ARCHIVUM MATHEMATICUM (BRNO) Tomus 59 (2023), 351–367

WEBSTER PSEUDO-TORSION FORMULAS

OF CR MANIFOLDS

Ho Chor Yin

Abstract. In this article, we obtain a formula for Webster pseudo-torsion for the link of an isolated singularity of a n-dimensional complex subvariety in C^{n +1} and we present an alternative proof of the Li-Luk formula for Webster pseudo-torsion for a real hypersurface in C^{n +1} .

1. Introduction

The complete local invariants in the pseudoconformal geometry of a nondegenerate CR manifold M are defined on an SU(p + 1 , q + 1) -bundle Y over M, which generalizes the bundle of Q-frame as a real hyperquadric [1]. To reduce the structure group, Webster singles out a real nowhere vanishing one form θ on M which annihilates the CR structure of M. A CR manifold M with such a choice θ is called a pseudohermitian manifold [6]. The contact form θ is called a pseudohermitian structure. The structure group of the Chern bundle Y is reduced to U(p, q). In [6], Webster showed there is a natural connection in the bundle T^{1,0} M adapted to θ. This connection can be extended to a connection to CT M. To solve the equivalence problem of pseudohermitian manifold, Webster derived the structure equations for M, from which the Webster Ricci curvature and Webster torsion tensor are defined. In [3], the author derived a formula for Webster pseudo-torsion for a real hypersurface in C^{n +1} . In this article, we derive a formula for Webster pseudo-torsion for the link of an isolated singularity of a n-dimensional complex subvariety in C^{n +1} and we present an alternative proof of the Li-Luk formula for Webster pseudo-torsion for a real hypersurface in C^{n +1} [3]. The main idea of the alternative proof is to describe the CR structure using all Euclidean coordinates z^1 , z^2 , . . . , z^{n +1} (see (39)). This new description of CR structure using all Euclidean coordinates is originated in [4]. In other words, we dispense with distinguishing one coordinate, say z^{n +1} , such that^{∂r}_{∂zn +1} ≠ 0 , as is required in Chern-Moser and subsequent works. The organization of this article is as follows. In Section 2, we review pseudohermitian geometry following Webster and Tanaka. In Section 3, we derive a key identity for Webster pseudo-torsion computation in subsequent

2020 Mathematics Subject Classification : primary 53A32. Key words and phrases : pseudohermitian manifold, real hypersuface, Webster pseudo-torsion, CR geometry.

Received August 5, 2022, revised January 2023. Editor M. Kolář. DOI: 10.5817/AM2023-4-351

352 HO CHOR YIN

sections. In Section 4, we present the alternative proof of the Li-Luk formula for Webster pseudo-torsion for a real hypersurface in C^{n +1} . In Section 5, we obtain an explicit formula for Webster pseudo-torsion for the link of an isolated singularity of a n-dimensional complex subvariety in C^{n +1} . To the best knowledge of the author, this formula obtained in Section 5 is a new result.

2. Pseudohermitian structures

In this section, we collect the basic facts on pseudohermitian geometry. Let M be a CR manifold with structure bundle T^{1,0} M satisfying T^{1,0} M ∩ T^{1,0} = {0} and [T^{1,0} M, T^{1,0} M] ⊂ T^{1,0} M. Let T^{0,1} M := T^{1,0}. Set HM = Re (T^{1,0} M ⊕ T^{0,1} M). HM is a 2n dimensional subbundle of T M which carries a complex structure J : HM → HM given by J (X + X) = i(X − X) for X ∈ T^{1,0} M. Let E ⊂ T M^∗ denote the real line subbundle which annihilates HM . Assuming M is orientable, E has a global nowhere vanishing section θ. A choice of such a 1-form θ is called a pseudohermitian structure on M. The Levi form of θ is the Hermitian form L_θ on T M^{1,0} defined by L_θ (V,W ) = L_θ (W , V) = − 2 id θ(V ∧ W ) .

For a nondegenerate (resp. strongly pseudoconvex) CR manifold, L_θ is a nondegenerate (resp. positive definite) Hermitian form for any choice of θ. The choice of θ determines a unique real vector field ξ transverse to HM such that θ(ξ) = 1 , ξ⌋dθ = 0 . An admissible coframe on an open subset of M is a set of complex (1,0)-forms { θ^1 , . . . , θ^n } form basis for T M ∗^{1,0} and satisfies θ^α (ξ) = 0 . Then we have dθ = ih_α ¯_β θ^α ∧ θ^{β̄} for some hermitian matrix of functions h_α ¯_β . In [6], Webster showed there is a natural connection in the bundle T^{1,0} M adapted to θ. This connection can be extended to a connection to CT M. Webster showed that there are uniquely determined 1-forms ω^β_α , τ^β on M satisfying

dθ = iθ^γ ∧ θ^γ , (1) dθ^α = θ^β ∧ ω^α_β + θ ∧ τ^α , (2) ω^β_{α.} + ω^α_{β̄.} = 0 , where ω^α_{β̄.} = ω^βα. , (3) τ^α = A_{αγ} θ^γ , where τ^α = τ^α , (4) with

A_{αγ} = A_{γα} , (5) and h_α ¯_β = δ_α ¯_β . (6) This connection is called Webster connection. The curvature of the Webster connection, expressed in terms of the coframe is,

Ω^α_{β.} : = dω^α_{β.} − ω^γ_{β.} ∧ ω^α_{γ.} − iθ^{β̄} ∧ τ^α + iτ^{β̄} ∧ θ^α ,

= R_{βαρ σ} θ^ρ ∧ θ^σ + W_{βαρ} θ^ρ ∧ θ − W_{αβ σ} θ^σ ∧ θ (7)

WEBSTER PSEUDO-TORSION FORMULAS OF CR MANIFOLDS 353

where R_{βαρ σ} = R_α ¯_{βσ ρ} = R_{αβ σρ} , (8) R_{βαρ σ} = R_{ραβ σ} , (9) W_{αρ σ} = W_{σρ α} ,

(10) since by (6), Ω^α_{β.} = Ω_{βα} . By (4), (7), we have

dω^α_{β.} − ω^γ_{β.} ∧ ω^α_{γ.} = − iA_{βγ} θ^γ ∧ θ^α + R_{βαρ σ} θ^ρ ∧ θ^σ + iA_{αγ} θ^{β̄} ∧ θ^γ + W_{βαρ} θ^ρ ∧ θ − W_{αβ σ} θ^σ ∧ θ .

