Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 21 (2005), 89–99

www.emis.de/journals
ISSN 1786-0091

A POINTWISE APPROXIMATION OF ISOLATED TREES IN A RANDOM GRAPH

K. NEAMMANEE

Abstract. In this paper, we give a pointwise approximation of the number of isolated trees of order k in a random graph by Poisson distribution. The technique we used here is the Stein’s method.

1. Introduction

A random graph is a collection of points, or vertices, with lines, or edges, connecting pairs of them at random. The study of random graphs has a long history. Starting with the influential work of Erdős and Rényi in the 1950s and 1960s [7-9], random graph theory has developed into one of the mainstays of modern discrete mathematics, and has produced a prodigious number of results, many of them highly ingenious, describing statistical properties of graphs, such as distribution of component sizes, existence and size of a giant component, and typical vertex-vertex distances.

Random graphs are not merely a mathematical toy; they have been employed extensively as models of real world networks of various types, particularly in epidemiology. The passage of a disease through a community depends strongly on the pattern of contacts between those infected with the disease and those susceptible to it. This pattern can be depicted as a network, with individuals represented by vertices and contacts capable of transmitting the disease by edges. A large class of epidemiological models known as susceptible/infectious/recovered (or SIR) model [4,17,19] makes frequent use of the so-called fully mixed approximation, which is the assumption that contacts are random and uncorrelated, i.e., that they form a random graph.

Random graphs however turn out to have severe shortcomings as models of such real world phenomena. Although it is difficult to determine experimentally the structure of the network of contacts by which a disease is spread [14], studies have been performed of other social networks such as networks of friendships within a variety of communities [5,10,13], networks of telephone calls [1,2], airline timetables [3], the power grid [22], the structure and conformation space of polymers [16], metabolic pathways [11,15], and food webs [23]. There are many situations in which

2000 Mathematics Subject Classification. 60G07, 15A21.

Key words and phrases. Random graph, isolated tree, Poisson distribution, pointwise approximation, Stein’s method. 89

the theory tells us that the distribution of a random variable may be approximated by Poisson distribution. In the random graph theory, one application of the approximation by Poisson distribution arises naturally when counting the number of occurrences of individually rare and unrelated events within a large ensemble. In this paper, we choose to count the number of isolated trees of order k in a random graph with n vertices and give a non-uniform bound of the Poisson approximation to this number.

Let G(n, p) be a random graph with n vertices 1, 2, . . . , n, in which each possible edge {i, j} is present independently with probability p. A tree is, by definition, a connected graph containing no cycles and a tree in G(n, p) is isolated if there is no edge in G(n, p) with one vertex in the tree and the other outside of the tree. Let

D_{n,k} = {(i_1, i_2, · · · , i_k)|1 ≤ i_1 < i_2 < . . . < i_k ≤ n}

be the set of all possible combinations of k vertices. For each i ∈ D_{n,k}, we define

X_i =

1 if there is an isolated tree in G(n, p) that spans the vertices i = (i_1, i_2 . . . , i_k), 0 otherwise,

and set W_{n,k} = ∑ i∈D_{n,k}

X_i.

Clearly W_{n,k} is the number of isolated trees of order k in G(n, p) and the X_i’s are not independent unless k = 1. For the small value of probability p, that is when k^2p → 0 and^{k2}_n → 0, Stein ([21], chapter 13) proved that the distribution of W_{n,k} can be approximated by Poisson distribution with parameter

λ = EW_{n,k} = ( n k ) P (X_i = 1) = k^{k−2}p^{k−1}(1 − p)^{k(n−k)+}(^{k2})^{−k+1}

and the uniform error bound is given by

|P (W_{n,k} ∈ A) − P (P oi_λ ∈ A)| ≤ B √ k (1 + c_n)e^{1−cn} (c_ne^{1−cn} )^{k−1}

(1.1)

for all A ⊆ N ∪ {0}, n ∈ N, and k ≤ n, where P oi_λ is a Poisson random variable with parameter λ, B is a constant independent of A, and

c_n = −n log(1 − p).

