Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 17 (2001), 161–169

www.emis.de/journals

BEST APPROXIMATION BY VILENKIN-LIKE SYSTEMS

G. GÁT

Abstract. In this paper we give a common generalization of the Walsh, Vilenkin system, the character system of the group of 2-adic (m-adic) integers, the product system of normalized coordinate functions of continuous irreducible unitary representations of the coordinate groups of noncommutative Vilenkin groups, the UDMD product systems (defined by F. Schipp) and some other systems. We introduce the notion of the modulus of continuity on Vilenkin spaces, the concept of the best approximation by Vilenkin-like polynomials. We prove a Jackson type theorem.

Denote by N the set of natural numbers, P the set of positive integers, respectively. Denote m := (m_k : k ∈ N) a sequence of positive integers such that m_k ≥ 2, k ∈ N and G_{mk} a set of cardinality m_k. Suppose that each (coordinate) set has the discrete topology and measure μ_k which maps every singleton of G_{mk} to^1_{mk} (μ_k(G_{mk} ) = 1), k ∈ N. Let G_m be the compact set formed by the complete direct product of G_{mk} with the product of the topologies and measures (μ). Thus each x ∈ G_m is a sequence x := (x_0, x_1, . . .), where x_k ∈ G_{mk} , k ∈ N. G_m is called a Vilenkin space. G_m is a compact totally disconnected space, with normalized regular Borel measure μ, μ(G_m) = 1. A base for the neighborhoods of G_m can be given as follows

I_0(x) := G_m, I_n(x) := {y = (y_i, i ∈ N) ∈ G_m : y_i = x_i for i < n}

for x ∈ G_m, n ∈ P. I := {I_n(x) : n ∈ N, x ∈ G_m} is the set of intervals on G_m.

Denote by L^p(G_m) the usual Lebesgue spaces (‖.‖_p the corresponding norms) (1 ≤ p ≤ ∞), A_n the σ algebra generated by the sets I_n(x) (x ∈ G_m) and E_n the conditional expectation operator with respect to A_n (n ∈ N).

If the sequence m is bounded, then we call G_m a bounded Vilenkin space. If this is not the case then we call it an unbounded Vilenkin space.

Let M_0 := 1 and M_{k+1} := m_kM_k, for k ∈ N be the so-called generalized powers. Then every n ∈ N can be uniquely expressed as n = ∑_∞ k=0 n_kM_k, 0 ≤ n_k < m_k, n_k ∈ N. This allows one to say that the sequence (n_0, n_1, . . .) is the expansion of n with respect to m. We often use the following notations. Let |n| := max{k ∈ N : n_k ≠ 0} (that is, M_{|n|} ≤ n < M_{|n|+1}) and n^{(k)} = ∑_∞ j=k n_j M_j . Next we introduce on G_m an orthonormal system we call Vilenkin-like system.

2000 Mathematics Subject Classification. 42C10.

Key words and phrases. Vilenkin-like systems, best approximation, modulus of continuity, Jackson type inequality.

Research supported by the By the Hungarian “Művelődési és Közoktatási Minisztérium”, grant no. FKFP 0182/2000, by the Bolyai Fellowship of the Hungarian Academy of Sciences, and by the Hungarian National Foundation for Scientific Research (OTKA), M36511/2001. 161

The complex valued functions which we call the generalized Rademacher functions r^n_k : G_m → C have these properties:

i. r^n_k is A_{k+1} measurable (i.e. r^n_k (x) depends only on x_0, . . . , x_k (x ∈ G_m)), r^0_k = 1 for all k, n ∈ N.

ii. If M_k is a divisor of n and l and if n^{(k+1)} = l^{(k+1)} (k, l, n ∈ N), then

E_k (r^n_k r̄^l_k) = { 1 if n_k = l_k, 0 if n_k ≠ l_k

(z̄ is the complex conjugate of z). iii. If M_{k+1} is a divisor of n, then m_k −1∑

j=0 |r^{jMk +n} k (x)|^2 = m_k

for all x ∈ G_m.

iv. There exists a δ > 1 for which ‖r^n_k ‖_∞ ≤ √ m_k/δ. Define the Vilenkin-like system ψ = (ψ_n : n ∈ N) as follows.

