n , r) ⊆ Ω , with center x ∈ R^3, unit normal n ∈ R^3 and radius r > 0 are elements of M , we deduce from Lemma 2.5 that b − curl a = 0 . □

Combining Poincaré’s Lemma 2.1 with the geometric interpretation of gradient, curl and divergence in Theorem 2.4, we obtain our main tool for the construction of Maxwell’s equations.

Lemma 2.6 (Geometric interpretation of Poincaré’s Lemma) . Let Ω ⊂ R^3 be open and star shaped.

(a) For each a ∈ C^1 (Ω , R^3 )

curl a = 0 ⇔ ∃ f ∈ C^1 (Ω , R): Theorem 2.4(a)(i) and (a)(ii) hold .

(b) For each b ∈ C^1 (Ω , R^3 )

div b = 0 ⇔ ∃ a ∈ C^1 (Ω , R^3 ): Theorem 2.4(b)(i) and (b)(ii) hold .

(c) For each g ∈ C^1 (Ω , R)

∃b ∈ C^1 (Ω , R^3 ): Theorem 2.4(c)(i) and (c)(ii) hold .

MAXWELL’S EQUATIONS REVISITED 57

3. Maxwell’s imaginary fluid

In this section we model Maxwell’s imaginary fluid based on his original work and applications of the geometric interpretation of Poincaré’s Lemma 2.6. All occurring quantities are assumed to be smooth enough for their integrals and derivatives to exist as noted.

Historical Remark 3.1 (Maxwell’s Imaginary Fluid and Tube of Fluid Motion) . In [18] Maxwell introduces a hypothetical fluid as a purely imaginary substance with a collection of imaginary properties. We quote from [22, pp. 160–162].

(1) The substance here treated of must not be assumed to possess any of the properties of ordinary fluids except those of freedom of motion and resistance to compression. [ . . . ]

The portion of fluid which at any instant occupied a given volume, will at any succeeding instant occupy an equal volume.

This law expresses the incompressibility of the fluid, and furnishes us with a convenient measure of its quantity, namely its volume. The unit of quantity of the fluid will therefore be the unit of volume.

(2) The direction of motion of the fluid will in general be different at different points of the space which it occupies, but since the direction is determinate for every such point, we may conceive a line to begin at any point and to be continued so that every element of the line indicates by its direction the direction of motion at that point of space. Lines drawn in such a manner that their direction always indicates the direction of fluid motion are called lines of fluid motion. [ . . . ]

Fig. 2: Lines of fluid motion and tube of fluid motion.

(3) If upon any surface which cuts the lines of fluid motion we draw a closed curve, and if from every point of this curve we draw a line of motion, these lines of motion will generate a tubular surface which we may call a tube of fluid motion. Since this surface is generated by lines in the direction of fluid motion no part of the fluid can flow across it, so that this imaginary surface is as impermeable to the fluid as a real tube.

(7) [. . . ] if the origin of the tube or its termination be within the space under consideration, then we must conceive the fluid to be supplied by a source within that space, capable of creating and emitting unity of fluid in unity of time, and to be afterwards swallowed up by a sink capable of receiving and destroying the same amount continually. [ . . . ] ⋄

58 M. GEYER, J. HAUSMANN, K. KITZING, M. SENKYR AND S. SIEGMUND

The imaginary fluid which Maxwell introduces in property (1) of the Historical Remark 3.1 occupies volume in a domain Ω ⊂ R^3 and has, in particular, a velocity depending on time t and described by a velocity field

v : R × Ω → R^3 , (t, x) → v(t, x) .

Let S be an oriented surface, more precisely, a bounded piecewise smooth oriented two-dimensional manifold in Ω . ThenZ S v(t, ·) ·dS

describes the flow at time t through the surface S, also called the flux through S. With this interpretation we rename v and call it from now on (fluid) flux density , see Figure 3.

Fig. 3: Flux density v(t, ·) and unit normal field ν on surface S.