(11)

We also put Ω^α : = dτ^α − τ^β ∧ ω^α_β , = W_{αρ σ} θ^ρ ∧ θ^σ − A_{α γ} τ^γ ∧ θ + B_{α σ} θ^σ ∧ θ ,

(12)

where B_{α σ} = B_{σα} .

(13) Let (ξ, X_α , X_α ) be the dual frame to (θ, θ^α , θ^α ). Define an operator D locally by DX_α = ω^β_α X_β , D : Γ � H (M ) � → Γ � (T^∗ (M ) ⊗ H (M ) � . (14) D defines a connection on H(M), see [6, p. 32]. We can define an hermitian metric ( , ) in the fibres of H (M ) by (X_α ,X_β ) = δ^β_α .

(15) Next, we turn to a formulation of the Webster connection by N. Tanaka [5]. We have T^{1,0} M = { X − iJX | X ∈ HM } and using the decomposition CT M = T^{1,0} M ⊕ T^{0,1} M ⊕ Cξ, we extend J to CT M with Jξ = 0 . Then we have J^2 X = − X + θ(X )ξ , X ∈ T M_x .

(16) For, let pr: CT M → CHM be the natural projection. Any Y ∈ CT M can be written as Y = pr( Y) + θ(Y)ξ Then J^2 Y = − pr( Y) = − Y + θ(Y)ξ. We put Ω = − dθ .

(17) We define a tensor field on M by g(X, Y ) = Ω( JX, Y ) .

(18) Then g(X, Y) = g(Y, X), g(JX, JY ) = g(X, Y) and g is positive definite on HM . Recall T(X, Y ) = ∇_X Y − ∇_Y X − [X, Y ]. Theorem 2.1 (N. Tanaka [5, p. 29]) . There exists a unique affine connection ∇ : Γ( T M ) → Γ( T M ⊗ T M^∗ ) on M such that

(1) The contact structure HM is parallel, i.e., ∇_X Γ( HM ) ⊂ Γ( HM ) for any X ∈ Γ( T M ) .

(19)

354 HO CHOR YIN

(2) The tensor field ξ, J, Ω are all parallel, i.e., ∇ ξ = ∇ J = ∇ Ω = 0 .

(It follows that ∇ θ = ∇ g = 0 .) (3) The torsion T of ∇ satisfies: T(X, Y ) = − Ω( X, Y )ξ , T(ξ, JY ) = − JT (ξ, Y) , X, Y ∈ HM_x .

Let X, Y ∈ Γ(CHM ). Denote by [X, Y]_{HM} the CHM -component of [X, Y] in the decomposition: CT M = CHM ⊕ C ⊗ (T M/HM ) .

Also denote by [X, Y]_{1,0} (resp. by [X, Y]_{0,1}) the T M^{1,0} component (resp. the T M^{1,0}-component) of [X, Y]_{HM} in the decomposition CHM = T M^{1,0} ⊕ T M^{0,1}. ∇ can be extended to a differential operator of Γ(CT M) to Γ(CT M) ⊗ CT M^∗ in a natural manner. By (19), ∇ J = 0 and T^{1,0} M = { X − iJX | X ∈ HM }, we have ∇_X Γ( T M^{1,0} ) ⊂ Γ( T M^{1,0} ) , ∇_X Γ( T M^{0,1} ) ⊂ Γ( T M^{0,1} ) , X ∈ Γ( CT M ) .

Then we have Proposition 2.2 ([5, p. 31]). The extension ∇ : Γ(CT M) → Γ(CT M ⊗ CT M^∗) is given as follows. For X , Y ∈ Γ( T M^{1,0} ),

∇_X Y = [X, Y ]_{1,0} ,

(20)

∇_X Yis given by Ω( ∇_X Y,Z ) = X Ω( Y,Z ) − Ω( Y,∇_x Z ) ∀Z ∈ Γ( T M^{1,0} ) ,

(21)

∇_ξ Y = [ ξ, Y] − 1 2 J ([ξ, JY ] − J [ξ, Y]) = [ ξ, Y]_{1,0} .

(22)

∇_X Y, ∇_X Y, ∇_ξY are given by conjugations, and ∇_X ξ, ∇_X ξ, ∇_ξ ξ are all zero.

In the following, we shall identify ∇ with Webster’s D . We have

D_{X β} X_α = ω^γ_α (X_β )X_γ^{(2)}= dθ^γ (X_α ,X_β )X_γ = − θ^γ ([X_α ,X_β ])X_γ = [X_β , X_α ]_{1,0} = ∇_{X β} X_α .

And we check that

− dθ(D_{X β} X_α ,X_γ ) = − iθ^ρ ∧ θ^ρ � ω^σ_α (X_β )X_σ ,X_γ � = − iω^γ_α (X_β ) = iω^α_γ (X_β ) = X_β � − iθ^ρ ∧ θ^ρ (X_α ,X_γ ) � + iθ^ρ ∧ θ^ρ � X_α ,ω^σ_γ (X_β )X_σ � = X_β � − dθ(X_α ,X_γ ) � − (− dθ)(X_α ,∇_{X β} X_γ ) for all X_γ .

