Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 20 (2004), 39–42

www.emis.de/journals

ON THE CONJECTURE OF GÁT

USHANGI GOGINAVA

Abstract. In 2001 Gát conjectured that the integral of the maximal function of the Walsh – Kaczmarz – Fejér kernels to the pth power with 0 < p < 1 is finite. We give positive answer to the question.

Let P denote the set of positive integers, N = P ⋃ {0} the set of nonnegative integers and Z_2 the discrete cyclic group of order 2. That is, Z_2 = {0, 1} the group operation is the mod 2 addition and every subset is open. Set

G :=^∞×_{k=0}Z_2

the complete direct product. Thus, every x ∈ G can be represented by a sequence x = (x_i, i ∈ N), where x_i ∈ {0, 1}, i ∈ N.

The group operation on G is the coordinate-wise addition. The compact Abelian group G is called the Walsh group. A base for the neighborhoods of G can be given as follows I_0(x) = G, I_n(x) = {y = (y_i, i ∈ G : y_i = x_i for i < n}.

Let n ∈ N. Then n =

∑_∞

i=0 n_i2^i, where n_i ∈ Z_2 Denote by |n| = max(j ∈ N : n_j ≠ 0, that is, 2^{|n|} ≤ n < 2^{|n|+1}. The Rademacher functions are defined as r_n(x) = (−1)^{xn} (x ∈ G, n ∈ N).

The Walsh – Paley system is defined as the set of Walsh – Paley function

ω_n(x) = ∞∏ k=0 (r_k (x))^{nk} , (x ∈ G, n ∈ N).

The nth Walsh – Kaczmarz functions is

κ_n(x) = r_{|n|}(x)

|n|−1∑

i=0 (r_{|n|−1−i}(x))^{ni}

for n ∈ P, κ_0(x) = 1, x ∈ G. The Walsh – Kaczmarz system κ_n, n ∈ N can be obtained from the Walsh – Paley system by renumbering the functions with in the dyadic “block” with indices from the segment [2^n, 2^{n+1}). That is, {κ_n : 2^i ≤ n < 2^{i+1}} = { ω_n : 2^i ≤ n < 2^{i+1}} for all n ∈ N. By means of the transformation τ_A : G → G τ_A(x) = (x_{A−1}, x_{A−2}, . . . , x_1, x_0, x_A, x_{A+1}, . . .) ∈ G,

2000 Mathematics Subject Classification. 42C10. Key words and phrases. Walsh – Kaczmarz – Fejér kernels. 39

which is clear measure preserving and such that τ_A(τ_A(x)) = x we have

κ_n(x) = r_{|n|}(x)ω_n(τ_{|n|}(x))(n ∈ N).

Let us consider the Dirichlet and the Fejér kernel functions:

D^α_n = n−1∑ j=0 α_j , K^α_n = 1 n n∑ j=1 D_j

where α is either κ or κ and n ∈ P .

Fine [1] proved every Walsh – Paley-Fourier series is a.e. (C, β) summable for β > 0. Schipp [10] gave a simpler proof for the case β = 1. The theorem of Schipp are generalized by Taibleson [13], Pál and Simon [9], Gát [4] and Weisz [14].

Skvorcov [12] proved for continuous function f, that Fejér means converges uniformly to f. Gát proved [6] for integrable functions that the Fejér means(with respect to the Walsh – Kaczmarz system) converges a.e. to the function. The conception of quasi-locality is introduced by Schipp [11]. Behind most of the proof of the preceding result (except the Walsh – Kaczmarz case [7]) there is the quasilocality of the maximal function of the Fejér means. The quasi-locality is the consequence of the following lemma

Lemma. ∫

G\I_k sup |n|≥A

|K^ω_n (x)|dx ≤ √ 2^{A−k},

for all A ≥ k.

Consequently, ∫ G\I_k sup|n|∈N |K ω n (x)|dx ≤ ∞ for all k ∈ N. The proof of this lemma can be found for the Walsh – Paley system in [5], for the Vilenkin system in [2] and for the character system of the group of 2-adic integers in [4]. In [7] Gát proved that this lemma does not hold for the Walsh – Kaczmarz system and he conjectured that the integral of the maximal function of the Walsh – Kaczmarz – Fejér kernel to the pth power is finite with 0 < p < 1. In this paper we give positive answer to the question.

Theorem. Let p ∈ (0, 1). Then ∫ G\I_k sup |n|∈N

|K^κ_n (x)|^pdx < ∞.

Proof. It is shown in [11] that

K^ω_2n (x) ≤ c n∑ j=0 2^{j−n}D_2n (x ⊕ 2^{−j−1}).

Applying the inequality (1) (_∞ ∑ k=1 a_k

)_p ≤ ∞∑ k=1 a^p_k (a_k ≥ 0, 0 < p ≤ 1)

and from

(2) D_2n (x) = { 2^n, if x ∈ I_n(x), 0, if x /∈ I_n(x),

we have (3) ∫ G (2^n|K^ω_2n (x)|)^pdx ≤ c n∑ j=0 2^{jp} ∫ G D^p_2n (x ⊕ 2^{−j−1}) ≤ c2^{n(2p−1)}.

