Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 21 (2005), 55–61

www.emis.de/journals
ISSN 1786-0091

NEIGHBORHOODS OF A CLASS OF ANALYTIC FUNCTIONS WITH NEGATIVE COEFFICIENTS

HALIT ORHAN & MUHAMMET KAMALI

Abstract. The main object of this paper is to prove several inclusion relations associated with the (n, δ) neighborhoods of various subclasses of starlike and convex functions of complex order by making use of the known concept of neighborhoods of analytic functions. Special cases of some of these inclusion relations are shown to yield known results.

1. Introduction Let A(n) denote the class of functions f(z) of the form

(1.1) f(z) = z − ∞∑ k=n+1

a_kz^k, (a_k ≥ 0; n ∈ N := {1, 2, 3, . . .}),

which are analytic in the open unit disk Δ = {z : z ∈ C, |z| < 1}.

Following [6, 9], we defined the (n, δ)-neighborhood of a function f(z) ∈ A(n) by

(1.2) N_{n,δ}(f) := { g ∈A(n): g(z) =z− ∞∑ k=n+1

b_kz^k and ∞∑ k=n+1

k |a_k − b_k| ≤ δ } . In particular, for the identity function (1.3) e(z) = z, we immediately have

(1.4) N_{n,δ}(e) := { g ∈A(n): g(z) = z − ∞∑ k=n+1

b_kz^k and ∞∑ k=n+1

k |b_k| ≤ δ } . A function f(z) ∈ A(n) is said to be starlike of complex order γ(γ ∈ C − {0}), that is, f ∈ S^∗_n(γ), if it also satisfies the inequality

(1.5) Re { 1 + 1 γ ( zf^′(z) f(z) −1) } > 0 (z ∈ Δ; γ ∈ C − {0}).

2000 Mathematics Subject Classification. 30C45.

Key words and phrases. Analytic functions, starlike functions, convex functions, (n, δ)- neighborhood, inclusion relations, identity function. 55

Furthermore, a function f(z) ∈ A(n) is said to be convex of complex order γ (γ ∈ C − {0}), that is, f ∈ C_n(γ), if it also satisfies the inequality

(1.6) Re { 1 + 1 γ ( zf^′(z) f(z) ) } > 0, (z ∈ Δ; γ ∈ C − {0}).

The classes S^∗_n(γ) and C_n(γ) stem essentially from the classes of starlike and convex functions of complex order, which were considered earlier by Nasr and Aouf [8] and Wiatrowski [13], respectively, (see also [5, 11]).

Let S_n(γ, λ, β) denote the subclass of A(n) consisting of functions f(z) which satisfy the inequality | | | | 1 γ { zf^′(z) + λz^2f^{′′}(z) λzf^′(z) + (1 − λ)f(z) − 1 }| | | < β,

(z ∈ Δ; γ ∈ C − {0} ; 0 ≤ λ ≤ 1; 0 < β ≤ 1).

Let ℜ_n(γ, λ, β) denote the subclass of A(n) consisting of functions f(z) which satisfy the inequality | | | | 1 γ {f^′(z) + λzf^{′′}(z) − 1} | | | | < β,

(z ∈ Δ; γ ∈ C − {0} ; 0 ≤ λ ≤ 1; 0 < β ≤ 1).

Neighborhoods of the classes S_n(γ, λ, β) and ℜ_n(γ, λ, β) investigated by Altıntaş, Özkan and Srivastava [3].

Let A be class of functions f(z) of the form f(z) = z +^∞ ∑ k=2 a_kz^k which are

analytic in the open unit disk Δ = {z : |z| < 1}. For f(z) belong to A, Salagean [10] has introduced the following operator called the Salagean operator: D^0f(z) = f(z), D^1f(z) = Df(z) = zf^′(z) D^nf(z) = D(D^{n−1}f(z)) (n ∈ N = {1, 2, 3, . . .}).

Note that D^nf(z) = z +^∞ ∑ k=2 k^na_kz^k, n∈ N_0 = N ∪ {0}.

Let A(n) denote the class of functions f(z) of the form

(1.7) f(z) = z − ∞∑ k=n a_{k+1}z^{k+1}, (a_k ≥ 0; n ∈ N := {1, 2, 3, . . .})

which analytic in the open unit disk Δ = {z : z ∈ C, |z| < 1} .