Hence, D_{X β} X_α = ∇_{X β} X_α . We also have

D_ξ X_α = ω^γ_α (ξ)X_γ^{(2)}= − dθ^γ (ξ, X_α )X_γ = θ^γ ([ξ, X_α ])X_γ = [ ξ, X_α ]_{1,0} = ∇_ξ X_α .

WEBSTER PSEUDO-TORSION FORMULAS OF CR MANIFOLDS 355

Then we identify the torsion terms. We have T(X_α ,X_β ) = ∇_{X α} X_β − ∇_{X β} X_α − [X_α ,X_β ] = [ X_α ,X_β ]_{0,1} + [ X_α ,X_β ]_{1,0} − [X_α ,X_β ] = − θ([X_α ,X_β ])ξ = dθ(X_α ,X_β )ξ = iδ^β_α ξ = − Ω( X_α ,X_β )ξ, and T(X_α , X_β ) = ( ω^γ_β (X_α ) − ω^γ_α (X_β ) − θ^γ ([X_α , X_β ]))X_γ = ( ω^γ_β (X_α ) − ω^γ_α (X_β ) + dθ^γ (X_α , X_β ))X_γ = 0 , and T(ξ, X_α ) = ∇_ξ X_α − ∇_{X α} ξ − [ξ, X_α ] = [ ξ, X_α ]_{1,0} − [ξ, X_α ] = − θ^{β̄} ([ξ, X_α ])X_β − θ([ξ, X_α ])ξ = ( θ^γ ∧ ω^βγ + θ ∧ τ^{β̄} )(ξ, X_α )X_β = τ^{β̄} (X_α )X_β = A_{αβ} X_β .

Finally, we identify the curvatures terms. We have R(Y, Z)X_β = ∇_Y ∇_Z X_β − ∇_Z ∇_Y X_β − ∇_{[Y,Z ]}X_β = (( Y ω^α_β (Z ) + ω^γ_β (Z )ω^α_γ (Y)) − � Zω^α_β (Y) + ω^γ_β (Y)ω^α_γ (Z ) � − ω^α_β ([Y, Z]))X_α^{(11)}= � (dω^α_β − ω^γ_β ∧ ω^α_γ )(Y, Z) � X_α , and R(X_ρ , X_σ )X_β = ( − iA_{βγ} θ^γ ∧ θ^α )(X_ρ , X_σ )X_α = − iA_{βγ} (δ^γ_ρ δ^α_σ − δ^γ_σ δ^α_ρ )X_α = − i(A_{βρ} X_σ − A_{βσ} X_ρ ) , R(X_ρ ,X_σ )X_β = R_{βαρ σ} X_α , R(X_ρ ,X_σ )X_β = ( iA_{αγ} θ^{β̄} ∧ θ^γ )(X_ρ ,X_σ )X_α = iA_{αγ} (δ^ρ_β δ^σ_γ − δ^σ_β δ^ρ_γ )X_α = i(δ^ρ_β A_{ασ} − δ^σ_β A_{αρ} )X_α , R(X_ρ , ξ)X_β = W_{βαρ} X_α , R(X_σ , ξ)X_β = − W_{αβ σ} X_α .

356 HO CHOR YIN

3. A key identity for Webster pseudo-torsion computation In this section, we obtain a key identity (53) for Webster pseudo-torsion computation in Section 5.

Let M be the boundary of a strongly pseudoconvex domain in C^{n +1} . Let r be a smooth real-valued defining function of M i.e. M = { r = 0 } and dr ≠ 0 . Throughout this section, the range of indices are: 0 ≤ i, j, k · · · ≤n + 1 , 0 ≤ α, β, γ · · · ≤n. Coordinates for C^{n +1} will be given by (z_1 , z_2 , . . . , z_{n +1} ). We will use the conventions: r_j =^{∂r}_{∂zj} , r_{j k} =^{∂2 r}_{∂zj ∂z k} . The CR structure is on M is given by

T^{1,0} M = { X = x_j ∂ ∂z^j

: dr (X ) = x^j r_j = 0 } .

(23) We define a 2n dimensional subbundle of T M by CHM = T^{1,0} M ⊕ T^{0,1} M where T^{0,1} M := T^{1,0} M ,

(24) and HM := Re (T^{1,0} M ⊕ T^{0,1} M ). HM carries a complex structure map J : HM → HM, J^2 = − Id ,

(25) and we denote its extension to CT M by J , (26) J : CHM → CHM, J^2 = − Id and J |_T 1 , 0_M = multiplication by i = √ − 1 .

Define a one form θ on C^{n +1} by θ = − i∂r= − ir_j dz^j .

(27) On CT M , θ is a real one form annihilating T^{1,0} M ⊕ T^{0,1} M ,

θ = i∂r= i∂r= i 2 (∂r− ∂r) .

(28)

For X , Y ∈ T^{1,0} M , θ([X, Y ]) = 0 , θ([X, Y]) = 0 , and θ([X, Y]) = − dθ(X, Y) = − i∂∂r(X, Y) .

(29)

For X , Y ∈ T^{1,0} M , the Levi form is given by L_θ (X, Y) = θ([JX, Y]) = − dθ(JX, Y) = ∂∂r(X, Y) .

(30) M is said to be strongly pseudoconvex if L_θ(X, Y) is positive definite as a Hermitian form on T^{1,0} M . In other words,

∀ w^j ∂ ∂z^j

≠ 0 , w^j r_j = 0 ⇒ r_{j k} w^j w^k > 0 .

