ARCHIVUM MATHEMATICUM (BRNO) Tomus 59 (2023), 315–337

PADOVAN AND PERRIN NUMBERS AS PRODUCTS

OF TWO GENERALIZED LUCAS NUMBERS

Kouèssi Norbert Adédji, Japhet Odjoumani, and Alain Togbé

Abstract. Let P_m and E_m be the m-th Padovan and Perrin numbers respectively. Let r, s be non-zero integers with r ≥ 1 and s ∈ {− 1,1}, let { U_n }_{n ≥ 0} be the generalized Lucas sequence given by U_{n +2} = rU_{n +1} + sU_n , with U_0 = 0 and U_1 = 1 . In this paper, we give effective bounds for the solutions of the following Diophantine equations P_m = U_n U_k and E_m = U_n U_k , where m, n and k are non-negative integers. Then, we explicitly solve the above Diophantine equations for the Fibonacci, Pell and balancing sequences.

1. Introduction

Let (u_n ) and (v_n ) be two linear recurrent sequences. The problem of finding the common terms of (u_n ) and (v_n ) was treated in [ 6], [8], [10]. The authors proved, under some assumption, that the Diophantine equation u_n = v_m has only finitely many integer solutions (n, m). The aim of this paper is to study the common terms of Padovan, Perrin, and the product of two generalized Lucas sequences.

The Padovan sequence { P_n }_{n ≥ 0} is defined by P_0 = P_1 = P_2 = 1 , and P_{n +3} = P_{n +1} + P_n , for n ≥ 0 .

See the sequence A000931 in the OEIS. The first few terms of Padovan sequence are 1, 1, 1, 2, 2, 3, 4, 5, 7, 9, 12, 16, 21, 28, 37, 49, 65, 86, 114, 151, 200, . . . .

The Perrin sequence { E_n }_{n ≥ 0} is given by E_0 = 3 , E_1 = 0 , E_2 = 2 , and E_{n +3} = E_{n +1} + E_n , for n ≥ 0 .

Its first few terms are

3, 0, 2, 3, 2, 5, 5, 7, 10, 12, 17, 22, 29, 39, 51, 68, 90, 119, 158, 209, 277, . . .

2020 Mathematics Subject Classification : primary 11B39; secondary 11J86. Key words and phrases : generalized Lucas numbers, linear forms in logarithms, reduction method.

Received March 21, 2022, revised February 2023. Editor C. Greither. DOI: 10.5817/AM2023-4-315

316 K.N. ADÉDJI, J. ODJOUMANI AND A. TOGBÉ

(sequence A001608 in the OEIS). We recall some facts and properties of the Padovan and the Perrin sequences which will be used later. The characteristic equation of the two sequences is x^3 − x − 1 = 0 with roots α , β, λ = β, where α = r_1 + r_2 6 , β =

− r_1 − r_2 + i √ 3(r_1 − r_2 ) 12 by r_1 =^3 q 108 + 12 √ 69 and r_2 =^3 q 108 − 12 √ 69 . Let a = (1 − β)(1 − λ) (α − β)(α − λ) = 1 + α − α^2 + 3 α + 1 b = (1 − α )(1 − λ) (β − α )(β − λ) = 1 + β − β^2 + 3 β + 1 c = (1 − α )(1 − β) (λ − α )(λ − β) = 1 + λ − λ^2 + 3 λ + 1

= b .

The Binet’s formulas for P_n and E_n respectively are P_n = aα^n + bβ^n + cλ^n , for n ≥ 0 ,

(1.1) and E_n = α^n + β^n + λ^n , for n ≥ 0 .

(1.2)

The minimal polynomial of a over the integers is (1.3) 23x^3 − 23x^2 + 6 x − 1 , whose roots are a, b, c with |a|, |b|, |c| < 1 (see [3]). Numerically, the following estimates hold: 1.32 < α < 1.33 , 0.86 < |λ| = |β| = α^{− 12} < 0.87 , 0.72 < a < 0.73 , 0.24 < |b| = |c| < 0.25 .

It is easy to see that the contribution of the complex conjugate roots β and λ, in the right-hand side of (1.1), is very small. In particular, setting

(1.4) e_1 (m) := P_m − aα^m = λβ^m + cγ^m , then |e_1 (m)| < 1 α^{m/ 2} , for m ≥ 1. Furthermore, by induction, one can prove that (1.5) α^{m − 3} ≤ P_m ≤ α^{m − 1} , for m ≥ 1.

P_m AND E_m WHICH ARE PRODUCTS OF TWO LUCAS NUMBERS 317

Also, it follows that the difference between the right hand side of equation (1.2) and α^m becomes quite small as m increases. More specifically, letting (1.6) e_2 (m) := E_m − α^m = β^m + λ^m , then |e_2 (m)| < 2 α^{m/ 2}

, for m ≥ 1 . Similarly, one has (1.7) α^{m − 2} ≤ E_m ≤ α^{m +1} , for m ≥ 2 . Recall that the generalized Lucas sequence { U_n }_{n ≥ 0} and its companion sequence { V_n }_{n ≥ 0} are defined with initial values U_0 = 0 , U_1 = 1 , V_0 = 2 , V_1 = r , by U_{n +1} = rU_n + sU_{n − 1} and V_{n +1} = rV_n + sV_{n − 1} , for n ≥ 0 , where r and s are integers such that Δ = r^2 + 4 s > 0. The Binet’s formulas for these sequences are given by U_n = δ^n − γ^n δ − γ and V_n = δ^n + γ^n ,

(1.8)

where δ = r + √ Δ 2 and γ = r − √ Δ 2 . For more details on the generalized Lucas sequence see [9]. The aim in this paper is the study of the two Diophantine equations (1.9) P_m = U_n U_k , and (1.10) E_m = U_n U_k , where m, n and k are non-negative integers such that n ≤ k. Note that if n = 0 , then equation (1.10) has infinitely many solutions of the form (m, n, k ) = (1 ,0, k). So, for the Diophantine equation (1.10) it remains to see what happen for n ≥ 1. Here are our main results. Theorem 1.1. If (k, m, n ) is a positive integer solution of equation (1.9) , then (1.11) m < log δ log α

(n + k) + 3 and (1.12) k log δ − log(1 + √ Δ) < 2.5 ·10^{13} (1 + log B )(log δ) × ρ_1 , where ρ_1 is given by

ρ_1 = log � 23^2 (Δ^2 + 3Δ)^3 � + 1 .5 ·10^{14} (1 + log B ) log δ log(23 ·Δ^3 ) with B = log δ log α

(n + k) + 3 .

Theorem 1.2. If (k, m, n ) is a positive integer solution of equation (1.10) , then (1.13) m < log δ log α

(n + k) + 2 and (1.14) k log δ − log(1 + √ Δ) < 2.5 ·10^{13} (1 + log B )(log δ) × ρ_2 ,

318 K.N. ADÉDJI, J. ODJOUMANI AND A. TOGBÉ

where ρ_2 is given by ρ_2 = log � (Δ^2 + 3Δ)^3 � + 4 .5 ·10^{14} (1 + log B ) ·log δ ·log Δ with B = log δ log α

(n + k) + 2 .