Maxwell’s tube of fluid motion T ⊂ Ω as introduced in property (3) of the Historical Remark 3.1 has a bounding surface S = ∂Tconsisting of a lateral area and two base areas. The flux through the lateral area is zero, since it consists of lines of fluid motion and hence the total flux through the surface S of T is the sum of the fluxes through the two base areas. Maxwell introduces in property (7) of the Historical Remark 3.1 sources and sinks, creating and swallowing up the imaginary fluid, respectively, on the base areas of the tube of fluid motion. Maxwell’s imaginary fluid has therefore, in particular, a source density

ϱ: R × Ω → R , (t, x) → ϱ(t, x) ,

which specifies by its integral over the tube of fluid motion Z T ϱ(t, ·) dV

the sources and sinks in T which create or swallow up fluid at time t. Maxwell’s imaginary fluid is incompressible and at any time t the fluid produced by the sources and sinks in T has to equal the flux of the fluid through S, i.e. the balance law (3.1) Z T ϱ(t, ·) dV = Z S v(t, ·) ·dS

MAXWELL’S EQUATIONS REVISITED 59

holds. Maxwell uses in [18] the mental imagery of a tube of fluid motion to describe and develop properties of the imaginary fluid. This and various other aspects of the development of electrodynamic theory are discussed in detail in many good papers and books, see e.g. [24] and the references therein. We leave now Maxwell’s original considerations from Remark 3.1 but continue in this section to describe his imaginary fluid as an analogy for the development of Maxwell’s equations in the next section.

We start with a further simplification of notation by omitting the t-dependence of vector fields, i.e. we write e.g. R v ·dS instead of R v(t, ·) ·dS. It is understood that integrands and therefore integral expressions with abbreviated notation do depend on time although t is not explicitly written. Moreover, if an operator div, curl or grad is applied to a function which is defined on R × Ω , then the partial derivatives involved are only with respect to the space variables in Ω , e.g. div v is short for (t, x) → div v(t, ·)|_x .

The considerations which lead to the balance law (3.1) of Maxwell’s imaginary incompressible fluid suggest that it should not only hold for integration domains which are tubes of fluid motion but for each bounded open subset M ⊂ Ω with piecewise smooth boundary ∂M

(3.2) Z M ϱ dV= Z ∂M v ·dS

ensuring that the fluid produced in M equals the flux through ∂M. By the Divergence Theorem 2.3(c) Z M div v dV = Z ∂M v ·dS

and hence the integral R M (ϱ− div v) dV vanishes for each bounded open subset M ⊂ Ω with piecewise smooth boundary. As a consequence of Lemma 2.5(c)

div v = ϱ.

So far we have established for Maxwell’s imaginary fluid (which has the unit m^3 of volume) the properties (fluid) flux described by

v : R × Ω → R^3 , (t, x ) → v(t, x )

(flux density with unit [v] =^m_s )

and sinks and sources described by

ϱ: R × Ω → R , (t, x ) → ϱ(t, x )

(source density with unit [ϱ] =^{m 3}_{m 3 s} =^1_s )

which are linked by the balance law (3.2), also called Continuity Equation for the Fluid Flux , that equates for each bounded open M ⊂ Ω with piecewise smooth boundary the sources in M with the flux through ∂M

60 M. GEYER, J. HAUSMANN, K. KITZING, M. SENKYR AND S. SIEGMUND

Continuity Equation for the Fluid Flux (integral form) Z M ϱ dV= Z ∂M v ·dS (with unit^{m 3}_s )

(sources in M = flux through ∂M),

or equivalently in differential form

Continuity Equation for the Fluid Flux (differential form)

ϱ= div v (with unit^1_s ) (source density = divergence of flux density ).

The source density ϱand hence also the sources R M ϱ dV in a bounded open M ⊂ Ω with piecewise smooth boundary depend on time t. The time derivative ∂_t R M ϱ dV = R M ∂_t ϱ dV of the sources in M describes the production rate of sources in M. The geometric interpretation of Poincaré’s Lemma 2.6(c), applied to − ∂_t ϱ, yields a vector field j : R × Ω → R^3 with R M ∂_t ϱ dV= − R ∂M j ·dS. A positive sign of R M ∂_t ϱ dVmeans that over time there are more sources in M, consequently R ∂M j ·dS describes a current of sources from inside of M across the boundary ∂M. We therefore have established a current of sources described by

j : R × Ω → R^3 ,

(t, x ) → j(t, x )

(source current density with unit [j] =^m_{s2} )

which is linked to the source production rate density ∂_t ϱby a balance law that we call Continuity Equation for the Source Current and that equates for each bounded open M ⊂ Ω with piecewise smooth boundary the source production rate in M with the source current through ∂M

Continuity Equation for the Source Current (integral form) Z M ∂_t ϱ dV= − Z ∂M j ·dS (with unit^{m 3}_{s 2} )

(source production rate in M = − source current through ∂M),

or equivalently in differential form

Continuity Equation for the Source Current (differential form)

∂_t ϱ= − div j (with unit^1_{s 2} ) (source production rate density = − divergence of source current density ).