(31)

Note that the matrix r_{j k} is not necessary invertible though (31) is satisfied.

Example 3.1. The real hyperquadric in C^2 given by

M := { (z_1 , z_2 ) ∈ C^2 | r (z_1 , z_2 ) = 0 , r = z_1z_1 − z_2 − z_2 2i } which is s.p.c.

T^{1,0} M is spanned by^∂_{∂z1} + 2 iz_1^∂_{∂z2} . We see that � r_{11} r_{12} r_{21} r_{22} � = � 1 0 0 0 � while � 1 2iz_1 � � 1 0 0 0 � � 1 2iz_1 � = 1 .

WEBSTER PSEUDO-TORSION FORMULAS OF CR MANIFOLDS 357

Neither does s.p.c., (31) imply the positive definiteness of r_{j k} , as we see from

Example 3.2. M := {(z_1 , z_2) ∈ C^2 | r(z_1 , z_2) = 0 , r = 1 + z_1z_1 − z_2z_2 } which is s.p.c. T^{1,0} M is spanned by z_2^∂_{∂z1} + z_1^∂_{∂z2} . We see that � r_{11} r_{12} r_{21} r_{22} � = � 1 0 0 − 1 � while � z_2 z_1

� � 1 0 0 − 1 � � z_2 z_1 � = 1 .

Let ξ be the unique real vector field on M such that

θ(ξ) = 1 ,

(32) ξ⌋dθ = 0 .

(33) Let ξ = ξ^j ∂ ∂z^j

+ ξ^j ∂ ∂z^j . (34)

We have

θ(ξ) = 1 means ir_k ξ^k = 1 or r_j ξ^j = i ,

(35)

ξ⌋dθ = 0 means x^j r_j = 0 ⇒ x^j r_{j k} ξ^k = 0 .

(36)

Let T M = HM ⊕ Rξ, we extend (25),

J : T M → T M by Jξ = 0 .

(37)

Then, J as a

�_1 1 � tensor satisfies

J^2 X = − X + θ(X )ξ

(38)

for all X ∈ T M. With J as a

�_1 1 � tensor, we regard g(X, Y) := − dθ(JX, Y ) = L_θ(X, Y) as

�_0 2 � tensor on T M. Note that , for X, Y ∈ T M, θ([JX, Y ]) ≠ − dθ(JX, Y ) since θ([X, Y]) is not a tensor, for instance, we have θ([fξ, ξ]) = θ(ξ(f )ξ) = ξ(f ). In the following, we write ⟨X, Y ⟩ := g(X, Y). Choose X_1 , . . . , X_n in T^{1,0}_p M for some point p in M . Let

X_α = x^j_α ∂ ∂z^j

(39)

satisfying

x^j_α r_j = 0 ,

(40)

x^j_α r_{j k} x^k_β = δ^β_α .

(41)

Note that we use all Euclidean coordinates z^1 , . . . , z^{n +1} in the description of the CR structure of M. In this way, we dispense with distinguishing one coordinate,

358 HO CHOR YIN

say z^{n +1} , such that^{∂r}_{∂zn +1} ≠ 0 , as is required in Chern-Moser and subsequent works. Our computation is therefore symmetric in all z^1 , . . . , z^{n +1} . Write

J (u) : = ( − 1)^{n +1} det 0 B B @ u u_1 · · · u_{n +1} u_1 u_{11} · · · u_{1n +1} . . . . . . . . u_{n +1} u_{n +1 1} · · · u_{n +1 n +1}

1 C C A , (42)

F : = 0 B B @ r r_1 · · · r_{n +1} r_1 r_{11} · · · r_{1n +1} . . . . . . . . r_{n +1} r_{n +1 1} · · · r_{n +1 n +1}

1 C C A , (43)

and ⟨⟨ξ, ξ⟩⟩ := ξ^j r_{j k} ξ^k .

(44)

Then, we have

− ⟨⟨ ξ, ξ⟩⟩ r_j + ir_{j k} ξ^k = 0 .

(45)

Proof of (45). (r_j dz^j )(X_α ) = x^j_α r_j^{(40)}= 0 and (r_{j k} ξ^k dz^j )(X_α ) = x^j_α r_{j k} ξ^k = 0 for all α, implies that, since dr ≠ 0 , r_{j k} ξ^k = br_j for some b. By contraction with ξ^j , ⟨⟨ξ, ξ⟩⟩ = bi. Thus, we obtain (45). Write

a^{jk} : = x^jα x^k_α .

(46)

Then

r_j a^{jk} = 0 .

(47)

Write

X_{n +1} : = ξ^j ∂ ∂z^j and x^j_{n +1} = ξ^j .

(48)

Then 0 B @ x^1 · · · x^{n +1}_1 . . . . x^1_{n +1} · · · x^{n +1}_{n +1}

1 C A 0 B @ r_{11} · · · r_{1n +1} . . . . r_{n +1 1} · · · r_{n +1 n +1}

1 C A 0 B B @ x^1 · · · x^{n +1}_1 . . . . x^1_{n +1} · · · x^{n +1}_{n +1}

1 C C A

= 0 B B B @ 1 . . . 1 ⟨⟨ξ, ξ⟩⟩

1 C C C A .

(49)

WEBSTER PSEUDO-TORSION FORMULAS OF CR MANIFOLDS 359

Write 0 B @ y^1 · · · y^{n +1}_1 . . . . y^1_{n +1} · · · y^{n +1}_{n +1}

1 C A := 0 B @ x^1 · · · x^{n +1}_1 . . . . x^1_{n +1} · · · x^{n +1}_{n +1}

1 C A − 1

(48) = 0 B @ y^1 · · · y^n_1 − ir_1 . . . . . . y^1_{n +1} · · · y^n_{+1} − ir_{n +1}