The proofs of our main theorems are mainly based on linear forms in logarithms of algebraic numbers and a reduction algorithm originally introduced by Baker and Davenport in [ 1]. We organize this paper as follows. In Section 2, we recall some important results for the proofs of the main theorems. Sections 3 and 4 are devoted to the proofs of our main results and we finish with Section 5, where we give some applications.

2. Useful tools In this section, we gather the tools we need to prove Theorems 1.1 and 1.2 and other results.

2.1. Linear forms in logarithms. Here we recall a result from the theory of lower bounds for nonzero linear forms in logarithms of algebraic numbers. Let η be an algebraic number of degree d, let a > 0 be the leading coefficient of its minimal polynomial over Z and let η = η^{(1)} , . . . , η^{(d)} denote its conjugates. The logarithmic height of η is defined by

h(η) = 1 d � log a + dX j =1

log max � 1, � �η_{(j )} � � � .

This height has the following basic properties. For η_1 , η_2 algebraic numbers and m ∈ Z we have h(η_1 ± η_2 ) ≤ h(η_1 ) + h(η_2 ) + log 2 ,

(2.1)

h(η_1 η^{± 1}_2 ) ≤ h(η_1 ) + h(η_2 ) ,

(2.2) h(η^m_1 ) = |m|h(η_1 ) .

(2.3)

Now let L be a real number field of degree d_L, η_1 , . . . , η_t ∈ L and b_1 , . . . , b_t ∈ Z \ { 0}. Let B ≥ max {| b_1 |, . . . , |b_t |} and Λ = η^{b1}_1 · · ·η^{bt}_t − 1 .

Let A_1 , . . . , A_t be real numbers with A_i ≥ max { d_L h(η_i ), | log η_i |, 0.16} , i = 1 , 2, . . . , t .

The first tool we need is the following result due to Matveev [ 7]. Here we use the version of Bugeaud, Mignotte and Siksek [2, Theorem 9.4]. Theorem 2.1. Assume that Λ ≠ 0 . Then

log |Λ | > − 1.4 ·30^{t +3} ·t^{4.5} ·d^2_L ·(1 + log d_L ) ·(1 + log B ) ·A_1 . . . A_t . Also, we need the following lemma due to Guzmán and Luca.

P_m AND E_m WHICH ARE PRODUCTS OF TWO LUCAS NUMBERS 319

Lemma 2.2 (Lemma 7 of [5]) . If l ≥ 1, H > � 4l^2

�_l and H > L/ (log L)^l , then

L < 2^l H (log H )^l .

The following lemma plays an important role for solving the Diophantine equations (1.9) and (1.10).

Lemma 2.3. The n-th term of the generalized Lucas sequence { U_n }, with s ∈ {− 1, 1}, satisfies the inequalities (2.4) δ^{n − 2} ≤ U_n < δ^n , for n ≥ 2.

Proof. We will prove Lemma 2.3 in two cases according to s ∈ {− 1, 1}. Case 1: s = 1 . We split into two parts which we prove independently as follows.

First, we will prove inequality U_n < δ^n , for all n ≥ 1. If n = 1 , then U_1 = 1 < r + √ r^2 + 4 2 = δ^1. Thus U_1 < δ^1. If n = 2 , then U_2 = rU_1 + U_0 = r < δr + 1 = δ^2, since δ is a root of equation x^2 = rx + 1 . Thus, U_2 < δ^2. Now by induction, we will prove that the inequality U_n < δ^n still holds, for all n ≥ 3. Assuming that it holds until n = k, then we will prove that it holds for n = k + 1 .

U_{k +1} = rU_k + U_{k − 1} < rδ^k + δ^{k − 1} = δ^{k − 1} (rδ + 1) = δ^{k − 1} δ^2 = δ^{k +1} . Thus, we obtain U_{k +1} < δ^{k +1} .

Next, we will prove the inequality U_n ≥ δ^{n − 2}, for all n ≥ 1. If n = 1 , U_1 = 1 and δ^{− 1} = 2 r + √ r^2 + 4

< 1. Thus, we get U_1 > δ^{− 1} . If n = 2 , U_2 = r ≥ 1 and

δ^0 = 1 . Then, U_2 ≥ δ^0 . Now by induction, we will prove that inequality U_n ≥ δ^{n − 2} still holds, for all n ≥ 3. Assuming that it holds until n = k, then we will prove that it holds for n = k + 1 .

U_{k +1} = rU_k + U_{k − 1} > rδ^{k − 2} + δ^{k − 3} = δ^{k − 3} (rδ + 1) = δ^{k − 3} δ^2 = δ^{k − 1} . It follows that U_{k +1} > δ^{k − 1} .

Case 2: s = − 1. Note that in this case γ = r − √ r^2 − 4 2 > 0. We have

U_n = δ^n − γ^n √ Δ < δ^n √ Δ < δ^n ,

which is the required upper bound of (2.4). As γ δ = r − √ r^2 − 4 r + √ r^2 − 4

< 1 ,

we have U_n U_{n − 1} = δ � 1 − (γ/δ)^n 1 − (γ/δ)^{n − 1} � > δ for all n ≥ 2, and thus U_n > δU_{n − 1}. By iterating recursively this inequality, we obtain U_n > δ^{n − 1} U_1 = δ^{n − 1} > δ^{n − 2} . This completes the proof. □

320 K.N. ADÉDJI, J. ODJOUMANI AND A. TOGBÉ

2.2. Dujella and Pethő Lemma. Our next tool is a version of the reduction method of Baker and Davenport [ 1]. We use a slight variant of the version given by Dujella and Pethő [ 4]. For a real number x, we write ‖x‖ for the distance from x to the nearest integer.

Lemma 2.4. Let M be a positive integer, p/q be a convergent of the continued fraction expansion of the irrational number τ such that q > 6M, and A, B, μ be some real numbers with A > 0 and B > 1. Furthermore, let ε := ‖μq‖ − M · ‖τq‖ .

If ε > 0, then there is no solution to the inequality (2.5) 0 < |uτ − v + μ| < AB^{− w} in positive integers u, v and w with

u ≤ M and w ≥ log(Aq/ε) log B . 3. Proof of Theorem 1.1 First, combining the right side of (2.4) with (1.5), we obtain α^{m − 3} ≤ P_m = U_n U_k < δ^{n + k} .

Taking the logarithm of both sides, we get that (m − 3) log α < (n + k) log δ, which leads to inequality (1.11) of Theorem 1.1. Next, we examine (1.9) in two different steps.