It is evident from (1.1) that the error bound tend to zero as c_n decreases to zero provided k ≥ 2. Observe that the bound in (1.1) is a uniform bound that works for any possible number of trees in the graph. In this paper, we shall introduce a non-uniform bound of the Poisson approximation, i.e. a better error bound once the number of trees is specified.

Throughout the paper, let us fix the number of trees w_0 ∈ {1, 2, . . . ,

(_n k ) } and denote for convenience

Δ(n, k, w_0) ≡ | |P (Wn,k = w0) − e^{−λ}λ^{w0} w_0! | | where λ = EW_{n,k}. The following theorems are our main results.

Theorem 1.1. Suppose 2k < n and w_0 ≠ 0. Then

1. Δ(n, k, w_0) ≤ λ min { 1 w_0 , 1 λ } min { 2, λk^2 n ( 1 + c_ne^{k2n (cn−1)} )} , and

2. Δ(n, k, 0) ≤ min { 1, λ } min { 2, λ } . In order to gain a better understanding of these results, some asymptotic behaviors of Δ(n, k, w_0) and λ as n goes to infinity are summarized in the following two theorems.

Theorem 1.2. Let δ > 1, k ≤ O(n^{δ2} ), and p = O ( 1 n^δ ) . Then, for δ^∗ ∈ (1, δ), we have

1. λ ≤ 1 k^52 O ( 1 n^{(δ∗−1)(k−1)−1} ) , 2. Δ(n, k, w_0) ≤ 1 w_0k^3 O ( 1 n^{2(δ∗−1)(k−1)−1} ) , and

3. Δ(n, k, 0) ≤ 1 k^3 O ( 1 n^{2(δ∗−1)(k−1)−1} ) , where lim_{n→∞}

O(g(n)) g(n)

= c for some c > 0.

Theorem 1.3. Let β ∈ ( 0, 1 2 ) , k ≤ O(n^β), and p = O( 1 n^δ

) for some δ > 0. Then

1. for w_0 > 2 and δ > 1,

Δ(n, k, w_0)

λ^{w0}

→ 0 as n → ∞ and 2. for δ > 2, w_0!Δ(n, k, w_0) → 0 as w_0 → ∞.

Some remarks are in order.

1. When the probability p is small compared to a positive power of n, i.e., p = O ( 1 n^δ ) for δ > 1, both the error bound and λ tend to zero as n approaches infinity.

2. If p = O ( 1 n^δ ) for some δ > 1, then we are dealing with a Poisson distribution

with parameter λ smaller than O ( 1 n^{(δ∗−1)(k−1)−1} ) for all δ^∗ ∈ (1, δ). Theorem 1.3(1) says that as n increases without limit, the error bound Δ(n, k, w_0) tend to

zero faster than the Poisson probability e^{−λ}λ^{w0} w_0! . 3. Theorem 1.3(2) confirms that the Poisson probability, e^{−λ}λ^{w0}

w_0!

, tends to zero slower than the error bound Δ(w_0, k, w_0) as w_0 goes to infinity.

Throughout the paper, C stands for an absolute constant with possibly different values at different places.

2. Proof of the Main Results The main result in Theorem 1.1 will be proved by Stein’s method for Poisson distribution. Stein [20] introduced a new technique of computing a bound in normal approximation by using differential equation and Chen [6] applied Stein’s idea to the Poisson case. The Stein’s equation for Poisson distribution with parameter λ is given by λf(w + 1) − wf(w) = h(w) − P_λ(h)

(2.1) where f and h are real-valued functions defined on N∪{0} and P_λ(h) = E[h(P oi_λ)].

For each subset A of N ∪ {0}, define h_A : N ∪ {0} → R by

h_A(w) = { 1 if w ∈ A, 0 if w /∈ A.