62 M. GEYER, J. HAUSMANN, K. KITZING, M. SENKYR AND S. SIEGMUND

and the change rate ∂_t R M v ·dS of the flux of the imaginary fluid through a surface M as an additive contribution to the source current R M j ·dS through M. We call R M ∂_t v ·dS the flux change current and also for later reference when the imaginary fluid analogy is applied to electricity and magnetism displacement current . It is linked to the fluid field h by a balance law, that we call Circulation Law for the Fluid Field , or short Circulation Law , and that equates for each bounded piecewise smooth oriented two-dimensional submanifold M of Ω with piecewise smooth boundary ∂Mthe sum of the flux change current and the source current through M with the circulation of the fluid field along ∂M

Circulation Law (integral form) Z M (∂_t v + j) ·dS = Z ∂M h ·ds (with unit^{m 3}_{s2} )

(flux change current + source current through M = circulation of fluid field along ∂M),

or equivalently in differential form

Circulation Law (differential form)

∂_t v + j = curl h (with unit^m_{s2} ) (flux change current + source current densities = curl of fluid field ).

Note that only the curl of the fluid field h is uniquely determined and h plus an arbitrary vector field with vanishing curl would also be a possible fluid field of the imaginary fluid.

Remark 3.2 (Interpretation of Circulation Law for Tube of Fluid Motion) . For a bounded piecewise smooth oriented two-dimensional submanifold M of Ω with piecewise smooth boundary ∂Mboth terms R M ∂_t v ·dS and R M j ·dS with positive sign contribute to an increase of fluid “on the other side of M”, an increase on the side to which the unit normal field of M is pointing. To state this more precisely, consider two cases (i) M is the closed surface of a tube T of fluid motion with outer unit normal field and empty boundary ∂M, and case (ii) where M is a base area of a tube T of fluid motion with induced orientation, cp. also Figure 2. In case (i), using the fact that an integral over the empty set ∂Mequals zero, the Circulation Law becomes ∂_t R M v ·dS = − R M j ·dS with the interpretation that an instantaneous increase of the flux out of T is balanced by a current of sources into T. In case (ii) a positive source current R M j ·dS through M out of T contributes to a decrease of fluid production in T by a decrease of sources in T. A positive term R M ∂_t v ·dS = ∂_t R M v ·dS can be interpreted as an increase of the flux from inside of T through M out of T, because M has the induced orientation of T with an outer unit normal field. The circulation R ∂M h ·ds of the fluid field h along ∂M equals the sum of both terms. ⋄

MAXWELL’S EQUATIONS REVISITED 63

4. Electricity and magnetism Historical Remark 4.1 (Maxwell’s Imaginary Fluid Analogy applied to Electricity and Magnetism) . In [18] Maxwell prepared the application of the imaginary fluid analogy to electricity and magnetism. We quote from [22, pp. 175, 178].

Application of the Idea of Lines of Force. I have now to shew how the idea of lines of fluid motion as described above may be modified so as to be applicable to the sciences of statical electricity, permanent magnetism, magnetism of induction, and uniform galvanic currents, reserving the laws of electro-magnetism for special consideration. [. . . ]

Now we found in (18) that the velocity of our imaginary fluid due to a source S at a distance r varies inversely as r^2. Let us see what will be the effect of substituting such a source for every particle of positive electricity. [. . . ] Theory of Permanent Magnets.

A magnet is conceived to be made up of elementary magnetized particles, each of which has its own north and south poles, the action of which upon other north and south poles is governed by laws mathematically identical with those of electricity. Hence the same application of the idea of lines of force can be made to this subject, and the same analogy of fluid motion can be employed to illustrate it.