Step 1. Using (1.4) and (1.8), we rewrite equation (1.9) as δ^n − γ^n √ Δ · δ^k − γ^k √ Δ = aα^m + e_1 (m)

to obtain

(3.1) δ^{n + k} Δ − aα^m = e_1 (m) + δ^n γ^k + γ^n δ^k − γ^{n + k} Δ . Taking absolute values on both sides of (3.1), we get

(3.2) � �δ^{n + k} Δ − aα^m � �≤ | e_1 (m)| + δ^n |γ|^k Δ + |γ|^n δ^k Δ + |γ|^{n + k} Δ . Dividing both sides of (3.2) by δ^{n + k} Δ and using the fact that |γ| = 1 /δ and n ≤ k, we obtain � �1 − Δ aα^m δ^{n + k} � �≤ Δ |e1 (m)|

δ^{n + k} + 1 δ^{2k} + 1 δ^{2n} + 1 δ^{2( n + k )} < Δ δ^{2n} + 1 δ^{2n} + 1 δ^{2n} + 1 δ^{4n} < 3 + Δ δ^{2n} .

P_m AND E_m WHICH ARE PRODUCTS OF TWO LUCAS NUMBERS 321

From this, it follows that

(3.3) � �1 −

Δ aα^m δ^{n + k} � �< 3 + Δ δ^{2n} . Now, let us apply Theorem 2.1 to Λ_1 := 1 − α^m δ^{− (n + k )} Δ a with t = 3 ,

(η_1 , b_1 ) := ( α, m ) , (η_2 , b_2 ) := ( δ,− n − k) , and (η_3 , b_3 ) := (Δ a, 1) . Note that the numbers η_1, η_2 and η_3 are positive real numbers and elements of the field L = Q(α, δ). It is obvious that the degree of the field L over Q is 6. So d_L = [ L : Q] = 6 . Now, we show that Λ_1 ≠ 0 . Indeed, if Λ_1 = 0 , then Δ a ·α^m ·2^{n + k} = ( r + √ Δ)^{n + k} = x + y √ Δ for some positive integers x and y, which is impossible. Thus Λ_1 ≠ 0 . Moreover,

h(η_1 ) = h(α ) = 1 3 log α, h (η_2 ) = h(δ) = 1 2 log δ and h(η_3 ) = h(Δ a) ≤ h(Δ) + h(a) = log Δ + 1 3 log 23 .

Now we choose max � 6h(η_1 ), | log η_1 |, 0.16

= 2 log α = A_1 . Note that for the generalized Lucas sequences, if s ∈ {− 1,1} and r ≥ 1, then δ ≥ (1 + √ 5)/2. So we can choose

max { 6h(η_2 ), | log η_2 |, 0.16} = 3 log δ = A_2 . Furthermore, we have max � 6h(η_3 ), | log η_3 |, 0.16

= 2 log � 23δ^3 � = A_3 .

Also, we have max {| − (n + k)|, |m|, |1|} ≤ log δ log α

(n + k) + 3 . So we can take

B := log δ log α

(n + k) + 3 . Using Theorem 2.1, we get

log |Λ_1 | > − 1.4 ·30^6 ·3^{4.5} ·6^2 ·(1 + log 6) ·(1 + log B ) × 2 log α ·3 log δ ·log � 23^2 Δ^6 � > − 5 × 10^{13} ·(1 + log B ) ·log δ ·log � 23Δ^3 � . (3.4) Combining this with (3.3), we get (3.5) 2n log δ − log(3 + Δ) < 5 × 10^{13} ·(1 + log B ) ·log δ ·log � 23Δ^3 � . Step 2. Rearranging equation (1.9) as

(3.6) δ^k √ Δ − aα^m U_n = γ^k √ Δ + e_1 (m) U_n

322 K.N. ADÉDJI, J. ODJOUMANI AND A. TOGBÉ

and taking absolute values on both sides of (3.6), we get � � � δ^k √ Δ − aα^m U_n � � �≤ |γ|^k √ Δ + |e_1 (m)| U_n

which leads to � � δ^k√ Δ − aα^m U_n � �≤ 1√ Δ δ^k + 1 U_n . (3.7)

Dividing both sides of (3.7) by δ^k √ Δ , for n ≥ 1, we obtain � �1 − √ Δ δ^k · aα^m U_n � �≤ 1

δ^{2k} + √ Δ δ^k U_n ≤ 1 δ^k + √ Δ δ^k = 1 + √ Δ δ^k . (3.8)

From this, it follows that

(3.9) � �1 − a √ Δ U_n

·δ^{− k} α^m � �≤ 1 + √ Δ δ^k . Taking t = 3 ,

(η_1 , b_1 ) := ( α, m ) , (η_2 , b_2 ) := ( δ,− k) and (η_3 , b_3 ) :=

� a√ Δ U_n , 1 � , we can apply Theorem 2.1 to

Λ_2 := 1 − a √ Δ U_n

·δ^{− k} α^m .

The numbers η_1, η_2 and η_3 are positive real numbers and elements of the field L = Q(α, δ ) and so d_L = 6 . Now, we show that Λ_2 ≠ 0 . Indeed, if Λ_2 = 0 , then

2^k ·aΔ ·α^m = ( r + √ Δ)^k · √ Δ ·U_n = x + y √ Δ , for some positive integers x and y, which is impossible. So Λ_2 ≠ 0 . Note that h(η_1 ) = 1 3 log α , h(η_2 ) = 1 2 log δ and from (2.4) and (2.2), we get

h(η_3 ) = h

� a√ Δ U_n �

≤ h(a) + h( √ Δ) + h(U_n ) = 1 3 log 23 + 1 2 log Δ + log U_n ≤ 1 3 log 23 + 1 2 log Δ + n log δ .

Here we take A_1 := 2 log α, A_2 := 3 log δ and A_3 := 2 log23 + 3 logΔ + 6 n log δ. Since B ≥ max {| m|, | − k|, |1|}, we can take B := log δ log α

(n + k) + 3 . Thus, taking

P_m AND E_m WHICH ARE PRODUCTS OF TWO LUCAS NUMBERS 323

into account the inequality (3.9) and using Theorem 2.1, we obtain log � 1 + √ Δ δ^k � ≥ log |Λ_2 | > − 1.4 ·30^6 ·3^{4.5} ·6^2 ·(1 + log 6)

× (1 + log B ) ·2 log α ·3 log δ ·(log � 23^2 ·Δ^3 � + 6 n log δ) .

We deduce that k log δ < 2.5 ·10^{13} ·(1 + log B ) ·log δ ·(log � 23^2 ·Δ^3 � + 6 n log δ)

(3.10) + log(1 + √ Δ) .

Inserting inequality (3.5) into inequality (3.10), we get inequality (1.12) of Theorem 1.1. This completes the proof of Theorem 1.1.

4. Proof of Theorem 1.2 The proof of Theorem 1.2 follows essentially the same lines as that of Theorem 1.1, and we will therefore avoid some details. First, combining the right side of (2.4) with (1.7), we have α^{m − 2} ≤ E_m = U_n U_k < δ^{n + k} .

By taking the logarithm of both sides, we get that (m − 2) log α < (n + k) log δ .

This proves inequality (1.13) of Theorem 1.2. Next, we examine (1.10) in two different steps.

