Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 20 (2004), 225–231

www.emis.de/journals
ISSN 1786-0091

SOME PROPERTIES FOR FUNCTIONS OF VMO(2^ω)

JUN TATEOKA

Dedicated to Professor W.R. Wade on his sixtieth birthday

Abstract. A function of bounded mean oscillation (BMO) is said to have vanishing mean oscillation or belong to VMO space if its mean oscillation is locally small in a uniform sense. Though there is an extensive literature on the BMO, very few mention is made on the properties for functions of VMO.

In this note, we discuss the connection between modulus of continuity and the approximation of functions by Walsh polynomials in VMO space on the dyadic group 2^ω , VMO(2^ω ), the analogy between VMO(2^ω ) and C(2^ω ), the estimate for certain type of convolution operators on VMO(2^ω ), the decomposition theorem for functions in VMO(2^ω ) and the characterization of Walsh series which happen to be the Walsh-Fourier series of a function in VMO(2^ω ).

1. Notation

Our results are stated in the situation that the dyadic group 2^ω is the additive subgroup of the ring of integers in the 2-series field K of formal Laurent series in one variable over the finite field GF(2). We need to set some basic notation. It is taken from Taibleson’s book [9] where the fundamentals are detailed. For the additive subgroup K^+ of the 2-series field K, we may choose a Haar measure dx. Let d(αx) = |α|dx, α ≠ 0 and call |α| the valuation of α.

Let P^0 = {x ∈ K : |x| ≤ 1} and P^1 = {x ∈ K : |x| < 1}. K is totally disconnected, hence the value is discrete valued. Thus there is an element ℘ of P^1 of maximum value. Then an element x ∈ K is represented as

(1) x = ∞∑ k=j a_k℘^k, a_k ∈ GF(2),

which can contain a finite number of terms with negative powers of ℘. The ring of integers P^0 = { x = ∑_∞

k=0a_k℘^k } coincides with the dyadic group 2^ω as an additive group. For E a measurable subset of K, let |E| = ∫ K Φ_E (x)dx, where Φ_E is the characteristic function of E and dx is Haar measure normalized so |2^ω| = 1. Then |P^1| = |℘| = 2^{−1}. Let P^k = {x ∈ K : |x| ≤ 2^{−k}} and Φ_k be its characteristic function. For x = x_0 +

∑_{−1} k=j a_k℘^k, a_k ∈ GF(2), x_0 ∈ 2^ω, set

(2) w(℘^k ) = { −1 k = −1, 1 k < −1, w(x_0) = 1.

Then w is a character on K^+. For x, y ∈ K, let w_y (x) = w(y · x). w is constant on cosets of 2^ω and if y ∈ P^k then w_y is constant on cosets of P^{−k}.

2000 Mathematics Subject Classification. 42C10. Key words and phrases. Dyadic group, BMO space, VMO space. 225

We assume that all functions are complex valued and measurable. If f ∈ L^1(K) the Fourier transform of f is the function f̂ defined by

(3) f̂(y) = ∫ K f(u)w_y(u)du.

Then we have (2^kΦ_k)^= Φ_{−k} and ((2^kΦ_k)∗(2^lΦ_l))^= Φ_{−(k∧l)}, where k∧l = min(k, l).

Let {u(n)}^∞_{n=0} be a complete list of distinct coset representatives of 2^ω in K^+. We define u(0) = 0, u(1) = ℘^{−1} and for n = b_0 +b_1·2+b_2·2^2 +· · ·+b_s ·2^s (b_i = 0 or 1), u(n) = u(b_0) + ℘^{−1}u(b_1) + · · · + ℘^{−s}u(b_s). Then { w_{u(n)}|_P 0

}_∞ n=0 = { w_{u(n)}

}_∞ n=0 is a complete set of characters on 2^ω. This is the Walsh-Paley system.

The Dirichlet kernels are the functions

D_n(x) = n−1∑ k=0 w_{u(k)}(x), n ≥ 1, D_0(x) ≡ 0.

If f ∈ L^1(2^ω) the Walsh-Fourier coefficients {c_k}^∞_{k=0} = {f̂(u(k))}^∞_{k=0} are given by c_k = ∫ 2^ω f(x)wu(k)(x)dx. The Walsh-Fourier series is given by

f(x) ∼ ∞∑ k=0 c_kw_{u(k)}(x).