ψ_n := ∞∏ k=0 r^{n(k)}_k , n ∈ N. (Since r^0_k = 1, then ψ_n = ∏_{|n|} k=0 r^{n(k)}_k ).

Example A, the Vilenkin and the Walsh system. Let G_{mk} := Z_{mk} be the m_k-th (2 ≤ m_k ∈ N) discrete cyclic group (k ∈ N). That is Z_{mk} can be represented by the set {0, 1, . . . , m_k − 1}, where the group operation is the mod m_k addition and every subset is open. The group operation on G_m (+) is the coordinate-wise addition. G_m is called a Vilenkin group. The Vilenkin group for which m_k = 2 for all k ∈ N is the Walsh-Paley group. In this case let r^n_k (x) := (exp(2πıx_k/m_k))^{nk} , where ı := √ −1, x ∈ G_m. The system ψ := (ψ_n : n ∈ N) is the Vilenkin system, where ψ_n := ∏_∞ k=0 r^{n(k)}_k = ∏_∞ k=0 r^{nk Mk}_k . In the case of the Vilenkin group, m_k = 2 for all k ∈ N, we get the Walsh-Paley system. Since |r^n_k | = 1, iii and iv are trivial and so are i and ii. For more on Vilenkin and Walsh system and group see e.g. [SWS, AVD].

Example B, the group of 2-adic (m-adic) integers. Let G_{mk} := {0, 1, . . . , m_k− 1} for all k ∈ N. Define on G_m the following (commutative) addition: Let x, y ∈ G_m. Then x + y = z ∈ G_m is defined in a recursive way. x_0 + y_0 = t_0m_0 + z_0, where (of course) z_0 ∈ {0, 1, . . . , m_0 − 1} and t_0 ∈ N. Suppose that z_0, . . . , z_k and t_0, . . . , t_k have been defined. Then write x_{k+1} +y_{k+1} +t_k = t_{k+1}m_{k+1} +z_{k+1}, where z_{k+1} ∈ {0, 1, . . . , m_{k+1} − 1} and t_{k+1} ∈ N. Then G_m is called the group of m-adic integers (if m_k = 2 for all k ∈ N, then 2-adic integers). In this case let

r^n_k (x) := ( exp ( 2πı ( x_k m_k + x_{k−1} m_km_{k−1} + . . . + x_0 m_km_{k−1} . . . m_0 ) ))_{nk} . Let ψ_n := ∏_∞ k=0 r^{n(k)}_k = ∏_∞ k=0 r^{nk Mk}_k . Then the system ψ := (ψ_n : n ∈ N) is the character system of the group of m-adic (if m_k = 2 for each k ∈ N then 2-adic) integers. Since |r^n_k | = 1, i, iii and iv are trivial. ii is also easy to see and well-known [SW2, p. 91]. For more on the group of m-adic (if m_k = 2 for each k ∈ N then 2-adic) integers see e.g. [HR, SW2, T].

Example C, noncommutative Vilenkin groups. Let σ be an equivalence class of continuous irreducible unitary representations of a compact group G. Denote by Σ the set of all such σ. Σ is called the dual object of G. The dimension of a representation U^{(σ)}, σ ∈ Σ, is denoted by d_σ and let u^{(σ)}_{i,j} (x) := ⟨U^{(σ)}_x ξ_i, ξ_j ⟩ i, j ∈ {1, . . . , d_σ } be the coordinate functions for U^{(σ)}, where ξ_1, . . . , ξ_{dσ} is an orthonormal basis in the representation space of U^{(σ)}. (For the notations see [HR, vol 2, p. 3].) According to the Weyl-Peter’s theorem (see e.g. [HR, vol 2, p. 24]), the system of functions √ d_σ u^{(σ)}_{i,j} , σ ∈ Σ, i, j ∈ {1, . . . , d_σ } is an orthonormal base for L^2(G). If G is a finite group, then Σ is finite too. If Σ := {σ_1, . . . , σ_s}, then |G| = d^2_{σ1} + · · · + d^2_{σs} .