Step a. We need to rewrite equation (1.10) into the form δ^n − γ^n √ Δ · δ^k − γ^k √ Δ = α^m + e_2 (m)

to obtain

(4.1) δ^{n + k} Δ − α^m = e_2 (m) + δ^n γ^k + γ^n δ^k − γ^{n + k} Δ . Taking absolute values on both sides of (4.1), we get

(4.2) � �δ^{n + k} Δ − α^m � �≤ | e_2 (m)| + δ^n |γ|^k Δ + |γ|^n δ^k Δ + |γ|^{n + k} Δ . Dividing both sides of (4.2) by δ^{n + k} Δ and using the fact that |γ| = 1 /δ and n ≤ k, we easily get

(4.3) � �1 −

Δ α^m δ^{n + k} � �< 3 + Δ δ^{2n} . Put Λ_3 := 1 − α^m δ^{− (n + k )} Δ .

Now, let us apply Theorem 2.1 to Λ_3 , with t = 3 ,

(η_1 , b_1 ) := ( α, m ) , (η_2 , b_2 ) := ( δ,− n − k) and (η_3 , b_3 ) := (Δ , 1) .

324 K.N. ADÉDJI, J. ODJOUMANI AND A. TOGBÉ

Also, the numbers η_1, η_2 and η_3 are positive real numbers and elements of the field L = Q(α, δ). It is obvious that the degree of the field L over Q is 6, i.e. d_L = [L : Q] = 6. Now, let us show that Λ_3 ≠ 0 . On the contrary, assume that Λ_3 = 0 . Then Δ ·α^m ·2^{n + k} = ( r + √ Δ)^{n + k} = x + y √ Δ for some positive integers x and y, which is not possible. Thus Λ_3 ≠ 0 . Moreover,

h(η_1 ) = h(α ) = 1 3 log α, h (η_2 ) = h(δ) = 1 2 log δ and h(η_3 ) = h(Δ) = log Δ .

Now we can choose A_1 := 2 log α, A_2 := 3 log δ and A_3 := 6 log Δ .

Also, we have max {| − (n + k)|, |m|, |1|} ≤ log δ log α

(n + k) + 2 . So we can take

B := log δ log α

(n + k) + 2 . Using Theorem 2.1, we get

log |Λ_3 | > − 1.4 ·30^6 ·3^{4.5} ·6^2 ·(1 + log 6) ·(1 + log B ) × 2 log α ·3 log δ ·6 log Δ > − 1.5 × 10^{14} ·(1 + log B ) ·log δ ·log Δ .

(4.4) Combining this with (4.3), we get (4.5) 2n log δ − log(3 + Δ) < 1.5 × 10^{14} ·(1 + log B ) ·log δ ·log Δ . Step b. Rearranging equation (1.10) as

(4.6) δ^k √ Δ − α^m U_n = γ^k √ Δ + e_2 (m) U_n and taking the absolute value on both sides of (4.6), we get � � δ^k√ Δ − α^m U_n � �≤ |γ|^k√ Δ + |e_2 (m)|

U_n which leads to � � δ^k √ Δ − α^m U_n � �≤ 1 √ Δ δ^k + 1 U_n . (4.7)

Dividing both sides of (4.7) by δ^k √ Δ , we obtain for n ≥ 1 � �1 − √ Δ δ^k · α^m U_n � � �≤ 1 δ^{2k} + √ Δ δ^k U_n ≤ 1 δ^k + √ Δ δ^k = 1 + √ Δ δ^k . (4.8)

P_m AND E_m WHICH ARE PRODUCTS OF TWO LUCAS NUMBERS 325

From this, it follows that

(4.9) � � �1 − √ Δ U_n

·δ^{− k} α^m � � �≤ 1 + √ Δ δ^k . Put Λ_4 := 1 − √ Δ U_n

·δ^{− k} α^m .

Now, we have everything ready to apply Theorem 2.1 to Λ_4 with the following data: t = 3 ,

(η_1 , b_1 ) := ( α, m ) , (η_2 , b_2 ) := ( δ,− k) and (η_3 , b_3 ) :=

� √ Δ U_n , 1 � . The numbers η_1 , η_2 and η_3 are positive real numbers and elements of the field L = Q(α, δ) and so d_L = 6 . Now, we show that Λ_4 ≠ 0 . On the contrary, assume that Λ_4 = 0 . We have

2^k ·Δ ·α^m = ( r + √ Δ)^k · √ Δ ·U_n = x + y √ Δ , for some positive integers x and y, which is impossible. Hence, Λ_4 ≠ 0 . Again, h(η_1 ) = 1 3 log α , h(η_2 ) = 1 2 log δ and from (2.4) and (2.2), we get

h(η_3 ) = h

� √ Δ

U_n � ≤ h( √ Δ) + h(U_n ) = 1 2 log Δ + log U_n ≤ 1 2 log Δ + n log δ .

So, we take A_1 := 2 log α, A_2 := 3 log δ and A_3 := 3 logΔ + 6 n log δ. Since B ≥ max {| m|, | − k|, |1|}, we can take B := log δ log α

(n + k) + 2 . Thus, taking into account inequality (4.9) and using Theorem 2.1, we obtain log � 1 + √ Δ

δ^k � ≥ log |Λ_4 | > − 1.4 ·30^6 ·3^{4.5} ·6^2 ·(1 + log 6)

× (1 + log B ) ·2 log α ·3 log δ ·(3 log Δ + 6 n log δ) or k log δ < 2.5 ·10^{13} ·(1 + log B ) ·log δ ·(3 log Δ + 6 n log δ)

(4.10) + log(1 + √ Δ) .

Inserting inequality (4.5) into inequality (4.10), we get inequality (1.14) of Theorem 1.2. This completes the proof of Theorem 1.2.

5. The study of some applications In this section, we explicitly study equations (1.9) and (1.10) with specific cases of Lucas sequences namely the Fibonacci, Pell and balancing sequences. For the proofs, we use the assumption k ≥ 2 according to Lemma 2.3.

326 K.N. ADÉDJI, J. ODJOUMANI AND A. TOGBÉ

5.1. The Fibonacci sequence. The Fibonacci sequence (F_n ) is a particularity of the Lucas sequences which corresponds to r = s = 1 . In this case we have Δ = 5 and δ = (1 + √ 5)/2. The following is our main result in this case.

Theorem 5.1.

1) The set of solutions (m, n, k ) of the Diophantine equation P_m = F_n F_k

(5.1)

in non-negative integers m, n and k with 1 ≤ n ≤ k is 8 >< > : (0, 1, 1), (0, 1, 2), (0, 2, 2), (1, 1, 1), (1, 1, 2), (1, 2, 2), (2, 1, 1), (2, 1, 2), (2, 2, 2), (3, 1, 3), (3, 2, 3), (4, 1, 3), (4, 2, 3), (5, 1, 4), (5, 2, 4), (6, 3, 3), (7, 1, 5), (7, 2, 5), (9, 4, 4), (11, 3, 6), (12, 1, 8), (12, 2, 8)

9 >= > ; .

