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ON DERIVED AND INTEGRATED SETS OF BASIC SETS OF
POLYNOMIALS OF SEVERAL COMPLEX VARIABLES

A. EL-SAYED AHMED

ABSTRACT. In this paper, we study some derived and integrated basic sets
of polynomials of several complex variables in complete Reinhardt domains
and in hyperelliptical regions under some generalized differential and integral
operators. Our new results extend and improve a lot of known works (see [3],
(9], [10] and [17]).

1. INTRODUCTION

The problem of derived and integrated sets of basic sets of polynomials in one
and two complex variables has been studied by many authors (see e.g. [3], [9], [10]
and [17]). In all above studies the authors considered the unit disk A = {z : |z| < 1}
in the complex plane C, spherical regions and circles. In the present paper we will
consider this problem for several complex variables in complete Reinhardt domains.
A parallel study for this problem in hyperelliptical regions is also carried out.

Let z = (21, 22,...,2,) be an element of C™; the space of several complex vari-
ables, an open hyperelliptical region of radii r4(> 0); s € I = {1,2,3,...,n} is here
denoted by Ej;) and its closure by F[r]. Also, an open complete Reinhardt domain
of radii ps(> 0); s € I is here denoted by I';;) and its closure by F[p];
D(T ) and D(Ej) to denote unspecified domains containing the closed complete

we consider

Reinhardt domain f[p] and the closed hyperellipse E[r], respectively.
In terms of the introduced notations, these regions satisfy the inequalities:

L) = Dlospnrpn] = {2 € C 2 [2| < ps; s €1},
Uil = Tlorpn.pn) = {25 € C" 2 |2 < p; s € 1,

Consider unspecified domain containing the closed complete Reinhardt domain
f‘[p]. This domain will be of radii p¥, p > ps; s € I, then making a contraction
to this domain, we will get the domain D([p*]) = D([p], p5,...,p;]), where pF
stand for the right-limits of p at ps; s € I. So,

D(T',)) = D([p"]) = D(pi,p3,....p0) ={z € C": 2| < ps; s€ I},
E[r] = {W : |W| < 1}, E[r] = {W : |W| < 1},

where w = (w1, wa, w3, ..., wy), Ws = =isel

Thus the function f(z) of the complex variables zs; s € I which is regular in E[r]
can be represented by the power series

o0

o0
(1) f(z) = Z amz™ = Z Uy mg,mn 21 25 2 2
m=0 —
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where m = (mq,ma, ..., m,) be multi-indices of non-negative integers.
For the function f(z), we have from [6] that
(2) M[f;x] = M[f;ri,ra,...,rn] = sup|f(z)],
Epy

then it follows that

. { |am| } <m> < 1
im sup — < ——
Sm>eo o [Tozs [1s] smem [Ty rs’

where < m >=mq +mg +--- + m, and

<m>
1 <m>{ ?
om = inf — = % (see [6] and [15]),
[t]=11 H::1 mas?
1 < om < (y/n)<™> on the assumption that m?s =1, whenever my =0; s € I.
Also, as above if the function f(z) of the complex variables z4; s € I which is

regular in f[p] can be represented by the power series (1), then it follows that

|am|s%, me >0, sel,
where
(3) M(f,[¢']) = max|f(z)|.

Hence, we get

n <m> 1
li —<m>+ms < .
<ml>nl>oo Sup {|am| s];[l Ps B H?:l pls

Since, pl. can be taken arbitrary near to ps; s € I, we conclude that

n <m> 1
i —<m>-+mg < .
<ml>nl>oo Sup {|am| 5];‘[1 Ps } - HZ:l Ps

Definition 1.1 ([13, 14]). A set of polynomials { Py [z]} = {PO, PPy ...,P,,.. }
is said to be basic when every polynomial in the complex variables zs; s € I ; can
be uniquely expressed as a finite linear combination of the elements of the basic set

{Pmlz]}-

Thus according to [13 ; Th. 5] the set {Pm[z]} will be basic if and only if there
exists a unique row-finite matrix P such that

(4) PP=PP=1,

where P = [vah] is the matrix of coefficients, (h = (hy,ha,...,h,) be multi-
indices of non-negative integers), P is the matrix of operators of the set {Pm[z]}
and I is the infinite unit matrix.