Let G_{mk} be a finite group with order m_k, k ∈ N. Let {r^{sMk}_k : 0 ≤ s < m_k} be the set of all normalized coordinate functions of the group G_{mk} and suppose that r^0_k ≡ 1. Thus for every 0 ≤ s < m_k there exist a σ ∈ Σ_k, i, j ∈ {1, . . . , d_σ } such that r^{sMk}_k = √ d_σ u^{(σ)}_{i,j} (x) (x ∈ G_{mk} ), r^n_k := r^{nk Mk}_k . Let ψ be the product system of r^j_k , namely

ψ_n(x) := ∞∏ k=0 r^{n(k)}_k (x_k ) (x ∈ G_m),

where n is of the form n = ∑_∞ k=0 n_kM_k and x = (x_0, x_1, . . .). In [GT, Gát4] it is proved that the system ψ satisfies the properties i, ii, iii. If sup_k m_k < ∞, then iv is satisfied [Gát4]. For more on this system and noncommutative Vilenkin groups see [GT, Gát2, Gát4].

Example D, a system in the field of number theory. Let

r^n_k (x) := exp 2πı ∞∑ j=k n_j M_{j+1} k∑ i=0 x_iM_i for k, n ∈ N and x ∈ G_m. Let ψ_n := ∏_∞ k=0 r^{n(k)}_k , n ∈ N.

Then, ψ := (ψ_n : n ∈ N) is a Vilenkin-like system (introduced in [Gát3]) which is a useful tool in the approximation theory of limit periodic, almost even arithmetical functions [Gát3]. This system (on Vilenkin groups) was a new tool in order to investigate limit periodic arithmetical functions. For the definition of these arithmetical functions see also the book of Mauclaire [Mau, p. 25].

Example E, the UDMD product system. The notion of the UDMD product system is introduced by F. Schipp [SW2, p. 88] on the Walsh-Paley group. Let functions α_k : G_m → C satisfy: |α_k| = 1 and α_k is A_k measurable. Let r^n_k (x) := (−1)^{xk nk} α_k(x). i is trivial and since |r^n_k | = 1 , so are iii and iv. To prove ii is simple. Let ψ_n := ∏_∞ k=0 r^{n(k)}_k = ∏_∞ k=0 r^{nk Mk}_k (n ∈ N). The system ψ := (ψ_n : n ∈ N) is called an UDMD product system. For more on UDMD product systems see [SW, SW2].

Example F, the universal contractive projections. Let ϕ_n : G_m → C (n ∈ N) be measurable functions with |ϕ_n| = 1 (n ∈ N) and ϕ_0 = 1. The notion of universal contractive projection system (UCP) is introduced by F. Schipp [Sch4] as follows. Let f ∈ L^1(G_m) and P_n(s) f := ϕ_n(s) E_s(fϕ̄_n(s) ) for n, s ∈ N. Then let [Sch4] P_n(s) = P_n(s) P_n(s+j) = P_n(s+j) P_n(s) for all j ∈ N. Moreover, if n^{(s)} and k^{(t)} are incomparable, that is, there are no j ∈ N such that n^{(s+j)} = k^{(t)} or k^{(t+j)} = n^{(s)}, then let P_n(s) P_k(t) = P_k(t) P_n(s) = 0. In [Gát4] it is proved that the

system (ϕ_n : n ∈ N) is also a Vilenkin-like system.

For f ∈ L^1(G_m) we define the Fourier coefficients and partial sums by ^f(k) := ∫ G_m fψ_kdμ (k ∈ N),

S_nf := n−1∑ k=0 ^f(k)ψ_k (n ∈ P, S_0f := 0).

