ARCHIVUM MATHEMATICUM (BRNO) Tomus 60 (2024), 243–281

CARTAN GEOMETRY, SUPERGRAVITY

AND GROUP MANIFOLD APPROACH

Jordan François^{a, b, c} and Lucrezia Ravera^{d, e, f}

Abstract. We make a case for the unique relevance of Cartan geometry for gauge theories of gravity and supergravity. We introduce our discussion by recapitulating historical threads, providing motivations. In a first part we review the geometry of classical gauge theory, as a background for understanding gauge theories of gravity in terms of Cartan geometry. The second part introduces the basics of the group manifold approach to supergravity, hinting at the deep rooted connections to Cartan supergeometry. The contribution is intended, not as an extensive review, but as a conceptual overview, and hopefully a bridge between communities in physics and mathematics.

Table of Contents

1. Introduction 243 2. Classical gauge theories 246 2.1. Yang-Mills theories: Kinematics and dynamics 246 2.2. Classical gauge theory of gravity and Cartan geometry 251 3. Supergroup manifold approach and Cartan supergeometry 260 3.1. Group manifold approach to pure gravity and Cartan geometry 260 3.2. Supergroup manifold (a.k.a. “rheonomic”) approach to SUGRA 265 4. Conclusion 272 References 273

1. Introduction

It is by now well known that the differential geometry of connections on fiber bundles is the mathematical underpinning of classical gauge field theory, which is itself the framework nesting the best current theories of fundamental physics

2020 Mathematics Subject Classification : primary 53Z05; secondary 58A32, 58A50, 83-01, 83E50, 83-03.

Key words and phrases : Cartan geometry, group manifold, classical gauge field theory of gravity, Cartan supergeometry, supergroup manifold, supergravity.

Received February 16, 2024. Editor J. Slovák. DOI: 10.5817/AM2024-4-243

244 J. FRANÇOIS AND L. RAVERA

accounting for the structure and interactions of the elementary constituents of the universe.

Gauge field theories of the Yang-Mills type grew out of General Relativity (GR), largely via the key contributions of H. Weyl between 1918-19 [ 167, 168] and 1929 [169], in the Abelian U(1) case. In 1954, Yang and Mills gave the first non-Abelian model, with SU(2), hence the name synonymous with non-gravitational gauge theories: Yang-Mills (YM) theories [ 175]. A fact quite unfair, as it is the Japanese physicist Ryoyu Utiyama who, almost simultaneously and independently of Yang and Mills, laid out the general framework of gauge field theory (including the case of gravity) for any Lie group [ 162]. See [126] for an enlightening concise history of the subject.

The development of the theory of connections and of fiber bundles also owes much to the impulse given by GR [ 33]. It reached full maturity in the 50s [ 71, 72, 104, 115, 154], and textbook material in the 60s [ 106, 108, 109]. By the late 70s, it had become clear that it is the rigorous foundation of classical gauge field theory [70, 151, 152, 173, 174]. This was slowly assimilated by the physics community, bore fruitful results in the 80s in the realm of non-perturbative field theory [ 51] (e.g. regarding gauge anomalies [ 21, 24, 25, 43, 44, 75, 156]), and was certainly common knowledge by the early 90s. We remind the elementary facts of the matter in Section 2.1.

The origin of classical gauge theories of gravity could be traced back to Einstein’s 1925 tetrad formulation introducing local Lorentz, SO(1,3), symmetry transformations [ 144, 161]. It partly inspired Weyl’s 1929 paper [ 169], dealing with SL(2, C) spinors, which also cemented in history the gauge principle for U(1) and electromagnetism. The subject started in earnest, in a modern form, with the 1955 paper of R. Utiyama [ 162]. It continues with the famous papers by Kibble 1961 [101] and Sciama 1964 paper [ 148], reintroducing torsion alongside Riemann curvature in a Lorentz-gauge reformulation of GR. Other variants of GR followed through the 70s, like Poincaré gravity, affine gravity, Weyl-Cartan gravity, de Sitter and conformal gravity – see e.g. [22] for an introductory overview.

Gauge theories of gravity do not fit so well in the mold of Ehresmann connections on principal bundles. Their right mathematical home is to be found with Cartan’s notion of connection, established between 1923–1925 [ 32, 33, 34], as reformulated in the bundle language by Ehresmann [ 72],^1 and then by Kobayashi in [ 103, 104] (around the same time Utiyama was founding the topic of gauge gravity). Subsequently, Cartan geometry, though a well-developed subject [ 105, 106, 107, 124, 125, 159], was relatively eclipsed by the far reaching development of the general theory of principal connections on bundles and did not reach the same level of widespread awareness. Some nonetheless noticed early their relevance to Penrose’s then new twistor theory [ 85, 127, 128], as well as to non-relativistic classical physics [26, 27].

1Cartan was the teacher of Ehresmann. It is as he was giving a modernised definition of his master’s notion of connection that he proposed his own far reaching generalisation. See [ 115] for a brief history.

CARTAN GEOMETRY, SUPERGRAVITY AND GROUP MANIFOLD APPROACH 245

In the late 80s and 90s, the schools developing tractor calculi for the classical projective and conformal, and many other, geometries (see e.g. [ 13, 66, 89]), and the theory of invariant operations for parabolic geometries (e.g. [ 29, 30, 31]), were well aware of their deep relations to Cartan connections [ 2]. Cartan geometry was first brought to a wider audience by Sharpe’s ’97 textbook [ 149], and a more advanced and complete presentation – stressing in particular the organic relation to tractor calculi for parabolic geometries – is the 2009 volume [28] by Čap & Slovák.

During that same period, the deep relevance of Cartan connections to gravitational physics was only noticed in isolated instances – see e.g. [ 8, 10, 82, 83, 111, 113, 170, 171, 172, 178]. It is our intention to make the case, in section 2.2, that Cartan geometry is indeed the natural mathematical foundation of classical gauge theories of gravity, so that it should be more widely recognized as such.

In quantum field theory (QFT), fermions fields are to be treated as anticommuting variables. Berezin pioneered in the late 60s and 70s the explicit use of Grassmann algebras [ 16], and super-Lie groups with Kac [ 18], to give a firmer mathematical ground to the quantization procedure for theories with fermionic fields, and to try and make sense of the connection between their spin and anticommutation properties [19]. Furthermore, the Faddeev-Popov [ 73] and Becchi-Rouet-Stora-Tyutin (BRST) [ 14, 15, 160] quantization procedure involves non-physical anticommuting variables called ghost fields .

Jumping to more tentative theoretic constructions, the 70s saw the birth of the idea of supersymmetric field theories [ 88, 142, 163, 165]. This class of theories have several desirable properties (notably regarding their quantization, with tame divergences), allowing in particular to circumvent the so-called Coleman-Mandula theorem [ 47] stating that the (non-Grassmannian) Lie group of symmetries of a quantum field theory can only be a direct product of spacetime (Poincaré) and internal (Yang-Mills) symmetries.

It follows that theories with local (“gauged” in the physics terminology) supersymmetry naturally are gauge theories of gravity, called supergravity (SUGRA) theories. In the late 70s and early 80s, supergravity models [ 45, 74, 97, 98, 116, 155] became a hot topic, and their geometric interpretation in terms of “superspaces” was quick to emerge [ 166]. In particular the “(super) group-manifold approach” to supergravity was pioneered by Ne’eman and Regge [ 121, 122] and developed by the school of Castellani, D’Auria, and Fré [ 39]. Supersymmetry and supergravity caught additional intellectual wind after their close connection to super-String and M-theory was established between the mid 80s and the mid 90s.

Meanwhile, mathematicians thus took early interest in the late 70s in developing “supergeometry", i.e. a Z_2-graded generalisation of standard differential geometry. As a case of “mildly” non-commutative geometry, a natural language to do so was via the tools of algebraic geometry, sheaf theory, and locally ringed spaces. This approach is associated to the names of pioneers like Berezin [ 17], Leites [114], Kostant [ 112]). An (essentially) equivalent approach was developed, pioneered by deWitt and Rogers [ 63, 133, 134, 176], which parallels the standard treatment of differential geometry, defining supermanifold as being locally isomorphic to a model supervector space R^{p|q}. It is closer to the practice in “superspace” of

246 J. FRANÇOIS AND L. RAVERA

physicists. Few pursued an even more abstract categorical approach [ 119, 150, 164], that would prove able to encompass both previous approaches [ 140, 145] and is arguably more apt to handle infinite dimensional superspaces [ 141] (the locally ringed space approach is usually deemed maladapted for the task [ 62]) – which are important when studying automorphism and symmetry groups of (super) geometric structures.^2

In the same way that Cartan geometry is the foundation of classical gauge theories of gravity, one expects that Cartan supergeometry is the right mathematical framework for supergravity theories.^3 Despite the idea being fairly natural – one of us entertaining it for several years – in the physics literature, awareness of the relevance of Cartan’s framework to supergravity has been rare and sporadic [69, 177]. As a matter of fact, Cartan supergeometry was never developed in earnest by mathematicians.^4 The first deliberate forays towards the basis of the subject is [67] (with application intended to Loop Quantum Gravity [ 136, 138], rather than supergravity).

While the pioneers of the (super)group manifold approach to (super)gravity shown clear awareness of Cartan’s view [ 121, 122], it is less clear for subsequent contributors. Still, the starting point of the approach is what mathematicans would recognise as Klein supergeometry, i.e. flat Cartan supergeometry. Then, by relaxing the Maurer-Cartan structure equation (switching on curvatures), one goes from supergroup manifolds to the so-called “soft supergroup manifolds”: the latter corresponds to a Cartan super-bundle. This will be described in Section 3. The supergroup manifold approach can be understood as a version of Cartan supergeometry in the deWitt-Rogers approach to supergeometry.

In Section 4 we conclude by opening on a further extension of Cartan geometry, to higher (super) geometry, that must be the right mathematical foundation for both supergravity and string theories with higher form (super) potentials and higher form (super) symmetries.

2. Classical gauge theories

2.1. Yang-Mills theories: Kinematics and dynamics. In this section, we review the geometric underpinning of classical Yang-Mills field theory, as it will

2One may draw an analogy from physics, with the development of quantum mechanics (QM):

Its first incarnation as “matrix mechanics” devised in 1924-25 by Heisenberg, Born and Jordan used mathematics unfamiliar to physicists (matrices). The second version devised by Schrädinger in 1925-26 using standard differential equation was welcomed as more familiar and intuitive. Dirac is credited for first convincingly argue that both approaches were equivalent, but it took Von Neumann to give the broad encompassing (and now textbook) formulation in terms of operators on (possibly infinite dimensional) Hilbert spaces. Later developments in terms of C^∗ -algebras are considered more advanced formulation of QM, and the basis of refined mathematical formulation of quantum field theory (QFT); one may wonder what would be the analogue in the development of (higher) supergeometry.

3At least for the class of theories for which the gravitational (super) gauge potential is a 1-form: some models include, as in string theory, higher form fields and symmetries which necessitate the framework of higher geometry. We come back to this in the conclusion.

4Except in a programmatic way within the considerable [147], on higher supergeometry.

CARTAN GEOMETRY, SUPERGRAVITY AND GROUP MANIFOLD APPROACH 247

provide the background for the discussion the interplay between gauge theories of gravity and Cartan geometry. For another introductory text (aimed at students) see [83] and for more in depth treatments we refer e.g. to [21, 90, 120].

2.1.1. Kinematics = Geometry. The geometry of bundles provide the kinematics of a gauge field theory. We briefly summarise this fact via the following dictionary between physics and mathematics.

Physics Mathematics

Global/rigid gauge symmetry Structure group H of a principal bundle P^H−→ M

Spacetime M smooth base manifold

Matter fields ϕ (particles in QFT)

Sections Γ( E ) of associated bundles E = P ×_ρ V for H -representations (ρ, V ), ρ : H → GL (V ) ⇔ V -valued tensorial 0-forms φ ∈ Ω^0_{tens} (P, ρ ) – (local rep.)

Yang-Mills gauge potential A (loc. rep.) Ehresmann connection 1-form ω on P

Minimal coupling btwn ϕ and A (loc. rep.) Exterior covariant derivative Dφ = dφ + ρ_∗ (ω )φ

Yang-Mills field strength F (local rep. of) Curvature 2-form Ω ∈ Ω^2_{tens} (P, h) of ω

Bianchi identities DF = 0 (in the Abelian case, dF = 0 gives the sourceless Maxwell equations)

(local rep. of) Bianchi identity D Ω = 0

Gauge transformations/group ( A → A^′ = γ^{− 1} Aγ + γ^{− 1} dγ

F → F^′ = γ^{− 1} F γ ϕ → ϕ^′ = ρ(γ)^{− 1} ϕ )

Passive GT : local gluings induced by change of local trivialisation via the transition functions of P

Active GT : group of vertical automorphisms of P , Aut_v (P ) ⇔ gauge group of P , H = { γ : P → H | R^∗_h γ = h^{− 1} γh } ⇔ Γ( E) with E = P ×_{Conj} H

Tab. 1: Bundle geometry and the kinematics of gauge field theories

There is much to say about the conceptual and ontological meaning of the presence of gauge symmetries in our most fundamental theories of physics (see e.g. [20, 80, 137]). Here, we simply stress that passive gauge transformations are direct analogues of coordinates transformations on M (via its transitions functions), while active gauge transformations are direct analogues of Diff(M): In GR, coordinate changes are sometimes called “passive diffeomorphisms”, to distinguish from the genuine, “active”, ones. The way in which coordinate changes and Diff (M) encode the fundamental physical insight of GR, the “relational” character of physics (see [79, 135, 158]) – via the hole and point-coincidence arguments [87, 153] – is thus mirrored by the way local gluings and Aut_v(P ) encode it in gauge field theory. But this obtains only once the dynamics of gauge field theories is understood.

248 J. FRANÇOIS AND L. RAVERA

2.1.2. Dynamics: Lagrangian and action functionals. The dynamics of a classical field theory is given by field equations, derived from a Lagrangian functional L via the variational principle applied to the corresponding action S = R L. The field space of a gauge field theory is Φ = A × Γ(E), with A the space of (loc.

rep. of) connections, so that a point is a collection of elementary fields ϕ = { A, ϕ } or ϕ = { ω, φ }. The Lagrangian is then (1) L : Φ ( or J^1 (Φ)) → Ω^m (M ) (or Ω^m (P )) , ϕ → L(ϕ) ,

where J^1(Φ) is the first jet bundle of ϕ, and m = dimM. For most physical purpose, it is built as a polynomial in the elementary field variables ϕ – and their Hodge duals, the Hodge operator ∗: Ω^p(M) → Ω^{m − p}(M) being a natural tool to form top forms on M .

The action is thus (2) S : Φ ( or J^1 (Φ)) → R ,

ϕ → S(ϕ ) = Z D L(ϕ ) ,

with D ⊂ M a domain of spacetime. Physically realised field configurations are those that make the action stationary δS = 0 . The variation of the Lagrangian gives

(3) δL = E + dθ := E (δϕ ; ϕ ) + dθ(δϕ ; ϕ ) ,

where E = E(δϕ ;ϕ ) is the field equation term. The boundary term θ = θ(δϕ ;ϕ ) – sometimes called the presymplectic potential of the theory – has vanishing contribution if ∂D= ∅ , or given adequate boundary conditions (b.c.) on ϕ :^5 Either conditions are required if we are to get the field equations of ϕ from the stationary action principle: δS = 0 ⇒ E = 0 , for all δϕ .