The n-th partial sum of the Walsh-Fourier series of f is denoted by S_nf(x) and is defined as S_nf(x) =

∑_{n−1} k=0 c_kw_{u(k)}(x). If f ∈ L^1(2^ω), x ∈ 2^ω, n ≥ 0, then S_2n f(x) = 2^n ∫ x+P^n f(t)dt, as follows from the fact that D2^n = 2

nΦ_n.

S(2^ω) is the collection of the test functions on 2^ω. If ϕ ∈ S(2^ω) then ϕ is a “polynomial”, that is, ϕ(x) =

∑_2n_{−1} k=0 ϕ̂(u(k))w_{u(k)}(x) for some n ≥ 0. C_i denotes a constant.

2. Properties of VMO(2^ω) functions

Let f ∈ L^1(2^ω). By a ball we mean a set B = {y ∈ 2^ω : |x − y| ≤ 2^{−k}} = x + P^k for some x ∈ 2^ω and k ∈ N. If f ∈ L^1(2^ω), write f_B =^1_{|B|} ∫ B f(x)dx for the average of f over B. If

(4) sup_B 1 |B| ∫ B |f(x) − f_B |dx = ‖f‖_∗ < ∞,

where the supremum is over all balls B, then we say f is of bounded mean oscillation, f ∈ BMO(2^ω). It is clear that L^∞(2^ω) ⊂ BMO(2^ω) and for f ∈ L^∞(2^ω), ‖f‖_∗ ≤ 2‖f‖_∞. BMO(2^ω) is the dual space to H^1(2^ω). That is, each continuous linear functional ℓ on H^1(2^ω) can be realized as a mapping

(5) ℓ(g) = ∫ 2^ω

f(x)g(x)dx, g ∈ H^1(2^ω),

when suitably defined, where f is a function in BMO(2^ω). This pairing allows to realize H^1(2^ω) as the dual of VMO(2^ω). (See [7], [8] and [12].)

For 0 < δ < 1, write

(6) M_δ(f) = sup_{|B|≤δ} 1 |B| ∫ B |f(x) − f_B |dx.

Then f ∈ BMO(2^ω) if and only if M_δ(f) is bounded and ‖f‖_∗ = lim_{δ→1} M_δ(f). BMO(2^ω) is a Banach space with norm M_1(f) + |f̂(0)| or M_1(f) + ‖f‖_1.

We say that f has vanishing mean oscillation, f ∈ VMO(2^ω), if

(7) f ∈ BMO(2^ω), and M_0f = lim_{δ→0} M_δ(f) = 0.

VMO(2^ω) contains every continuous functions on 2^ω, C(2^ω). The unbounded function log |x| belongs to BMO(2^ω). However, log |x| is not VMO(2^ω). The function log | log |x|| is in VMO(2^ω), although that is not immediately evident. VMO(2^ω) is a closed subspace of BMO(2^ω), so it contains the BMO-closure of C(2^ω).

The following theorem shows several characterization of VMO(2^ω). (See [10] for the dyadic group case, [5] and [6] for the classical case).

The space VMO(2^ω) is translation invariant. For y ∈ 2^ω, we let τ_y denote the operator of translation by y; that is, (τ_y f)(x) = f(x − y) for any function f on 2^ω.

Theorem 2.1. For f a function in BMO(2^ω), the following conditions are equivalent:

(i) f is in VMO(2^ω);

(ii) lim_{|h|→0} ‖τ_hf − f‖_∗ = 0; (iii) lim_{n→∞} ‖2^nΦ_n ∗ f − f‖_∗ = 0; (iv) f is in the BMO-closure of C(2^ω).

Next lemma is a simple but useful fact. (See [6].)

Lemma 2.2 (Inequality of Young type). If f is a function in BMO(2^ω) and ϕ is an integrable function on 2^ω, then ϕ ∗ f is in VMO(2^ω) and ‖f ∗ ϕ‖_∗ ≤ ‖ϕ‖_1‖f‖_∗. If, in addition, ϕ is continuous function on 2^ω, then ϕ ∗ f is in continuous function on 2^ω.

Proof. Put f ∗ ϕ(t) = h(t). Then, we have 1 |B| ∫ B |h(t) − h_B |dt ≤ ‖ϕ‖_1 1 |B| ∫ B |(τ_uf)(t) − (τ_uf)_B |dt.

Hence, ‖h‖_∗ ≤ ‖ϕ‖_1‖τ_uf‖_∗ = ‖ϕ‖_1‖f‖_∗.