The Dirichlet kernels: D_n(y, x) := n−1∑ k=0 ψ_k(y)ψ_k(x) (n ∈ P, D_0 := 0).

It is clear that S_nf(y) = ∫ G_m f(x)D_n(y, x)dμ(x). Denote by σ_nf = 1 n n−1∑ k=0 S_kf (n ∈ P, σ_0f := 0)

Proposition 1 (Gát4). The Vilenkin-like system ψ is orthonormal.

The Dirichlet kernels play a prominent role in the convergence of Fourier series. The following two lemmas will be useful in this regard. They can be find in [Gát4]. Lemma 2. Let M_{n+1}|k, y ∈ I_n(x) (n, k ∈ N, x, y ∈ G_m). Then m_n−1∑

j=0 r^{k+jMn} n (y)r̄^{k+jMn}_n (x) = { 0, if y /∈ I_{n+1}(x), m_n, if y ∈ I_{n+1}(x). Lemma 3. D_{Mn} (y, x) = { M_n, if y ∈ I_n(x), 0, if y /∈ I_n(x). Define the maximal operator S^∗f := sup_{n∈N} |S_{Mn} f|.

Proposition 4 (Gát4). The operator S^∗ is of type (p, p) for all 1 < p ≤ ∞ and of weak type (1, 1).

Set P_n := { ∑_{n−1} k=0 b_kψ_k : b_0, . . . , b_{n−1} ∈ C} (n ∈ P) the set of polynomials the degree of which is less then n, P := ∪^∞_{n=1}P_n the set of polynomials (with respect to the system ψ). P is dense in C(G_m) (the set of functions continuous on G_m) [Gát4] and we also have that the set of polynomials is dense in L^p(G_m) (1 ≤ p < ∞) [Gát4].

Then by the usual density argument (see e.g. [SWS, p. 81]) we have Proposition 5 (Gát4). S_{Mn} f → f a.e. for each f ∈ L^1(G_m). □ It is simple to prove the convergence theorem above (that is, Proposition 5) with respect to convergence in norm. We mean convergence in the L^p-norm (1 < p < ∞ and with respect to the supremum norm for continuous functions as well. The situation with respect to the whole sequence of the partial sums of the Fourier series changes. For Vilenkin systems (also on unbounded G_m groups) it is known (see e.g. [Sch2]) that f ∈ L^p(G_m) (1 < p < ∞) implies that S_nf → f in the L^p norm and on bounded Vilenkin groups S_nf → f almost everywhere (see e.g. [Sch3]) for 1 < p < ∞. On the other hand, this is not the case on nonabelian Vilenkin groups ([GT, Gát2, Gát4]). It seems to be interesting to try to give a control sequence for the norm of the difference of a function and the M_nth partial seum of the Fourier series of the function. In the Walsh, Vilenkin and even in the nonabelian Vilenkin case this control sequence is the sequence of modulus of continuity. The problem is that we do not have a group or any other operation on G_m and consequently the natural way to define the sequence of modulus of continuity does not work. However, we do define it in the following way. In the sequel let λ_i : G_{mi} → G_{mi} be an 1 − 1 function for i ∈ N. Set λ := (λ_0, λ_1, . . .) ∈ Λ

Λ_n := {λ : λ_i(x_i) = x_i for x_i ∈ G_{mi} , i < n} for n ∈ P. For any λ ∈ Λ and x ∈ G_m set λ(x) := (λ_0(x_0), λ_1(x_1), . . .). Definition 6. Let 1 < p < ∞, f ∈ L^p(G_m) and n ∈ P. The nth L^p(G_m) modulus of continuity of function f is ω^{(p)}_n (f) := sup_{λ∈Λn} ‖f(.) − f(λ(.))‖_p.