The choice of Lagrangian is usually constrained by symmetry principles : L is required to be invariant (up to boundary terms) under some continuous transformation groups. This ensures that the field equations derived from it are covariant under these groups. The two principles at the heart of relativistic gauge field theory are the General Covariant Principle (GPC), or General Relativity Principle, and the Gauge Principle (GP).

The GCP requires that physical laws (equations) are invariant or covariant under arbitrary changes of coordinates. It can be satisfied easily by working with tensors and differential forms.

The GP requires that L(ϕ ) has trivial gluings on M, i.e. it is invariant under passive gauge transformations, or equivalently is basic on P (invariant and horizontal) – L(ϕ ) ∈ Ω^m_{bas} (P ) – meaning it is invariant under active gauge transformations H ≃ Aut_v(P ). To satisfy the GP, one may build L(ϕ ) using 1) the exterior (wedge) product ∧ : Ω^p(P ) × Ω^q(P ) → Ω^{p+ q}(P ), (ω_1 , ω_2) → ω_1 ∧ ω_2, of tensorial forms

5Neumann b.c. are ϕ |∂D = 0 , Dirichlet b.c. are δϕ_{|∂D} = 0 .

CARTAN GEOMETRY, SUPERGRAVITY AND GROUP MANIFOLD APPROACH 249

Ω^•_{tens} (P, ρ) – which will be kept tacit in the notation ω_1 ω_2 – and 2) H-invariant non-degenerate bilinear forms (or polynomials)

• on the Lie algebra h: the Killing form, or the trace, k( , ) = Tr: h × h → R; • on the representation (vector) space V: an inner product, ⟨ , ⟩ : V × V → R.

We remark that the non-degeneracy condition is essential if E(δϕ ;ϕ ) = 0 ∀δϕ is to give the field equation as desired. Let us consider a few typical examples:

• The Yang-Mills Lagrangian, for H = SU (n), is

(4) L_{YM} (A) =^1_2 k(F, ∗F ) =^1_2 Tr( F ∧ ∗ F ) =^1_2 Tr( F ∗F ) .

It specifies the dynamics of the Yang-Mills potential A. The kinematic term comes from the derivative of A in F , while the bracket term [A, A] in F shows that A is self-interacting:^6 the non-linearity of YM theory is due to the non-Abelian nature of the underlying group. The special Abelian case H = U(1) gives the Maxwell Lagrangian L_{Max} (A) =^1_2 F ∗ F , a linear theory where there is no self-interaction.^7 Observe that a mass term for A, which must be of the form m Tr(A ∗ A), is not gauge-invariant: gauge symmetries compels YM fields to be massless.

• The Klein-Gordon Lagrangian is

(5) L_{KG} (ϕ) = ⟨Dϕ, ∗Dϕ ⟩ + μ^2 ⟨ϕ, ∗ϕ⟩ .

It describes the dynamics of a SU(n) scalar field ϕ, with mass μ, minimally coupled with an external (i.e. without dynamics) Yang-Mills potential A.

• The Dirac Lagrangian is

(6) L_{Dirac} (ψ ) = ⟨ψ, /Dψ ⟩ − μ⟨ψ, ∗ψ ⟩ .

It describes the dynamics of a SU(n)-charged Dirac spinor ψ ∈ Γ(S ⊗ E) – S a spin bundle over M – with mass μ, minimally coupled with an external YM potential A. Such spinors describe fundamental matter (fermionic) fields. The Dirac operator /D = γ ∧ ∗ D involves γ = γ_μ dx^μ = γ_a e^a = γ_a e^a_μ dx^μ , with e^a the (local) soldering form – known in physics as the tetrad field or vierbein – and γ_a Dirac gamma matrices.

• The prototypical Lagrangian for models displaying a phenomenon of “spontaneous gauge symmetry breaking” is

(7) L_{SSB} (A, ϕ ) =^1_2 Tr( F ∗ F ) + ⟨Dϕ, ∗Dϕ ⟩ + V(ϕ) , where the potential term V(ϕ) for the scalar ϕ – often called a Higgs field in this context – is at most a quadratic polynomial V(ϕ) = α ⟨ϕ, ∗ϕ⟩ + β⟨ϕ, ∗ϕ⟩^2. For adequate sign of the parameters α, β the vacuum expectation value (VEV) ϕ_0 of the scalar, i.e. solution of δV(ϕ)/δϕ = 0 , is non-zero. By expanding the scalar as ϕ = ϕ_0 + H in the above Lagrangian, mass terms for H and the YM field A depending on ϕ_0 emerge. Such a model, allowing to endow YM fields with mass despite gauge symmetries, features prominently in the Lagrangian of the

6It carries a YM-charge, or “color” charge – by analogy with Quantum ChromoDynamics (QCD), the gauge theory of the strong nuclear force – to which it is sensible.

7The electromagnetic field (thus photon in QFT) does not carry electric charge.

250 J. FRANÇOIS AND L. RAVERA

Standard Model of particle physics, describing the ElectroWeak sector (with group U(1) × SU(2)). It includes a Dirac Lagrangian L_{Dirac} (ψ ) where ϕ_0-dependent mass terms for matter spinors emerge from the so-called Yukawa couplings between ψ and ϕ: the scalar/Higgs field endows any field it interacts with, gauge and matter fields, with mass (depending on the VEV ϕ_0 and the strength of the specific gauge and Yukawa coupling constants).

We remark that Lagrangians that do not involve the Hodge operator (or the soldering form), thus do not rely on a metric structure on M, are called “topological theories”. A well-known case is the 3-dimensional SU(n) Chern-Simons Lagrangian

(8) L_{CS} (A) = Tr � AdA +^2_3 A^3 � . We observe that it is not gauge-invariant; yet, as we will see, the field equation remains gauge-covariant: from δL_{CS} one indeed find E = E(δA;A) = Tr(δA F ) = 0 for all δA, i.e. F = 0 .

2.1.3. Noether charges and gauge symmetries. Noether theorems express that variational symmetries of the Lagrangian and action functionals give physical quantities, known as charges, conserved on-shell, i.e. when the field equations hold. Since L is gauge-invariant, we expect charges to abound in gauge-field theory.

Denote χ ∈ LieH any element of the Lie algebra of the gauge group and δ_χ the corresponding infinitesimal gauge transformation operator.^8 As a special case of the variational principle one gets

(9) δ_χ L = E (δ_χ ϕ ; ϕ ) + dθ(δ_χ ϕ ; ϕ ) .

According to the GP, δ_χ L = 0 , so the quantity J (χ;ϕ ) := θ(δ_χ ϕ ;ϕ ) is d-closed on-shell, which we denote dJ (χ;ϕ ) ^= 0. It is the Noether (m − 1)-form current. It is thus on-shell a boundary term: J (χ;ϕ ) ^= dq(χ;ϕ ). The corresponding Noether charge is its integral over a codimension 1 submanifold Σ ⊂ D ,

(10) Q_Σ (χ ; ϕ ) := Z Σ J (χ ; ϕ ) = Z Σ θ(δ_χ ϕ ; ϕ ) ^= Z ∂Σ q(χ ; ϕ ) .

By the last equality, the Noether charge is a boundary term. For this reason it is often called a “quasi-local” charge, as it is a quantity associated to a region, not a single point, of spacetime.

Let us consider the notable examples of YM theory. Variation of its Lagrangian gives

(11) δL_{YM} = E (δA; A) + dθ(δA; A) = Tr( δA D ∗F ) + d Tr( δA ∗F ) .

From this one reads the (vacuum) YM equation E = 0 ⇒ D ∗F = 0 . The Abelian case is the Maxwell equation d ∗F = 0 . Given the infinitesimal gauge transformation

8If we are on the bundle P , it is L_χ v , the Lie derivative along the vertical vector field χ^v ∈ Γ( V P ) generated by χ .

CARTAN GEOMETRY, SUPERGRAVITY AND GROUP MANIFOLD APPROACH 251

of the YM potential, δ_χ A = Dχ = dχ + [ A, χ ], the Noether charge is

(12) Q^{YM}_Σ (χ ; A) = Z Σ θ(δ_χ A; A) = Z Σ Tr( Dχ ∗F ) ^= Z ∂Σ Tr( χ ∗F ) .

For constant χ, i.e. for elements of the Lie algebra of the structure group of the underlying bundle P , this gives a non-Abelian Gauss law [ 1, 84]. Indeed, in the Abelian case, Q^{YM}_Σ (χ;A) = χ R ∂Σ (∗F ), the integral is the Gauss law: the electric flux through a bounded region which gives the enclosed electric charge.

2.2. Classical gauge theory of gravity and Cartan geometry. In this section we review elementary notions of standard Cartan geometry and show how they apply naturally to the gauge theoretic description of gravitational physics. For in depth treatments, one should consult the reference texts [ 28, 106, 149]. See also [104] which is of historical interest.

2.2.1. Cartan geometry in a nutshell. A Cartan geometry (P, ϖ ) is an H-principal bundle P endowed with a Cartan connection ϖ ∈ Ω^1 (P, g), with g ⊃ h, s.t.

i R^∗_h ϖ_{|ph} = Ad_h − 1 ϖ_{|p} ,

ii ϖ_{|p} (X^v_p ) = X ∈ h, where X^v_p ∈ V_p P ,

iii ϖ_{|p} : T_p P → g is a linear isomorphism ∀p ∈ P .

Properties i–ii are the same as for an Ehresmann connection. The last property iii is key and has several consequences special to Cartan geometry. The essential idea, from a physical standpoint, is that it implies P encodes the geometry of M. Since the Einsteinian insight is that gravity is the geometry of spacetime, Cartan geometry (P, ϖ ) is perfectly adapted to describe the kinematics of gauge theories of gravitation, the Cartan connection being a generalised gravitational gauge potential. Let us see how.

Gauge symmetries . As gauge approaches to gravity were often modeled on the habits of YM theory, whenever one saw a g-valued 1-form, understood as a gauge potential, it was assumed that the associated theory should have a gauge symmetry G – or gauge algebra g – corresponding to the Lie algebra g. This led often to technical complications and conceptual issues to be dealt with. For example, in the case g = h ⋉ R^4 typical of affine gravity ( h = gl(4)) or Poincaré gravity ( h = so(1,3)), the thorny issue of “internal gauge translations” and their redundancy with diffeomorphisms Diff(M) needed resolution. Mostly the strategy has been to try to identify “gauge translations” with diff(M) (via the tetrad field/soldering form) [23].

No such problem arises once one knows Cartan geometry. The underlying bundle being an H-bundle P , the gauge group is H, i.e. the gauge transformations result from the action of its vertical automorphisms group Aut_v(P ). All the relevant symmetries of gravity, including Diff (M), are then naturally organised in the short exact sequence (SES) of groups associated to the Cartan bundle,

(13) H ≃ Aut_v (P ) → Aut( P ) → Diff( M ) .

252 J. FRANÇOIS AND L. RAVERA

The corresponding SES of Lie algebras is

(14) Lie H ≃ aut_v (P ) → aut (P ) → diff(M ) ,

where Lie H is the ‘gauge algebra’ and aut(P ) is isomorphic to Γ_{inv} (T P), the right-invariant vector fields of P . The sequence (14) describes the Atiyah Lie algebroid of P , and encodes the infinitesimal symmetries or gravity [11].

Soldering . Given its defining properties, the Cartan connection ϖ induces a soldering on M, i.e. the bundle isomorphism T M ≃ P × g/h.^9 So Γ(T M) ≃ Ω^0_{eq} (P, g/h). Conceptually, it shows how P encodes the geometry of M: its tangent bundle being naturally an associated bundle of P .

Further consequences unfold, that are relevant for a field theoretic standpoint. Consider the projection τ : g → g/h. One defines the soldering form θ := τ ∘ ϖ ∈ Ω^1_{tens} (P, g/h). It is tensorial indeed; equivariant by property i and horizontal by ii. Locally, on an open set U ⊂ M, given a trivialising section σ : U → P_{|U} , the local representative of the Cartan connection is Ā := σ^∗ ϖ ∈ Ω^1(U, g), while the local soldering form is e := σ^∗ θ ∈ Ω^1(U, g/h). Given a coordinate system { x^μ } on U and { a} abstract index for g/h, we may write e = e^a = e^a_μ dx^μ . The components e^a_μ of the local soldering are called tetrad field , or vielbein, in physics.

If there is a non-degenerate bilinear form η : g/h × g/h → R, then the Cartan connection induces a metric via

(15) g := η ∘ e : Γ( T M ) × Γ( T M ) → C^∞ (M ) , (X, Y ) → g(X, Y ) = η (e(X ), e(Y)) .

In coordinates this reads g_{μν} = η_{ab} e^a_μ e^b_ν . Under another local section σ^′ = R_g σ, with g : U → H a transition function of P , e^′ = σ^{′∗}θ = R^∗_g e = Ad_g − 1 e. If η is H-invariant, η ∘ Ad(H) = η, then g^′ = η ∘ e^′ = η ∘ e = g: the induced metric is well-defined on M. It thus allows to define a Hodge operator ∗: Ω^p(M) → Ω^{p− m} (M), an essential ingredient to built Lagrangians of (non-topological) gauge field theories (even non-gravitational), as we have seen.

One may observe that, in the case (g/h, η) = ( R^4 , η) = M the Minkowski space, the existence of the local soldering e ∈ Ω^1(U, R^4), and the expression (15), are mathematical implementation of one formulation of the equivalence principle : In the infinitesimal neighborhood of a point spacetime is Minkowskian, i.e. it is always possible to find a coordinate system in which the metric appears Minkowskian and spacetime appears locally flat.

In standard metric-formulation of GR, the metric is often understood as the gravitational potential (as the Newtonian potential in the weak field limit). We also observe that the h-part ω of ϖ is Ehresmann by properties i–ii, i.e. an exact analogue of Yang-Mills potential in YM gauge field theory. So, the Cartan connection ϖ (or rather its local representative Ā) is a generalised gravitational gauge potential .

9Unless h is an ideal of g, g/h is a vector space, not a subalgebra. In any case, H acts on it via

the Ad representation, which may reduce to simple left multiplication in some cases. As for g, it acts via the ad representation.

CARTAN GEOMETRY, SUPERGRAVITY AND GROUP MANIFOLD APPROACH 253

Cartan curvature . The curvature 2-form of a Cartan connection is defined via the Cartan structure formula: Ω̄ = dϖ +^1_2 [ϖ, ϖ ] ∈ Ω^2 (P, g). It thus satisfies the Bianchi identity dΩ̄ +[ϖ, Ω̄ ] ≡ 0, a strictly algebraic identity. The torsion of a Cartan connection is Θ = τ ∘ Ω̄ ∈ Ω^2(P, g/h). This is typical of what Cartan called the “espaces généralisés”. This is a notion of course absent for Ehresmann connections, thus in YM theory. Locally, on U ⊂ M, we have the local representatives F̄ = dĀ +^1_2 [Ā, Ā] ∈ Ω^2 (U, g) and T ∈ Ω^2 (U, g/h).

In direct anology to gauge field theory, where the YM field strength is the curvature of an Ehresmann connection (Table 1), the Cartan curvature (its local representative) is the gravitational field strength .

Associated (tractor) bundles and covariant (tractor) derivative . As usual, given representations (ρ, V) of H, one have associated bundles E = P ×_ρ V and Γ(E) ≃ Ω^0_{eq} (P, V). If V is also a g-module, with ρ_∗ : g → gl(V), on account of i–ii, ϖ induces a covariant derivative D̄ = d + ρ̄_∗(ϖ ): Ω^•_{tens} (P, ρ) → Ω^{•+1}_{tens} (P, ρ). The Bianchi identity can thus be written D̄Ω̄ ≡ 0. It is easily seen that D̄ ∘ D̄ = ρ(Ω̄ ). In view of Table 1, one can see that D̄ will represent the minimal coupling to gravity .