For convenience, we shall write h_ω for h_{{ω}} and denote C_ω = {0, 1, 2, . . . , ω}. For each ω_0 ∈ N ∪ {0}, it is well known [21, p.87] that the solution U_λh_{ω0} of (2.1) is of the form

U_λh_{w0} (w) =

(w − 1)!

w_0!

λ^{w0 −w}P_λ(1 − h_{Cw−1} ) if w_0 < w, − (w − 1)!

w_0!

λ^{w0 −w}P_λ(h_{Cw−1} ) if 0 < w ≤ w_0,

0 if w = 0.

(2.2)

Some properties of U_λh_{w0} needed to prove Theorem 1.1.

Lemma 2.1. Let w_0 ∈ N and U_λh_{w0} be the solution of (2.1) with h = h_{w0} . Then

1. |U_λh_{w0} | ≤ min { 1 w_0 , 1 λ } and 2. |V_λh_{w0} | ≤ min { 1 w_0 , 1 λ } where V_λh_{w0} (w) = U_λh_{w0} (w + 1) − U_λh_{w0} (w).

Proof. To prove 1., we shall first derive that |U_λh_{w0} (w)| ≤ 1 w_0 by splitting w into two cases according to the definition of U_λh_{w0} (w).

When w > w_0, it follows straightforwardly that

0 < U_λh_{w0} (w) =

(w − 1)!

w_0!

λ^{w0 −w}e^{−λ} ∞∑ k=w λ^k k! = (w − 1)!

w_0!

e^{−λ}

( λw_0 w! + λ^{w0 +1} (w + 1)! + λ^{w0 +2} (w + 2)!

+ · · · )

= (w − 1)!

w_0!

e^{−λ} w! ( λ^{w0} + λ^{w0 +1} (w + 1) + λ^{w0 +2} (w + 1)(w + 2)

+ · · · )

= 1 w e^{−λ}

(λw_0

w_0! + λ^{w0+1} w_0!(w + 1) + λ^{w0 +2} w_0!(w + 1)(w + 2)

+ · · · )

≤ 1 w_0 e^{−λ}

(λw_0

w_0! + λ^{w0 +1} (w_0 + 1)! + λ^{w0 +2} (w_0 + 2)!

+ · · · )

≤ 1 w_0 . For w ≤ w_0, the bound of U_λh_{w0} (w) is obtained as follows: 0 < (w − 1)!

w_0!

λ^{w0 −w}P_λ(h_{Cw−1} ) = (w − 1)!

w_0!

e^{−λ} ( λ^{w0 −w} 0! + λ^{w0 −w+1} 1! + · · · + λ^{w0 −1} (w − 1)! )

= (w − 1)!

w_0!

e^{−λ} { [(w_0 − 1) − w + 1]!λ^{(w0 −1)−w+1} [(w_0 − 1) − w + 1]!

+ 2 · 3 · · · [(w_0 − 1) − w + 2]!λ^{(w0 −1)−w+2} [(w_0 − 1) − w + 2]!

+ · · · + w(w + 1) · · · (w_0 − 1)λ^{(w0 −1)} (w_0 − 1)! }

≤ (w − 1)!

w_0!

e^{−λ}

(w_0 − 1)! (w − 1)! { λ^{(w0 −1)−w+1} [(w_0 − 1) − w + 1]! + λ^{(w0 −1)−w+2} [(w_0 − 1) − w + 2]!

+ · · · + λ^{(w0 −1)} (w_0 − 1)! }

= 1 w_0 e^{−λ} { λ^{(w0−1)−w+1} [(w_0 − 1) − w + 1]! + λ^{(w0−1)−w+2} [(w_0 − 1) − w + 2]!

+ · · · + λ^{(w0 −1)} (w_0 − 1)! }

≤ 1 w_0 . Combining the two cases gives

|U_λh_{w0} (w)| ≤ 1 w_0 . (2.3)

Similarly, we show that |U_λh_{w0} | ≤ 1 λ by considering two cases. If w > w_0,

0 < U_λh_{w0} (w) = 1 λ (w − 1)!

w_0!

e^{−λ} ( λ^{w0 +1} w! + λ^{w0 +2} (w + 1)! + λ^{w0 +3} (w + 2)!