We define the (n, δ)-neighborhood of a function f(z) ∈ A(n) by (1.8)

N_{n,δ}(f) := { g ∈ Δ(n):g(z) = z − ∞∑ k=n b_{k+1}z^{k+1} ∧ ∞∑ k=n (k + 1) |a_{k+1} − b_{k+1}| ≤ δ } . In particular, for the identity function e(z) = z, we immediately have

(1.9) N_{n,δ}(e) := { g ∈ A(n) : g(z) = z − ∞∑ k=n b_{k+1}z^{k+1} ∧ ∞∑ k=n (k + 1) |b_{k+1}| ≤ δ } . We can write the following equalities for the functions f(z) belong to the class A(n) D^0f(z) = f(z),

D^1f(z) = Df(z) = zf^′(z) = z − ∞∑ k=n (k + 1)a_{k+1}z^{k+1},

D^2f(z) = D(Df(z)) = z − ∞∑ k=n (k + 1)^2a_{k+1}z^{k+1},

. . .

D^Ωf(z) = D(D^{Ω−1}f(z)) = z − ∞∑ k=n (k + 1)^Ωa_{k+1}z^{k+1}, (Ω ∈ N ∪ {0}) [7].

Let S_n(γ, λ, β, Ω) denote the subclass of A(n)consisting of functions f(z) which satisfy the inequality

(1.10) | | | | 1 γ ( (1 − λ)z(D^Ωf(z))^′ + λz(D^{Ω+1}f(z))^′ (1 − λ)D^Ωf(z) + λD^{Ω+1}f(z) − 1 )| | | < β (z ∈ Δ; γ ∈ C − {0} ; 0 ≤ λ ≤ 1; 0 < β ≤ 1; Ω ∈ N ∪ {0}).

Also let ℜ_n(γ, λ, β, Ω) denote the subclass of A(n) consisting of functions f(z) which satisfy the inequality

(1.11) | | | | 1 γ ( (1 − λ)(D^Ωf(z))^′ + λ(D^{Ω+1}f(z))^′ − 1 ) | | | | < β, (z ∈ Δ; γ ∈ C − {0} ; 0 ≤ λ ≤ 1; 0 < β ≤ 1; Ω ∈ N ∪ {0}).

Various further subclasses of the classes S_n(γ, λ, β, 0) and ℜ_n(γ, λ, β, 0) with γ = 1 were studied in many earlier works (cf., e.g., [1, 12] ; see also the references cited in these earlier works). Clearly, we have S_n(γ, 0, 1, 0) ⊂ S^∗_n(γ) and ℜ_n(γ, 0, 1, 0) ⊂ C_n(γ), (n ∈ N, γ ∈ C − {0}).

The main object of the present paper is to investigate the (n, δ)-neighborhoods of the following S_n(γ, λ, β, Ω) and ℜ_n(γ, λ, β, Ω) subclasses of the class A(n) of normalized analytic functions in Δ with negative coefficients.

2. A set of inclusion relations involving N_{n,δ}(e) In our investigation of the inclusion relations involving N_{n,δ}(e), we need the following Lemma 1 and Lemma 2.

Lemma 1. Let the function f ∈ A(n) be defined by (1.7), then f(z) is in the class S_n(γ, λ, β, Ω) if and only if

(2.1) ∞∑ k=n (k + 1)^Ω(λk + 1)(k + β |γ|)a_{k+1} ≤ β |γ|

Proof. We suppose that f ∈ S_n(γ, λ, β, Ω). Then, by appealing to condition (1.10), we readily get

(2.2) Re { (1 − λ)z(D^Ωf(z))^′ + λz(D^{Ω+1}f(z))^′ (1 − λ)D^Ωf(z) + λD^{Ω+1}f(z) − 1 } > −β |γ|

or equivalently,

(2.3) Re

−^∞ ∑ k=n (k + 1)^Ωk(λk + 1)a_{k+1}z^{k+1}

z −^∞ ∑ k=n (k + 1)^Ω(λk + 1)a_{k+1}z^{k+1}

> −β |γ| , (z ∈ Δ)

where we have made use of definition (1.7).

Now choose values of z on the real axis and let z → 1^− through real values. Then inequality (2.3) immediately yields the wanted condition (2.1).

Conversely, by applying hypothesis (2.1) and letting |z| = 1, we find that | | | (1 − λ)z(D^Ωf(z))^′ + λz(D^{Ω+1}f(z))^′ (1 − λ)D^Ωf(z) + λD^{Ω+1}f(z) − 1 | | |

= | | | | | | |

∞∑ k=n (k + 1)^Ωk(λk + 1)a_{k+1}z^{k+1}

z −^∞ ∑ k=n (k + 1)^Ω(λk + 1)a_{k+1}z^{k+1}

| | | | | | |

≤ β |γ| { 1 −^∞ ∑ k=n (k + 1)^Ω(λk + 1)a_{k+1} }

1 −^∞ ∑ k=n (k + 1)^Ω(λk + 1)a_{k+1}

≤ β |γ| .