For (ρ̄, V) a representation of G (the group with Lie algebra g), which is a representation of H by restriction, one defines tractor bundles: T := P ×_{ρ̄} V. The covariant derivative acting on Γ(T) ≃ Ω_{tens} (P, ρ̄) is then called a tractor derivative , or tractor connection . An important example is, for (Ad, g), the adjoint tractor bundle AM := P ×_{Ad} g. The Cartan curvature can be seen as a 2-form on M valued in AM .

When H or G are SO groups, and ρ̃ : G → G̃ are their spin lifts (representations), one may define spin bundles S := P ×_{ρ̃} Ṽ and spinor fields Γ(S) ≃ Ω_{tens} (P, ρ̃). For example, when H = SO(1,3), so H̃ = SL(2, C), Γ(S) are Dirac spinors describing matter fields (fermions), as we have recalled earlier, and D̄ their coupling to gravity. For G = SO(2,4), so G̃ = SU(2,2), Γ(S) are twistor fields (à la Penrose) and D̄ is the twistor connection.

Normal Cartan connection . The notion of normal Cartan connection, or normal Cartan geometry, generalises the idea of Levi-Civita connection in (pseudo-)Riemannian geometry. The idea, at least for physically interesting geometries (e.g. reductive or parabolic, see below), is to find a Cartan connection expressed uniquely in terms of the soldering part. One thus imposes (algebraic and/or differential) constraints on ϖ so as to express its h-part ω in terms of its g/h-part θ. Those constraints should be gauge-invariant, so they must be imposed on Ω̄ . The unique normal Cartan connection is thus ϖ_N = ϖ_N (θ).

For example, in Cartan-Riemann or Cartan-de Sitter (that we will see shortly) it is enough to impose the vanishing of the g/h-part of Ω , i.e. vanishing torsion Θ = 0 . In these cases, the h-part ω = ω (θ) of ϖ_N is the usual Levi-Civita connection. In the class of parabolic geometries, defined in the next section, there is a nice characterisation of normal Cartan connection in terms of the Kostant-Spencer cohomology of the parabolic algebra g – see [28, 30, 124]. As an example, we will give the normality conditions in the conformal Cartan geometry in the next section.

254 J. FRANÇOIS AND L. RAVERA

Physically, in vacuum General Relativity or for non-spinorial matter sources (scalar fields, like fluids, or dust as in cosmology), the gravitational d.o.f. are those of the metric, or the soldering form. The normality conditions thus eliminate the extra d.o.f. in the h-part of the Cartan connection, so that ϖ_N contains precisely the gravitational d.o.f.: the normal Cartan connection is exactly the gravitational potential. In a more fundamental description, matter sources are described by spinor fields ψ ∈ Γ(S) ≃ Ω^0_{tens} (P, ρ̃), and their coupling to gravity is given by D̄ψ = dψ + ρ̃_∗(ϖ ) (which contains the Dirac operator). The spinor field sources both the Einstein tensor and the torsion tensor: the Cartan connection, as the gravitational potential, thus cannot be normal.

2.2.2. Special cases and application to physics. Klein geometry . Consider a Lie group G and a closed subgroup H s.t. G/H is an homogeneous space. A Klein geometry^{10} is (G, ϖ_G ) where G, called the principal group, is seen as a principal H-bundle G^H−→ G/H, and ϖ_G ∈ Ω^1_{tens} (G, g) is its Maurer-Cartan form. As a special case of its definition, the latter satisfies

i R^∗_h ϖ_G = Ad_h − 1 ϖ_G ,

ii ϖ_G (X^v ) = X ∈ h, where X^v_g ∈ V_g G,

iii ϖ_{G |g} : T_g G → g is a linear isomorphism ∀g ∈ G.

One says that (G, H ) is the Klein pair on which a Klein geometry is based. For example, standard Euclidean or Minkowskian geometries are special cases of Klein geometries based respectively on the pair (SO (n) ⋉ R^n , SO (n)) and (SO(1, n − 1)⋉ R^n , SO (1, n − 1)).

In addition, ϖ_G satisfies the Maurer-Cartan equation dϖ_G +^1_2 [ϖ_G , ϖ_G ] = 0. The Maurer-Cartan form is thus a flat Cartan connection on the bundle G, and Klein geometries (G, ϖ_G ) are flat Cartan geometries. One often says that (G, H ) is the Klein pair modeling a Cartan geometry (P, ϖ ). And a general flat Cartan geometry is (locally) isomorphic to a Klein geometry: (P, ϖ )_{flat} ≃ (G, ϖ_G ), which imply that the base manifold is homogeneous M ≃ G/H. Flatness in the sense of Cartan therefore generalises flatness in the sense of (pseudo-)Riemannian geometry. We reproduce here the nice diagram of Sharpe [149],

Euclide (Minkowski) Riemann (Lorentz)

Klein Cartan

(16)

which illustrates how, in a beautiful interplay of group theory and differential geometry, Cartan geometry is the common generalisation of Klein and Riemann geometries.

Reductive and parabolic Cartan geometries . The subclass of reductive Cartan geometries is especially noteworthy: they are those for which there is an

10After the mathematician Felix Klein, who suggested in his 1872 Erlangen program to classify

and study non-Euclidean homogeneous spaces via their transformation groups.

CARTAN GEOMETRY, SUPERGRAVITY AND GROUP MANIFOLD APPROACH 255

Ad(H)-invariant decomposition g = h ⊕ V. This means we have a clean split of the Cartan connection as ϖ = ω + θ, where ω is a Ehresmann connection on P . The curvature splits accordingly Ω̄ = Ω + Θ . Pseudo-Riemannian geometry,^{11} which are based on iso(r, s ) = so(r, s ) ⊕ R^m , belongs to this subclass.

Parabolic Cartan geometries are another remarkable subclass where one has a |k|-grading of g, i.e. g = L − k ≤ i ≤ k gi s.t. [gi , gj ] ⊂ gi + j , and H is s.t. h = L 0≤ i ≤ k gi.

Both ϖ and Ω̄ split along the |k|-grading, and here also the Lie H-part of ω is a Ehresmann connection. An important example is conformal Cartan geometry, based on the |1|-graded algebra so(r + 1 , s + 1) = R^m ⊕ co(r, s) ⊕ R^{m ∗}, with co(r, s) = so(r, s) ⊕ R, and where H is s.t. h = co(r, s) ⊕ R^{m ∗}. The spin version in case m = 4 , based on the |1|-grading of su(2,2), is very closely related to twistor geometry [129, 130].

Let us consider three notable examples, two reductive geometries and one parabolic, together with related physical applications to gravity theories.

• Cartan-Riemann geometry : This geometry (P, ϖ ) is based on the group G = H ⋉ R^m = SO(r, s) ⋉ R^m = (^{S 0}_{0 1} ) (^{0 t}_{0 1} ), where we use a matrix notation to make computations easy. The homogeneous (flat) model is G/H = R^m , equipped with the metric η preserved by H = SO(r, s ). The Cartan connection and its local representative are

(17) ϖ = � ω θ 0 0 � and Ā = � A e 0 0 � , while the Cartan curvature and its local representative are

(18) Ω̄ = � Ω Θ 0 0 � and F̄ = � R T 0 0 � = � dA +^1_2 [A, A] de + Ae 0 0 � , where R is the Riemann curvature 2-form. The normality condition is just Θ = 0 , so that the normal Cartan connection is ϖ_N = ω (θ) + θ, with ω (θ) the Levi-Civita connection – in this form, sometimes known as the “spin connection”.

The gauge group of the bundle is Aut_v(P ) ≃ SO (r, s ), i.e. the local pseudo-rotation group, with element γ = (^{S 0}_{0 1} ). The gauge transformations of the local Cartan connection and its curvature are

(19)

Ā^γ = γ^{− 1} Āγ + γ^{− 1} dγ and F̄^γ = γ^{− 1} F̄ γ = � S^{− 1} AS + S^{− 1} dS S^{− 1} e 0 0 � = � S^{− 1} RS S^{− 1} T 0 0 � . The linear transformation of the connection, for χ =

�_{χ 0} 0 0 � ∈ LieSO(r, s), is δ_χ Ā = D̄χ = dχ + [ Ā, χ ], splitting as δ_χ A = Dχ = dχ + [ A, χ ] and δ_χ e = − χe .

Given the SO(r, s )-invariant bilinear form η : R^m × R^m → R, we have an induced metric g = η ∘ e on M . It allows to defined a Hodge operator on Ω^• (M ).

Physics : The above geometry is usually taken to provide the kinematics of a formulation of General Relativity known variously as the tetrad formulation, the

11As reformulated by Cartan via his “moving frame”, and independently by Einstein via his

“vierbein/vielbein”, i.e. the soldering e.

256 J. FRANÇOIS AND L. RAVERA

Palatini formulation, the Sciama-Kibble formulation, or yet, the Einstein-Cartan formulation. It is the following.

If one is to built a gauge theory of gravitation based on the above geometry, for m = 4 and (r, s) = (1 ,3) – i.e. the gauge symmetry of the theory is the local Lorentz group – its Lagrangian

(20)

L : Φ = Ā → Ω^4 (M ), Ā → L( Ā) = L(A, e)

must be SO(1,3)-invariant to satisfy the gauge principle. One may use the two immediately available tensorial form, e and F̄ . Given the SO-invariant polynomial M • N := M^{ab} N^{cd} ε_{abcd} , one may feed it the antisymmetric 2-forms e ∧ e^T and Rη^{− 1}, with η the Minkowski metric on R^4. The Lagrangian of vacuum GR (without matter) with cosmological constant Λ is

(21)

L_{EC} ( Ā) = Rη^{− 1} • e ∧ e^T −^Λ_6 e ∧ e^T • e ∧ e^T = � R^{ab} e^c e^d −^Λ_6 e^a e^be^c e^d � ε_{abcd} .

The cosmological constant Λ is known to be non-zero and positive since a SnIa survey in 1998. The variational principle gives

(22) δL_{EC} = E_{EC} + dθ_{EC} = E (δĀ; Ā) + dθ(δĀ; Ā) = 2 � δe ∧ e^T • (R −^Λ_3 e ∧ e^T ) + δA • T • e^T � + d � δA • e ∧ e^T � . The piece of E_{EC} = 0 linear in δe is Einstein’s field equation. The piece linear in δA is the torsion-free condition in vacuum, implying A = A(e): i.e. the normal Cartan connection is solution of the vacuum field equation. From the potential one get the SO (1, 3)-Noether charge

(23) Q^{EC}_Σ (χ ; Ā) = Z Σ δ_χ A • e ∧ e^T = Z Σ Dχ • e ∧ e^T ^= Z ∂Σ χ • e ∧ e^T .

The last equality, noted on-shell, actually uses only T = 0 , not Einstein’s equation. In the theory coupled to matter, L_{EC} (Ā) + L_{matter} (ϕ), this charge essentially gives the mass of the distribution of source matter enclosed by ∂Σ .^{12}

One may observe that the groundstate of the theory is the de Sitter (or anti-de Sitter) space M = ( A)dS, and not the homogeneous model, the Minkowski space M= ( R^4 , η). One also see that the charge is a priori non-zero on the groundstate, which is physically unappealing (given the above interpretation). So, the physical theory is misaligned with the underlying geometry providing its kinematics. These defects are cured by selecting the right Cartan geometry, which we discuss next.

• Cartan-de Sitter geometry : This geometry (P, ϖ ) is based on the group G = SO(1,4) (or G = SO(2,3)) and H = SO(1,3), so that the homogeneous models is the (anti-)de Sitter space, G/H ≃ (A)dS. The gauge group is thus still the local Lorentz group, Aut_v(P ) ≃ SO (1,3) ∋ γ = (^{S 0}_{0 1} ). The Lie algebra splits as g = h ⊕ R^4, with elements written in matrix form as

�_{s τ}

− ετ^t 0 � , where τ^t = τ^T η,

12When χ is the gradient of a timelike Killing symmetry ( χ^{ab} = ∂^a ξ^b), the charge is known as the Komar mass, or Komar integral. See e.g. [46, 82, 100].

CARTAN GEOMETRY, SUPERGRAVITY AND GROUP MANIFOLD APPROACH 257

η being the Minkowski metric, and ε = ± for the dS and AdS cases, respectively. We may thus write the Cartan connection and its local representative as

(24) ϖ = � ω^1_ℓ θ − ε ℓ θ^t 0 � and Ā = � A^1_ℓ e − ε ℓ e^t 0 � , with ℓ a constant with dimension of length s.t.^1_{ℓ 2} =^Λ_3 . The Cartan curvature and its local representative are (25) Ω̄ = � Ω^1_ℓ Θ − ε ℓ Θ^t 0 � and F̄ = � F^1_ℓ T − ε ℓ T^t 0 � = � R −^1_{ℓ 2} e ∧ e^{T 1}_ℓ (de + Ae) − ε ℓ (de + Ae)^t 0 � . The normality condition is again Θ = 0 , and the normal Cartan connection is s.t. ω = ω (θ) is the Levi-Civita connection. The gauge transformations of the local Cartan connection and its curvature are

(26)

Ā^γ = γ^{− 1} Āγ + γ^{− 1} dγ and F̄^γ = γ^{− 1} F̄ γ = � S^{− 1} AS + S^{− 1} dS S^{− 1} e ∗ 0 � = � S^{− 1} F S S^{− 1} T ∗ 0 � . With linearisation, for the connection, still δ_χ Ā = D̄χ , with χ ∈ LieSO(1,3), splitting as δ_χ A = Dχ and δ_χ e = − χe .

Physics : The above Cartan-de Sitter geometry provides the kinematics for a gauge formulation of (vacuum) GR known as the MacDowell-Mansouri formulation [116, 155, 172]. Like YM theory, its Lagrangian is quadratic in the ( so(1,3)-part of the) curvature: (27) L_{MM} ( Ā) =^1_2 F η^{− 1} • F η^{− 1} =^1_2 Rη^{− 1} • Rη^{− 1} −^ε_{ℓ 2} L_{EC} ( Ā)

=^1_2 F^{ab} F^{cd} ε_{abcd} =^1_2 R^{ab} R^{cd} ε_{abcd} −^ε_{ℓ 2} � R^{ab} e^c e^d −^ε_{2ℓ 2} e^a e^be^c e^d . . . � ε_{abcd} .

The term quadratic in the Riemann 2-form R is the Euler density of M; as such, it is called a topological term, and since it is a boundary term it does not change the field equation, but only the symplectic potential. The variational principle indeed gives:

(28) δL_{MM} = E_{MM} + dθ_{MM} = E (δĀ; Ā) + dθ(δĀ; Ā)

= −^ε_{ℓ 2} � δe ∧ e^T • F + δA • T • e^T � + d (δA • F ) .

The Einstein equation are still the piece of E_{MM} = 0 linear in δe, while the piece linear in δA is the torsion-free condition. The normal Cartan connection is again solution of the vacuum field equation.

Compared with L_{EC} , the Euler density contributes R • e ∧ e^T to the potential θ_{MM} , from which one gets the SO (1, 3)-Noether charge

(29) Q^{MM}_Σ (χ ; Ā) = Z Σ Dχ • F ^= Z ∂Σ χ • F .

The last on-shell equality uses only T = 0 . We observe that the groundstate of the theory is again (A)dS, which is also the homogeneous model of the geometry, for

258 J. FRANÇOIS AND L. RAVERA

which the Noether charge vanishes ( F̄ = 0 implies F = 0 ). A physically sensible feature. See [82] for more comments.

