Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 21 (2005), 185–197

www.emis.de/journals
ISSN 1786-0091

STABLE ITERATION SCHEMES FOR LOCAL STRONGLY PSEUDOCONTRACTIONS AND NONLINEAR EQUATIONS INVOLVING LOCAL STRONGLY ACCRETIVE OPERATORS

Z. LIU AND J.S. UME

Abstract. Let T be a local strongly pseudocontractive and uniformly continuous operator from an arbitrary Banach space X into itself. Under certain conditions, we establish that the Noor iteration scheme with errors both converges strongly to a unique fixed point of T and is almost T -stable. The related results deal with the convergence and almost stability of the Noor iteration scheme with errors of solutions of nonlinear equations of the local strongly accretive type.

1. Introduction

Let X be an arbitrary Banach space, X^∗ be its duel space and ⟨x, f⟩ be the generalized duality pairing between x ∈ X and f ∈ X^∗. The mapping J : X → 2^{X ∗} defined by

J(x) = {f ∈ X^∗ : Re⟨x, f⟩ = ‖x‖ · ‖f‖, ‖f‖ = ‖x‖}, ∀ x ∈ X, is called the normalized duality mapping. An operator T with domain D(T ) and range R(T ) in X is said to be local strongly pseudocontractive if for each x ∈ D(T ) there exists t_x > 1 such that for all y ∈ D(T ) and r > 0 (1.1) ‖x − y‖ ≤ ‖(1 + r)(x − y) − rt_x(T x − T y)‖. An operator T is called local strongly accretive if given x ∈ D(T ) there exists k_x ∈ (0, 1) such that for each y ∈ D(T ) there is j(x − y) ∈ J(x − y) satisfying (1.2) Re⟨T x − T y, j(x − y)⟩ ≥ k_x‖x − y‖^2.

In particular, the operator T is called strongly pseudocontractive (respectively, strongly accretive) if t_x ≡ t (respectively, k_x ≡ k) is independent of x ∈ D(T ). In the sequel, we denote by I, F (T ) and S(T ) the identity mapping on X, the set of all fixed points of T , and the set of all solutions of the equation T x = f, respectively.

Clearly, each strongly pseudocontractive operator is local strongly pseudocontractive and each strongly accretive operator is local strongly accretive. It is known

2000 Mathematics Subject Classification. 47H06, 47H10, 47H15, 47H17. Key words and phrases. Local strongly pseudocontractive operator, local strongly accretive operator, the Noor iteration scheme with errors, fixed point, convergence, almost stability, nonempty bounded closed convex subset, Banach space.

This research was financially supported by Changwon National University in 2004. 185

that T is local strongly pseudocontractive if and only if I − T is local strongly accretive and k_x = 1 −^1_{tx} , where t_x and k_x are the constants appearing in (1.1) and (1.2), respectively.

Suppose that T is an operator on X. Assume that x_0 ∈ X and x_{n+1} = f(T, x_n) defines an iteration scheme which produces a sequence {x_n}^∞_{n=0} ⊂ X. Suppose, furthermore, that {x_n}^∞_{n=0} converges strongly to q ∈ F (T ) ≠ ∅. Let {y_n}^∞_{n=0} be any sequence in X and put ε_n = ‖y_{n+1} − f(T, y_n)‖.

Definition 1.1 ([14]). (i) The iteration scheme {x_n}^∞_{n=0} defined by x_{n+1} = f(T, x_n) is said to be T - stable if lim_{n→∞} ε_n = 0 implies that lim_{n→∞} y_n = q;

(ii) The iteration scheme {x_n}^∞_{n=0} defined by x_{n+1} = f(T, x_n) is said to be almost T - stable if

∑_∞

n=0 ε_n < ∞ implies that lim_{n→∞} y_n = q.

Note that {y_n}^∞_{n=0} is bounded provided that the iteration scheme {x_n}^∞_{n=0} defined by x_{n+1} = f(T, x_n) is either T -stable or almost T -stable. Therefore we revise Definition 1.1 as follows:

Definition 1.2. (i) The iteration scheme {x_n}^∞_{n=0} defined by x_{n+1} = f(T, x_n) is said to be T - stable if {y_n}^∞_{n=0} is bounded and lim_{n→∞} ε_n = 0 implies that lim_{n→∞} y_n = q;

(ii) The iteration scheme {x_n}^∞_{n=0} defined by x_{n+1} = f(T, x_n) is said to be almost T - stable if {y_n}^∞_{n=0} is bounded and

∑_∞ n=0 ε_n < ∞ implies that lim_{n→∞} y_n = q.