Definition 7. Let f ∈ C(G_m) and n ∈ P. The nth C(G_m) modulus of continuity of function f is ω_n(f) := sup_{λ∈Λn} ‖f(.) − f(λ(.))‖_∞. For functions in L^p and n ∈ P set E^{(p)}_n (f) := inf_{P ∈PMn} ‖P − f‖_p and for continuous functions set E_n(f) := inf_{P ∈PMn} ‖P − f‖_∞ the best approximation by Vilenkin-like polynomials. It is obvious that sequences ω^{(p)}n (f) (for functions in L^p) and ω_n(f) (for continuous functions) are decreasing. We prove that they converge to zero. We prove even more, namely: Theorem 8. Let 1 < p < ∞, f ∈ L^p(G_m) and n ∈ P. Then 1 2 ω^{(p)}_n (f) ≤ ‖S_{Mn} f − f‖_p ≤ ω^{(p)}_n (f). and 1 2 ω^{(p)}_n (f) ≤ E^{(p)}_n (f) ≤ ω^{(p)}_n (f).

Theorem 8 with respect to the Walsh-Paley system is the result of Watari [SWS] and with respect to the Vilenkin system is the result of Efimov [AVD]. With respect to the trigonometric system the fourth inequality is a Jackson type inequality. The other three inequalities have no trigonometric analogue. Proof. Let P ∈ P_{Mn} be a polynomial and λ ∈ Λ_n. Then we prove P ∘ λ = P. Let j ∈ {0, 1, . . . , M_n − 1}. Then ψ_j := ∏_∞ k=0 r^{j(k)}_k and r^0_k = 1 implies

ψ_j := n−1∏ k=0 r^{j(k)}_k . That is, since r^{j(k)}_k is A_{k+1} measurable (i.e. r^{j(k)}_k (x) depends only on x_0, . . . , x_k (x ∈ G_m)) we get that for any x ∈ G_m r^{j(k)}_k (x) = r^{j(k)}_k (λ(x)) for k ≤ n − 1 (recall that λ_i(x_i) = x_i fo x_i ∈ G_{mi} , i < n). Consequently, ψ_j (x) = ψ_j (λ(x)).

And since for any complex numbers c_0, c_1, . . . , c_{n−1} we have n−1∑ j=0 ψ_j (x) = n−1∑ j=0 ψ_j (λ(x)), then P (x) = P (λ(x)).

Thus,

‖f − f ∘ λ‖_p ≤ ‖f − P ‖_p + ‖P − P ∘ λ‖_p + ‖P ∘ λ − f ∘ λ‖_p = 2‖f − P ‖_p

for all P ∈ P_{Mn} which gives

‖f − f ∘ λ‖_p ≤ 2E^{(p)}_n (f).

That is,

ω^{(p)}_n (f) = sup_{λ∈Λn} ‖f(.) − f(λ(.))‖_p ≤ 2E^{(p)}_n (f).

Since S_{Mn} f ∈ P_{Mn} then we also proved

1 2 ω^{(p)}_n (f) ≤ ‖S_{Mn} f − f‖_p.

The inequalities on the left sides of Theorem 8 are proved. The rest is to prove

‖S_{Mn} f − f‖_p ≤ ω^{(p)}_n (f).

We prove this for polynomials, first. Let P ∈ P_{MN} for some n < N ∈ N. This gives (in the same way as above) that P (x) depends only on x_0, . . . , x_{N−1}. Therefore, the notation P (x) = P (x_0, . . . , x_{N−1}) can be used. Let λ̃_i : G^2_{mi} → G_{mi} for n ≤ i ∈ N be functions such as that for all y_i ∈ G_{mi} the function λ̃_i(y_i, .) : G_{mi} → G_{mi} and for all x_i ∈ G_{mi} the function λ̃_i(., x_i) : G_{mi} → G_{mi} is an 1−1 function (n ≤ i ∈ N). Set λ̃(y, x) := (x_0, . . . , x_{n−1}, λ̃_n(y_n, x_n), λ̃_{n+1}(y_{n+1}, x_{n+1}), . . .) ∈ G_m.