As for the Cartan-Riemann case, spinors belong naturally to this geometry as sections of associated bundles S = P ×_{ρ̃} C^{2n} : Weyl C^2-spinors are associated to the spin represention ρ̃ : SO(1,3) → spin(1,3) = SL(2, C), Dirac C^4-spinors to ρ̃^′: SO(1,3) → SL(2, C) × SL(2, C)^∗ – two Weyl spinors in conjugate representations. The full theory coupled with matter fields, described by Dirac spinors ψ , is L_{Grav} (Ā, ψ ) = L_{MM} (Ā) + L_{Dirac} (Ā, ψ ). See e.g. [84]. Via δL_{Grav} (Ā) one obtains the field equations, E_{Grav} =^{− 2ε}_{ℓ 2} δe � e^T • F − T(ψ, e ) � +^{− 2ε}_{ℓ 2} δA � • T ∧ e^T − S(ψ, e ) � + ⟨δψ, /Dψ − μψ ⟩, where T(ψ, e ) is the energy-momentum tensor of the Dirac field ψ source of the Einstein equation, and S(ψ, e ) is the spin density of ψ sourcing the torsion – In the full theory, the Cartan connection cannot be normal. The Dirac equation /Dψ = μψ describes the propagation of the Dirac field into M as it interacts with the gravitational potential Ā; via an Eikonal or WKB (Wentzel-Kramers-Brillouin) approximation, one would relate the Dirac equation to the geodesic equations for a particle with non-zero spin/angular momentum (the Mathisson-Papapetrou-Pirani-Dixon equations) [139].

On-shell, one finds Q^{Grav}_Σ (χ;Ā, ψ ) = Q^{MM}_Σ (χ;Ā), meaning that the contribution of matter fields to the charge is measured by its sourcing of the gravitational fields (this is a gravitational Gauss law).

• Conformal Cartan geometry : This geometry (P, ϖ ) is based on the conformal group G = SO(r+1 , s+1) and H = CO(r, s )⋉R^{m ∗}, where R^{4∗} are special conformal transformations [ 28, 106, 125, 149]. The homogeneous models is the conformally compactified Minkowski space, G/H ≃ M̄. It is a |1|-parabolic geometry, the Lie algebra of G splitting as g = g_{− 1} ⊕ g_0 ⊕ g_1 = R^m ⊕ co(r, s )⊕ R^{m ∗}, and the structure group being h = g_0 ⊕ g_1 = co(r, s ) ⊕ R^{m ∗} .

In matrix notation, we write the gauge group Aut_v(P ) ≃ H = H_0 ⋉ H_1 = �_{z 0 0}

0 S 0 0 0 z^{− 1}

� _{1 r 12 rr t}

0 1 r^t 0 0 1 ! , where z ∈ C^∞ (M) is a Weyl rescaling function. The

Cartan connection and its curvature are ϖ = ϖ_{− 1} + ϖ_0 + ϖ_1 = θ + ω and Ω̄ = Ω̄_{− 1} + Ω̄_0 + Ω̄_1 = Θ + Ω . In matrix notation, their local representatives are

(30) Ā = 0 @ a K 0 e A K^t 0 e^t − a

1 A and F̄ = 0 @ − f C 0 T W C^t 0 T^t − f

1 A . Often it is argued that, without loss of generality, the Weyl potential can be set to zero: a = 0 (understood as a choice of gauge in physics,^{13} as a choice of Weyl structure in mathematics [28, 81]).

The soldering form induces a metric in the usual way, and a Hodge operator. Given that the gauge group acts on Ā s.t. e^γ = zS^{− 1} e, it is clear that the induced metric g = η ∘ e gauge transforms as g^γ = z^2 g. In other words, a conformal Cartan connection induces a conformal metric [g] on M .

13 Or as a so-called “dressing operation”. See [8, 9].

CARTAN GEOMETRY, SUPERGRAVITY AND GROUP MANIFOLD APPROACH 259

For the (local) normal Cartan connection Ā_N = Ā_N (e) the curvature is F̄_N = �_{0 C 0}

0 W C^t 0 0 0 � and s.t. Ric(W) := W^a_{bac} = 0 , i.e. W is the Weyl tensor. The T = 0 condition allows to write A = A(e). The condition f = 0 enforces the symmetry of K and Ric(W) = 0 allows to write K = K(A): This makes K the Schouten tensor. So C, the covariant derivative of K, becomes the Cotton tensor. We see that the normality conditions allow to write Ā_{i +1} in terms of Ā_i, so that in the end the normal connection only depends on its soldering part Ā_{− 1} = e. Clearly then, a normal conformal geometry (P, ϖ_N ) encodes exactly the (gauge) geometry of a conformal manifold (M, [g]).

Physics : This geometry supplies the kinematics of a gauge model of gravity, once considered an alternative to GR, known as 4D ( m = 4 ) conformal gravity. To comply with the gauge principle it should be H-invariant, not SO(2,4)-invariant. A Lagrangian quadratic in F̄ is a natural candidate. The Hodge dual of a (invariant) p-form B gauge transforms as (∗B)^γ = z^{m − 2p}(∗B), in dim m = 4 we have that ∗F̄ has the same tensoriality as F̄ .^{14} So the Lagrangian of 4D conformal gravity is

(31) L_{Conf} ( Ā) = Tr �¯ F ∗F̄ � , in exact analogy with YM theory. The variational principle gives, similarly,

(32) δL_{conf} = E_{conf} + dθ_{conf} = E (δĀ; Ā) + dθ(δĀ; Ā)

= Tr( δĀ D̄ ∗F̄ ) + d Tr( δĀ ∗F̄ ) ,

which yields the YM equation for the conformal Cartan connection, D̄ ∗F̄ = 0 . In the normal case this reduces to

(33) L_{Conf} ( Ā_N ) = Tr �¯ F_N ∗F̄_N � = Tr( W ∗W ) = L_{Weyl} (e) .

The Lagrangian quadratic in the Weyl tensor W defines Weyl gravity [ 10]. It is known that the field equation for the latter, obtained by variation w.r.t. the soldering e (or the metric g), is the Bach equation B_{ab} = 0 , with B_{ab} the Bach tensor. Given the above, we have the immediate result that the Bach equation is encoded as the YM equation for the normal conformal Cartan connection:

(34) D̄_N ∗F̄_N = 0 ⇔ B_{ab} = 0 .

This was first shown in a computational way in [ 111]. Cartan geometry provides a straightforward conceptual proof.

The spin version of conformal Cartan geometry in m = 4 is based on the group Ḡ = Spin(2,4) = SU(2,2), with the complexified Cartan connection Ā^C and curvature F̄^C taking values in the |1|-parabolic Lie algebra ḡ. The quadratic Lagrangian L_{Conf} (Ā^C) = Tr �¯ F^C ∗F̄^C � is that of generalised twistor gravity. Indeed, in the normal case this reduces to

(35) L_{Conf} ( Ā^C_N ) = Tr �¯ F^C_N ∗F̄^C_N � = Tr( W^C ∗W^C ) = L_{Weyl} (ē) ,

where W^C is the complexified Weyl tensor, ē ∈ Herm(2, C) the complexified soldering form, and Ā^C_N known as the twistor 1-form, in the sense of Penrose, as first noticed

14 Notice it also means that YM theory is Weyl-invariant in dimension 4.

260 J. FRANÇOIS AND L. RAVERA

in [85]. It thus follows that the YM equation for the twistor equation, the field equation for twistor gravity, encodes the Bach equation:

(36) D̄^C_N ∗F̄^C_N = 0 ⇔ B_{ab} = 0 ,

where D̄^C_N is known in physics as the “twistor transport”, or twistor connection [129, 130]. This was first shown, again computationaly, in [ 117, 118]. One may appreciate how Cartan geometry streamlines the proof.

We invite the reader to consult [ 8, 9] for more details on the above and for the treatment of conformal tractors fields and twistor spinors in conformal Cartan geometry. We now turn to our description of the group manifold approach to gravity and supergravity.

3. Supergroup manifold approach and Cartan supergeometry

In this section we will review the key aspects of the so-called (super)group manifold approach to (super)gravity, clarifying the physical and mathematical dictionary and making contact with Cartan supergeometry.

3.1. Group manifold approach to pure gravity and Cartan geometry. In 1978, Y. Ne’eman and T. Regge, driven by the growing interest on graded Lie algebras in physics, proposed a geometric approach to supersymmetric theories (in particular, supergravity). Such theories (and any gauge theory involving the action of a gauge group with nontrivial action on spacetime) are naturally formulated by using the concept of Grassmann algebras of forms in the context of the theory of Lie groups. As reported by the authors themselves [ 121], much of the necessary foundational work had been anticipated by Cartan and was already commonplace in mathematical literature at that time. However, it was not yet widely spread among physicists. Actually, even today, when within the physics community reference is made to the Cartan formulation of some physical theory, typically of gravity, the first (and, sometimes, unique) thing that come to mind is the use of differential forms, while, in fact, the differential (bundle) geometric setup adopted is much richer and constitutes a mathematical framework that lends itself particularly well to applications, extensions and generalizations.

The idea of Ne’eman and Regge, whose key aspects will be briefly reviewed in the following, consists of developing the formalism of gravitational theories as gauge theories on a (super)group manifold , that is adding a differential structure to the (super)group.^{15} Giving a manifold structure to a Lie (super)group G allows to take limits and derivatives in G and define the notion of a tangent space at the identity of G. The latter gives us the Lie (super)algebra g associated with G, which is often easier to work with. All of this is standard in Klein geometry, where the use of the term “group manifold” is implicit and a principal H-bundle geometry for G is assumed as a starting point.

Klein geometry can be seen as the rigid (or flat ) limit (giving the vacuum configuration in physics) of Cartan geometry, in which the Cartan curvature vanishes and the Cartan connection ϖ boils down to ϖ_G satisfying the Maurer-Cartan

15 With the term supergroup we mean graded Lie groups.

CARTAN GEOMETRY, SUPERGRAVITY AND GROUP MANIFOLD APPROACH 261

equations. Performing the rigid limit of a Cartan geometry (P, ϖ ) therefore amounts to considering the flat Cartan geometry (P, ϖ )_{flat} locally isomorphic to the Klein geometry (G, ϖ_G ). On the other hand, one could say that a Cartan geometry is obtained by “softening” a Klein geometry. In the group manifold approach literature, this procedure, in general terms, is referred to as deforming the group manifold G into a “soft group manifold ” G̃, the Maurer Cartan (MC) 1-form on G being deformed into a 1-form on G̃ enjoying curvature. Let us describe the procedure as it appears in the physics literature.

3.1.1. Soft group manifold. A soft group manifold G̃ is endowed with a g-valued 1-form ϱ^{A 16} with curvature R^A := dϱ^A +^1_2 C^A_{BC} ϱ^B ∧ ϱ^C .

(37)

where C^A_{BC} are the structure constants of the Lie algebra g. The curvature fulfills the Bianchi identity ∇ R^A = 0 , where ∇ is the “G̃-covariant derivative”, w.r.t. ϱ^A .^{17} Now, let H ⊂ G be a subgroup of G and G/H the corresponding homogeneous manifold. The soft group manifold G̃ can be then considered as a principal bundle with fiber H and base space M. Let U_α be a covering of M and π the projection G^π−→ M; π^{− 1}(U_α ) ≃ U_α × H is parameterized by the elements (x, y_α ), where x ∈ M and y_α ∈ H – a.k.a. local trivialisation of G̃. We give transition functions ς_{αβ} (x) ∈ H on U_α ∩ U_β s.t., on U_α ∩ U_β ∩ U_γ , ς_{αβ} ς_{βγ} = ς_{αγ} . We identify the elements (x, y_α ) = ( x, y_β ), where y_α = ς_{αβ} y_β and x ∈ U_α ∩ U_β . All the sets π^{− 1}(U_α ) are “glued” together into G̃. Over each U_α , we have a map χ_α : π^{− 1} (U_α ) ⊂ G̃ → H ⊂ G ,

(38) (x, y_α ) → y_α .

(39)

Given the left-invariant Maurer-Cartan form σ^A on G, one has the form χ^∗_α σ^A on π^{− 1}(U_α ) ⊂ G̃ with vanishing curvature. Then, given a g-valued 1-form τ^A_α on U_α ⊂ M , one requires that the restriction of ϱ^A on π^{− 1} (U_α ) is s.t.

ϱ^A_α = χ^∗_α σ^A + Ad(y_α )_B^A τ^B_α ,

(40) For this to hold for any U_α in the cover, the following matching conditions must hold over U_α ∩ U_β :

τ^A_β = ς^∗_{αβ} χ^∗_α σ^A + Ad(ς_{αβ} )_B^A τ^B_α .

(41)

In the group manifold approach literature, if (40)–(41) hold, ϱ^A is called a factorized c-bein on the pair (G̃, H ).

As a matter of fact, ϱ^A is indeed a Cartan connection on the H-bundle G̃. The name c-bein alludes to the vielbein of GR, or tetrad/(co)frame field, which provides a parallelism on spacetime M: it is meant to say that, likewise, ϱ^A provides a frame on the soft group manifold G̃. Which is exactly the distinctive defining property (iii) of a Cartan connection as define in section 2.2.1. The local representatives

16Here, we use the abstract index convention: A is an abstract g index, no basis of the g is assumed.

17 To be understood in terms of the tractor derivative mentioned in section 2.2.1.

262 J. FRANÇOIS AND L. RAVERA

τ^A_α on U_α ⊂ M are called “Cartan gauges” in [ 149], with (41) being their gluing relations. These are to be understood as the gravitational gauge potentials, with (41) representing their (passive) gauge transformations.

All of this applies when G = P is the Poincaré group and H = SO(1,3), with homogeneous flat model G/H = R^4. Then, P is softened to G̃ = P̃ over spacetime M locally modeled on the flat model. This is but the Cartan-Riemann geometry described in 2.2.2. But the idea can be extended, with adjustments, to the case of Lie supergroups, e.g. G = GP the super-Poincaré group, softened to G̃ = G̃P), an H = SO(1,3)-bundle over the “superspace” M modeled on the super-Minkowski space R^{4|4} [121, 122]. The first case is relevant to “bosonic” pure gravity (vacuum GR), as shown in 2.2.2. The second, is the arena for what is known as N = 1 pure supergravity (in four spacetime dimensions).

Let us also mention that, at the algebraic level, there is a vector subspace f of g such that g = h ⊕ f, f ∩ h = ∅ , with h the Lie algebras of H. If f is s.t. Ad(h)f ⊂ f, h ∈ H, G/H is said to be a weakly reductive homogeneous manifold . The g-valued forms ϱ^A and R^A split accordingly. This corresponds to the reductive Cartan geometries described in 2.2.2. In the case of pure bosonic gravity, for which G̃ = P̃ and H = SO(1,3), the splitting gives ϱA → { ϱab , ϱa }, R A → { R ab , R a } on P̃ , and τA → { ω ab , Va } on U ⊂ M (the indices a, b, . . . ∈ 0, 1, 2, 3 being for the fundamental vector representation of the Lorentz group). The local objects ω^{ab} and V^a are commonly known in the physics literature as the “ spin connection ” (in the general reductive case it is the h-components of the local representative of the Cartan connection) and the vielbein 1-form V^a = V^a_μ dx^μ , μ ∈ { 0, . . . ,3}, which is the local soldering form ). The h-components of the curvature R^A is called the proper curvature of ϱ^A (the h-components of the Cartan curvature ), while the f-components represent the torsion of the Cartan connection . In terms of their local representatives , we have, respectively, the Riemann curvature 2-form and the torsion 2-form

R^{ab} = dω^{ab} + ω^a_c ∧ ω^{cb} ,

(42)

R^a = dV^a + ω^a_b ∧ V^b = DV^a ,

(43)

where D denotes the Lorentz-covariant derivative. Compare with (17)–(18) in 2.2.2. Table 2 below gives summary of the dictionary between the notations used above, typical of the group manifold approach endowed with a principal bundle structure, and the ones used in section 2.2 to describe Cartan geometry.