Imaginary Fluid Electric and Magnetic Concepts

fluid source density electric charge density magnetic charge density ϱ: R × Ω → R,

(t, x ) → ϱ(t, x ) ϱ: R × Ω → R, (t, x ) → ϱ(t, x ) ϱ^m : R × Ω → R, (t, x ) → 0 with unit^1_s with unit^C_{m 3} with unit^T_m

fluid flux density electric flux density magnetic flux density

v : R × Ω → R^3 ,

(t, x ) → v(t, x )

D : R × Ω → R^3 , (t, x ) → D (t, x )

B : R × Ω → R^3 , (t, x ) → B (t, x ) with unit^m_s with unit^C_{m 2} with unit T

source current density electric current density magnetic current density

j : R × Ω → R^3 ,

(t, x ) → j(t, x ) j : R × Ω → R^3 , (t, x ) → j(t, x ) j^m : R × Ω → R^3 , (t, x ) → 0 with unit^m_{s2} with unit^A_{m 2} with unit^T_s

fluid field magnetic field electric field

h : R × Ω → R^3 ,

(t, x ) → H (t, x )

H : R × Ω → R^3 , (t, x ) → H (t, x )

E : R × Ω → R^3 , (t, x ) → E (t, x ) with unit^{m 2}_{s2} with unit^A_m with unit^V_m

64 M. GEYER, J. HAUSMANN, K. KITZING, M. SENKYR AND S. SIEGMUND

We follow Maxwell and apply the analogy of the imaginary fluid to electricity and magnetism. The experimentally observed absence of magnetic monopoles is reflected by setting the magnetic charge density ϱ^m and the magnetic current density j^m equal to zero. The above table shows the correspondence between concepts for the imaginary fluid and their counterparts for electricity and magnetism.

Note that by convention the electric field E does not correspond to the fluid field h but to its negative − h, as can be seen below in the analog of the Circulation Law for the Fluid Field (Faraday’s Law). The names for H, D, B and E emphasize the correspondence to the imaginary fluid analogy. Whereas E is consistently named electric field in the literature, also other names are used for H, D and B as listed in the following table, see also [8].

H Alternative denominations for magnetic field

magnetic field intensity , magnetic field strength , magnetizing force

B Alternative denominations for magnetic flux density

magnetic induction field , magnetic field

D Alternative denominations for electric flux density

electric displacement field , electric induction

The Continuity Equation for the Fluid Flux of the imaginary fluid now becomes Gauss’ Law for the electric flux and the Magnetic Flux Continuity , respectively. In integral form they hold for each bounded open M ⊂ Ω with piecewise smooth boundary ∂M.

Gauss’ Law (integral form) Z M ϱ dV= Z ∂M D ·dS (with unit C)

(electric charge in M = electric flux through ∂M),

Magnetic Flux Continuity (integral form) 0 = Z ∂M B ·dS (with unit Tm^2 )

(magnetic charge in M = magnetic flux through ∂M),

or equivalently in differential form

MAXWELL’S EQUATIONS REVISITED 65

Gauss’ Law (differential form)

ϱ= div D (with unit^C_{m 3} ) (electrical charge density = divergence of electric flux density ),

Magnetic Flux Continuity (differential form)

0 = div B (with unit^T_m ) (magnetic charge density = divergence of magnetic flux density ).

The Continuity Equation for the Source Current of the imaginary fluid becomes the Continuity Equation for the Electric Current . The magnetic current is assumed to vanish. In integral form it holds for each bounded open M ⊂ Ω with piecewise smooth boundary ∂M.

Continuity Equation for the Electric Current (integral form) Z M ∂_t ϱ dV= − Z ∂M j ·dS (with unit A)

(charge production rate in M = − electric current through ∂M),

or equivalently in differential form

Continuity Equation for the Electric Current (differential form)

∂_t ϱ= − div j (with unit^A_{m 3} ) (electric charge − divergence of production rate density = electric current density ).

The change rate of the electric flux ∂_t R M D ·dS through a surface M is called displacement current through M. The Circulation Law for the Fluid Field applied to the magnetic field H becomes Ampère’s Law, also called Ampère’s Circuital Law with Maxwell’s Correction , and it equates for each bounded piecewise smooth oriented two-dimensional submanifold M of Ω with piecewise smooth boundary ∂Mthe sum of the displacement current and the electric current through M with the circulation of the magnetic field along ∂M.