2) The set of solutions (m, n, k ) of the Diophantine equation E_m = F_n F_k

(5.2)

in non-negative integers m, n, k with 1 ≤ n ≤ k is 8 < : (0, 1, 4), (0, 2, 4), (2, 1, 3), (2, 2, 3), (3, 1, 4), (3, 2, 4), (4, 1, 3), (4, 2, 3), (5, 1, 5), (5, 2, 5), (6, 1, 5), (6, 2, 5), (8, 3, 5), (13, 4, 7), (15, 3, 9)

9 = ; . Proof. 1) From Theorem 1.1 and since n ≤ k, we get

B := log δ log α

(n + k) + 3 < 5k , for k ≥ 2 .

(5.3)

Combining (5.3) with (1.12), we get

k < 2.5 ·10^{13} ·(1 + log 5 k)(17.4 + 5 .8 ·10^{14} (1 + log 5 k)) + 2 .5 .

(5.4) Factoring the right side of inequality (5.4) by (log 5k)^2 while using k ≥ 2, we get k < 3 × 10^{28} (log 5k)^2 .

(5.5) Now, we apply Lemma 2.2 with l = 2 , L = 5 k and H = 1 .5 ·10^{29} . So, we get k < 5.5 × 10^{32} . Now, let us try to reduce the upper bound on k by applying Lemma 2.4. Let z_1 := m log α − (n + k) log δ + log 5 a .

If z_1 > 0, then by (3.3), we have the inequalities |z_1 | = z_1 < e^{z 1} − 1 = |1 − e^{z 1} | < 8 ·δ^{− 2n} since x < e^x − 1 for x > 0. If z_1 < 0, then

1 − e^{z 1} = |1 − e^{z 1} | < 8 ·δ^{− 2n} < 1 2 , for n ≥ 3 .

From this, we get e^{z 1} > 1 2 and therefore, we obtain

e^{|z 1 |} = e^{− z 1} < 2 .

P_m AND E_m WHICH ARE PRODUCTS OF TWO LUCAS NUMBERS 327

Consequently, we get |z_1 | < e^{|z 1 |} − 1 = e^{|z 1 |} |1 − e^{z 1} | < 16 ·δ^{− 2n} .

In both cases, the inequalities 0 < |z_1 | < 16 ·δ^{− 2n} hold. That is, 0 < |m log α − (n + k) log δ + log 5 a| < 16 ·δ^{− 2n} .

Dividing these inequalities by log δ, we get 0 < � �m log α

log δ

− (n + k) + log 5a log δ � �< 33.3 ·δ_{− 2n} .

(5.6)

Now, we show that log α log δ is irrational. On the contrary, assume that

log α log δ = p q for some positive integers p and q. This shows that α^q = δ^p, which implies 2^p α^q = x + y √ 5, for some positive integers x and y. This last equality is not possible. Moreover m < 5k < 2.8 × 10^{33} . So, we have everything ready to apply Lemma 2.4 to inequality (5.6) with the following data

τ := log α log δ

, μ := log 5a log δ

, A := 33 .3 , B := δ , M := 2 .8 × 10^{33} ,

and w := 2 n. For the last part of the proof, we use Mathematica to apply Lemma 2.4. For the computations, if the first convergent such that q > 6M does not satisfy the condition ε > 0, then we use the next convergent until we find the one that satisfies the conditions. Then we found that the denominator of the 65-th convergent p_{65} q_{65} = 35320613724972060650348564250533687 60443537419079188472468542019027327 of τ exceeds 6M. Thus, we can say that inequality (5.6) has no solution for

2n = w ≥ log(Aq_{65} /ε)

log δ ≥ log(Aq_{65} /0.277632) log δ

≥ 176.376 .

Therefore, we obtain n ≤ 88 .

Substituting this upper bound for n into (3.10), we obtain k < 6.64 × 10^{15} ·(1 + log 5 k) + 2 .5 , which implies k < 2.85 × 10^{17} . Now, let

z_2 := m log α − k log δ + log

� a√ 5 F_n � . If z_2 > 0, then by (3.9), we get |z_2 | = z_2 < e^{z 2} − 1 = |1 − e^{z 2} | < (1 + √ 5) ·δ^{− k} .

328 K.N. ADÉDJI, J. ODJOUMANI AND A. TOGBÉ

If z_2 < 0, then we have

1 − e^{z 2} = |1 − e^{z 2} | < (1 + √ 5) ·δ^{− k} < 1 4 , for k ≥ 6 ,

in which case we get e^{z 2} > 3 4 and e^{|z 2 |} = e^{− z 2} < 4 3 . Thus it follows that

|z_2 | < e^{|z 2 |} − 1 = e^{|z 2 |} |1 − e^{z 2} | < 4 3 ·(1 + √ 5) ·δ^{− k} .

This means that the inequalities 0 < |z_2 | < 4.4 ·δ^{− k} are always true. That is, 0 < � � �m log α − k log δ + log

� a√ 5 F_n � �< 4.4 ·δ^{− k} .

Dividing both sides of the above inequalities by log δ, we obtain 0 < � �m log α log δ

− k + log � a √ 5/F_n � log δ � �< 9.2 ·δ^{− k} .

(5.7)

Note that m < 5k < 1.43 ·10^{18} . So considering the fact that n ≤ 88, we apply Lemma 2.4 to inequalities (5.7) with the following data

τ := log α log δ

, μ := log � a √ 5/F_n � log δ

, A := 9 .2, B := δ, M := 1 .43 ·10^{18} ,

and w := k. Thus, with the help of Mathematica we found that the denominator of the 38-th convergent p_{38} q_{38} = 289247483585778209742 494984068896025620125 of τ exceeds 6M . Therefore, we can say that inequality (5.7) has no solution for

k = w ≥ log(Aq_{38} /ε)

log δ ≥ log(Aq_{38} /0.00293878) log δ

≥ 115.749 .

We conclude that k ≤ 115 .

Thus, it remains to check that (5.1) holds for 1 ≤ n ≤ 88, 1 ≤ k ≤ 115 and 0 ≤ m ≤ 575. A quick inspection using Mathematica reveals that Diophantine equation (5.1) has only the solutions listed in part 1) of Theorem 5.1.

2) Referring to Theorem 1.2 and using the fact that n ≤ k, we obtain

B := log δ log α

(n + k) + 2 < 5k .

(5.8)

By combining (5.8) with (1.14), we get

k < 2.5 ·10^{13} ·(1 + log 5 k)(11.1 + 3 .5 ·10^{14} (1 + log 5 k)) + 2 .5 .

(5.9)

P_m AND E_m WHICH ARE PRODUCTS OF TWO LUCAS NUMBERS 329

Factoring the right side of inequality (5.9) by (log 5k)^2 while using k ≥ 2, we obtain k < 1.26 × 10^{28} (log 5k)^2 .