1 C A . (50)

Then 0 B @ r_{11} · · · r_{1n +1} . . . . r_{n +1 1} · · · r_{n +1 n +1}

1 C A 0 B @ x^1 · · · x^{n +1}_1 . . . . x^1_{n +1} · · · x^{n +1}_{n +1}

1 C A 0 B @ x^1 · · · x^{n +1}_1 . . . . x^1_{n +1} · · · x^{n +1}_{n +1}

1 C A

= 0 B @ y^1 · · · y^{n +1}_1 . . . . y^1_{n +1} · · · y^{n +1}_{n +1}

1 C A 0 B B B @ 1 . . . 1 ⟨⟨ξ, ξ⟩⟩

1 C C C A 0 B @ x^1 · · · x^{n +1}_1 . . . . x^1_{n +1} · · · x^{n +1}_{n +1}

1 C A

= 0 B @ y^1 · · · y^n_1 ⟨⟨ξ, ξ⟩⟩ y^{n +1}_1 . . . . . . y^1_{n +1} · · · y^n_{+1} ⟨⟨ξ, ξ⟩⟩ y^{n +1}_{n +1}

1 C A 0 B @ x^1 · · · x^{n +1}_1 . . . . x^1_{n +1} · · · x^{n +1}_{n +1}

1 C A

= 0 B @ 1 − (1 − ⟨⟨ ξ, ξ⟩⟩ )y^{n +1}_1 x^1_{n +1} · · · −(1 − ⟨⟨ ξ, ξ⟩⟩ )y^{n +1}_1 x^{n +1}_{n +1} . . . . − (1 − ⟨⟨ ξ, ξ⟩⟩ )y^{n +1}_{n +1} x^1_{n +1} · · · 1 − (1 − ⟨⟨ ξ, ξ⟩⟩ )y^{n +1}_{n +1} x^{n +1}_{n +1}

1 C A

= 0 B @ 1 + (1 − ⟨⟨ ξ, ξ⟩⟩ )ir_1 ξ^1 · · · (1 − ⟨⟨ ξ, ξ⟩⟩ )ir_1 ξ^{n +1} . . . . (1 − ⟨⟨ ξ, ξ⟩⟩ )ir_{n +1} ξ^1 · · · 1 + (1 − ⟨⟨ ξ, ξ⟩⟩ )ir_{n +1} ξ^{n +1}

1 C A

(51)

i.e.

r_{ik} x^k_l x^j_l = δ^j_i + (1 − ⟨⟨ ξ, ξ⟩⟩ )ir_i ξ^j .

By (46), (48),

r_{ik} (a^{kj} + ξ^k ξ^j ) = δ^j_i + (1 − ⟨⟨ ξ, ξ⟩⟩ )ir_i ξ^j .

By (45),

r_{ik} a^{kj} − i⟨⟨ξ, ξ⟩⟩ r_i ξ^j = δ^j_i + ir_i ξ^j − i⟨⟨ξ, ξ⟩⟩ r_i ξ^j .

Hence,

− ir_i ξ^j + r_{ik} a^{kj} = δ^j_i .

(52)

360 HO CHOR YIN

By (35), (45), (47), (52), (53)0 B B @ r r_1 · · · r_{n +1} r_1 r_{11} · · · r_{1n +1} . . . . . . . . r_{n +1} r_{n +1 1} · · · r_{n +1 n +1}

1 C C A

0 B B @ −⟨⟨ ξ, ξ⟩⟩ − iξ^1 · · · −iξ^{n +1} iξ^1 a^{11} · · · a^{1n +1} . . . . . . iξ^{n +1} a^{n +11} · · · a^{n +1 n +1}

1 C C A = I .

□ 4. An alternative proof of the Li-Luk formula for Webster pseudo-torsion for a real hypersurface in C^{n +1}

This section gives an alternative proof of the Li-Luk formula for Webster pseudo-torsion (for definition, see (69)) for a strongly pseudoconvex pseudohermitian hypersurface in C^{n +1} . For the convenience of readers and fixing notations, we recall some facts and definitions in the beginning. We will also use some definitions and results in Section 2. Let M be a strongly pseudoconvex pseudohermitian hypersurface given by M = { z ∈ C^{n +1} | r = 0 }, where r is a real valued defining function for M and r is C^3 in a neighborhood of M. Let T M be the tangent bundle on M and let HM := T M ∩ iT M , the holomorphic tangent bundle on M. As in the previous sections, we fix the real one form θ be a pseudohermitian structure on M. Let θ^1 , . . . , θ^n ,θ^1 , . . . ,θ^n be a local admissible coframe for M, 1 ≤ α, β ≤ n. As before we use the convention θ^α := θ^α . Webster shows that there are uniquely determined 1-forms ω^β_α , τ^β on M satisfying

dθ = iθ^γ ∧ θ^γ ,

(54)

dθ^α = θ^β ∧ ω^α_{β.} + θ ∧ τ^α ,

(55)

ω^β_{α.} + ω^α_β = 0 ,

(56) τ^α = A_{αγ} θ^γ ,

(57) A_{αγ} = A_{γα} .

(58)

Let ξ, X_1 , . . . , X_n ,X_1 , . . . ,X_n be the dual frame satisfying

θ(ξ) = 1 , dθ(ξ,·) = iθ^γ ∧ θ^γ (ξ,·) = 0 .

(59)

And we have

− id θ(X_α ,X_β ) = iθ^γ ∧ θ^γ (X_α ,X_β ) = δ^β_α .

(60)

The Levi form L_θ on T M^{1,0} is defined by L_θ (·,·) := − id θ(·,·). Hence,

L_θ (X_α ,X_β ) = δ^β_α =: ⟨X_α ,X_β ⟩ .