66 M. GEYER, J. HAUSMANN, K. KITZING, M. SENKYR AND S. SIEGMUND

Ampère’s Law (integral form) Z M (∂_t D + j) ·dS = Z ∂M H ·ds (with unit A)

(displacement current + electric current through M = circulation of magnetic field along ∂M),

or equivalently in differential form

Ampère’s Law (differential form)

∂_t D + j = curl H (with unit^A_{m 2} ) (displacement current + electric current densities = curl of magnetic field ).

Remark 4.2 (Interpretation of Displacement Current) . As described in Remark 3.2, the displacement current R M ∂_t D ·dS, as well as the electric current R M j ·dS, contribute to an electricity increase on the “other side of M”. Whereas the electric current R M j ·dS describes the transport of charge, the displacement current ∂_t R M D ·dS describes an increased flux of electricity. The sum of both yield an electricity current with unit Ampère that equals the circulation R ∂M H ·ds of the magnetic field along ∂M. For an interpretation of the displacement current which is similar in spirit and also uses the integral representation of Ampère’s Law, see [9]. ⋄ The Circulation Law for the Fluid Field applied to the electric field E (which corresponds to − h) becomes Faraday’s Law , also called Maxwell-Faraday Equation . In integral form it holds for each bounded piecewise smooth oriented two-dimen-sional submanifold M of Ω with piecewise smooth boundary ∂M.

Faraday’s Law (integral form) − Z M ∂_t B ·dS = Z ∂M E ·ds (with unit V)

(negative of rate of change

of magnetic flux through M = circulation of electric field along ∂M),

or equivalently in differential form

Faraday’s Law (differential form)

− ∂_t B = curl E (with unit^V_{m 2} ) (negative of rate of change of magnetic flux density = curl of electric field ).

MAXWELL’S EQUATIONS REVISITED 67

We thus have arrived at Maxwell’s equations curl E + ∂B ∂t = 0 , div D = ϱ,

curl H − ∂D ∂t = j, div B = 0 , which are completed by material dependent constitutive relations, e.g. D = ε_0 E , B = μ_0 H , in free space with permittivity ε_0 and permeability μ_0. For theoretical and experimental approaches to derive constitutive relations in complex media see e.g. [29] and the references therein.

References

[1] Arthur, J.W., The evolution of Maxwell’s equations from 1862 to the present day , IEEE Antennas and Propagation Magazine 55 (3) (2013), 61–81.

[2] Bork, A.M., Maxwell, displacement current, and symmetry , Amer. J. Phys. 31 (11) (1963), 854–859.

[3] Crowe, M.J., A history of vector analysis: The evolution of the idea of a vectorial system , New York, Dover Publications, 1994.

[4] Darrigol, O., Electrodynamics from Ampère to Einstein , Oxford University Press, 2003. [5] Diener, G., Weissbarth, J., Grossmann, F., Schmidt, R., Obtaining Maxwell’s equations heuristically , Amer. J. Phys. 81 (2) (2013), 120–123.

[6] Erlichson, H., The experiments of Biot and Savart concerning the force exerted by a current on a magnetic needle , Amer. J. Phys. 66 (5) (1998), 385–391.

[7] Faraday, M., Experimental Researches in Electricity , New York, Dover, 1965, Reprint. [8] Fumeron, S., Berche, B., Moraes, F., Improving student understanding of electrodynamics:

The case for differential forms , Amer. J. Phys. 88 (12) (2020), 1083–1093. [9] Gauthier, N., Displacement current, transport current, and charge conservation , Amer. J.

Phys. 51 (2) (1983), 168–170. [10] Gibbs, J.W., Elements of vector analysis arranged for the use of students in physics , New Haven, Tuttle, Morehouse & Taylor, 1881–84, unpublished.

[11] Gibbs, J.W., Wilson, E.B., Vector Analysis , New York, Charles Scribner’s Sons, 1901. [12] Hon, G., Goldstein, B.R., Reflections on the Practice of Physics: James Clerk Maxwell’s Methodological Odyssey in Electromagnetism , Routledge, 2020.