+ · · · )

= 1 λ e^{−λ} ( λ^{w0 +1} w_0!w + λ^{w0 +2} w_0!w(w + 1) + λ^{w0 +3} w_0!w(w + 1)(w + 2)

+ · · · )

≤ 1 λ e^{−λ} ( λ^{w0 +1} (w_0 + 1)! + λ^{w0 +2} (w_0 + 2)! + λ^{w0 +3} (w_0 + 3)!

+ · · · )

≤ 1 λ . For w ≤ w_0, 0 < (w − 1)!

w_0!

λ^{w0 −w}P_λ(h_{Cw−1} ) = 1 λ (w − 1)!

w_0!

e^{−λ} { [w_0 − w + 1]!λ^{w0−w+1}

[w_0 − w + 1]! + 2 · 3 · · · [w_0 − w + 2]λ^{w0 −w+2} [w_0 − w + 2]!

+ · · · + w(w + 1) · · · w_0λ^{w0} w_0! }

≤ 1 λ (w − 1)!

w_0!

e^{−λ} w_0!

(w − 1)! { λ^{w0 −w+1} [w_0 − w + 1]! + λ^{w0 −w+2} [w_0 − w + 2]!

+ · · · + λ^{w0} w_0! }

= 1 λ e^{−λ} { λ^{w0 −w+1} [w_0 − w + 1]! + λ^{w0 −w+2} [w_0 − w + 2]!

+ · · · + λ^{w0} w_0! }

≤ 1 λ . The above two inequalities demonstrate that

|U_λh_{w0} (w)| ≤ 1 λ . (2.4)

Therefore, by (2.3) and (2.4), 1. is proved.

Formula of V_λh_{w0} is easily derived from that of U_λh_{w0} in (2.2), that is

V_λh_{w0} (w) = λ^{w0 −w−1}

(w − 1)!

w_0!

[wP_λ(1 − h_{Cw} ) − λP_λ(1 − h_{Cw−1} )] if w ≥ w_0 + 1,

λ^{w0 −w−1}

(w − 1)!

w_0!

[wP_λ(1 − h_{Cw} ) + λP_λ(1 − h_{Cw−1} )] if w = w_0,

−λ^{w0−w−1}

(w − 1)!

w_0!

[wP_λ(h_{Cw} ) − λP_λ(h_{Cw−1} )] if w ≤ w_0 + 1.

Similar arguments as in Neammanee [18] produce the desired bound for V_λh_{w0} in 2. □

Proof of Theorem 1.1. Proof of 1. is divided into two steps. Step 1. We claim that

Δ(n, k, w_0) ≤ λ min { 1 w_0 , 1 λ } min{2, E|W_{n,k} − W_{n−k,k} |}.

In fact, for each i ∈ D_{n,k}, E[X_if(W_{n,k})] = E{E[X_if(W_{n,k})|X_i]} = E[X_if(W_{n,k})|X_i = 0]P (X_i = 0) + E[X_if(W_{n,k})|X_i = 1]P (X_i = 1) = E[f(W_{n,k} )|X_i = 1]P (X_i = 1) = P (X_i = 1)E[f(W^∗_{n−k,k} + 1)], where W^∗_{n−k,k} ∼ (W_{n,k} − X_i)|X_i = 1 is the number of isolated trees of order k in the graph G(n − k, p) obtained from G(n, p) by dropping the vertices i_1, i_2 . . . i_k and all the edges containing any of these vertices. By the fact that W^∗_{n−k,k} has identical distribution as W_{n−k,k}, we easily deduce

E[W_{n,k} f(W_{n,k})] = ∑ i∈D_{n,k}

E[X_if(W_{n,k})] = ∑ i∈D_{n,k}

P (X_i = 1)E[f(W_{n−k,k} + 1)]

= λE[f(W_{n−k,k} + 1)].