3.1.2. Geometric Lagrangian and action for gravity. It is not our aim here to review in details the group manifold approach to pure gravity, given that it ends up being equivalent to the Cartan formulation already discussed.^{18} However, we sketch how the action for pure GR is constructed in this approach, as it provides the template for the supersymmetric case considered next. One considers the following

18 For concise reviews of the subject we refer the reader to, e.g., [38, 58].

CARTAN GEOMETRY, SUPERGRAVITY AND GROUP MANIFOLD APPROACH 263

Group manifold approach Cartan geometry

G̃; H ; M P ; H ; M

ϱ(factorized c-bein, Cartan connection) ϖ (Cartan connection)

τ (local representative of ϱ) Ā (local representative of ϖ )

ω^{ab} (“spin connection”) A^{ab} (h-components of the local rpr. of ϖ )

V^a = V^a_μ dx^μ (“vielbein”, meaning local soldering form) e^a = e^a_μ dx^μ (local soldering form)

R = { R^{ab} , R^a } (Cartan curvature, or proper curvature)

Ω̄ = { Ω ab , Θ a } (Cartan curvature)

R^{ab} (Riemann curvature 2-form) R^{ab} (Riemann curvature 2-form)

R^a (torsion 2-form, local rep. of the torsion R^a of ϱ)

T^a (torsion 2-form, local rep. of the Θ^a of ϖ )

Tab. 2: Group manifold approach and Cartan geometry notations.

Lagrangian on P̃:^{19}

L^{(4)} = R^{ab} ∧ ϱ^c ∧ ϱ^d ε_{abcd} .

(44)

As it is a form on P̃, to obtain the action we need to integrate over a 4-dimensional submanifold. One thus considers a smooth embedding map σ : M^4 → P̃, so that: S = Z σ (M^4 )

L^{(4)} = Z M^4

σ^∗ L^{(4)} = Z M^4

R^{ab} ∧ V^c ∧ V^d ε_{abcd} .

(45)

The last integral in (45) is performed over M^4, identified with spacetime. So, the action defined as the integral of L^{(4)} over a section of P̃ is equivalent to the Einstein-Cartan action for pure gravity, based on Cartan-Riemann geometry. We observe that the above embedding should be understood as a global section of the principal bundle P̃, which is then a trivial bundle over spacetime M^4: P̃ = M^4 × H.

One usually argue for, or requires, independence of the integration performed in (45) from the choice the section σ. This amounts to requiring that L^{(4)} be basic on P̃, i.e. that σ ∗ L(4) be invariant under gluings on M: in other words, it amounts to requiring Lorentz gauge invariance of σ^∗ L^{(4)} . Which is the gauge principle requirement.^{20}

19The building rule for a “geometric” Lagrangian adopted in the (super)group manifold approach can be found in [40].

20We remark that the requirement that L being basic implies in particular that the curvature R^{ab} is horizontal . So, the Lie derivative of the Cartan connection ϱ^A on P̃ along vertical vector fields is an infinitesimal gauge transformation. Let us also observe that what are typically called “general coordinate transformations” (GCTG) in the group manifold approach literature (together with their anholonomized version; see e.g. [ 58, 121]) are just diffeomorphisms in P̃,

264 J. FRANÇOIS AND L. RAVERA

The field equations obtained by varying the action (45) w.r.t. ω^{ab} and V^a read, respectively,

R^c ∧ V^d ε_{abcd} = 0 ⇒ R^a = 0 , as, setting R^a = R^a_{μν} dx^μ dx^ν , we get R^a_{μν} = 0 ,

(46)

R^{ab} ∧ V^c ε_{abcd} = 0 ⇒ vacuum Einstein’s equations.

(47)

Let us also mention that one may try to extend the integration of L to the entire P̃. In this case, one should write an action S = Z P̃ R^{ab} ∧ ϱ^c ∧ ϱ^d ε_{abcd} ∧ ν ,

(48)

where ν is a 6-form including the dy differentials. As far as we know, no explicit form for ν has ever been proposed such that the theory involving only “ordinary” differential forms reproduces Einstein’s equations.^{21} However, a similar idea, based on the notion of Poincaré dual and exploiting (delta, pseudo and) integral forms (and introducing so-called “picture changing operators”), was considered in the supersymmetric case in more recent literature [ 36, 37, 38, 41] as a way to perform integration of a superspace geometric Lagrangian over the entire superspace, rather than to a bosonic submanifold (identified with spacetime) immersed in superspace, as it is done in the supergroup manifold approach.^{22}

The implementation of the above setup to recover the MacDowell-Mansouri formulation [ 116, 155, 172] of GR, whose kinematics is provided by Cartan-de Sitter geometry, can be found in [ 121]. The scheme can be applied to derive 4D conformal gravity. A more complete list of building rules for a general geometric Lagrangian can be found in [ 40, 58], together with several applications both at the “purely bosonic” level and to supergravity.

Usually, in the (super)gravity literature based on the (super)group manifold approach, a principal bundle structure with the Lorentz group as the structure group is assumed from the very beginning. On the other hand, supersymmetry transformations in supergravity are (usually) not gauge/vertical transformations of a bundle. So there is no simplifying factorization of the odd Grassmann direction. As we are going to discuss in the following, the extension of the above treatment to the case of supergroup manifolds yields a geometric interpretation of supersymmetry , in which supersymmetry transformations are odd diffeomorphisms of superspace M^{4|4} .

whose infinitesimal version is just given by the action of the Lie derivative along the generating vector field.

21Let us mention that in [ 91, 92] a “generalized” variational formulation was proposed to integrate on the bundle, the difference being that the wedge product ρ ∧ ρ ∧ ν there is replaced by a single 8-form. Moreover, other formulations involve the use of so-called “ delta forms ” (see, e.g., [36, 38, 42]).

22 For a rigorous introduction of pseudo forms in the algebraic context in terms of infinite representations see [54].

CARTAN GEOMETRY, SUPERGRAVITY AND GROUP MANIFOLD APPROACH 265

3.2. Supergroup manifold (a.k.a. “rheonomic”) approach to SUGRA. The machinery of the (soft) group manifold approach, underpinned by Cartan geometry, has been to extended to supergroups: it is known as the (soft) supergroup manifold approach, a.k.a. rheonomic approach [40], and has been applied to build (or re-derive “geometrically”) both supergravity and rigid supersymmetric theories. Here our focus will be on supergravity. We will see how it hints at Cartan supergeometry.

A supergroup manifold G (softened to G̃) has both even (commuting, or “bosonic”) and odd (“fermionic”) coordinates: (x^μ , y^{μν} , θ^α ), where the θ’s are the fermionic Grassmann coordinates and α, β, . . . are spinor indices, which we will generally omit in the following. For simplicity, we will restrict ourselves to the N = 1 case in four spacetime dimensions. In N -extended supersymmetric models, where N is the number of supercharges, the θ’s also carry a so-called R-symmetry index A = 1 , . . . , N . The framework can be generalized to higher spacetime dimensions too.

A principal superbundle structure is considered for G̃, with H = SO(1,3) (vertical Lorentz directions), and the superspace M^{4|4} is modeled on the homogeneous super-Minkowski space R^{4|4}, so has coordinates (x^μ , θ^α ). In the pure supergravity case, and in the absence of cosmological constant, one considers G̃ = G̃P (soft graded Poincaré). This setup corresponds to a Cartan supergeometric framework, where the local representative of the Cartan superconnection ρ^A on G̃P is a (set of) 1-form(s) superfield(s) τ^A on M^{4|4}, with supercurvatures R^A . The superfield τ^A contains the supervielbein { V^a , ψ^α }, which is an orthonormal basis of 1-forms at each point of the cotangent plane to superspace M^{4|4} (V^a is commonly referred to as the “bosonic vielbein”, while ψ^α is the “fermionic” one, also called gravitino 1-form). Besides them, τ^A also includes the Lorentz spin connection ω^{ab} , as a 1-form superfield.

The supercurvatures R^A ,

R^A := dτ^A +^1_2 C^A_{BC} τ^B ∧ τ^C ,

(49)

with C^A_{BC} the structure constants of the Lie superalgebra g (super-Poincaré algebra), are horizontal w.r.t. the Lorentz directions. But, since M^{4|4} does not decompose into a bundle over M^4 with Grassmannian fibers, R^A is not “horizontal” in the fermionic direction, along of the fermionic vielbein. This implies that local supersymmetry transformations are not gauge tranformations. They correspond instead to diffeomorphisms along the θ-directions of superspace (given linearly by the Lie derivative ℓ_ε := ι_ε d + dι_ε along the generating ε^α = δθ^α supersymmetry (odd) vector field).

The superfields τ^A (x, θ), and their supercurvatures R^A (x, θ) decomposes locally on superspace as

(50) τ^A (x, θ) = τ^A_μ (x, θ)dx^μ + τ^A_α (x, θ)dθ^α ,

R^A (x, θ) = R^A_{μν} (x, θ)dx^μ ∧ dx^ν + R^A_{μα} (x, θ)dx^μ ∧ dθ^α + R^A_{αβ} (x, θ)dθ^α ∧ dθ^β

= R^A_{μν} (x, θ)dx^μ ∧ dx^ν + R^A_{Lα} (x, θ)dZ^L ∧ dθ^α ,

(51)

266 J. FRANÇOIS AND L. RAVERA

where dZ^L = ( dx^μ , dθ^α ). The superfunction R^A_{Lα} (x, θ) are called the “outer” components of R^A (x, θ), while R^A_{μν} (x, θ) are called the “inner” components (or supercovariant field strengths ). The superfield τ^A (x, θ) induces the corresponding “spacetime quantity” ( x-fields) τ^A (x) = τ^A_μ (x)dx^μ on M^4 ⊂ M^{4|4} via the restriction

τ^A (x) = τ^A (x, θ)|_{θ= dθ =0} = τ^A_μ (x, 0)dx^μ .

(52)

Note that each component in the θ-expansion of a superfield represents, a priori , a new x-space field. Hence, a priori , the theory defined in superspace could exhibit extra dynamics (extra degrees of freedom) w.r.t. the spacetime restriction. If this were the case, the resultant theory would fail to be equivalent to supergravity formulated in terms of a local spacetime (super)symmetry. As we are going to discuss, what allows the formulation of supergravity in superspace to be equivalent to the one on spacetime is the so-called rheonomy principle .

Rheonomy : Let us consider the so-called rheonomic extension mapping

τ^A (x) → τ^A (x, θ) .

(53)

The knowledge of this mapping is crucial in order to interpret the theory based on the superspace fields as a spacetime theory. Indeed, in order to have the same physical content as the spacetime theory, we must be able to determine the fields contained in the θ-expansion of τ^A (x, θ), and all its dθ components, in terms of its spacetime restriction τ^A_μ (x, 0)dx^μ , that is what the knowledge of (53) amounts to.

For the mapping to be fully determined, a complete set of Cauchy data must be known: not only τ^A_μ (x, 0) but also the “normal derivatives”

�_∂

∂θ^α τ A μ (x, θ) � |_{θ=0} = ∂ ∂θ^α τ A μ (x, 0). This, in general, is not the case. Now, considering the diffeomorphic mapping generated by the Lie derivative ℓ_ε , ε = ε^{α ∂}_{∂θα} , one can prove [40] that the knowledge of τ^A (x, 0) (that is, besides τ^A_μ (x, 0), also τ^A_α (x, 0)) and �_∂

∂θ^α τ

A (x, θ) � |_{θ= dθ =0} =^∂_{∂θα} τ^A_μ (x, 0)dx^μ is equivalent to the knowledge of τ^A_μ (x, 0) only, together with R^A_{αμ} (x, 0). Actually, releasing the dθ = 0 restriction, one can also show that the knowledge of τ^A (x, 0) and^∂_{∂θ}τ^A (x, 0) is equivalent to that of τ^A_μ (x, 0) together with R^A_{Lα} (x, 0).

The concept of rheonomy can now be introduced. Assume the following constraints (a.k.a. rheonomic constraints ) to hold:

R^A_{Lα} = C^{A |μν}_{Lα |B} R^B_{μν} ,

(54)

where C^{A |μν}_{Lα |B} are suitable invariant tensors of the supergroup. Then, the knowledge of a purely spacetime configuration { τ^A_μ (x, 0), ∂_μ τ^A_ν (x, 0)} determines in a complete way the extension mapping (53). In other words, if (54) hold, given a purely spacetime configuration the complete θ-dependence of the associated superfields τ^A (x, θ) can be recovered, as τ^A_μ (x, 0) and ∂_μ τ^A_ν (x, 0) (or, equivalently, τ^A_μ (x, 0) and R^A_{μν} (x, 0)) constitute a complete set of Cauchy data on spacetime when (54) is satisfied. The property expressed by (54) was named “rheonomy” and a theory admitting a

CARTAN GEOMETRY, SUPERGRAVITY AND GROUP MANIFOLD APPROACH 267

set of rheonomic constraints is likewise said to be rheonomic.^{23} From a physical viewpoint, the restriction on the superspace parametrization of the supercurvatures given by the rheonomic constraints guarantees that no additional degree of freedom is introduced in the theory in superspace compared to those already present in spacetime.

Alternatively, if we regard the Lie derivative as generating the functional change of τ^A at the same coordinate point (“ active ” interpretation of the Lie derivative),

ℓ_ε τ^A = μ^{A ′}(x, 0) − μ^A (x, 0) ,

(55)

it transforms a given spacetime configuration into a new spacetime configuration (supersymmetry transformations ).

In particular, invariance of the theory, i.e. of the action (or the field equations), under diffeomorphisms along the odd directions in superspace amounts to supersymmetry invariance of the theory restricted to spacetime. One may write, schematically [40],

(56)

Superspace configuration τ^A (x, θ )^{ε α -diffeomorphisms}

−−−−−−−−−−−−−−→ New superspace configuration τ^{A ′}(x, θ )

↑ Rheonomy ↓ Restriction to x-space

x-space configuration τ^A (x, 0)^{Supersymmetry}

−−−−−−−−−−−−−−→ New x-space configuration τ^{A ′}(x, 0)

Demanding the closure of the Lie derivative brackets (that is, requiring the induced transformations to form a Lie super-algebra) is then equivalent to demanding integrability of the rheonomic constraints, implying constraints on the inner components of the supercurvature. Checking that d^2 = 0 amounts to checking that the Bianchi identities are satisfied by the supercurvatures R^A .^{24} In the presence of (54), the Bianchi identities loose the character of identities and become integrability equations for the constraints. Since the rheonomic constraints express the outer components R^A_{Lα} of R^A in terms of the inner ones R^A_{μν} , the Bianchi relations (Bianchi-integrability equations) are equations among the R^A_{μν} ’s which must be valid everywhere in superspace. In particular on the restriction to the spacetime hypersurface. Hence, we conclude that the supersymmetry transformations algebra close only if R^A_{μν} satisfy certain integrability equations, obtained from the Bianchi “identities”.