For the basic set {Pm[2]} and its inverse {Pmlz]} , we have

(5) P[2] =) Pmunz",
h
(6) 2" =Y PmunPualz] = >  PmunPulz,
h h

(7) Punlz] = 3 Prnnz".
h
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Thus, for the function f(z) given in (1) we get

f(z) = ZHum[Z],

where

(h)
1_[m = ZPh,m Gh = ZPh,mf hs('O)a
h h

where h! = h(h —1)(h—2)---3-2-1. The series Y~ II;nPm|2] is the associated
basic series of f(z).
,,,,, m,, be the number of non-zero coefficients Pm,h in the
representation (6). A basic set satisfying the condition
(8) lim  {Np)<m =1

<m>—00

is called, as in [13, 14] a Cannon set and if

lim  {Nm}=> =a> 1,

<m>—o00

then the set is called a general basic set.

Now, let Dm = Dy ma,ms,...,m, D€ the degree of the polynomial of the highest
degree in the representation (6). That is to say, if Dy = Dh, ko ha....h, is the degree
of the polynomial Py[z], then Dy < Dy, Vhs < myg; s € I, and since the elements of
the basic set are linearly independent, then Ny, < 14243+ -+ (Dm+1) < M DZ,
where \; be a constant.

Therefore, the condition (8) for a basic set to be Cannon set implies the following
condition:

(9) lim  {Dm}<™> =1 (see [17]).

<m>—00

For any function f(z) of several complex variables, there is formally an associated
basic series Y p_o Pn[z]. When this associated series converges uniformally to f(z)
in some domain it is said to represent f(z) in that domain; in other words, as in the
classical terminology of Whittaker (see [19]), the basic set P [z] will be effective in
that domain. The convergence properties of basic sets of polynomials are classified
according to the classes of functions represented by their associated basic series and
also to the domain in which are represented.

To study the convergence properties of such basic sets of polynomials in complete
Reinhardt domains and in hyperelliptical regions we consider the following notations
for Cannon sums:

M(Pma [p]) =
(10) [T {ps}=™ ™ > [PrnlM(Pu,[p]) (for Reinhardt domains, [8]);
s=1 h
Q[Pm,r} =

(11)  om H {rgysmzTme Zﬁm,hM[Ph, r| (for hyperelliptical regions, [6]).
s=1 h

Also, the Cannon function for the basic sets of polynomials in complete Reinhardt
domains (see [8]) and in hyperelliptical regions (see [6]) were defined as follows:

p(Plpl) = lim {u(Pa[o)}™= and Q[Pr] = lim {Q[Pmr]} ™.

<m>—00 <m>—o00

Concerning the effectiveness of the basic set {Pm[z]} in complete Reinhardt do-
mains, we have the following results:
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Theorem A ([16, 18]). A necessary and sufficient condition for a Cannon set
{Pmlz]} to be

(i) effective in T, is that (P, [p]) = [To_y ps,

(i) effective in D([T,)) is that p(P, [pT]) = [To; ps-

Recently, Kishka and myself (see [6]) obtained the following results:

Theorem B ([6]). The necessary and sufficient condition for the Cannon basic
set {Pm|z]|} of polynomials of several complex variables to be effective in the closed
hyperellipse Epy) is that Q[P, r] =110 rs, wherer =1r1,79,...,7y.

Theorem C ([6]). The Cannon basic set { Pm|z]} of polynomials of several complex
variables will be effective in D(E[r]), if and only if, Q[P, r*] = HZ:1 Ts.

Note that D(E}) can be defined similar to D (T'(,).