ON THE CONJECTURE OF GÁT 41

First we prove that (4) ∫ G sup_{n∈N} |K^κ_2n (x)|^pdx < ∞, 0 < p < 1.

Skvorcov in [12] proved that for any n ∈ P and x ∈ G

2^nK^κ_2n (x) = 1 + n−1∑ i=0 2^iD_2i (x) + n−1∑ i=0 2^ir_i(x)K^ω_2i (τ_i(x)).

Then from (1) and (2) we have ∫ G sup_{n∈N} |K^κ_2n (x)|^pdx ≤ ∞∑ ν=1 ∫ G |K^κ_2ν (x)|^pdx

≤ ∞∑ ν=1 1 2^{νp} ∫ G 1dx + ∞∑ ν=1 1 2^{νp} ν−1∑ i=1 2^{ip} ∫ G D^p_{2i} (x)dx

+ ∞∑ ν=1 1 2^{νp} ν−1∑ i=0 2^{ip} ∫ G |K^ω_2i (τ_i(x))|^pdx

≤ C_p + C_p ∞∑ ν=1 1 2^{νp} ν−1∑ i=0 2^{(2p−1)i} < C_p < ∞.

(5)

which proves (4).

Since [12] nK^κ_n (x) = 2^{|n|}K^k_{2|n|} (x) + (n − 2^{|n|})D_2|n| (x) + (n − 2^{|n|})r_n(x)K^ω_{n−2|n|} (τ_{|n|}(x)) and [8]

(n − 2^{|n|})|K^ω_{n−2|n|} (u)| ≤ 3

|n|∑ j=0 2^j K_2j (u),

from (4) we obtain ∫ G sup_{n≥1} |K^k_n(x)|^pdx ≤ ∫ G sup_{n∈N} |K^k_2n (x)|^pdx + ∞∑ ν=1 ∫ G D^p_2ν (x)dx + ∞∑ ν=1 1 2^{νp} ν∑ j=0 ∫ G (2^j K_2j (x))^pdx

≤ C_p + ∞∑ ν=1 1 2^{ν(1−p)} + ∞∑ ν=1 1 2^{νp} ν∑ j=0 2^{j(2p−1)} ≤ C_p < ∞.

Theorem is proved. □

References

[1] N. J. Fine. Cesàro summability of Walsh-Fourier series. Proc. Nat. Acad. Sci. U.S.A., 41:588– 591, 1955.

[2] G. Gát. Convergence and summation with respect to Vilenkin-like systems. In Recent Developments in Abstract Harmonic Analysis with Applications in Signal Processing, pages 137–140. Nauka, 1996.

[3] G. Gát. Pointwise convergence of the Cesàro means of double Walsh series. Ann. Univ. Sci.

Budapest. Sect. Comput., 16:173–184, 1996.

[4] G. Gát. On the almost everywhere convergence of Fejér means of functions on the group of 2-adic integers. J. Approx. Theory, 90(1):88–96, 1997.

[5] G. Gát. On the Fejér kernel function with respect to the Walsh – Paley system. Acta Acad.

Paedagog. Agriensis Sect. Mat. (N.S.), 24:105–110, 1997.

[6] G. Gát. On (C, 1) summability of integrable functions with respect to the Walsh-Kaczmarz system. Studia Math., 130(2):135–148, 1998.

[7] G. Gát. On the Fejér kernel functions with respect to the Walsh-Kaczmarz system. Acta Math. Acad. Paedagog. Nyházi. (N.S.), 17(2):121–126 (electronic), 2001.

[8] B. Golubov, A. Efimov, and V. Skvortsov. Walsh series and transforms, volume 64 of Mathematics and its Applications (Soviet Series). Kluwer Academic Publishers Group, Dordrecht, 1991. Translated from the 1987 Russian original by W. R. Wade.

[9] J. Pál and P. Simon. On a generalization of the concept of derivative. Acta Math. Acad. Sci.

Hungar., 29(1-2):155–164, 1977.

[10] F. Schipp. Über gewisse Maximaloperatoren. Ann. Univ. Sci. Budapest. Eötvös Sect. Math., 18:189–195 (1976), 1975.

[11] F. Schipp, W. R. Wade, P. Simon, and J. Pál. Walsh series, An introduction to dyadic harmonic analysis. Adam Hilger Ltd., Bristol, 1990.

[12] V. A. Skvorcov. On Fourier series with respect to the Walsh-Kaczmarz system. Anal. Math., 7(2):141–150, 1981.

[13] M.H. Taibleson. Fourier series on the ring of integers in a p-series field. Bull. Amer. Math.

Soc., 73:623–629, 1967.

[14] F. Weisz. Cesàro summability of two-dimensional Walsh-Fourier series. Trans. Amer. Math.

Soc., 348(6):2169–2181, 1996.

Received January 10, 2004.

Department of Mechanics and Mathematics, Tbilisi State University, Chavchavadze str. 1, Tbilisi 0128, Georgia E-mail address: z goginava@hotmail.com