(2.5)

Once we set h = h_{w0} in (2.1) and apply (2.5) to the left hand side of (2.1), it follows immediately that | | |P (Wn,k = w0) − e^{−λ} λ^{w0} w_0! | | | = |E[λUλhw_0 (Wn,k + 1) − Wn,kUλhw_0 (Wn,k)]|

≤ λE|U_λh_{w0} (W_{n,k} + 1) − U_λh_{w0} (W_{n−k,k} + 1)|

≤ λ[2 sup_w |U_λh_{w0} (w + 1)|]

≤ 2λ min { 1 w_0 , 1 λ }

where Lemma 2.1(1) was used in the last inequality.

By writing U_λh_{w0} (W_{n,k} +1)−U_λh_{w0} (W_{n−k,k} +1) as the sum of 1-step increments and applying Lemma 2.1(2), | |P (W_{n,k} = w_0) − e_{−λ} λ^{w0} w_0! | | ≤ λE|U_λh_{w0} (W_{n,k} + 1) − U_λh_{w0} (W_{n−k,k} + 1)|

≤ λE| sup_w [U_λh_{w0} (w + 1) − U_λh_{w0} (w)]

× [(W_{n,k} + 1) − (W_{n−k,k} + 1)]|

≤ λ min{ 1 w_0 , 1 λ }E|W_{n,k} − W_{n−k,k} |.

Hence Δ(n, k, w_0) ≤ λ min{ 1 w_0 , 1 λ } min{2, E|W_{n,k} − W_{n−k,k} |}.

Step 2. It now suffices to find a bound of E|W_{n,k} − W_{n−k,k} | for n ≥ 2k. By [21] (p. 140, 142), this expectation can be estimated by

E|W_{n,k} − W_{n−k,k}| = E(W_{n,k} − W_{n−k,k})^+ + E(W_{n−k,k} − W_{n,k})^+ ≤ k^2 n EW_{n,k} + [ 1 − (1 − p)^{k2} ] EW_{n−k,k} = (k2 n + [ 1 − (1 − p)^{k2}

] EW_{n−k,k} λ ) λ and for n > 2k, we have EW_{n−k,k} λ < e^{k2n (cn−1)}.

Therefore

E|W_{n,k} − W_{n−k,k}| ≤

( k2 n + [ 1 − (1 − p)^{k2} ] e^{k2n (cn−1)} ) λ = ( k2 n + e^{k2n (cn−1)} − e^{− k2n} ) λ = ( k2 n + (e^{k2cnn} − 1)e^{− k2n} ) λ ≤ λk^2 n ( 1 + c_ne^{k2n (cn−1)} ) where we have used the fact that e^x − 1 ≤ xe^x for x ≥ 0 in the last inequality.

It follows readily from step 1. and step 2. that

Δ(n, k, w_0) ≤ λmin { 1 w_0 , 1 λ } min { 2, λk^2 n ( 1 + c_ne^{k2n (cn−1)} )} . The bound of Δ(n, k, 0) in 2. is obtained in the same fashion as that of Δ(n, k, w_0) except that the inequalities

1. |U_λh_0| ≤ min { 1, 1 λ }

2. |V_λh_0| ≤ min { 1, 1 λ } are used instead of Lemma 2.1. With a few obvious adjustments, proof of Lemma 2.1 work equally well for U_λh_0 and V_λh_0. □

Proof of Theorem 1.2. From Theorem 1.1 and the fact that

(2.6) c_n = O ( 1 n^{δ−1} ) when p = O ( 1 n^δ )

we see that

(2.7) Δ(n, k, w_0) ≤ C λ^2k^2 nw_0 and (2.8) Δ(n, k, 0) ≤ C λ^2k^2 n . Under the settings, we would naturally like an estimate of λ in terms of n and k. By (19)–(22) in p. 141 of [21], λ can be factored as (2.9) λ = α(k)β(k, p)γ(n, k, p)

where α(k) = k^{k+ 12} e^{−k} k! , β(k, p) = k^{− 52} e^kp^{k−1}(1 − p)^{−( k2+3k2 )+1} and