For more information about the study of basic sets of polynomials, we refer to
(1], (2], [4], (5], (6], [7], [12], [17] and [19];

Now we define the differential and integral operators J and A acting on the
monomial z™, such that

(12) J(D)= D"z™

{Z:_lms(ms1)...(m5ns+1)z;”5, ny < mior ... or ng < mg;

z™, ng > Mg,
n o o_ n n N — n ng 0 _0 o : : :
where D™ = 70 20=D7s = Y70 2l 5. 9.0 - - 9.o» the derivatives is repeated

ns-times; s € I.
The integral operator A will be

n 1 Zs Zs Zs Zs
AI)=1"z" = — / / / / zMdzsdzs ... dzg
Sz:; zs"Jo Jo Jo 0

m n 1 .
(13) _ )= D=1 <H;?751(ms+j))a (m) # 0;
1, (m) =0,

where the integration is repeated ngs — times.

Special cases of these operators J(D) and A(I) were introduced in [3], [9], [10]
and [12].

2. DERIVED BASIC SETS OF POLYNOMIALS IN C"

Let { Pm|[2z]} be a basic set of polynomials of the several complex variables zs; s €
I as given in (5). Consider the next questions: If we have a basic set of polynomials
of several complex variables { Pm[z]}, and we effect on it by the operator J(D),
do the new set {J(D)Pm[z]} still basic?. Also, if the set {Pm|z]} is effective in
specific regions (hyperelliptical regions or complete Reinhardt domains), do the set
{J(D)Pmlz]} still effective in the same regions?. In this paper we will give the
answers of these questions. Similar results for the integral operator A(I) can be
obtained.

In this section, we shall study the differential set {Py(J)Pm|[2]}, where

n k
(14)  J*D) = [Z zSSDZ:} z™ = J*"1Jz™; k be a finite positive integer.
s=1

Now, consider the differential operator J*(D) as given in (14) acting on the mono-
mial z™. suppose that the set

{Pe(J) Bmlz]} = {Pra[2]}
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of polynomials is called the P (J) — set of polynomials of several complex variables
zs; 8 € I, associated with the set {Pm[z]}. Thus, we get

(15) ZP nwhhlz Z Zmé Mg S—2)...(ms—ns+1)}jzm

Jj=1

where A; are constants # 0, n; <m; or ng <mg or...or ng<m, and

Zﬁo,hPf{[Z]:l; ne>ms ; scl.

Now, we shall prove that the set { P [z]} is a basic set of polynomials. It is enough
for this purpose to show that the polynomials { P} [z]} are linearly independent.
In fact suppose that there is a linear relation of the form:

n

(16) > eiPh,lZl=0; ¢ #0

i=1

for at least one 7, ¢ € I. Then

[Zcz ] ]:

Hence, it follows that

n
ZciPmﬂi[z] =0.
i=1
This means that {Pm|z]} would not be linearly independent, then the set would
not be basic, consequently (16) is impossible. Thus the relation (15) is unique and
hence the set { P} [z]} is a basic set.
Hence a representation of the monomial z™ by the set {Pj[z]} of polynomials
is possible.
To obtain a fundamental inequality concerning the Cannon sum p(Pp [z], [p]) of
the set { P2 [z]} in complete Reinhardt domains, write

* [HZ:1{ps}<m>_ms} Eh ﬁm,hM(Plta [p])
P o) = .
P ) S N[ ma(ms — 1) (mg — ng + 1))

b

M(Py, [p]) *H;;XIPhI < (N M (Py,p]).