Physically, these equations are the spacetime field equations of the theory; we may thus say that the supersymmetry algebra closes on-shell. In this respect, the supersymmetry algebra is peculiar since supersymmetry representations have to contain the same number of bosonic and fermionic degrees of freedom. However, the on-shell condition changes in different ways the number of degrees of freedom (d.o.f.) of fields of different spin (e.g. spinors halve their d.o.f., gauge vectors lower by one their d.o.f., and scalars do not change them). As a consequence, when

23 From the ancient Greek words “rhein”, which means flow, and “nomos”, which means law,

referring to the lift from an x-space configuration τ^A (x, 0) to a superspace one, τ^A (x, θ) (“passive ” interpretation of the Lie derivative along the odd directions of superspace).

24The Bianchi identities guarantee the closure of the given algebra when represented in terms

of fields.

268 J. FRANÇOIS AND L. RAVERA

supersymmetry is realized in terms of field representations (supermultiplets), as it happens in supergravity theories, it is an algebra of transformations that closes on the equations of motion (i.e., on-shell).^{25}

Therefore, in a rheonomic theory (in the absence of auxiliary fields) we expect the supersymmetry transformations to close an algebra only on the on-shell configurations of τ^A (x, 0), implying that we can lift to superspace only those configurations which are solutions of the x-space field equations, while arbitrary configurations cannot be lifted.

3.2.1. Geometric Lagrangian in superspace and action. The on-shell closure of the Bianchi “identities” provides the field equations that one may obtain from a supersymmetric Lagrangian L in superspace: i.e. satisfying δ_ε L = ℓ_ε L = 0 , maybe up to boundary terms (note that L is not a top form in superspace).^{26} On the supergroup manifold G̃ = G̃P, given a Lagrangian density L^{(4 |4)} , one may write the following action: S = Z σ (M^{4 | 4} )

L^{(4 |4)} = Z M^{4 | 4}

σ^∗ L^{(4 |4)} = Z M^{4 | 4}

L^{(4 |4)} ,

(57)

where σ(M^{4|4}) is a (global) section of G̃P. The latter being an H = SO(1,3)-principal superbundle, Lorentz invariance (basicity) of L^{(4 |4)} ensures freedom in the choice of the section of integration. On the r.h.s., M^{4|4} is identified with superspace. This prescription is along the lines of, e.g., [ 36, 38], where the idea is to construct a full superspace Lagrangian L^{(4 |4)} = L^{(4 |0)} ∧ Y^{(0 |4)} , where Y^{(0 |4)} is a so-called “picture changing operator ”, PCO, a differential object “inherited” from the string theory and string field theory literature (see, e.g., [ 53] on the geometry of PCOs and [55, 56] for a concise review of integration on supermanifolds, applied to super Chern-Simons theory). This methods allows integration over the entire M^{4|4}. PCOs are typically built by hand and different choices of PCO can lead to different formulations of the same theory. A particular choice of L^{(4 |0)} is the rheonomic (geometric) 4-form Lagrangian, a bosonic 4-form in superspace:

L^{(4 |0)} = R^{ab} ∧ V^c ∧ V^d ε_{abcd} + 4 ψ̄ ∧ γ_5 γ_a Dψ ∧ V^a .

(58)

The first term is the the so-called Einstein-Hilbert, the second is a Rarita-Schwinger term. It is built with the superfields { ω^{ab} , V^a , ψ } and the γ’s are Dirac gamma matrices. The supercurvatures (components of the local representative of the supercurvature

25This restriction can be relaxed by including auxiliary fields in the theory, but, considering a

finite number of auxiliary fields, this is possible only in few cases, while the most fruitful approach so far has been that of the so-called harmonic superspace [86] (where spherical harmonics are employed), involving an infinite number of auxiliary fields. In these cases, the Bianchi identities are proper identities and the supersymmetry algebra closes off-shell ; see, e.g., [ 132] for a concise discussion on this topic.

26We refer to, e.g., [ 4, 40, 48, 58] for a variety of simple models presented and studied in details. Furthermore, building rules for a “geometric” superspace Lagrangian can be found in, e.g., [58].

CARTAN GEOMETRY, SUPERGRAVITY AND GROUP MANIFOLD APPROACH 269

2-form of the Cartan superconnection) are

R^{ab} = dω^{ab} + ω^a_c ∧ ω^{cb} ,

(59)

R^a = dV^a + ω^a_b ∧ V^b − i 2 ψ̄ ∧ γ^a ψ = DV^a − i 2 ψ̄ ∧ γ^a ψ , (60)

ρ = dψ + 1 4 ω^{ab} ∧ γ_{ab} ψ = Dψ ,

(61)

where R^a is called the supertorsion and ρ is the gravitino super field strength. The field equations read^{27}

R^c ∧ V^d ε_{abcd} = 0 ,

(62)

R^{ab} ∧ V^c ε_{abcd} − 2ψ̄ ∧ γ_5 γ_d Dψ = 0 ,

(63) 2γ_5 γ_a Dψ ∧ V^a − γ_5 γ_a ψ ∧ R^a = 0 .

(64)

The analysis of their expansion along V V V, V V ψ, V ψψ , ψψψ yields the spacetime field equations together with the rheonomic constraints on the outer components of the supercurvatures, which therefore results to be expressed, on-shell, as linear tensor combinations of the inner components.

On the other hand, in the original formulation of the geometric approach to supergravity in superspace, the rheonomic Lagrangian L^{(4)} = L^{(4 |0)} is integrated over a bosonic hypersurface, opportunely identified with spacetime M^4,^{28} immersed in superspace. Let us mention that, in this setup, the invariance of the action does not coincide, in general, with the invariance (typically, up to total divergences) of the Lagrangian. In particular, assuming superspace to be compactified along the spacetime directions, the diffeomorphisms in the odd directions of superspace are an (off-shell) invariance of the action S built in this setup iff

S (M^4 + δM^4 ) − S (M^4 ) = Z V dL^{(4)} = 0 → dL^{(4)} = 0

(65)

(i.e., if L^{(4)} is a closed form in superspace).

We have denoted by V the supervolume contained between the two hypersurfaces M^{4 ′} = M^4 + δM^4 and M^4 .

The application of the rheonomic approach to, e.g., the case G̃ =~

OSp(1 | 4) and to the supersymmetric extension of the MacDowell-Mansouri formulation for gravity (“MacDowell-Mansouri supergravity”, we might say, based on Cartan-(Anti) de Sitter supergeometry) can be found, respectively, in [ 40, 58] and [4, 7]. The same construction can also be applied to the superconformal theory (see [ 61]). A

27 Up to boundary terms. 28This is coherent, given the on-shell character of the construction. Indeed, once a geometric supersymmetric (typically, up to total divergences) Lagrangian is constructed, in the spirit of [ 40], the rheonomic constraints are recovered from the study of the field equations, meaning that the theory on another bosonic submanifold immersed in superspace, with a different embedding, would be given just by the supersymmetry transformed Lagrangian (plus a Lorentz gauge transformation, if we think of the superspace M^{4|4} in turn immersed in the supergroup manifold), therefore leaving unaltered the physical content.

270 J. FRANÇOIS AND L. RAVERA

rather comprehensive list of applications and more recent results obtained in the rheonomic approach is to be found in [38, 58].^{29}

3.2.2. Higher forms supergravities and FDAs. Supergravity theories in 4 ≤ D ≤ 11 spacetime dimensions have a bosonic field content that generically includes, besides the metric and a set of 1-form gauge potentials, also p-index antisymmetric tensors.^{30} Their vacuum structure are therefore appropriately discussed in the framework of so-called “Free Differential Algebras” (FDAs) underlying the theory, which extend the Maurer-Cartan equations by incorporating p-form gauge potentials. The concept of FDA was introduced by Sullivan in [ 157]. Subsequently, the FDA framework was applied to the study of supergravity theories by R. D’Auria and P. FrÃ ©, in particular in [ 60], where the FDA was referred to as Cartan Integrable System (CIS), since the authors were unaware of the previous work by Sullivan. In fact, FDA and CIS are equivalent concepts [ 59]. The latter is also known as the Chevalley-Eilenberg Lie algebras cohomology (CE-cohomology) framework in supergravity. Actually, the super algebraic structures called FDAs in the geometric supergravity literature are super semifree differential graded-commutative algebras , and nowadays one would relate them to super L_∞ -algebras [76, 143] (see also the reviews [77, 94]).

Let us briefly recall the standard procedure to construct a minimal FDA,^{31} starting from an ordinary Lie algebra. Then, we will discuss the extension to the supersymmetric case.

Let us thus start by considering the Maurer-Cartan 1-forms σ^A of a Lie algebra, and let us construct the so-called (p + 1) -cochains (Chevalley cochains ) Ω^{i |(p+1)} in some representation D^i_j of the Lie group, that is to say, (p + 1) -forms of the type

Ω^{i |(p+1)} = Ω^i_{A 1 ...A p +1} σ^{A 1} ∧ · · · ∧σ^{A p +1} ,

(66)

where Ω^i_{A 1 ...A p +1} is a constant tensor. If the above cochains are closed,

dΩ^{i |(p+1)} = 0 ,

(67)

they are cocycles. If a cochain is exact, it is called a coboundary . Of particular interest are those cocycles that are not coboundaries, which are elements of the CE-cohomology.^{32} In the case in which this happens, we can introduce a p-form A^{i |(p)} and write the following closed equation:

dA^{i |(p)} + Ω^{i |(p+1)} = 0 ,

(68)

29See also [ 35] for a geometric interpretation of the BRST symmetry developed within the group manifold setup.

30An example in the geometric supergravity literature is given by the 3-index antisymmetric

tensor A_{μνρ} of the Cremmer-Julia-Scherk D = 11 supergravity theory [ 52], which is described geometrically in terms of a 3-form gauge potential A^{(3)} with super field strength F^{(4)} = dA^{(3)} − 1 2 Ψ̄ ∧ Γ_{ab} Ψ ∧ V a ∧ V b [60]. 31A minimal FDA is s.t. for any p-form A^{( p )} in it, dA^{( p )} is a polynomial of elements of the FDA with form degree no greater than p.

32 If the cocycles are also coboundaries, then the cohomology class is trivial.

CARTAN GEOMETRY, SUPERGRAVITY AND GROUP MANIFOLD APPROACH 271

which, together with the Maurer-Cartan equations of the Lie algebra, is the first germ of a FDA. The latter contains, besides the Maurer-Cartan 1-forms σ^A , also the new p-form A^{i |(p)} . The procedure can be iterated taking as basis of new cochains Ω^{j |(p ′+1)} the full set of forms, namely σ^A and A^{i |(p)}, and looking again for cocycles. If a new cocycle Ω^{j |(p ′+1)} exists, then we can add to the FDA a new equation,

dA^{j |(p ′)} + Ω^{j |(p ′+1)} = 0 .

(69)

The procedure can be iterated again and again, till no more cocycles can be found. In this way, we obtain the largest FDA associated with the initial Lie algebra.

Extension to supersymmetric theories : In the supersymmetric case, a set of nontrivial cocycles is generally present in superspace due to the existence of Fierz identities obeyed by the wedge products of gravitino 1-forms. The 1-form fields one starts from are the vielbein V^a , the gravitino ψ , the spin connection ω^{ab} and, possibly, a set of gauge fields. We request that the FDA is described in terms of fields living on ordinary superspace , whose cotangent space is spanned by the supervielbein only. This corresponds to the physical request of a principal superbundle structure, with superspace as base space, the rest of the fields spanning the fiber. This fact implies horizontality of the FDA, corresponding to gauge invariance: All the fields but the supervielbein must be excluded from the construction of the cochains. This corresponds to require the CE-cohomology to be restricted to the H -relative CE-cohomology.

For instance, the FDA underlying D = 11 supergravity [40, 60] is

R^{ab} := dω^{ab} + ω^a_c ∧ ω^{cb} = 0 ,

(70)

R^a := DV^a − i 2 Ψ̄ ∧ Γ^a Ψ = 0 , (71)

ρ := D Ψ = 0 ,

(72)

F^{(4)} := dA^{(3)} − 1 2 Ψ̄ ∧ Γ_{ab} Ψ ∧ V^a ∧ V^b = 0 , (73)

F^{(7)} := dB^{(6)} − 15A^{(3)} ∧ dA^{(3)} − i 2 Ψ̄ ∧ Γ_{a 1 ...a 5} Ψ ∧ V^a 1 ∧ · · · ∧V^a 5 = 0 , (74)

where Ψ is a 32-components Majorana spinor, the Γ’s are Dirac gamma matrices in eleven dimensions, and a, b, . . . ∈ { 0,1, . . . ,10}. On the l.h.s. of (70) we have defined the super field strengths, whose vanishing defines the vacuum. The latter corresponds to the r.h.s. of (70), that is the FDA. As we can see, the fully extended FDA (70) includes also a (“magnetic”) 6-form gauge potential B^{(6)} , related to the Hodge-dual of the field strength of A^{(3)} on spacetime. The d^2-closure of this FDA is a consequence of 3-gravitinos Fierz identities in D = 11 .

Let us conclude by mentioning that it was shown in [ 60] that the FDA can be traded for an ordinary Lie superalgebra (written in its dual Maurer-Cartan formulation), namely in terms of 1-form gauge fields valued in nontrivial tensor representations of Lorentz group SO(1,10), allowing the disclosure of the so-called hidden superalgebra underlying the FDA (70). This superalgebra, at least locally,

272 J. FRANÇOIS AND L. RAVERA

describes a supergroup manifold ( hidden supergroup , which is an ordinary Lie supergroup, of the FDA) which could be considered at the group-theoretical starting point for a construction of the supergravity theory. In this case, we say that the FDA has been trivialized in terms of hidden 1-form fields (always referring, actually, to its dual description).

The procedure was done explicitly, decomposing the 3-form A^{(3)} in terms of a set of trilinear (wedge) products of 1-forms and requiring the decomposition to fulfill the integrability of the original FDA equation for A^{(3)} , that is d(A^{(3)}_{dec.} ) − 1 2 Ψ̄ ∧ Γ_{ab} Ψ ∧ Va ∧ Vb = 0 . This prescription, in principle, can be applied to any FDA. However, there is no strong reason to think that the trivialization of a FDA, meaning the hidden superalgebra obtained, is unique. Case by case analysis has shown, for now, that among the new 1-forms needed to ensure that the given decomposition reproduces the integrable equation of a FDA, there appears (at least) one extra spinor 1-form field. The role of these spinor 1-forms, investigated in [5, 6, 131], is to ensure that the new 1-form fields introduced to trivialize the FDA do not carry physical degrees of freedom (the dependence on the new coordinates introduced is completely factorized and the curvatures are horizontal). Adopting a more abstract mathematical terminology, understanding an “FDA” as a super L_∞ -algebra, hence a higher stack , a hidden supergroup corresponds to an atlas for such stack [3, 78].

We conclude by mentioning that, recently, in [ 57], the so-called Molien-Weyl integral formula and Hilbert-Poincaré series^{33} have been adopted to systematically construct FDAs, reproducing the associated pure supergravity spectrum and nonperturbative objects.