(5.10) A judicious application of Lemma 2.2 with l = 2 , L = 5 k and H = 6 .3 ·10^{28} allows us to find that k ≤ 2.22 ·10^{32} . Now, let us try to reduce the upper bound on k by applying Lemma 2.4. From (4.3) we can put z_3 := m log α − (n + k) log δ + log Δ .

If z_3 > 0, it is easy to see that |z_3 | = z_3 < e^{z 3} − 1 = |1 − e^{z 3} | < 8 ·δ^{− 2n} whereas if z_3 < 0 we get 0 < |z_3 | < 16 ·δ^{− 2n} .

So, we obtain that inequalities 0 < � �m log α

log δ

− (n + k) + log 5 log δ � �< 33.3 ·δ_{− 2n} (5.11)

hold for all n ≥ 3. We apply Lemma 2.4 to inequalities (5.11) with the following data

τ := log α log δ

, μ := log 5 log δ

, A := 33 .3 , B := δ , M := 1 .11 × 10^{33} ,

and w := 2 n. Therefore, using Mathematica we found that the denominator of the 64-th convergent p_{64} q_{64} = 6707629987511213851542783627206240 11478647774934506182455699155379417 of τ exceeds 6M . It follows that inequalities (5.11) have no solution for

2n = w ≥ log(Aq_{64} /ε)

log δ ≥ log(Aq_{64} /0.175498) log δ

≥ 173.877 .

Thus, we obtain n ≤ 86 .

By inserting this upper bound of n in (4.10), we get k < 6.33 × 10^{15} (1 + log 5 k) + 2 .5 , which leads to k < 2.71 ·10^{17} . Put

z_4 := m log α − k log δ + log

� √ 5 F_n � . We easily obtain that 0 < � �m log α log δ

− k + log �√ 5/F_n � log δ � �< 9.2 ·δ^{− k} .

(5.12)

Note that m < 5k < 1.36 ·10^{18} . So considering the fact that n ≤ 86, we may apply Lemma 2.4 to inequalities (5.12) with the following data

τ := log α log δ

, μ := log �√ 5/F_n � log δ

, A := 9 .2 , B := δ , M := 1 .36 ·10^{18} ,

330 K.N. ADÉDJI, J. ODJOUMANI AND A. TOGBÉ

and w := k. Thus, with the help of a Mathematica we found that the denominator of the 38-th convergent p_{38} q_{38} = 289247483585778209742 494984068896025620125 of τ exceeds 6M. Therefore, we can say that inequalities (5.12) have no solution for

k = w ≥ log(Aq_{38} /ε) log δ ≥ log(Aq_{38} /0.00685216) log δ

≥ 113.99 .

We conclude that k ≤ 113 .

Thus, it remains to check that (5.1) holds for 1 ≤ n ≤ 86, 1 ≤ k ≤ 113 and 0 ≤ m ≤ 565. A quick inspection using Mathematica reveals that Diophantine equation (5.2) has only the solutions listed in part 2) of Theorem 5.1. This completes the proof of Theorem 5.1. □ In light of Theorem 5.1, we can deduce the following result.

Corollary 5.2.

1) The only solutions of P_m = F^2_n in non-negative integers n, m are P_0 = F^2_1 = 1 , P_0 = F^2_2 = 1 , P_1 = F^2_1 = 1 , P_1 = F^2_2 = 1 , P_2 = F^2_1 = 1 , P_2 = F^2_2 = 1 , P_6 = F^2_3 = 4 and P_9 = F^2_4 = 9 .

2) The Diophantine equation E_m = F^2_n has no solution in non-negative integers n, m such that n ≥ 1.

5.2. The Pell sequence. Considering (r, s ) = (2 , 1) we obtain the Pell sequence (P_n ). In this case we have Δ = 8 and δ = 1 + √ 2. The following is our main result in this case. Theorem 5.3.

1) The only solutions (m, n, k ) of the Diophantine equation P_m = P_n P_k

(5.13)

in non-negative integers m, n and k with 1 ≤ n ≤ k are (0,1,1), (1,1,1), (2, 1, 1), (3, 1, 2), (4, 1, 2), (6, 2, 2), (7, 1, 3), and (10, 1, 4).

2) The only solutions of the Diophantine equation E_m = P_n P_k

(5.14)

in non-negative integers m, n, k with 1 ≤ n ≤ k are (2,1,2), (4,1,2), (5, 1, 3), (6, 1, 3), (8, 2, 3), (9, 1, 4), and (12, 1, 5).

Proof. 1) Using Theorem 1.1 and since n ≤ k, we get

B := log δ log α

(n + k) + 3 < 8k , for k ≥ 2 .

(5.15)

Combining (5.15) with (1.12), we get k < 2.5 ·10^{13} ·(1 + log 8 k)(19.71 + 1 .24 ·10^{15} (1 + log 8 k)) + 1 .6 .

(5.16)

P_m AND E_m WHICH ARE PRODUCTS OF TWO LUCAS NUMBERS 331

By factoring the right side of inequality (5.16) by (log 8k)^2 while using k ≥ 2, we obtain k < 5.8 × 10^{28} (log 8k)^2 .

(5.17) We apply Lemma 2.2 with l = 2 , L = 8 k and H = 4 .64 ·10^{29} , in which case we obtain k < 1.1 × 10^{33} . We will now apply Lemma 2.4 to reduce this large upper bound of k. So let z_5 := m log α − (n + k) log δ + log 8 a .

If z_5 > 0, then by (3.3), we have the inequality |z_5 | = z_5 < e^{z 5} − 1 = |1 − e^{z 5} | < 11 ·δ^{− 2n} .

If z_5 < 0, then 1 − e^{z 5} = |1 − e^{z 5} | < 11 ·δ^{− 2n} < 2 5 , for n ≥ 2 .

From this, we deduce that e^{z 5} > 3 5 and therefore, we see that

e^{|z 5 |} = e^{− z 5} < 5 3 . Consequently, we get |z_5 | < e^{|z 5 |} − 1 = e^{|z 5 |} |1 − e^{z 5} | < 18.4 ·δ^{− 2n} .

In both cases, the inequalities 0 < |z_5 | < 18.4 ·δ^{− 2n} hold. That is, 0 < |m log α − (n + k) log δ + log 8 a| < 18.4 ·δ^{− 2n} .

Dividing these inequalities by log δ, we get 0 < � �m log α

log δ

− (n + k) + log 8a log δ � �< 20.9 ·δ_{− 2n} .

(5.18) Moreover, m < 8k < 8.8 × 10^{33} . Hence, since the conditions of Lemma 2.4 are satisfied, we may now apply it to inequalities (5.18) with the following data τ := log α log δ

, μ := log 8a log δ

, A := 20 .9 , B := δ , M := 8 .8 × 10^{33} , and w := 2 n. We use Mathematica to apply Lemma 2.4 and we found that the denominator of the 62-th convergent p_{62} q_{62} = 20304120557289492007401869564752501 63639909875191417264367379093577116 of τ exceeds 6M . Thus, we can say that inequalities (5.18) have no solution for

2n = w ≥ log(Aq_{62} /ε)

log δ ≥ log(Aq_{62} /0.239005) log δ

≥ 95.9974 . So n ≤ 47 .