(2.4)

Hence, by maximum modulus theorem, we have f ∈ S_n(γ, λ, β, Ω), which evidently completes the proof of lemma 1. □

Similarly, we can prove the following.

Lemma 2. Let the function f ∈ A(n) be defined by (1.7), then f(z) is in the class ℜ_n(γ, λ, β, Ω) if and only if

(2.5) ∞∑ k=n (k + 1)^{Ω+1}(λk + 1)a_{k+1} ≤ β |γ|.

Remark 1. A special case of Lemma 1 when γ = 1, Ω = 0 and β = 1 − α (0 ≤ α < 1) was given earlier by Altıntaş [1, p. 489, Theorem 1].

Our first inclusion relation involving N_{n,δ}(e) is given by the following.

Theorem 1. Let

(2.6) δ = β |γ| (n + 1)^{Ω−1}(λn + 1)(n + β |γ|)

(|γ| < 1),

then

(2.7) S_n(γ, λ, β, Ω) ⊂ N_{n,δ}(e).

Proof. For f ∈ S_n(γ, λ, β, Ω), lemma 1 immediately yields

(n + 1)^Ω(λn + 1)(n + β |γ|) ∞∑ k=n a_{k+1} ≤ β |γ|

so that (2.8) ∞∑ k=n a_{k+1} ≤ β |γ| (n + 1)^Ω(λn + 1)(n + β |γ|) . On the other hand, we also find from (2.1) and (2.8) that ∞∑ k=n (k + 1)^Ω(λk + 1)(k + β |γ|)a_{k+1} ≤ β |γ|

⇒ ∞∑ k=n (k + 1)^Ω(λk + 1)(k + 1 − 1 + β |γ|)a_{k+1} ≤ β |γ|

⇒ (n + 1)^Ω(λn + 1) ∞∑ k=n (k + 1)a_{k+1}

≤ β |γ| + (1 − β |γ|)(n + 1)^Ω(λn + 1) ∞∑ k=n a_{k+1}

≤ β |γ| + (1 − β |γ|)(n + 1)^Ω(λn + 1) β |γ| (n + 1)^Ω(λn + 1)(n + β |γ|) = β |γ| + (1 − β |γ|) β |γ| n + β |γ| = (n + 1)β |γ| n + β |γ| . Thus_∞ ∑ k=n (k + 1)a_{k+1}≤ β |γ| (n + 1)^{Ω−1}(λn + 1)(n + β |γ|)

(|γ| < 1), that is (2.9) ∞∑ k=n (k + 1)a_{k+1} ≤ β |γ| (n + 1)^{Ω−1}(λn + 1)(n + β |γ|)

= δ,

which, in view of definition (1.9), proves Theorem 1. □ By similarly, applying Lemma 2 instead of Lemma 1, we can prove the following.

Theorem 2. Let (2.10) δ = β |γ| (λn + 1)(n + 1)^Ω then (2.11) ℜ_n(γ, λ, β, Ω) ⊂ N_{n,δ}(e).

Remark 2. A special case of Theorem 1 and Theorem 2 when Ω = 0 was proven recently by Altıntaş, Özkan and Srivastava [3]. Remark 3. A special case of Theorem 1 when (2.12) γ = 1 − α, (0 ≤ α < 1), λ = Ω = 0 and β = 1 was proven recently by Altıntaş and Owa [2, p. 798, Theorem 2.1].

3. Neighborhoods for the classes S^{(α)}_n (γ, λ, β, Ω) and R^{(α)}_n (γ, λ, β, Ω) In this section, we determine the neighborhood for each of the classes S^{(α)}_n (γ, λ, β, Ω) and ℜ^{(α)}_n (γ, λ, β, Ω), which we define as follows. A function f ∈ A(n) be defined by (1.7) is said to be in the class S^{(α)}n (γ, λ, β, Ω) if there exist a function g ∈ S_n(γ, λ, β, Ω) such that

(3.1) | | | f(z) g(z) − 1 | | | < 1 − α, (z ∈ Δ; 0 ≤ α < 1).

Analogously, a function f ∈ A(n) be defined by (1.7) is said to be in the class ℜ^{(α)}_n (γ, λ, β, Ω) if there exists a function g ∈ ℜ_n(γ, λ, β, Ω) such that inequality (3.1) holds true.