4. Conclusion

We have here argued for the foundational relevance of Cartan geometry and Cartan supergeometry for gauge field theories of gravity and supergravity. Actually, this is true for the class of theories where the (super) gauge potentials are 1-forms and symmetries are 0-forms. The class of theories with higher form fields and symmetries, such as encountered supergravity (as just mentioned) and string models, should be understood via higher geometry. In that context, a popular approach relies on the (1-)categorification of the notion of connection and its extension to n-categories ( n ≥ 2) [12, 95, 96]. A related algebraic approach, corresponding to a trivial geometric structures, relies on homotopy ( L_∞ -)algebras [ 102]. Quite naturally, higher Cartan (super)geometry ought to be the relevant mathematical foundations for this broader class. It is still a largely underdeveloped area of enquiry, and contributions to it promise much clarifying insight into supergravity and string theory – see e.g. the recent [ 68]. From a mathematical perspective, higher Cartan geometry may be considered a higher extension of natural geometric structures as defined in [ 110], and therefore another chapter in the study of the geometry of

33In particular, given a set of fields, the Hilbert-Poincaré series allows to compute all possible

invariants and consequently derive the cohomology structure.

CARTAN GEOMETRY, SUPERGRAVITY AND GROUP MANIFOLD APPROACH 273

(super)manifolds. In particular, its flat limit, higher Klein geometry, would lay the basis for a “ higher Erlangen program ”.

Supergeometry is the mildest form of non-commutativity. One may submit that non-commutative Cartan geometry would be a beautiful subject to investigate. Here again, several approach to non-commutative (NC) geometry exist: à la Connes via spectral triples [ 49, 50], à la Dubois-Violette via derivations [ 64, 65], via Hopf algebras (a.k.a. “quantum groups”) and deformations etc., giving as many possible incarnations of NC Cartan geometry. In the latter case, it would generalise the NC Klein geometry of spaces otherwise known as quantum homogeneous spaces [99, 123, 146], and would also give an encompassing framework for NC gauge field theory on κ-Minkowski space, the homogeneous space for the κ-Poincaré group [93]. More generally, NC Cartan geometry is a natural mathematical arena for models of quantum gravity (at least “phenomenological” ones). A topic that has been, and remains, a driving motivation at the frontier of knowledge in theoretical and mathematical physics.

Acknowledgement. L.R. would like to thank the DISAT of the Polytechnic of Turin and the INFN for financial support and L. Andrianopoli for stimulating discussions. J.F. is supported by the OP J.A.C. MSCA grant, number CZ.02.01.01/00/22_010/ 0003229, co-funded by the Czech government Ministry of Education, Youth & Sports and the EU, as well as the Austrian Science Fund (FWF), [P 36542].

References

[1] Abbott, L.F., Deser, S., Charge definition in non-Abelian gauge theories , Phys. Lett. B 114 (4) (1982), 259–263.

[2] Alekseevsky, D.V., Michor, P.W., Differential geometry of Cartan connections , Publ. Math.

Debrecen 47 (3–4) (1995), 349–375. [3] Alfonsi, L., The puzzle of global double field theory: Open problems and the case for a higher Kaluza-Klein perspective , Fortsch. Phys. 69 (7) (2021), 2000102.

[4] Andrianopoli, L., D’Auria, R., N=1 and N=2 pure supergravities on a manifold with boundary , JHEP 08 (2014), 012.

[5] Andrianopoli, L., D’Auria, R., Ravera, L., Hidden Gauge structure of supersymmetric free differential algebras , JHEP 08 (2016), 095.

[6] Andrianopoli, L., D’Auria, R., Ravera, L., More on the hidden symmetries of 11D supergravity , Phys. Lett. B 772 (2017), 578–585.

[7] Andrianopoli, L., Ravera, L., On the geometric approach to the boundary problem in supergravity , Universe 7 (12) (2021), 463.

[8] Attard, J., François, J., Tractors and Twistors from conformal Cartan geometry: a gauge theoretic approach II. Twistors , Classical Quantum Gravity 34 (8) (2017), 28 pp.

[9] Attard, J., François, J., Tractors and twistors from conformal Cartan geometry: a Gauge theoretic approach I. Tractors , Adv. Theor. Math. Phys. 22 (8) (2018), 1831–1883.

[10] Attard, J., François, J., Lazzarini, S., Weyl gravity and Cartan geometry , Phys. Rev. D 93 (2016), 085032.

[11] Attard, J., François, J., Lazzarini, S., Masson, T., Cartan connections and Atiyah Lie algebroids , J. Geom. Phys. 148 (2020), 103541.

274 J. FRANÇOIS AND L. RAVERA

[12] Baez, J.C., Huerta, J., An invitation to higher Gauge theory , Gen. Relativity Gravitation 43 (9) (2011), 2335–2392.

[13] Bailey, T.N., Eastwood, M.G., Gover, A.R., Thomas’s structure bundle for conformal, projective and related structures , Rocky Mountain J. Math. 24 (4) (1994), 1191–1217.

[14] Becchi, C., Rouet, A., Stora, R., Renormalization of the Abelian Higgs-Kibble Model , Comm.

Math. Phys. 42 (1975), 127–162. [15] Becchi, C., Rouet, A., Stora, R., Renormalization of Gauge theories , Ann. Physics 98 (1976), 287–321.

[16] Berezin, F.A., The method of second quantization , Pure Appl. Phys., New York, Academic Press, 1966.

[17] Berezin, F.A., Introduction to Superanalysis , Mathematical Physics and Applied Mathematics, Springer, 1st ed., 1987.

[18] Berezin, F.A., Kac, G.I., Lie groups with commuting and anticommuting parameters , Sb.

Math. 11 (3) (1970), 311–325. [19] Berezin, F.A., Marinov, M.S., Particle spin dynamics as the grassmann variant of classical mechanics , Ann. Physics 104 (2) (1977), 336–362.

[20] Berghofer, P., François, J., Friederich, S., Gomes, H., Hetzroni, G., Maas, A., Sondenheimer, R., Gauge Symmetries, Symmetry Breaking, and Gauge-Invariant Approaches , Elements in the Foundations of Contemporary Physics, Cambridge University Press, 2023.

[21] Bertlmann, R.A., Anomalies In Quantum Field Theory , International Series of Monographs on Physics, vol. 91, Oxford University Press, 1996., 1996.

[22] Blagojević, M., Hehl, F.W., Kibble, T.W.B., Gauge Theories of Gravitation , Imperial College Press, 2013.

[23] Blagojević, M., Hehland, F.W., Kibble, T.W.B., Gauge Theories of Gravitation , Imperial College Press, 2013.

[24] Bonor, L., Fermions and Anomalies in Quantum Field Theories , Theoretical and Mathematical Physics, Springer Cham, 1st ed., 2023.

[25] Bonora, L., Cotta-Ramusino, P., Some remark on BRS transformations, anomalies and the cohomology of the Lie algebra of the group of gauge transformations , Comm. Math. Phys. 87 (1983), 589–603.

[26] Burdet, G., Duval, C., Perrin, M., Cartan structures on galilean manifolds: The chronoprojective geometry , J. Math. Phys. 24 (7) (1983), 1752–1760.

[27] Burdet, G., Duval, C., Perrin, M., Chronoprojective Cartan Structures on four-dimensional manifolds , RIMS, Kyoto Univ. 19 (1983), 813–840.

[28] Čap, A., Slovák, J., Parabolic Geometries I: Background and General Theory , Mathematical Surveys and Monographs, vol. 1, American Mathematical Society, 2009.

[29] Čap, A., Slovák, J., Souček, V., Invariant operators on manifolds with almost hermitian symmetric structures. I. Invariant differentiation , Acta Math. Univ. Comenian. 66 (1997), 33–69.

[30] Čap, A., Slovák, J., Souček, V., Invariant operators on manifolds with almost hermitian symmetric structures. II. Normal Cartan connections , Acta Math. Univ. Comenian. 66 (1997), 203–220.

[31] Čap, A., Slovák, J., Souček, V., Invariant operators on manifolds with almost hermitian symmetric structures,.III. Standard operators , Di erential Geom. Appl. 12 (1) (2000), 51–84.

[32] Cartan, É., Les espaces à connexion conforme , Ann. Polon. Math. 2 (1923), 171–221.

[33] Cartan, É., Les récentes généralisations de la notion d’espace , Bull. Sci. Math. 48 (1924), 825–861.

CARTAN GEOMETRY, SUPERGRAVITY AND GROUP MANIFOLD APPROACH 275

[34] Cartan, É., Sur les variétés à connexion projective , Bull. Soc. Math. France 52 (1924), 205–241.

[35] Castellani, L., A geometric interpretation of BRST symmetry , Classical Quantum Gravity 7 (1990), L159–164.

[36] Castellani, L., Catenacci, R., Grassi, P.A., Supergravity actions with integral forms , Nuclear Phys. B 889 (2014), 419–442.

[37] Castellani, L., Catenacci, R., Grassi, P.A., The geometry of supermanifolds and new supersymmetric actions , Nuclear Phys. B 899 (2015), 112–148.

[38] Castellani, L., Ceresole, A., D’Auria, R., Fré, P. (eds.), Tullio Regge: An Eclectic Genius:

From Quantum Gravity to Computer Play , vol. 9, World Scientific, 2019. [39] Castellani, L., D’Auria, R., Fré, P., Supergravity and superstrings: A Geometric perspective , vol. 1–3, Singapore: World Scientific, 1991.

[40] Castellani, L., D’Auria, R., Fré, P., Supergravity and superstrings: A Geometric perspective.

Vol. 2: Supergravity , World Scientific Pub. Co. Inc., 1991. [41] Castellani, L., Grassi, P.A., Hodge duality and supergravity , Phys. Rev. D 108 (4) (2023), 046018.

[42] Catenacci, R., Debernardi, M., Grassi, P.A., Matessi, D., Cech and de Rham cohomology of integral forms , J. Geom. Phys. 62 (2012), 890–902.

[43] Catenacci, R., Pirola, G.P., A geometrical description of local and global anomalies , Lett.

Math. Phys. 19 (1990), 45–51. [44] Catenacci, R., Pirola, G.P., Martellini, M., Reina, C., Group actions and anomalies in gauge theories , Phys. Lett. B 172 (1986), 223–226, https://doi.org/10.1016/0370-2693(86)

90839-7.

[45] Chamseddine, A.H., West, P.C., Supergravity as a Gauge theory of supersymmetry , Nuclear Phys. 129 (1977), 39–44.

[46] Choquet-Bruhat, Y., General Relativity and the Einstein Equations , Oxford Mathematical Monographs, Oxford University Press, 2009.

[47] Coleman, S., Mandula, J., All possible symmetries of the S matrix , Phys. Rev. 159 (1967), 1251–1256.

[48] Concha, P., Ravera, L., Rodríguez, E., On the supersymmetry invariance of flat supergravity with boundary , JHEP 01 (2018), 192.

[49] Connes, A., Noncommutative Geometry Year 2000 , Birkhäuser Basel, 2000, 481–559. [50] Connes, A., Marcolli, M., An Invitation to Noncommutative Geometry , ch. A walk in the non-commutative garden, pp. 1–128, World Scientific Publishing Company, 2008.

[51] Cotta Ramusino, P., Reina, C., The action of the group of bundle-automorphisms on the space of connections and the geometry of gauge theories , J. Geom. Phys. 1 (3) (1984), 121–155.

[52] Cremmer, E., Julia, B., Scherk, J., Supergravity theory in 11 dimensions , Phys. Lett. B 76 (4) (1978), 409–412.

[53] Cremonini, C.A., The geometry of picture changing operators , accepted for publication in Adv. Theor. Math. Phys.; arXiv:2305.02828 [math-ph].

[54] Cremonini, C.A., Grassi, P.A., Generalised cocycles and super p-branes , 6 2022. [55] Cremonini, C.A., Grassi, P.A., Pictures from super Chern-Simons theory , JHEP 03 (2020), 043.

[56] Cremonini, C.A., Grassi, P.A., Super Chern-Simons theory: Batalin-Vilkovisky formalism and A_∞ algebras , Phys. Rev. D 102 (2) (2020), 025009.

[57] Cremonini, C.A., Grassi, P.A., Noris, R., Ravera, L., Supergravities and branes from Hilbert-Poincaré series , JHEP 12 (2023), 088.

276 J. FRANÇOIS AND L. RAVERA

[58] D’Auria, R., Geometric supergravity , 5 2020. [59] D’Auria, R., Fré, P., Cartan integrable systems, that is differential free algebras, in supergravity , September School on Supergravity and Supersymmetry, vol. 9, 1982.

[60] D’Auria, R., Fré, P., Geometric supergravity in d = 11 and its hidden supergroup , Nuclear Phys. B 201 (1982), 101–140, [Erratum: Nucl.Phys.B 206, 496 (1982)].

[61] D’Auria, R., Ravera, L., Conformal gravity with totally antisymmetric torsion , Phys. Rev.

D 104 (8) (2021), 084034. [62] Deligne, P., Etingof, P., Freed, D.S., Jeffrey, L.C., Kazhdan, D., Morgan, J.W., Morrison, D.R., Witten, E. (eds.), Quantum fields and strings: A course for mathematicians. Vol. 1, 2 , Providence, RI: AMS, American Mathematical Society, 1999.

[63] DeWitt, B., Supermanifolds , Cambridge University Press, 1984. [64] Dubois-Violette, M., Kerner, R., Madore, J., Noncommutative differential geometry and new models of Gauge theory , J. Math. Phys. 31 (2) (1990), 323–330.

[65] Dubois-Violette, M., Kerner, R., Madore, J., Noncommutative differential geometry of matrix algebras , J. Math. Phys. 31 (2) (1990), 316–322.

[66] Eastwood, M., Bailey, T., Complex paraconformal manifolds – their differential geometry and twistor theory , Forum Math. 3 (1) (1991), 61–103.

[67] Eder, K., Super Cartan geometry and the super Ashtekar connection , Ann. Henri Poincaré 24 (2023), 3531–3599.

[68] Eder, K., Huerta, J., Noja, S., Poincaré Duality for Supermanifolds, Higher Cartan Structures and Geometric Supergravity , 12 2023.

[69] Egeileh, M., El Chami, F., Some remarks on the geometry of superspace supergravity , J.

Geom. Phys. 62 (1) (2012), 53–60. [70] Eguchi, T., Gilkey, P., Hanson, A., Gravitation, gauge theories and differential geometry , Phys. Rep. 66 (6) (1980), 213–393.

[71] Ehresmann, C., Sur la théorie des espaces fibrés , Colloque de topologie algébrique du CNRS, Paris, 1947, pp. 3–15.

[72] Ehresmann, C., Collectif, Les connexions infinitésimales dans un espace fibré différentiable , Séminaire Bourbaki : années 1948/49 – 1949/50 – 1950/51, exposés 1–49, no. 1, Société mathématique de France, 1952, pp. 153–168.

[73] Faddeev, L.D., Popov, V.N., Feynman diagrams for the Yang-Mills field , Phys. Lett. B 25 (1) (1967), 29–30.

[74] Ferrara, S., Kaku, M., Townsend, P.K., van Nieuwenhuizen, P., Gauging the graded conformal group with unitary internal symmetries , Nuclear Pkhys. B129 (1977), 125.

[75] Fine, D., Fine, A., Gauge theory, anomalies and global geometry: The interplay of physics and mathematics , Stud. Hist. Philos. Modern Phys. 28 (1997), 307–323.

[76] Fiorenza, D., Sati, H., Schreiber, U., Super Lie n-algebra extensions, higher WZW models, and super p-branes with tensor multiplet fields , Int. J. Geom. Methods Mod. Phys. 12 (2014), 1550018.

[77] Fiorenza, D., Sati, H., Schreiber, U., The Rational higher structure of M-theory , Fortsch.

Phys. 67 (8–9) (2019*), 1910017. [78] Fiorenza, D., Sati, H., Schreiber, U., Super-exceptional geometry: origin of heterotic M-theory and super-exceptional embedding construction of M5 , JHEP 02 (2020), 107.