Then we have

S_{Mn} P (x) = M_n ∫ I_n(x) P (t)dμ(t) = M_n ∫ I_n(x) P (λ̃(y, x))dμ(y) = M_n M_N ∑ y_n∈G_{mn} . . . ∑ y_{N −1}∈G_{mN −1} P (x_0, x_1, . . . , x_{n−1}, λ̃_n(y_n, x_n), . . . , λ̃_{N−1}(y_{N−1}, x_{N−1})).

Consequently, ‖S_{Mn} P − P ‖^p = ∫ G_m | | | | M_n ∫ I_n(x) P (t) − P (x)dμ(t) | | | | p dμ(x) = 1 M_N ∑ x_0∈G_{M0} . . . ∑ x_{N −1}∈G_{mN −1} | | | | M_n M_N ∑ y_n∈G_{mn} . . . ∑ y_{N −1}∈G_{mN −1} P (x_0, x_1, . . . , x_{n−1}, λ̃_n(y_n, x_n), . . . , λ̃_{N−1}(y_{N−1}, x_{N−1}))

− P (x_0, . . . , x_{n−1}, . . . , x_{N−1}) | | | | | p

≤ M_n M^2_N ∑ x_0∈G_{M0} . . . ∑ x_{N −1}∈G_{mN −1} ∑ y_n∈G_{mn} . . . ∑ y_{N −1}∈G_{mN −1} | | | | P (x_0, x_1, . . . , x_{n−1}, λ̃_n(y_n, x_n), . . . , λ̃_{N−1}(y_{N−1}, x_{N−1}))

− P (x_0, . . . , x_{n−1}, . . . , x_{N−1}) | | | | | p

= M_n M_N ∑ y_n∈G_{mn} . . . ∑ y_{N −1}∈G_{mN −1} 1 M_N ∑ x_0∈G_{M0} . . . ∑ x_{N −1}∈G_{mN −1} | | | | P (x_0, x_1, . . . , x_{n−1}, λ̃_n(y_n, x_n), . . . , λ̃_{N−1}(y_{N−1}, x_{N−1}))

− P (x_0, . . . , x_{n−1}, . . . , x_{N−1}) | | | | | p

= M_n M_N ∑ y_n∈G_{mn} . . . ∑ y_{N −1}∈G_{mN −1} ‖P (λ̃(y, .) − P (.))‖^p.

Since for each fixed y ∈ G_m we have that λ̃(y, .) ∈ Λ_n, then it follows ‖S_{Mn} P − P ‖_p ≤ ω^{(p)}_n (P ). That is, the theorem for polynomials is proved. Let f ∈ L^p and ϵ > 0. Since the set of polynomials is dense in L^p then it follows that there exists a polynomial P ∈ P such as that ‖f − P ‖_p < ϵ. By proposition 4 we have ‖S_{Mn} f − f‖_p ≤ ‖S_{Mn} f − S_{Mn} P ‖_p + ‖S_{Mn} P − P ‖_p + ‖P − f‖_p ≤ c‖f − P ‖_p + ω^{(p)}_n (P ). On the other hand,

ω^{(p)}_n (P ) = sup_{λ∈Λn} ‖P (.) − P (λ(.))‖_p ≤ sup_{λ∈Λn} ‖P (.) − f(.)‖_p + sup_{λ∈Λn} ‖f(.) − f(λ(.))‖_p + sup_{λ∈Λn} ‖f(λ(.)) − P (λ(.))‖_p ≤ 2‖f − P ‖_p + ω^{(p)}_n (f).