For any ε > 0, there exists a polynomial T such that ‖ϕ−T ‖_1 < ε. Then, f ∗T ∈ C(2^ω) and for small |B|, 1 |B| ∫ B |f ∗ (ϕ − T )(t) − (f ∗ (ϕ − T ))_B |dt ≤ ‖ϕ − T ‖_1‖f‖_∗ < ε‖f‖_∗.

We obtain, by Theorem 2.1., f ∗ ϕ ∈ VMO(2^ω). □

To study the analogy between VMO(2^ω) and C(2^ω), we introduce the analogue in VMO(2^ω) of the Lipschitz classes. Let ρ(δ) be a positive, continuous, nondecreasing function on (0, ∞) satisfying lim_{δ→0} ρ(δ) = 0, and ρ(2δ) ≤ C_1ρ(δ).

A continuous function f on 2^ω is said to belong to the class Lipρ(δ) if it satisfies ω(f, δ) = O(ρ(δ)), where ω(f, δ) = sup{‖τ_hf − f‖_∞ : |h| ≤ δ}.

We shall say f in BMO(2^ω) belongs to BMO(ρ(δ)) provided M_δ(f) = O(ρ(δ)). We have VMO(2^ω)=∪_{ρ(δ)}BMO(ρ(δ)).

Theorem 2.3. If ρ satisfies the condition ∫_1 0 ρ(t) t dt < ∞,

then BMO(ρ(δ))⊂Lip(σ(δ)), where

σ(δ) =

∫_δ 0 ρ(t) t dt. In particular, BMO(δ^α)=Lip(δ^α), 0 < α ≤ 1.

The analogue of this theorem in the classical case was shown S. Spanne ([5]). We omit the proof of this theorem.

We consider the translation invariant singular integrals on VMO(2^ω). G.I. Gaudry and I.R. Inglis proved the next theorem ([3] and [4]), which is obtained without the intervention of the space H^1(2^ω).

Theorem 2.4. Suppose K ∈ L^1(2^ω). If

(i) |K̂(u(n))| ≤ C_2, for |u(n)| ≥ 2^{n−1}, (ii) ∫ 2^ω \P^n |K(x − y) − K(x)|dx ≤ C2 for |y| ≤ 2 −n, then, for all f ∈ L^∞(2^ω), ‖K ∗ f‖_∗ ≤ C_3‖f‖_∗, where C_3 depends on C_2 only. Corollary 2.5. If f ∈ C(2^ω), then K ∗ f ∈ VMO(2^ω).

Proof. For a continuous function f and any ε > 0, there exists a polynomial T ∈ S(2^ω) such that ‖f − T ‖_∞ < ε. Then K ∗ T ∈ S(2^ω) and ‖K ∗ f − K ∗ T ‖_∗ < C_3ε. Hence, we have, by Theorem 2.1., K ∗ f ∈ VMO(2^ω). □ J.B. Garnett and P.W. Jones ([2]) and J.-A. Chao ([1]) proved the following characterization of BMO regular martingales similar to the construction Carleson’s. Theorem 2.6. Let f ∈ BMO(2^ω). Then there exist a g ∈ L^∞(2^ω) with ‖g‖_∞ ≤ C_4‖f‖_∗, a sequence of balls {B_i} and a corresponding sequence of complex numbers {b_i} such that ∑ B_i ⊂B |bi| ≤ C4‖f‖∗|B| for any given ball B, and

f = g + ∑ i b_i

Φ_{Bi} |B_i|

+ C_5

for a constant C_5.

Theorem 2.7. (i) Let f ∈ VMO(2^ω) and f(0) = 0. Then there exist a g ∈ C(2^ω) with ‖g‖_∞ ≤ C_6‖f‖_∗, a sequence of balls {B_i} and a corresponding sequence of complex numbers {b_i} such that^1_{|B|} ∑ B_i ⊂B |bi| → 0 as |B| → 0 for any given ball

B, and f = g + ∑ i b_i^{ΦBi}_{|Bi |} .

(ii) Let g ∈ C(2^ω) and {B_i} be a sequence of balls. Assume that to each B_i, there is a associated constant b_i satisfying^1_{|B|} ∑ B_i⊂B |bi| → 0 as |B| → 0. Then,

if f = g + ∑ i b_i^{ΦBi}_{|Bi |} + C_7 for a constant C_7, f ∈ VMO(2^ω).