Since,

k
2" D™ Py 2] ] then

HM:

where ¢ be a constant. Therefore,

\ [ITe—i{ps} <™ 7™ |32 [Prmn | M (Ph, [p])
/L(th [P]) < CNm Ele )\j[z,::1 ms(ms _ 1) o (ms P 1)]j7

which implies that,

) Non 11(Pans [0])
Pi.lpl) <¢ A
(P o) SN[ ma(my — 1) .. (my — g + 1))
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Thus,
u(P*lpl) = <n}i>ﬂioosup{u(Pma[P])}
s n
< i = =
< Jm sl } =i = [
But

Then, we deduce that

(17) n(P*, (o) = ] ps-

Therefore, by using Theorem A, we obtain the following theorem:

Theorem 2.1. If the Cannon basic set { Pm|z]|} of polynomials of the several com-
plex variables z5; s € I, possess one or another of the properties
1. Effectiveness in the closed complete Reinhardt domain T'().

2. Effectiveness in the closed region D(T,)).
Then the set { P},[z]} of polynomials associated with the set { Pm|z]} will possess
the same property as well as.

_ To get the relation concerning the Cannon sum Q[Py,,r] of the set { Py [z]} in
Ely, suppose that f(z) be a regular function in £y, then

(18)  f*(z) = Pu(J)f(2)
k n )
=nao+ Y am Y N[ Y ma(ms —1)(ms —2)...(ms —ne+1))"2™,
m 7=0 =1

where 7 be a constant. o
It is clear that f*(z) is also regular in E[j. Hence from (1) and (18), we get

fr(z) ~ > PufiBilz,
h
where

k n -
Punfy =nao + Z amZ)\j[st(ms —1)(ms—2)...(ms—ns + 1)]JPm;h.
m=1  j=0 =1

If the basic series associated with every regular function in E[r] converges uniformly
in Ejy to f*(z), then we can say that the basic {Pj,[z]} is a Cannon set of poly-
nomials. Then, the Cannon sum Q[P},,r] of the set {P}[z]} in E}j, will has the
form

Om HZ:1{768}<m>7m5 >oh |ﬁm,h|M[Ph*a r]

Q[P* r] =— = -
Zj:l )‘j I:ZS::[ ms(ms - 1)(ms - 2) ce (ms —ng + 1)]

m’

where,
M [Py, r] = max|P;[z]].
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Now we let, Dy, be the degree of the polynomial of the highest degree in the
representation (6). Hence by Cauchy’s inequality we see that

hs
(19) M[P.x] = max|Pilz]| < |Puol + > 1P Mooy 1TS = |Pasol
By h>1

g r| 71", rhs
+ZZA [Zm ms s—2)~-~(ms—ns+1)} UhMT[ph,h] T,

s
h>1 =1 [Ty 7s %h

< K\Niw D, M [Py, ] < K\ DM [Py, ],

where K be a constant and the power n here because we differentiated n4-times.
Then,

om D [Ty {rs} ™7 34 [Pron|M [P, x]]

SN [22_1 ms(ms — 1) (ms — 2) ... (ms — ns + 1)]
= K2 Q[Pm,r],

(20) Q[Py.r] < Ky

where

K10mDr2

Ko = J
S| S~ (e = 2) . (o =+ 1)

Consider condition (9), we obtain that

s
Q[P*,r]: lim sup{Q[P:;l,r]}

<m>—0o0
. <r£1> n
< <nrll>niroo sup{KQQ[Pm,r}} < Q[P, r] = L1 Ts.
But
Q[P*r| > HTS (see [6])
s=1
Then

(21) Q[P*,r] = Hrs.

Now, suppose that the set {Pm|z]} is effective in Efy), then according to (21) and
using Theorems B and C, we obtain the following theorem:

Theorem 2.2. If the Cannon basic set {Pm(z]} of polynomials of the several com-
plex variables zs; s € I for which the condition (9) is satisfied, is effective in Epy,
then the set { Pk |z]} of polynomials associated with the set { Pm|z]} will be effective
there.