γ(n, k, p) = n^ke^{−kcn} k−1∏ j=1 ( 1 − j n ) . The Stirling’s formula ([12] p.54), √ 2πk^{k+ 12} e^{−k}e^{112k+1} < k! < √ 2πk^{k+ 12} e^{−k}e^{112k} , easily derives the inequalities

(2.10) 1 √ 2πe^112k

< α(k) < 1 √ 2πe^{112k+1} . Finally, by (2.6), (2.9)–(2.10) and the fact that k ≤ O(n^{δ2} ), λ ≤ Cn^k k^52 e^{k(1−cn)}p^{k−1} = Cn k^52

(c_ne^{1−cn} )^{k−1}e^{1−cn} ( p − log(1 − p)

)_{k−1}

≤ Cn k^52

(c_ne^{1−cn} )^{k−1}e^{1−cn} ≤ n k^52 O ( e n^{δ−1}

)_{k−1}

≤ 1 k^52 O ( 1 n^{(δ∗−1)(k−1)−1} ) (2.11)

where we have used the facts that lim_{n→∞} ( p − log(1 − p)

)_{k−1} = 1 in the second in-

equality and lim_{n→∞} e n^β

= 0 for all β > 0 in the last inequality. And the theorem follows from (2.7)–(2.8) and (2.11). □

Proof of Theorem 1.3. Let us first observe that k−1∏ j=1 ( 1 − j n ) = exp [ − k(k − 1) 2n − θk^3 3n^2 ] (2.12)

for k < n 2 with 0 < θ < 1. So, after substituting (2.12) into (2.9) and noting the

fact that lim_{n→∞} k^2 n = 0, we obtain λ ≥ Cn k^52

(c_ne^{1−cn} )^{k−1}e^{1−cn} = C k^52 e^{k−1}O ( 1 n^{(δ−1)(k−1)−1} ) . With this lower bound of λ, (2.7) becomes 0 ≤ Δ(n, k, w_0)

λ^{w0} ≤ 1 w_0e^{(w0−2)(k−1)} O ( 1 n^{(w0−2)[(δ−1)(k−1)−1+ 5β}2^{]+1−2β} )

= ( n(w_0−2)−1+2β

w_0e^{(w0−2)(k−1)} ) O ( 1 n^{(w0−2)[(δ−1)(k−1)+ 5β}2^] )

≤ 1 w_0 O ( 1 n^{(w0−2)[(δ−1)(k−1)+ 5β}2^] ) . (2.13)

Obviously, the right hand side converges to 0 as n goes to infinity. Again by Stirling’s formula ([12],p.52), k! ∼ √ 2πk^{k+ 12} e^{−k}, an upper bound of the number of isolated trees can be computed. That is,

w_0 ≤ ( n k ) = n! (n − k)!k! ∼ √ 2π ( n n − k

)_{n+} 1_2 ( n − k k )_k

≤ Cn^{(1−β)k} ≤ Cn^{(δ−1)(k−1)} for k sufficiently large. This immediately implies that, for k large enough, (ω_0 − 1)! ≤ Cn^{(ω0−2)(δ−1)(k−1)}.

Thus, we conclude from this bound and (2.13) that

0 ≤ w_0!Δ(n, k, w_0) ≤ w_0!

Δ(n, k, w_0) λ^{w0} ≤ (w_0 − 1)!O ( 1 n^{(w0 −2)[(δ−1)(k−1)+ 5β}2^] )

≤ 1 n^52^{β(w0−2)} which converges to zero as ω_0 increases to infinity. □

Acknowledgements The author is very grateful to the referee for valuable comments and thankful for Thailand research fund for financial support.

References

[1] J. Abello, A. L. Buchsbaum, and J. R. Westbrook. A functional approach to external graph algorithms. In Algorithms—ESA ’98 (Venice), volume 1461 of Lecture Notes in Comput. Sci., pages 332–343. Springer, Berlin, 1998.