[79] François André, J., The dressing field method for diffeomorphisms: a relational framework , 2023.

[80] François, J., Artificial versus substantial Gauge symmetries: A criterion and an application to the electroweak model , Philos. Sci. 86 (3) (2019), 472–496.

CARTAN GEOMETRY, SUPERGRAVITY AND GROUP MANIFOLD APPROACH 277

[81] François, J., Dilaton from tractor and matter field from twistor , J. High Energy Phys. 2019 (6) (2019), 18.

[82] François, J., Bundle geometry of the connection space, covariant hamiltonian formalism, the problem of boundaries in gauge theories, and the dressing field method , J. High Energy Phys. 2021 (3) (2021), 113 p.

[83] François, J., Differential geometry of Gauge theory: An introduction , PoS, Modave 2020 (2021), 002.

[84] François, J., Parrini, N., Boulanger, N., Note on the bundle geometry of field space, variational connections, the dressing field method, & presymplectic structures of gauge theories over bounded regions , J. High Energy Phys. 2021 (12) (2021), 186.

[85] Friedrich, H., Twistor connection and normal conformal Cartan connection , Gen. Relativity Gravitation 8 (5) (1977), 303–312.

[86] Galperin, A.S., Ivanov, E.A., Ogievetsky, V.I., Sokatchev, E.S., Harmonic superspace , Cambridge Monographs on Mathematical Physics, Cambridge University Press, 2007.

[87] Giovanelli, M., Nothing but coincidences: the point-coincidence and einstein’s struggle with the meaning of coordinates in physics , European J. Philos. Sci. 11 (2) (2021), 45.

[88] Golfand, Y.A., Likhtman, E.P., Extension of the algebra of Poincare group generators and violation of p invariance , JETP Lett. 13 (1971), 323–326.

[89] Gover, R., Aspects of parabolic invariant theory , Proceedings of the 18th Winter School “Geometry and Physics”, 1999, pp. 25–47.

[90] Hamilton, M., Mathematical Gauge Theory: With Applications to the Standard Model of Particle Physics , 1st ed., Universitext. Springer, 2018.

[91] Hélein, F., Gauge and gravity theories on a dynamical principal bundle , 10 2023. [92] Hélein, F., Vey, D., Curved space-times by crystallization of liquid fiber bundles , Found.

Phys. 47 (1) (2017), 1–41. [93] Hersent, K., Mathieu, P., Wallet, J.C., Gauge theories on quantum spaces , Phys. Rep. 1014 (2023), 1–83.

[94] Jurčo, B., Sämann, C., Schreiber, U., Wolf, M., Higher sructures in M-theory , Fortsch. Phys.

67 (8–9) (2019), 1910004. [95] Jurčo, B., Sämann, C., Wolf, M., Semistrict higher Gauge theory , JHEP 2015 (4) (2015), 1–67.

[96] Jurčo, B., Sämann, C., Wolf, M., Higher groupoid bundles, higher spaces, and self-dual tensor field equations , Fortsch. Phys. 64 (8–9 (2016), 674–717.

[97] Kaku, M., Townsend, P.K., van Nieuwenhuizen, P., Gauge theory of the conformal and superconformal group , Phys. lett. 69B (1977), 304–308.

[98] Kaku, M., Townsend, P.K., van Nieuwenhuizen, P., Properties of conformal supergravity , Phys. Rev. D17 (1978), 3179.

[99] Kasprzak, P., On a certain approach to quantum homogeneous spaces , Comm. Math. Phys.

313 (1) (2012), 237–255. [100] Kastor, D., Komar integrals in higher (and lower) derivative gravity , Classical Quantum Gravity 25 (17) (2008), 175007.

[101] Kibble, T.W.B., Lorentz invariance and the gravitational field , J. Math. Phys. 2 (2) (1961), 212–221.

[102] Kim, H., Saemann, C., Adjusted parallel transport for higher Gauge theories , J. Phys. A 53 (44) (2020), 445206.

[103] Kobayashi, S., On connections of Cartan , Canad. J. Math. 8 (1956), 145–156. [104] Kobayashi, S., Theory of connections , Ann. Mat. Pura Appl. 43 (1) (1957), 119–194.

278 J. FRANÇOIS AND L. RAVERA

[105] Kobayashi, S., Canonical forms on frame bundles of higher order contact , Proc. Sympos.

Pure Math. American Mathematical Society III (1961), 186–193. [106] Kobayashi, S., Transformation Groups in Differential Geometry , Springer, 1972. [107] Kobayashi, S., Nagano, T., On projective connections , J. Math. Mech. 13 (1964), 215–235. [108] Kobayashi, S., Nomizu, K., Foundations of Differential Geometry , vol. I, Wiley & Sons, 1963.

[109] Kobayashi, S., Nomizu, K., Foundations of Differential Geometry , vol. II, Wiley & Sons, 1969.

[110] Kolar, I., Michor, P., Slovak, J., Natural operations in differential geometry , Springer-Verlag Berlin, 1993.

[111] Korzyński, M., Lewandowski, J., The normal conformal Cartan connection and the Bach tensor , Classical Quantum Gravity 20 (16) (2003), 3745–3764.

[112] Kostant, B., Graded manifolds, graded Lie theory, and prequantization , Differ. geom. Meth.

math. Phys., Proc. Symp. Bonn 1975, Lect. Notes Math., 1977. [113] Lazzarini, S., Tidei, C., Polyakov soldering and second-order frames: The role of the cartan connection , Lett. Math. Phys. 85 (1) (2008), 27–37.

[114] Leites, D., Introduction to the theory of supermanifolds , Russian Math. Surveys 35 (1) (1980), 1–64.

[115] Marle, C.M., The works of Charles Ehresmann on connections: from Cartan connections to connections on fibre bundles, in Geometry and Topology of Manifolds , vol. 76, Banach Center Publication, 2007.

[116] McDowell, S.W., Mansouri, F., Unified geometric theory of gravity and supergravity , Phys.

Rev. Lett. 38 (1977), 739–742. [117] Merkulov, S.A., A conformally invariant theory of gravitation and electromagnetism , Classical Quantum Gravity 1 (4) (1984), 349.

[118] Merkulov, S.A., The twistor connection and Gauge invariance principle , Comm. Math.

Phys. 93 (3) (1984), 325–331. [119] Molotkov, V., Infinite-dimensional and colored supermanifolds , J. Nonlinear Math. Phys.

17 (2021), 375–446. [120] Nakahara, M., Geometry, Topology and Physics. 2nd Edition. , Graduate Student Series in Physics, Taylor & Francis, 2003.

[121] Ne’eman, Y., Regge, T., Gravity and spergravity as Gauge theories on a group manifold , Riv. Nuovo Cim 1 (5) (1978), 1–43.

[122] Ne’eman, Y., Regge, T., Gravity and supergravity as Gauge theories on a group manifold , Phys. Lett. B 74 (1978), 54–56.

[123] Ó Buachalla, R., Noncommutative complex structures on quantum homogeneous spaces , J.

Geom. Phys. 99 (2016), 154–173. [124] Ochiai, T., Geometry associated with semi-simple homogeneous spaces , Transactions of the American Mathematical Society 152 (1970), 159–193.

[125] Ogiue, K., Theory of conformal connections , Kodai Math. Sem. Rep. 19 (1967), 193–224. [126] O’Raifeartaigh, L., The dawning of Gauge theory , Princeton Series in Physics, Princeton University Press, 1997.

[127] Penrose, R., The twistor program , Rep. Mathematical Phys 12 (1977), 65–76. [128] Penrose, R., MacCallum, M.A.H., Twistor theory: An approach to the quantisation of fields and space-time. , Phys. Rep. 6 (4) (1973), 241–316.

[129] Penrose, R., Rindler, W., Spinors and Space-Time , vol. 1, Cambridge University Press, 1984.

CARTAN GEOMETRY, SUPERGRAVITY AND GROUP MANIFOLD APPROACH 279

[130] Penrose, R., Rindler, W., Spinors and Space-Time , vol. 2, Cambridge University Press, 1986.

[131] Ravera, L., On the hidden symmetries of D=11 supergravity , Springer Proc. Math. Stat.

396 (2022), 211–222. [132] Ravera, L., On the role of torsion and higher forms in off-shell supergravity , Fortsch. Phys.

71 (8–9) (2023), 2300036. [133] Rogers, A., A global theory of supermanifolds , J. Math. Phys. 21 (6) (1980), 1352–1365. [134] Rogers, A., Supermanifolds , World Scientific Publishing Company, 2007. [135] Rovelli, C, Partial observables , Phys. Rev. D 65 (2002), 124013. [136] Rovelli, C., Quantum gravity , Cambridge Monographs on Mathematical Physics, Cambridge University Press, 2004.

[137] Rovelli, C., Why gauge? , Found. Phys. 44 (2014), 91–104. [138] Rovelli, C., Vidotto, F., Covariant Loop Quantum Gravity: An Elementary Introduction to Quantum Gravity and Spinfoam Theory , Cambridge University Press, 2014.

[139] Rüdiger, R., Penrose, R., The Dirac equation and spinning particles in general relativity , Proceedings of the Royal Society of London. A. Mathematical and Physical Sciences, vol. 377 (1771), 1981, pp. 417–424.

[140] Sachse, C., A categorical formulation of superalgebra and supergeometry , arXiv:0802.4067, 2008.

[141] Sachse, C., Wockel, C., The diffeomorphism supergroup of a finite-dimensional supermanifold, Adv. Theor. Math. Phys. 15 (2) (2012), 285–323.

[142] Salam, A., Strathdee, J., Supersymmetry and superfields , Fortschr. Phys. 26 (2) (1978), 57–142.

[143] Sati, H., Schreiber, U., Stasheff, J., L_∞ algebra connections and applications to String- and Chern-Simons n-transport , 2 2008.

[144] Sauer, T., Field equations in teleparallel space-time: Einstein’s fernparallelismus approach toward unified field theory , Historia Math. 33 (4) (2006), 399–439, Special Issue on Geometry and its Uses in Physics, 1900-1930.

[145] Schmitt, T., Supergeometry and quantum field theory, or: What is a classical configuration? , Rev. Math. Phys. 09(08) (1997), 993–1052.

[146] Schneider, H.-J., Principal homogeneous spaces for arbitrary hopf algebras , Israel J. Math.

72 (1) (1990), 167–195. [147] Schreiber, U., Differential cohomology in a cohesive ∞ -topos , arXiv:1310.7930 [math-ph]. [148] Sciama, D.W., The physical structure of general relativity , Rev. Modern Phys. 36 (1964), 463–469.

[149] Sharpe, R.W., Differential Geometry: Cartan’s Generalization of Klein’s Erlangen Program , Graduate text in Mathematics, vol. 166, Springer, 1996.

[150] Shvarts, A.S., On the definition of superspace , Theoret. and Math. Phys. 60 91) (1984), 657–660.

[151] Singer, I.M., Some remark on the Gribov ambiguity , Comm. Math. Phys. 60 (1978), 7–12. [152] Singer, I.M., The geometry of the orbit space for non-abelian gauge theories , Physica Scripta 24 (5) (1981), 817–820.

[153] Stachel, J., The hole argument and some physical and philosophical implications , Living Reviews in Relativity 17 (1) (2014), 1.

[154] Steenrod, N., The Topology of Fibre Bundles. (PMS–14) , Princeton University Press, 1951. [155] Stelle, K.S., West, P.C., de Sitter gauge invariance and the geometry of the Einstein-Cartan theory , J. Phys. A. 12 (1979), 205–210.

280 J. FRANÇOIS AND L. RAVERA

[156] Stora, R., Algebraic structure and topological origin of chiral anomalies , Progress in Gauge Field Theory, Cargese 1983, vol. 115, NATO ASI Ser.B„ Plenum Press, 1984.

[157] Sullivan, D., Infinitesimal computations in topology , Publ. Math. Inst. Hautes Études Sci.

47 (1977), 269–331. [158] Tamborino, J., Relational observables in gravity: a review , SIGMA 8 (2012), 017. [159] Tanaka, N., Projective connections and projective transformations , Nagoya Math. J. 12 (1957), 1–24.

[160] Tyutin, L.V., Gauge invariance in field theory and statistical physics in operator formalism , Lebedev preprint FIAN, 39:1975.

[161] Unzicker, A., Case, T., Translation of Einstein’s Attempt of a Unified Field Theory with Teleparallelism , arXiv:physics/0503046[physics.hist-ph]

, 2005. [162] Utiyama, R., Invariant Theoretical Interpretation of Interaction , Phys. Rev. 101 (1956), 1597–1607.

[163] Volkov, D.V., Akulov, V.P., Is the neutrino a goldstone particle? , Phys. Lett. B 46 (1) (1973), 109–110.

[164] Voronov, A.A., Mappings of supermanifolds , Theoret. and Math. Phys. 60 (1) (1984), 660–664.

[165] Wess, J., Zumino, B., Supergauge transformations in four-dimensions , Nuclear Phys. 70 (1974), 39–50.

[166] Wess, J., Zumino, B., Superspace formulation of supergravity , Phys. Lett. B 66 (4) (1977), 361–364.

[167] Weyl, H., Gravitation and electricity , vol. 1918, Sitzungsber. Preuss. Akad. Wiss. Berlin (Math. Phys.), 1918.

[168] Weyl., H., A new extension of relativity theory , Ann. Physics 59 (1919), 101–133. [169] Weyl, H., Gravitation and the electron , Proceedings of the National Academy of Sciences, vol. 15 (4), 1929, pp. 323–334.

[170] Wise, D.K., Topological Gauge Theory, Cartan Geometry, and Gravity , Ph.D. thesis, 2007. [171] Wise, D.K., Symmetric space, cartan connections and gravity in three and four dimensions , SIGMA 5 (2009), 080–098.

[172] Wise, D.K., MacDowell–Mansouri gravity and Cartan geometry , Classical Quantum Gravity 27 (2010), 155010.

[173] Wu, T.T., Yang, C.N., Concept of nonintegrable phase factors and global formulation of Gauge fields , Phys. Rev. D 12 (1975), 3845–3857.

[174] Yang, C.N., Monopoles and fiber bundles , Subnuclear Series 14 (1978), 53–84. [175] Yang, C.N., Mills, R.L., Conservation of isotopic spin and isotopic gauge invariance , Phys.

Rev. 96 (1954), 191–195. [176] Yates, R.G., Fibre bundles and supersymmetries , Comm. Math. Phys. 76 (1980), 255–268. [177] Zardecki, A., A formulation of supergravity based on Cartan’s connection , J. Math. Phys.

34 (1993), 1487–1496. [178] Zardecki, A., Gravity as a Gauge theory with Cartan connection , J. Math. Phys. 29 (1998), 1661–1666.

a Department of Mathematics and Statistics, Masaryk University, Kotlářská 267/2, 611 37, Brno, Czech Republic b Department of Philosophy, University of Graz, Heinrichstrase 26/5, 8010 Graz, Austria

CARTAN GEOMETRY, SUPERGRAVITY AND GROUP MANIFOLD APPROACH 281

c Department of Physics, Mons University, UMONS, Service Physics of the Universe, Fields & Gravitation , 20 Place du Parc, 7000 Mons, Belgium

d DISAT, Politecnico di Torino, PoliTo, Corso Duca degli Abruzzi 24, 10129 Torino, Italy

e Istituto Nazionale di Fisica Nucleare, Section of Torino, INFN, Via P. Giuria 1, 10125 Torino, Italy E-mail : lucrezia.ravera@polito.it

f Grupo de Investigación en Física Teórica , GIFT, Concepción, Chile