(61)

Covariant differentiation is given by

∇ X_α = ω^β_α X_β , ∇ X_α = ω^β_α X_β , ∇ ξ = 0 .

(62)

We also have

∇_{X γ} X_α = [X_α , X_α ]_{T M} 1 , 0 ,

(63)

WEBSTER PSEUDO-TORSION FORMULAS OF CR MANIFOLDS 361

and ∇_{X γ} X_α is defined by

⟨∇_{X γ} X_α , X_β ⟩ = X_γ ⟨X_α , X_β ⟩ − ⟨ X_α , ∇_{X γ} X_β ⟩ .

(64)

We have

∇_ξ X_α = [ ξ, X_α ]_{T M} 1 , 0 .

(65)

The torsion tensor is defined by T(X, Y) := ∇_X Y −∇_Y X − [X, Y] for X, Y ∈ CT M. We have

T(X_α ,Y_β ) = iδ^β_α ξ ,

(66) T(X_α , X_β ) = 0 ,

(67) T(ξ, Xα ) = A_{αβ} X_β .

(68)

The Webster pseudo-torsion is defined as [3],

Tor (z)(U, V) = i(A_α ¯_β u^α v^β − A_{αβ} u^α v^β ) ,

(69)

where U = u^{j ∂}_{∂zj} , V = v^{j ∂}_{∂zj} ∈ H_z M and z ∈ M . We will use following notations.

J (r ) := − � � � r r_k r_j r_{j k} � � � , (70)

H (r ) := ( r_{j k} ) .

(71)

We shall prove the following theorem.

Theorem 4.1 ([3]). Let M be a C^4 strongly pseudoconvex hypersurface in C^{n +1} . Let r be a defining function for M which is C^3 in a neigborhood of M. Consider the pseudohermitian structure defined by θ = − i∂r on M. Then for any U = u^{j ∂}_{∂zj} , V = v^{j ∂}_{∂zj} ∈ H_z M and z ∈ M , we have

(72) Tor( z)(U, V) = 2 Re u^lv^k J (r )

(N − det H (r )) r_{lk} ! , where

(73) N = X i (− 1)^{j + i} r_i � � � � | − r_{ij} − |

� � � � ∂ ∂z^j .

We will need some preliminaries to prove this theorem. First, by (53), we have

1 = r (−⟨⟨ ξ, ξ⟩⟩ ) + r_1 (− iξ^1 ) + r_2 (− iξ^2 ) + · · ·+ r_{n +1} (− iξ^{n +1} ) .

(74)

362 HO CHOR YIN

Expanding − J (r ) by the 1st column, we have

� � � r r k r_j r_{j k} � � �= r � � � � � r_{11} · · · r_{1n +1} . . . . r_{n +1 1} · · · r_{n +1 n +1}

� � � � � − r_1 � � � � � � � r_1 · · · r_{n +1} r_{11} · · · r_{1n + 1} . . . . r_{n +1 1} · · · r_{n +1 n +1}

� � � � � � � + · · ·

+ ( − 1)^{n +1} r_{n +1} � � � � � � r_1 · · · r_{n +1} r_{11} · · · r_{1n +1} . . . . r_{n + 11} · · · r_{n + 1n + 1}

� � � � � � .

(75)

Hence, by (74), (75), we have

(76) − ⟨⟨ ξ, ξ⟩⟩ =

|r_{j k} | � � � r r_k r_j r_{j k} � � � = − det H (r )

J (r ) and

− iξ^j =

(− 1)^j � � � r r_k r_j r_{j k} � � �

� � � � � � r_1 · · · r_{n +1} r_{11} · · · r_{1n +1} r_{j1} · · · r_{jn + 1} r_{n +1 1} · · · r_{n +1 n +1}

� � � � � �

= (− 1)^j − J (r ) 0 @r_1 � � � � � r_{11} · · · r_{1n +1} r_{j1} · · · r_{jn + 1} r_{n + 11} · · · r_{n +1 n +1}

� � � � � − r_2 � � � � � r_{11} r_{12} · · · r_{1n +1} r_{j1} r_{j2} · · · r_{jn + 1} r_{n +1 1} r_{n + 12} · · · r_{n +1 n +1}

� � � � � +( − 1)^n r_{n +1} � � � � r_{11} · · · r_{1n + 1} r_{j1} · · · r_{jn + 1} r_{n +1 1} · · · r_{n + 1n + 1}

� � � � 1 A

= n +1X

k =1

(− 1)^j (− 1)^{k +1} − J (r ) r_k � � � � r_{11} | r_{1n +1} − r_{jk} − r_{n +1 1} | r_{n +1 n +1}

� � � �

(77)

Proof of Theorem 4.1. Step 1. We first find a relation between the torsion tensor T and the Webster torsion Tor. Let U = μ^α X_α , V = ν^β X_β ∈ T^{1,0} M . We have

Tor (U, V) = Tor (μ^α X_α , ν^β X_β )

= 2 Re(iA_{αβ} )

= 2 Re(i⟨T(ξ, X_α ), X_β ⟩)μ^α ν^β

= 2 Re(i⟨T(ξ, μ^α X_α ), ν^β X_β ⟩)

= 2 Re(i⟨T(ξ, U), V⟩) .