[2] W. Aiello, F. Chung, and L. Lu. A random graph model for massive graphs. In Proc. of the 32th Annaul ACM Symposium on Theory of Computing, pages 171–180, 2000.

[3] A. Amaral, L. A. N.and Scala, M. Barthélémy, and H. E. Stanley. Classes of small-world networks. Proc. Natl. Acad. Sci. USA, 97:11149–11152, 2000.

[4] R. M. Anderson and R. M. May. Susceptible-inflectious recovered epidemic models with dynamic partnerships. J. Math. Biol., 33:661–675, 1995.

[5] H. R. Bernard, P. Kilworth, M. Evans, C. McCarty, and G. Selley. Studying social relations crossculturally. Ethnology, 2:155–179, 1998.

[6] L. H. Y. Chen. Poisson approximation for dependent trials. Ann. Probability, 3(3):534–545, 1975.

[7] P. Erdős and A. Rényi. On random graphs. I. Publ. Math. Debrecen, 6:290–297, 1959. [8] P. Erdős and A. Rényi. On the evolution of random graphs. Magyar Tud. Akad. Mat. Kutató Int. Közl., 5:17–61, 1960.

[9] P. Erdős and A. Rényi. On the strength of connectedness of a random graph. Acta Math.

Acad. Sci. Hungar., 12:261–267, 1961.

[10] T. J. Fararo and M. Sunshine. A study of a biased friendship network. Syracuse University Press, 1964.

[11] D. Fell and A. Wagner. The small of metabolism. Nature Biotechnology, 18:1121–1122, 2000. [12] W. Feller. An introduction to probability theory and its applications. Vol. I. Third edition.

John Wiley & Sons Inc., New York, 1968.

[13] C. C. Foster, A. Rapoport, and C. Orwant. A study of large sociogram: Elimination of free parameters. Behav. Sci., 8:56–65, 1963.

[14] D. D. Heckatorn. Respondent-driven sampling: A new approach to the study of hidden population. Soc. Prob., 44, 1997.

[15] H. Jeong, B. Tombo, R. Albert, Z. N. Oltvai, and A. L. Barabási. The large-scale of organization of metabolic networks. Nature, 407:651–654, 2000.

[16] I. M. Jepersen, S.and Sokolov and A. Blumen. Small-world rouse networks as models of cros-linked polymers. J. Chem. Phys., 113, 2000.

[17] M. Kretschmar and M. Morris. Measures of concurrency in networks and the spread of infectious disease. Math. Biosci., 133:65–195, 1996.

[18] K. Neammanee. Pointwise approximation of poisson distribution. Stochastic Modelling and Application, 6:20–26, 2003.

[19] L. Sattenspiel and C. P. Simon. The spread and persistence of infectious diseases in structured populations. Math. Biosci., 90(1-2):341–366, 1988. Nonlinearity in biology and medicine (Los Alamos, NM, 1987).

[20] C. Stein. A bound for the error in the normal approximation to the distribution of a sum of dependent random variables. In Proceedings of the Sixth Berkeley Symposium on Mathematical Statistics and Probability (Univ. California, Berkeley, Calif., 1970/1971), Vol. II: Probability theory, pages 583–602, Berkeley, Calif., 1972. Univ. California Press.

[21] C. Stein. Approximate computation of expectations. Institute of Mathematical Statistics Lecture Notes—Monograph Series, 7. Institute of Mathematical Statistics, Hayward, CA, 1986.

[22] D. J. Watts and S. H. Strogatz. Collective dynamics of ‘small-world’ networks. Nature, 393:440–442, 1998.

[23] R. J. Williams and N. Martinez. Simple rules yield complex food webs. Nature, 404:180–183, 2000.

Received February 07, 2004; revised September 13, 2004.

Department of Mathematics, Faculty of Science, Chulalongkorn University, Bangkok 10330 Thailand E-mail address: Kritsana.N@chula.ac.th E-mail address: K Neammanee@hotmail.com