332 K.N. ADÉDJI, J. ODJOUMANI AND A. TOGBÉ

Substituting this upper bound for n into (3.10), we obtain k < 6.53 × 10^{15} ·(1 + log 8 k) + 1 .6 , which implies k < 2.83 × 10^{17} . We now set

z_6 := m log α − k log δ + log

� a√ 8

P_n � . If z_6 > 0, then by (3.9), we get the inequality |z_6 | = z_2 < e^{z 6} − 1 = |1 − e^{z 6} | < (1 + √ 8) ·δ^{− k} .

If z_6 < 0, then

1 − e^{z 6} = |1 − e^{z 6} | < (1 + √ 8) ·δ^{− k} < 2 7 , for k ≥ 3 .

So, we obtain e^{z 6} > 5 7 and e^{|z 6 |} = e^{− z 6} < 7 5 . Thus it follows that |z_6 | < e^{|z 6 |} − 1 = e^{|z 6 |} |1 − e^{z 6} | < 7 5 ·(1 + √ 8) ·δ^{− k} .

This means that the inequalities 0 < |z_6 | < 5.36 ·δ^{− k} always hold. That is, 0 < � � �m log α − k log δ + log

� a√ 8 P_n � �< 5.36 ·δ^{− k} .

Dividing both sides of the above inequalities by log δ, we obtain 0 < � �m log α log δ

− k + log � a √ 8/P_n � log δ � �< 6.1 ·δ^{− k} .

(5.19)

Note that m < 8k < 2.27 ·10^{18} . We can apply Lemma 2.4 to (5.19) with the following data

τ := log α log δ

, μ := log � a √ 8/P_n � log δ

, A := 6 .1, B := δ , M := 2 .27 ·10^{18} ,

and w := k by considering n ≤ 47. Thus, with the help of Mathematica we found that the denominator of the 32-nd convergent p_{32} q_{32} = 12462267145343571957 39060916513593576926 of τ exceeds 6M. Therefore, we can say that inequalities (5.19) have no solution for

k = w ≥ log(Aq_{32} /ε)

log δ ≥ log(Aq_{32} /0.000971797) log δ

≥ 61.105 .

We conclude that k ≤ 61 .

P_m AND E_m WHICH ARE PRODUCTS OF TWO LUCAS NUMBERS 333

Thus, it remains to check that (5.13) holds for 1 ≤ n ≤ 47, 1 ≤ k ≤ 61, and 0 ≤ m ≤ 488. A quick inspection using Mathematica reveals that Diophantine equation (5.13) has only the solutions listed in part 1) of Theorem 5.3.

2) Theorem 1.2 with n ≤ k leads to

B := log δ log α

(n + k) + 2 < 8k .

(5.20)

By combining (5.20) with (1.14), we see that

k < 3.82 × 10^{28} (log 8k)^2 , for k ≥ 2 .

(5.21)

Applying Lemma 2.2 with l = 2 , L = 8 k and H = 3 .06·10^{29} , we obtain k ≤ 7.06·10^{32} . Now, let us try to reduce the upper bound of k by applying Lemma 2.4. From (4.3), we can put z_7 := m log α − (n + k) log δ + log Δ .

If z_7 > 0, it is easy to see that |z_7 | = z_7 < e^{z 7} − 1 = |1 − e^{z 7} | < 11 ·δ^{− 2n} and if z_7 < 0, we get 0 < |z_7 | < 18.4 ·δ^{− 2n} .

So, we obtain the following inequalities which are true in all cases for n ≥ 2 0 < � �m log α

log δ

− (n + k) + log 8 log δ � � �< 20.9 ·δ^{− 2n} .

(5.22)

We apply Lemma 2.4 to inequalities (5.22) with the following data

τ := log α log δ

, μ := log 8 log δ

, A := 20 .9 , B := δ , M := 5 .7 × 10^{33} ,

and w := 2 n. Therefore, using Mathematica we found that the denominator of the 61-th convergent p_{61} q_{61} = 14747925179851483005284059440650665 46224933832697238695140965315329641 of τ exceeds 6M . It follows that inequalities (5.22) have no solution for

2n = w ≥ log(Aq_{61} /ε)

log δ ≥ log(Aq_{61} /0.293383) log δ

≥ 95.4021 .

Thus, we have n ≤ 47 .

By inserting this upper bound of n in (4.10), we get k < 6.37 × 10^{15} (1 + log 8 k) + 1 .6 , which leads to k < 2.76 ·10^{17} . Put

z_8 := m log α − k log δ + log

� √ 8 P_n � .

334 K.N. ADÉDJI, J. ODJOUMANI AND A. TOGBÉ

One can see that 0 < � � �m log α log δ

− k + log �√ 8/P_n � log δ � � �< 6.1 ·δ^{− k} .

(5.23)

Note that m < 8k < 2.21 ·10^{18} . So considering the fact that n ≤ 47, we apply Lemma 2.4 to inequality (5.23) with the following data

τ := log α log δ

, μ := log �√ 8/P_n � log δ

, A := 6 .1, B := δ , M := 2 .21 ·10^{18} ,

and w := k. Thus, with the help of Mathematica we found that the denominator of the 32-nd convergent p_{32} q_{32} = 12462267145343571957 39060916513593576926 of τ exceeds 6M. Therefore, we can say that the inequalities (5.23) have no solution for k = w ≥ log(Aq_{32} /ε) log δ ≥ log(Aq_{32} /0.0406095) log δ

≥ 56.87 .

Therefore, k ≤ 56 holds in all cases. Thus, it remains to check that equation (5.14) holds for 1 ≤ n ≤ 47, 1 ≤ k ≤ 56, and 0 ≤ m ≤ 448. By a fast computation with Mathematica in these ranges, we see that the Diophantine equation (5.14) has only the solutions listed in part 2) of Theorem 5.3. This completes the proof of Theorem 5.3. □ From Theorem 5.3, we deduce the following result.

Corollary 5.4.

1) The only solutions of P_m = P^2_n in non-negative integers n, m are P_0 = P^2_1 = 1 , P_1 = P^2_1 = 1 , P_2 = P^2_1 = 1 , and P_6 = P^2_2 = 4 .

2) The Diophantine equation E_m = P^2_n has no solution in non-negative integers n, m such that n ≥ 1.

5.3. The balancing sequence. The positive integer solutions n of the Diophantine equation 1 + 2 + · · ·+ ( n − 1) = ( n + 1) + ( n + 2) + · · ·+ ( n + R ) are called balancing numbers with corresponding balancers R. The sequence of balancing numbers is denoted by (B_n )_{n ≥ 0} and can be viewed as a particular Lucas sequence with (r, s ) = (6 , − 1). In this case we have Δ = 32 and δ = 3 + 2 √ 2. Here is our result.