[13] Hunt, B.J., Oliver Heaviside, A first-rate oddity , Physics Today 65 (11) (2012), 48–54. [14] Karam, R., Coimbra, D., Pietrocola, M., Comparing teaching approaches about Maxwell’s displacement current , Science & Education 23 (8) (2014), 1637–1661.

[15] Lee, J.M., Smooth manifolds , Introduction to smooth manifolds, Springer, New York, NY, 2012.

[16] Lindel, I.V., Differential forms in electromagnetics , vol. 22, John Wiley & Sons, 2004. [17] Maxwell, J.C., On Faraday’s lines of force , Philosophical Magazine 4 (11) (1856), 404–405, Abstract of Maxwell [18].

[18] Maxwell, J.C., On Faraday’s lines of force , Trans. Cambridge Philos. Soc. 10 (1858), 27–83, Reprinted in [22] 1965, vol. 1, 155–229.

68 M. GEYER, J. HAUSMANN, K. KITZING, M. SENKYR AND S. SIEGMUND

[19] Maxwell, J.C., On physical lines of force , Philosophical Magazine 4 (21) (1861), 161–175, 281–291, 338–348, Plate. Philosophical Magazine 4, no. 23 (1862), 12–24, 85–95. Reprinted in [22] 1965, vol. 1, 451–513.

[20] Maxwell, J.C., A dynamical theory of the electromagnetic field , Philosophical Transactions of the Royal Society of London 155 (1865), 459–512, Reprinted in [22] 1965, vol. 1, 526–597.

[21] Maxwell, J.C., A Treatise on Electricity and Magnetism , Oxford, Clarendon Press, 1873, Reprinted, Cambridge University Press, 2010.

[22] Maxwell, J.C., The scientific papers of James Clerk Maxwell , Cambridge, University Press, 1890, Reprinted, two volumes bound as one. New York, Dover, 1965.

[23] Schleifer, N., Differential forms as a basis for vector analysis – with applications to electrodynamics , Amer. J. Phys. 51 (1983), 1139–1145.

[24] Siegel, D.M., Innovation in Maxwell’s electromagnetic theory: molecular vortices, displacement current, and light , Cambridge University Press, 1991.

[25] Spivak, M., A comprehensive introduction to differential geometry , Publish or Perish, Inc., Boston, Mass., 1999.

[26] Thomson, W., Reprint of Papers on Electrostatics and Magnetism , Cambridge University Press, 2011, (Cambridge Library Collection - Physical Sciences). Cambridge.

[27] Turnbull, G., Maxwell’s equations [Scanning Our Past] , Proceedings of the IEEE 101 , vol. 7, 2013, pp. 1801–1805.

[28] Unz, H., Oliver Heaviside (1850-1925) , IEEE Transactions on education, 6 1 (1963), 30–33. [29] Vinogradov, A.P., On the form of constitutive equations in electrodynamics , Physics-Uspekhi 45 (3) (2002), 331–338.

[30] Warnick, K.F., Karl, F., Selfridge, R.H., Arnold, D.V., Teaching electromagnetic field theory using differential forms , IEEE Transactions on education 40 1 (1997), 53–68.

[31] Youtube channel, Ampère et l’histoire de l’électricité. Coulomb invente une balance pour l’électricité , https://www.youtube.com/watch?v=omobCEi20ng . [32] Youtube channel, The Royal Institution - Ri Archives. Prelude To Power: 1931 Michael Faraday Celebration , https://www.youtube.com/watch?v=mxwVIOHEG4I . Institute for Materials Science and Max Bergmann Center of Biomaterials & Dresden Center for Computational Materials Science (DCMS), TU Dresden, Germany E-mail : matthias.geyer@tu-dresden.de

Faculty of Mathematics, TU Dresden, Germany E-mail : jan.hausmann@tu-dresden.de

Faculty of Mathematics, Institute of Analysis, TU Dresden, Germany E-mail : konrad.kitzing@tu-dresden.de

Faculty of Mathematics, TU Dresden, Germany E-mail : madlyn_dorothee.senkyr@mailbox.tu-dresden.de

Faculty of Mathematics, Center for Dynamics and Institute of Analysis, TU Dresden, Germany E-mail : stefan.siegmund@tu-dresden.de