If, condition (9) not satisfied then the set {P},[z]} can not be effective in Ely,
where the set {Pm[z]} is effective there. To ensure this, we give the following
example.
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Ezample 2.1. Suppose that the set {Pp,; m,[21, 22]} of polynomials of the two com-
plex variables 21, 22, given by

thmz [21, 22]

my ,m2 ami amsz
) Omyma?1 29 + Camy,ama?21 29 5, N1 < mq or ny < Mo,
Omai,ma?1 235 otherwise.

where, a = b1 t™m2; b > 1.
It is easy to see that Q[P,1] = 1, then the set { P, m,[71,22]} is effective in

El, v 71 =12 = 1. Also,

2 2
QP s r1572] = Cla) [ retmitma) 4 T rmatme,
s=1 s=1

where ((a) > 0 is a constant depending only on a and
Q[P 1] =((a)+1>1,

that is to say that the set { P, .,[21,22]} is not effective in E[T”Z]; rr=ry =1
although the set { Py, m,[21,22]} is effective there. The reason for this obviously
that condition (21) is not satisfied by the set { Py, .m, |21, 22]} as required.

Remark 2.1. Tt should be remarked that in Theorem 2.2, we have restricted our-
selves by condition (9) for the degree of the derived basic set of polynomials in the
hyperellitical regions and not in complete Reinhardt domains because after taking
the maximum modulus in the region E[r], the existence of oy, will make the Cannon
function for this set tends to infinity, where Dy, = O(< m >). We do not need
condition (9) for the integrated basic set of polynomials.

3. INTEGRATED BASIC SETS OF POLYNOMIALS IN C"

Now, we consider the integral operator A(I) as given in (13) acting on the mono-
mial z™, on the assumption that the integration is carried out with respect to
each variable while the others are constants. Suppose that the set {A(I)Pm[2z]} =
{Prr[z]} of polynomials and is called the A — set of polynomials of several complex
variables zg; s € I, associated with the set { Pm[z]}. Thus, we get that
(22) z%a(m,n) =Y, Pmnby*[z]; ns >k and

1=Y", PonP*z); otherwise

where,

a(m,n) = i<m>

s=1 j=1
Similarly as in the set {Pj[z]}, it is easy to prove that the set {Py[z]} is a basic
set of polynomials.
Now the Cannon sums 11(A(I) P, [p]) and Q[A(I) P, 1| for the complete Rein-

hardt domain f[p} and the hyperellipse Ey, respectively will be such that

H:Zl{ps}<m>fms
a(m,n)

p(A(I)Pa, [p]) = > PunM (P, (o)),
where

M(P5, [p]) = f%aﬂPﬁ*[Z]I < (1 N M (Palz], [p]),
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where (; be a constant. Hence,

(23) w3 1el)

n <m>-—m
S Cl Nm Hs:l{pS}

a(m,n)

3 Pl M (P, [0]) = &M(Pm, (1)

a(m,n)
Thus

)

@) w(Epl) =t sl u(ei i)}

< Jm_sw{uPalo) | = (1) = oo

<m>—o00

In the same manner, we can proceed as in (24) to get the following inequality
concerning the hyperelliptical regions

*ok Nm Om H:: {TS}<m>7mS D ok Nm C*
Q[P )= a(nla, o zh:Pm,hM[Ph x| < mg[Pm,r].
where (* be a constant. Thus, we can obtain that
(25) Q[P r]<Q[Pr]=[] 7.
s=1

Hence, we have the following theorem:

Theorem 3.1. If the Cannon basic set { Pm|z]|} of polynomials of the several com-
plex variables zs; s € I, possess one or another of the properties

1. Effectiveness in the closed complete Reinhardt domain F[p].

2. Effectiveness in the closed domain D(f[p]).

3. Effectiveness in the closed hyperellipse E[r].

4. Effectiveness in the closed region D(E[r]).
Then the set {Ptr[z]} of polynomials associated with the set {Pm[z]} will possess
the same property as well as.

Remark 3.1. Similar results for derived and integrated general basic sets of poly-
nomials of several complex variables in complete Reinhardt domains and in hyper-
elliptical regions can be obtained.
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