Theorem 5.5.

1) The only solutions (m, n, k ) of the Diophantine equation P_m = B_n B_k

(5.24)

in non-negative integers m, n and k with 1 ≤ n ≤ k are (0,1,1), (1,1,1), and (2, 1, 1).

P_m AND E_m WHICH ARE PRODUCTS OF TWO LUCAS NUMBERS 335

2) The Diophantine equation E_m = B_n B_k

(5.25)

has no solution in non-negative integers m, n, k with 1 ≤ n ≤ k. Proof. 1) Using Theorem 1.1 and since n ≤ k, for k ≥ 2, we get B := log δ log α

(n + k) + 3 < 15k .

(5.26) Combining (5.15) with (1.12), we get k < 1.5 × 10^{29} (log 15k)^2 , for k ≥ 2 .

(5.27) We now apply Lemma 2.2 with l = 2 , L = 15 k and H = 2 .3 ·10^{30} and get k < 3 × 10^{33} , a large effective upper bound for k. So, in order to apply Lemma 2.4 for reducing this upper bound of k we put z_9 := m log α − (n + k) log δ + log 32 a .

Following the same procedure as z_9 < 0 or z_9 > 0 while considering the relation (3.3), we get the inequalities

0 < |m log α − (n + k) log δ + log 32 a| < 38.89 ·δ^{− 2n} for n ≥ 2. Dividing these inequalities by log δ, we get 0 < � � �m log α log δ

− (n + k) + log 32a log δ � � �< 22.1 ·δ^{− 2n} .

(5.28)

Note that m < 15k < 4.5 × 10^{34} . So, we choose the following data τ := log α log δ

, μ := log 32a log δ

, A := 22 .1 , B := δ , M := 4 .5 × 10^{34} , and w := 2 n to apply Lemma 2.4 to inequalities (5.28). We use Mathematica to apply Lemma 2.4 and we found that the denominator of the 68-th convergent p_{68} q_{68} = 966709355460095817349921952710637983 6059981379976370256342185356268119110 of τ exceeds 6M . Therefore, the inequalities (5.28) have no solution for

2n = w ≥ log(Aq_{68} /ε)

log δ ≥ log(Aq_{68} /0.427688) log δ

≥ 50.285 . So n ≤ 25 .

Substituting this upper bound for n into (3.10), we obtain k < 7.1 × 10^{15} ·(1 + log 15 k) + 1 .08 , which implies k < 3.13 × 10^{17} . We put now

z_{10} := m log α − k log δ + log

� a√ 32 B_n � . By (3.9), it is easy to show that 0 < |z_{10} | < 8.33 ·δ^{− k} ,

336 K.N. ADÉDJI, J. ODJOUMANI AND A. TOGBÉ

which leads to 0 < � � �m log α log δ

− k + log � a √ 32/B_n � log δ � � �< 4.73 ·δ^{− k} .

(5.29)

We have m < 15k < 4.7·10^{18} . We can apply Lemma 2.4 to inequalities (5.29) with

τ := log α log δ

, μ := log � a √ 32/B_n � log δ

, A := 4 .73 , B := δ , M := 4 .7 ·10^{18} ,

and w := k by considering n ≤ 25. Thus, with the help of Mathematica we found that the denominator of the 39-th convergent p_{39} q_{39} = 8102922801676034924 50794544424546690157 of τ exceeds 6M. Therefore, we can say that the inequalities (5.29) have no solution for k = w ≥ log(Aq_{39} /ε) log δ ≥ log(Aq_{39} /0.0191931)

log δ

≥ 28.8649 .

It follows that k ≤ 28 .

Thus, it remains to check that (5.24) holds for 1 ≤ n ≤ 25, 1 ≤ k ≤ 28 and 0 ≤ m ≤ 420. A quick inspection using Mathematica in the ranges 1 ≤ n ≤ 25, 1 ≤ k ≤ 28, and 0 ≤ m ≤ 420 reveals that the Diophantine equation (5.24) has only the solutions listed in part 1) of Theorem 5.5.

2) The proof in this case is similar to those of cases 2) of Theorems 5.1 and 5.3. Thus, we omit the details of the calculations. But at the end we get 1 ≤ k ≤ 28, 1 ≤ n ≤ 25, and 0 ≤ m ≤ 420. Inspecting solutions of (5.25) in these ranges yields no solution. This proves Theorem 5.5. □

Corollary 5.6. The number 1 is the only Padovan number that is both a balancing number and a product of two balancing numbers.

Acknowledgement. The authors would like to express their gratitude to the anonymous referee for these various remarks which have qualitatively improved this paper. The first author is supported by IMSP, Institut de Mathématiques et de Sciences Physiques de l’Université d’Abomey-Calavi. The third author was supported in part by Purdue University Northwest.

References

[1] Baker, A., Davenport, H., The equations 3x^2 − 2 = y^2 and 8x^2 − 7 = z^2, Quart. J. Math.

Oxford Ser. (2) 20 (1969), 129–137. [2] Bugeaud, Y., Mignotte, M., Siksek, S., Classical and modular approaches to exponential Diophantine equations I. Fibonacci and Lucas powers , Ann. of Math. (2) 163 (2006), 969–1018.

[3] Ddamulira, M., Padovan numbers that are concatenations of two distinct repdigits , Math.

Slovaca 71 (2021), 275–284.

P_m AND E_m WHICH ARE PRODUCTS OF TWO LUCAS NUMBERS 337

[4] Dujella, A., Pethő, A., A generalization of a theorem of Baker and Davenport , Quart. J.

Math. Oxford Ser. (2) 49 (1998), 291–306. [5] Guzmán, S., Luca, F., Linear combinations of factorials and s-units in a binary recurrence sequence , Ann. Math. Qué. 38 (2014), 169–188.

[6] Kiss, P., On common terms of linear recurrences , Acta Math. Acad. Sci. Hungar. 40 (1–2) (1982), 119–123.

[7] Matveev, E.M., An explicit lower bound for a homogeneous rational linear form in then logarithms of algebraic numbers II , Izv. Math. 64 (2000), 1217–1269.

[8] Mignotte, M., Intersection des images de certaines suites récurrentes linéaires , Theoret.

Comput. Sci. 7.1 (1978), 117–121. [9] Ribenboim, P., My numbers, my friends. Popular Lectures on Number Theory , Springer-Verlag, Berlin, Heidelberg, 2000.

[10] Schlickewei, H.P., Schmidt, W.M., The intersection of recurrence sequences , Acta Arith.

72.1 (1995), 1–4.

Institut de Mathématiques et de Sciences Physiques, Université d’Abomey-Calavi, Bénin E-mail : adedjnorb1988@gmail.com

Institut de Mathématiques et de Sciences Physiques, Université d’Abomey-Calavi, Bénin E-mail : japhet.odjoumani@imsp-uac.org

Department of Mathematics and Statistics, Purdue University Northwest, 1401 S, U.S. 421, Westville IN 46391 USA E-mail : atogbe@pnw.edu