(78)

WEBSTER PSEUDO-TORSION FORMULAS OF CR MANIFOLDS 363

Step 2. We compute

T(ξ, U) = ∇_ξ U − ∇_U ξ − [ξ, U] = [ ξ, U]_T 1 , 0_M − [ξ, U] = − [ξ, U]_T 0 , 1_M = − � ξ^j ∂ ∂z^j

+ ξ^j ∂ ∂z^j , U � T^{0 , 1} M

= ( Uξ^j ) ∂ ∂z^j . (79)

We check that (Uξ^j )^∂_{∂z j} ∈ T^{1,0} M as follows. Using U = u^{j ∂}_{∂zj} , we have

(Uξ^j )r_j = U(ξ^j r_j ) − ξ^j Ur_j = − u^k r_{kj} ξ^j = 0 .

Step 3. Let U = u^{j ∂}_{∂zj} , V = v^{k ∂}_{∂zk} such that u^j r_j = 0 , v^k r_k = 0 . Using (78), (79), we have

Tor (U, V) = 2 Re � i � (Uξ^j ) ∂ ∂z^j

, v^k ∂ ∂z^k �

= 2 Re � i � u^l

∂ξ^j ∂z^l ∂ ∂z^j

, v^k ∂ ∂z^k �

= 2 Re � iu^l

∂ξ^j ∂z^l r_{j k} v^k �

= 2 Re � iu^lv^k � ∂ ∂z^l

(ξ^j r_{j k} ) − ξ^j r_{j kl} �

= 2 Re � u^lv^k � ∂ ∂z^l

(ar_k ) − iξ^j

∂r_{kl} ∂z^j �

= 2 Re � u^lv^k � −⟨⟨ ξ, ξ⟩⟩ r_{lk} − iξ^j

∂r_{kl} ∂z^j � . (80)

Hence, we have

Tor (U, V) = 2 Re 0 @u^lv^k

J (r ) 0 @−| r_{ij} |r_{lk} + X i (− 1)^{j + i} r_i � � � � � | − r_{ij} − |

� � � � � r_{j lk} 1 A 1 A

= 2 Re 0 @u^lv^k

J (r ) 0 @ X i (− 1)^{j + i} r_i � � � � � | − r_{ij} − |

� � � � � ∂ ∂z^j

− det H (r ) 1 A r_{lk} 1 A

= 2 Re u^lv^k J (r )

(N − det H (r )) r_{lk} ! . □

364 HO CHOR YIN

5. A formula for Webster pseudo-torsion for on the link of an isolated singularity of a n-dimensional complex subvariety in C^{n +1}

In this section we derive a formula for the Webster pseudo-torsion on the link of an isolated singularity of a n-dimensional complex subvariety in C^{n +1} . Let M := { f = 0 } ∩ { r = 0 } where r is a defining function of the sphere of radius ϵ, centered at the origin and f is a holomorphic function away from the origin, we assume that ∂f ∧ dr ≠ 0 along M. Then M is a strongly pseudoconvex CR manifold of real hypersurface type, of dimension 2n − 1. We will use the result in the last section to find an explicit formula for Webster torsion of M. The key idea is to express the components of the characteristic vector field ξ in terms of the derivatives of f and r .

Let N := { z ∈ C^{n +1} |f = 0 } where f (0) = 0 , ∂f = 0 , ∂f ≠ 0 . Let S := { z ∈ C^{n +1} |r = |z^1 |^2 + |z^2 |^2 + · · ·+ |z^{n +1} |^2 − ϵ = 0 } for some ϵ > 0. Let M := N ∩ S, we assume ∂f∧ dr ≠ 0 along M. The complexified tangent bundles for S and M are denoted by CT S and CT M respectively. Let the pseudohermitian structure of S be given by θ = i∂r= − i∂ron CT S. Then, the pseudohermitian structure of M is given by θ|_M . We will denote θ|_M by θ. Throughout this section the ranges of indices are : 1 ≤ A, B, · · · ≤n + 1 , 1 ≤ j, k, · · · ≤n, 1 ≤ α, β, · · · ≤n − 1, and we will use the summation convention. Let θ, θ^α , θ^α be a local basis of CT M^∗ such that dθ = iθ^α ∧ θ^α . Let ξ, X_α , X_α be the dual basis. We may write

ξ = ξ^A ∂ ∂z^A

+ ξ^A ∂ ∂z^A , (81)

X_α = x^A_α ∂ ∂z^A . (82)

We have

ξ⌋θ = 1 ⇒ ξ^A r_A = i ,

(83)

ξ⌋∂f = 0 ⇒ ξ^A f_A = 0 ,

(84) X_α ⌋θ = 0 ,

(85) X_α ⌋∂f = 0 ,

(86)

X_α ⌋θ^β = δ^β_α ,

(87)

ξ⌋θ^β = 0 ,

(88) ξ⌋dθ = 0 ,

(89)

and

dθ = ir_{AB} dz^A ∧ dz^B = iδ_{AB} dz^A ∧ dz^B = idz^A ∧ dz^A .

(90)

WEBSTER PSEUDO-TORSION FORMULAS OF CR MANIFOLDS 365

Hence, we have x^A_α r_A = 0 ,

(91) x^A_α f_A = 0 ,

(92) x^A_α r_{AB} ξ^B = 0 ⇒ x^A_α ξ^A = 0 .

(93) We consider (93) as a system of linear equations in unknowns ξ^A . The matrix (x^A_α ) has rank n − 1. So (93) has only 2 independent solutions. On the other hand the matrix � f_1 · · · f_{n +1} r_1 · · · r_{n +1} � has rank 2. Hence, we may write

ξ^A = af_A + br_A ,

(94) for a, b ∈ C. Contracting (94) with ξ^A , using (83), (86) we obtain ‖ξ‖^2 = − ib where ‖ξ‖^2 := ξ^A ξ^A . Hence, b = i‖ξ‖^2 .

(95) Contracting (94) with f_A , we obtain 0 = af_A f_A + br_A f_A . So,

a = − br_A f_A f_C f_C . (96)

By (94), (95), (96), we have

ξ^A = − i||ξ||^2 r_B f_B f_A f_C f_C

+ i‖ξ‖^2 r_A .