Finally, by the above written ‖S_{Mn} f − f‖_p ≤ c‖f − P ‖_p + ω^{(p)}_n (f) ≤ cϵ + ω^{(p)}_n (f) for each ϵ > 0. That is the proof of theorem 8 is complete. □

Finally, we remark (the proof is left to the reader) Theorem 9. Let f ∈ C(G_m) and n ∈ P. Then 1 2 ω^{(p)}_n (f) ≤ ‖S_{Mn} f − f‖_∞ ≤ ω_n(f). and 1 2 ω_n(f) ≤ E_n(f) ≤ ω_n(f). References

[AVD] G.H. Agaev, N.Ja. Vilenkin, G.M. Dzhafarli, and A.I. Rubinstein. Multiplicative systems of functions and harmonic analysis on 0-dimensional groups (in Russian). ELM, Baku, 1981.

[Fin] N.J. Fine. Cesàro summability of Walsh-Fourier series. Proc. Nat. Acad. Sci. U.S.A., 41:588–591, 1955.

[Fuj] N. Fujii. A maximal inequality for H^1 functions on the generalized Walsh-Paley group. Proc. Amer. Math. Soc., 77:111–116, 1979.

[Gát1] G. Gát. On the almost everywhere convergence of Fejér means of functions on the group of 2-adic integers. Journal of Approx. Theory, 90(1):88–96, 1997.

[Gát2] G. Gát. Pointwise convergence of Fejér means on compact totally disconnected groups. Acta Sci. Math. (Szeged), 60:311–319, 1995.

[Gát3] G. Gát. On almost even arithmetical functions via orthonormal systems on Vilenkin groups. Acta Arith., 60(2):105–123, 1991.

[Gát4] G. Gát. On (C, 1) summability for Vilenkin-like systems. Studia Math., to appear. [GT] G. Gát and R. Toledo. L^p-norm convergence of series in compact totally disconnected groups. Analysis Math., 22:13–24, 1996.

[HR] E. Hewitt and K. Ross. Abstract Harmonic Analysis, volume 1, 2. Springer-Verlag, Heidelberg, 1963.

[Mar] J. Marcinkiewicz. Quelques théorèmes sur les séries orthogonales. Ann Soc. Polon. Math., 16:85–96, 1937.

[Mau] J.L. Mauclaire. Intégration et théorie des nombres. Herman, Paris, 1986. [Pon] L. S. Pontryagin. Topological Groups. Gordon and Breach, Science Publishers, Inc., New York, 1966.

[Sch1] F. Schipp. Über gewisse Maximaloperatoren. Annales Univ. Sci. Budapestiensis, Sectio Math., 18:189–195, 1975.

[Sch2] F. Schipp. On L^p-norm convergence of series with respect to product systems. Analysis Math., 2:49–64, 1976.

[Sch3] F. Schipp. Pointwise convergence of expansions with respect to certain product systems. Analysis Math., 2:65–76, 1976.

[Sch4] F. Schipp. Universal contractive projections and a.e. convergence. In J. Galambos and I. Kátai, editors, Probability Theory and Applications, Essays to the Memory of József Mogyoródi, pages 47–75. Kluwer Academic Publishers, Dordrecht, Boston, London, 1992.

[SW] F. Schipp and W.R. Wade. Norm convergence and summability of Fourier series with respect to certain product systems. In Approximation Theory, volume 138 of Pure and Appl. Math., pages 437–452. Marcel Dekker, New York-Basel-Hong Kong, 1992.

[SW2] F. Schipp and W.R. Wade. Transforms on normed fields. Janus Pannonius Tudományegyetem, Pécs, 1995.

[SWS] F. Schipp, W.R. Wade, P. Simon, and J. Pál. Walsh series: an introduction to dyadic harmonic analysis. Adam Hilger, Bristol and New York, 1990.

[T] M.H. Taibleson. Fourier Analysis on Local Fields. Princeton Univ. Press., Princeton, N.J., 1975.

[Vil] N.Ja. Vilenkin. On a class of complete orthonormal systems (in russian). Izv. Akad. Nauk. SSSR, Ser. Math., 11:363–400, 1947.

Received November 20, 2000.

Institute of Mathematics and Computer Science, College of Nyíregyháza, P.O.Box 166, H-4401, Nyíregyháza, Hungary E-mail address: gatgy@zeus.nyf.hu