Proof. (i) Since f ∈ BMO(2^ω), using Theorem 2.6., write f = g_0 + ∑ i_0 bi0

Φ_{Bi0} |B_{i0} | ,

where ‖g_0‖_∞ ≤ C_4‖f‖_∗, and ∑ B_{i0} ⊂B |bi0 | ≤ C4‖f‖∗|B| for any ball B. By Theo-

rem 2.1., there is a ball B_{j0} such that ‖f − f ∗^{ΦBj0}_{|Bj0 |} ‖_∗ < ‖f‖_∗/2, Let

G_0 = g_0 ∗

Φ_{Bj0} |B_{j0} | and B_0 = ∑ i_0

|b_{i0} |

Φ_{Bi0} |B_{i0} | ∗ Φ_{Bj0} |B_{j0} | = ∑ i_0

|b_{i0} |

Φ_{Bi0 ∧j0} |B_{i0∧j0} | , then G_0 ∈ C(2^ω), ‖G_0‖_∞ ≤ ‖g_0‖_∞ ≤ C_4‖f‖_∗,

‖B_0‖_∞ ≤ ∑ i_0 :B_{i0} ⊂B_{j0}

|b_{i0} | |B_{j0} |

≤ C_4‖f‖_∗,

and so that ‖f − G_0 − B_0‖_∗ < ‖f‖_∗/2.

Repeating the above argument with f − f ∗^{ΦBj0}_{|Bj0 |} , we obtain

f − f ∗

Φ_{Bj0} |B_{j0} |

= g_1 + ∑ i_1

b_{i1}

Φ_{Bi1} |B_{i1} | , with ‖g_1‖_∞ ≤ C_4‖f − f ∗^{ΦBj0}_{|Bj0 |} ‖_∗ < C_4‖f‖_∗/2, and ∑ B_{i1} ⊂B

|b_{i1} | ≤ C_4‖f − f ∗

Φ_{Bj0} |B_{j0} |

‖_∗|B| < C_4‖f‖_∗|B|/2.

There exists a ball B_{j1} such that

‖(f − f ∗

Φ_{Bj0} |B_{j0} |

) − (f − f ∗

Φ_{Bj0} |B_{j0} | ) ∗ Φ_{Bj1} |B_{j1} |

‖_∗ < ‖f‖_∗/2^2.

Let G_1 = g_1 ∗^{ΦBj1}_{|Bj1 |} and

B_1 = ∑ i_1

|b_{i1} |

Φ_{Bi1} |B_{i1} | ∗ Φ_{Bj1} |B_{j1} | = ∑ i_1

|b_{i1} |

Φ_{Bi1 ∧j1} |B_{i1∧j1} | . Then G_1 ∈ C(2^ω), ‖G_1‖_∞ + ‖B_1‖_∞ ≤ C_4‖f‖_∗ and ‖f − G_0 − B_0 − G_1 − B_1‖_∗ < ‖f‖_∗/2^2.

Iterating we obtain sequences {G_n} ⊂ C(2^ω) and {B_n} with the following properties:

‖G_n‖_∞ + ‖B_n‖_∞ ≤ C_4‖f‖_∗/2^{n−1}, (a) ‖f − n∑ 1 (G_k + B_k)‖_∗ ≤ ‖f‖_∗/2^{n+1}. (b) By (a), the function g = ∑ n G_n ∈ C(2^ω) and^1_{|B|} ∑ B_i⊂B |bi| → 0 as |B| → 0

and from (b), f = g + ∑ i b_i^{ΦBi}_{|Bi|} .

(ii) Let b(x) = ∑ i b_i^{ΦBi}_{|Bi |} and B = a + P^l. We shall show that I = 1 |B| ∫ B |b(t) − b(a)|dt → 0

as |B| → 0.

I = 2^l ∫ a+P^l | | | | | ∑ i bi |B_i|

(Φ_{Bi} (t) − Φ_{Bi} (a)) | | | | | dt

= 2^l ∫ a+P^l | | | | | ∑ i:a+P^l ⊂B_i + ∑ i:B_i⊂a+P^l

| | | | | dt. In fact, if B_i and B_j are two nondisjoint balls on 2^ω, then either B_i ⊂ B_j or B_j ⊂ B_i. If a + P^l ⊂ B_i, then Φ_{Bi} (x) = Φ_{Bi} (a) = 1 and I = 0.

If B_i ⊂ a + P^l, then

I = 2^l ∫ a+P^l | ∑ i:B_i ⊂a+P^l

b_i |B_i|

(Φ_{Bi} (t) − Φ_{Bi} (a))|dt

≤ 2^l ∑ i:B_i ⊂a+P^l

|b_i| |B_i| ∫ B_i

|Φ_{Bi} (t) − Φ_{Bi} (a)|dt ≤ 2^{l+1} ∑ i:B_i ⊂a+P^l

|b_i| → 0

as l → ∞. This proves (ii). □

Let consider the Walsh series W (x) =

∑_∞ n=0 a_nw_{u(n)}(x), whose coefficients are arbitrary numbers. We can show those Walsh series W (x) which happen to be the Walsh-Fourier series of a function in VMO(2^ω).