(97)

Contracting (97) with r_A , using (83),

i = r_A ξ^A = − i‖ξ‖^2 − r_B f_B f_D r_D f_C f_C

+ r_D r_D ! . (98)

We solve for ‖ξ‖^2 in (98) and using (97), we obtain

ξ^A = i � −^{r B f B f A}

f_C f_C + rA �

r_B f_B f_D r_D f_C f_C − rD r D = i � −^{z B f B f A}

f_C f_C + z A � z^B f_B f_D z^D

f_C f_C − ϵ . (99)

Now, we are ready to show: Theorem 5.1. Let N := { z ∈ C^{n +1} | f = 0 } where f (0) = 0 ,∂f = 0 , ∂f ≠ 0 . Let S := { z ∈ C^{n +1} | r = |z^1 |^2 + |z^2 |^2 + · · ·+ |z^{n +1} |^2 − ϵ = 0 } for some ϵ > 0. Let M := N ∩ S, we assume ∂f∧ dr ≠ 0 along M. Consider the pseudohermitian

366 HO CHOR YIN

structure defined by θ = − i∂ron M. Then for any U = u^{A ∂}_{∂zA} , V = v^{B ∂}_{∂zB} ∈ H_z M and z ∈ M , we have

(100) Tor( z)(U, V) = 2 Re � iu^B v^A

∂ξ^A ∂z^B �

where

ξ^A = i � −^{z B f B f A}

f_C f_C + zA � z_B f_B f_D z_D f_C f_C − ϵ .

Proof of Theorem 5.1. Step 1. We first find a relation between the torsion tensor T and the Webster torsion Tor. Let U = μ^α X_α , V = ν^β X_β ∈ T^{1,0} M . By computation similar to (78), we have Tor (U, V) = 2 Re(i⟨T(ξ, U), V⟩) .

(101) Step 2. By computation similar to (79), we have

T(ξ, U) = ( Uξ^A ) ∂ ∂z^A . (102)

We check that (Uξ^A )^∂_{∂z A} ∈ T^{1,0} M as follows. Using U = u^{A ∂}_{∂zA} , we have

(Uξ^A )f_A = U(ξ^A f_A ) − ξ^A U(f_A ) = 0 . Step 3. Let U = u^{A ∂}_{∂zA} , V = v^{A ∂}_{∂zA} such that u^A r_A = 0 , u^A f_A = 0 , v^A r_A = 0, v^A f_A = 0 . Using (101), (102), we have

Tor (U, V) = 2 Re � i � (Uξ^A ) ∂ ∂z^A

, v^A ∂ ∂z^A �

= 2 Re � i � u^B

∂ξ^C ∂z^B ∂ ∂z^C

, v^A ∂ ∂z^A �

= 2 Re � iu^B v^A

∂ξ^A ∂z^B � . □ Example 5.2. Let f = ( z^3)^2 − z^1 z^2. Let M := { f = 0 }∩{| z^1 |^2 + |z^2 |^2 + |z^3 |^2 = 1 }. We may see that the the codimension 3 real hypersurface M is spherical as follows. Using the map F given by z̃1 = − 1√ 2 (z^1 − iz^2 ) ,

z̃2 = 1√ 2 (z^1 + iz^2 ) , z̃3 = z3 ,

WEBSTER PSEUDO-TORSION FORMULAS OF CR MANIFOLDS 367

the CR manifold M_0 given by ( (z^1 )^2 + ( z^2 )^2 + ( z^3 )^2 = 0 , |z^1 |^2 + |z^2 |^2 + |z^3 |^2 = 1 is mapped to ( 2z̃^1 z̃^2 − (z̃^3 )^2 = 0 ,

|z̃^1 |^2 + |z̃^2 |^2 + |z̃^3 |^2 = 1 . Together with the map ϕ : S^3 → M_0 given by

(ζ, η) → � ζ^2 − η^2 √ 2 , i(ζ^2 + η^2 ) √ 2 , 2ζη √ 2 � =: ( z^1 , z^2 , z^3 )

where S^3 := {(ζ, η) ∈ C^2 : |ζ|^2 + |η|^2 − 1 = 0 }. ϕ is well defined, holomorphic, onto. By [2], M_0 is CR diffeomorphic to S^3 /G where G = { I, − I }, so that M_0 is locally biholomorphic to S^3. Hence, M is locally biholomorphic to S^3. Then z^B f_B = 0 . By (100) Tor (z)(U, V) = 0 , ∀z ∈ M .

Acknowledgement. The author would like to express his gratitude to Prof. Luk Hing Sun for encouragement and advices. He would also like to thank the referee for helpful suggestions and corrections that improve the quality of this article.

References

[1] Chern, S.S., Moser, J., Real hypersurfaces in complex manifolds , Acta Math. 133 (1974), 219–271.

[2] Kan, S.J., The asymptotic expansion of a CR invariant and Grauert tubes , Math. Ann. 304 (1996), 63–92.

[3] Li, S.Y., Luk, H.S., An explicit formula for the Webster torsion of a pseudo-hermitian manifold and its application to torsion-free hypersurfaces , Sci. China Ser. A 49 (2006), 1662–1682.

[4] Luk, H.S., Unpublished notes. [5] Tanaka, N., A differential geometric study of strongly pseudoconvex CR manifold , Kinokuniya Book-Store Co., 1975.

[6] Webster, S.M., Pseudohermitian structure on a real hypersurface , J. Differential Geom. 13 (1978), 265–270.

Applied Mathematics Department, Hong Kong Polytechnic University E-mail : choryinhope@gmail.com