Theorem 3. If g ∈ S_n(γ, λ, β, Ω) and

(3.2) α = 1 − δ(n + 1)^{Ω−1}(λn + 1)(n + β |γ|) (n + 1)^Ω(λn + 1)(n + β |γ|) − β |γ| then (3.3) N_{n,δ}(g) ⊂ S^{(α)}_n (γ, λ, β, Ω).

Proof. Suppose that f ∈ N_{n,δ}(g). We then find from (1.8) that

(3.4) ∞∑ k=n (k + 1) |a_{k+1} − b_{k+1}| ≤ δ

which readily implies the coefficients inequality

(3.5) ∞∑ k=n |a_{k+1} − b_{k+1}| ≤ δ n + 1

, (n ∈ N).

Next, since g ∈ S_n(γ, λ, β, Ω), we have (cf. Equation (2.8))

(3.6) ∞∑ k=n b_{k+1} ≤ β |γ| (n + 1)^Ω(λn + 1)(n + β |γ|) , so that | | | f(z) g(z) − 1 | | | < ∑_∞

k=n |a_{k+1} − b_{k+1}|

1 −^∞ ∑ k=n b_{k+1} ≤ δ n + 1 . 1 1 −^{β|γ|}

(n+1)^Ω(λn+1)(n+β|γ|) = δ(n + 1)^{Ω−1}(λn + 1)(n + β |γ|) (n + 1)^Ω(λn + 1)(n + β |γ|) − β |γ| = 1 − α,

(3.7)

provided that α is given precisely by (3.2). Thus, by definition, f ∈ S^{(α)}_n (γ, λ, β, Ω) for α given by (3.2), which evidently completes our proof of Theorem 3. □

Our proof of Theorem 4 below is much similar to that of Theorem 3.

Theorem 4. If g ∈ ℜ_n(γ, λ, β, Ω) and

(3.8) α = 1 − δ(n + 1)^Ω(λn + 1) (n + 1)^{Ω+1}(λn + 1) − β |γ| then (3.9) N_{n,δ}(g) ⊂ ℜ^{(α)}_n (γ, λ, β, Ω).

Remark 4. A special case of Theorem 3 and Theorem 4 when Ω = 0 was proven recently by Altıntaş, Özkan and Srivastava [3].

References

[1] O. Altıntaş. On a subclass of certain starlike functions with negative coefficients. Math.

Japon., 36(3):489–495, 1991.

[2] O. Altıntaş and S. Owa. Neighborhoods of certain analytic functions with negative coefficients.

Internat. J. Math. Math. Sci., 19(4):797–800, 1996.

[3] O. Altintaş, Ö. Özkan, and H. M. Srivastava. Neighborhoods of a class of analytic functions with negative coefficients. Appl. Math. Lett., 13(3):63–67, 2000.

[4] O. Altintaş, Ö. Özkan, and H. M. Srivastava. Neighborhoods of a certain family of multivalent functions with negative coefficients. Comput. Math. Appl., 47(10-11):1667–1672, 2004.

[5] P. L. Duren. Univalent functions, volume 259 of Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences]. Springer-Verlag, New York, 1983.

[6] A. W. Goodman. Univalent functions and nonanalytic curves. Proc. Amer. Math. Soc., 8:598– 601, 1957.

[7] M. Kamali and H. Orhan. On a subclass of certain starlike functions with negative coefficients.

Bull. Korean Math. Soc., 41(1):53–71, 2004.

[8] M. A. Nasr and M. K. Aouf. Starlike function of complex order. J. Natur. Sci. Math., 25(1):1– 12, 1985.

[9] S. Ruscheweyh. Neighborhoods of univalent functions. Proc. Amer. Math. Soc., 81(4):521– 527, 1981.

[10] G. S. Sălăgean. Subclasses of univalent functions. In Complex analysis—fifth Romanian- Finnish seminar, Part 1 (Bucharest, 1981), volume 1013 of Lecture Notes in Math., pages 362–372. Springer, Berlin, 1983.

[11] H. M. Srivastava and S. Owa, editors. Current topics in analytic function theory. World Scientific Publishing Co. Inc., River Edge, NJ, 1992.

[12] H. M. Srivastava, S. Owa, and S. K. Chatterjea. A note on certain classes of starlike functions.

Rend. Sem. Mat. Univ. Padova, 77:115–124, 1987.

[13] P. Wiatrowski. The coefficients of a certain family of holomorphic functions. Zeszyty Nauk.

Uniw. Łódz. Nauki Mat. Przyrod. Ser. II, 39 Mat.:75–85, 1971.

Received October 21, 2003; revised Apryl 28, 2004.

Department of Mathematics, Faculty of Science and Art, Atatürk University, 25240 Erzurum, Turkey E-mail address: horhan@atauni.edu.tr