Theorem 2.8. Let W (x) be a Walsh series. Then W (x) is the Walsh-Fourier series of a VMO function if and only if ‖S_2n (W ) − S_2m (W )‖_∗ → 0 as n, m → ∞.

Proof. If part. Since VMO(2^ω) is a Banach space, any Cauchy sequence is convergent to a limit function f. We shall show f ∈ VMO(2^ω). Since VMO(2^ω) is embedded continuously into L^2(2^ω), we also have ‖S_2n (W ) − S_2m (W )‖_2 → 0 as n, m → ∞, so that W (x) is the Walsh-Fourier series of an L^2(2^ω) function f and we have S_2n (W )(x) → f(x) a.e. and ‖S_2n (W ) − f‖_2 → 0. Consequently, ∫ B S_2n (W )(t)dt → ∫ B f(t)dt as n → ∞ for any ball B, that is, (S_2n (W ))_B → (f)_B as n → ∞. An application of Fatou’s lemma to |S_2n (W ) − S_2m (W )| over the ball B shows 1 |B| ∫ |f − f_B| ≤ lim_{n→∞} 1 |B| ∫ |S_2n (W )(t) − (S_2n (W ))_B |dt.

Since, for |B| small, S_2m (W )(t) = (S_2m (W ))_B , we have 1 |B| ∫ |f − f_B| ≤ lim_{n→∞} 1 |B| ∫ |S_2n (W )(t) − S_2m (W )(t) − (S_2n (W ) − S_2m (W ))_B |dt

≤ lim_{n→∞} ‖S_2n (W ) − S_2m (W )‖_∗

and we obtain f ∈ VMO(2^ω).

On the other hand, we can use the integral formula

S_2n W (t) = ∫ (τ_uf)(t)D_2n (u)du.

Let D_{n,m}W (t) = S_2n W (t) − S_2m W (t). Then, for |B| small, 1 |B| ∫ B |(D_{n,m}W )(t) − (D_{n,m}W )_B |dt ≤ 1 |B| ∫ B ∫ |((τ_uf)(t) − (τ_uf)_B )(D_2n (u) − D_2m (u))du|dt ≤ ∫ (D_2n (u) + D_2m (u)) 1 |B| ∫ B |(τ_uf)(t) − (τ_uf)_B |dtdu → 0

as |B| → 0.

This proves ‖S_2n (W ) − S_2m (W )‖_∗ → 0 as n, m → ∞. □

References

[1] J. -A. Chao, H^p and BMO regular martingales, Lecture Notes in Math. 908, Springer, 1982. [2] J. B. Garnett and P. W. Jones, BMO from dyadic BMO, Pacific J. Math., 99 (1982), 351–371. [3] G. I. Gaudry and I. R. Inglis, Weak-strong convolution operators on certain disconnected groups, Studia Math., 64 (1979), 1-12.

[4] I. R. Inglis, Addendum to the paper “Weak-strong convolution operators on certain disconnected groups”, Studia Math., 70 (1981), 161–163.

[5] D. Sarason, Function theory on the unit circle, Virginia Poly. Inst. and State Univ., Blacksburg, 1979.

[6] D. Sarason, Functions of vanishing mean oscillation, Trans. Amer. Math. Soc., 207 (1975), 391–405.

[7] F. Schipp, The dual space of martingale VMO space, Proc. Third Pannonian Symp. Math.

Stat. 1984, 305–315.

[8] F. Schipp, W. R. Wade, P. Simon and J. Pál, Walsh series: An introduction to dyadic harmonic analysis, Adam Hilger and Akadémiai Kiadó, 1990.

[9] M. H. Taibleson, “Fourier analysis on local fields”, Princeton Univ. Press, 1975. [10] J. Tateoka:The modulus of continuity and the best approximation over the dyadic group, Acta Math. Hung., 59 (1992), 115–120.

[11] C. Watari, personal, 1999.

[12] F. Weisz, Martingale Hardy spaces and their applications in Fourier- Analysis, Lecture Notes in Math. 1568, Springer, 1994.

Department of Mathematics, Akita University, Tegata, Akita 010-8502, Japan E-mail address: tateoka@ipc.akita-u.ac.jp