Definition 1.3 ([49, 50, 56]). Let K be a nonempty convex subset of an arbitrary Banach space X and T : K → K be an operator.

(i) For any given x_n ∈ K the sequence {x_n}^∞_{n=0} defined by x_{n+1} =a_nx_n + b_nT y_n + c_nu_n, y_n =a^′_nx_n + b^′_nT z_n + c^′_nv_n, z_n =a^{′′}_nx_n + b^{′′}_nT x_n + c^{′′}_nw_n, ∀ n ≥ 0,

is called the Noor iteration sequence with errors, where {u_n}^∞_{n=0}, {v_n}^∞_{n=0}, and {w_n}^∞_{n=0} are arbitrary bounded sequences in K and {a_n}^∞_{n=0}, {b_n}^∞_{n=0}, {c_n}^∞_{n=0}, {a^′_n}^∞_{n=0}, {b^′_n}^∞_{n=0}, {c^′_n}^∞_{n=0}, {a^{′′}_n}^∞_{n=0}, {b^{′′}_n}^∞_{n=0} and {c^{′′}_n}^∞_{n=0}, are real sequences in [0, 1] such that a_n + b_n + c_n = a^′_n + b^′_n + c^′_n = a^{′′}_n + b^{′′}_n + c^{′′}_n for all n ≥ 0;

(ii) If b^{′′}_n = c^{′′}_n = 0 for all n ≥ 0 or b^′_n = c^′_n = b^{′′}_n = c^{′′}_n = 0 for all n ≥ 0, then the sequence {x_n}^∞_{n=0} defined by (i) is called the Ishikawa or Mann iteration sequence with errors, respectively;

(iii) If c_n = c^′_n = c^{′′}_n = 0 for all n ≥ 0, or c_n = c^′_n = c^{′′}_n = b^{′′}_n = 0 for all n ≥ 0, or c_n = c^′_n = c^{′′}_n = b^′_n = b^{′′}_n = 0 for all n ≥ 0, then the sequence {x_n}^∞_{n=0} defined by (i) is called the Noor, or Ishikawa or Mann iteration sequences, respectively.

It is clear that the Noor, Ishikawa and Mann iteration sequences are all special cases of the Noor, Ishikawa and Mann iteration sequences with errors, respectively.

Chidume [3] studied the Mann iteration sequence in L_p(or l_p) and proved that the sequence converges strongly to the unique fixed point of T in case T is a Lipschitz strongly pseudocontractive mapping from a bounded closed convex subset K of L_p(or l_p) into itself. Tan and Xu [54] extended the result of Chidume to both p-uniformly smooth Banach space and the Ishikawa iteration method, and they established that the Mann and Ishikawa iteration methods converge strongly to the unique solution of the equation T x = f in case T is a Lipschitzian and strongly accretive operator from a p-uniformly smooth Banach space into itself. Recently, some researchers have generalized the results in [3] and [54] either to smooth Banach spaces, uniformly smooth Banach spaces, Banach spaces or to the Mann iteration method, the Mann iteration method with errors, the Ishikawa iteration method, the Ishikawa iteration method with errors, the Noor iteration method, the Noor iteration method with errors, or to strongly accretive operators, local strongly accretive operators, strongly pseudocontractive operators, local strongly pseudocontractive operators, ϕ-strongly accretive operators and ϕ-hemicontractive operators (cf. [1, 2, 4–13, 18, 20–47, 50, 51, 55, 57]).

A few stability results for certain classes of nonlinear mappings have been established by several authors (see, e.g. [14–16, 18, 20, 24, 25, 28, 30, 31, 35, 39–41, 44, 46, 47, 51, 52]). Rhoades [53] proved that the Mann and Ishikawa iteration methods may exhibit different behaviors for different classes of nonlinear mappings. Harder and Hicks [15] revealed that the importance of investigating the stability of various iteration procedures for various classes of nonlinear mappings. Harder [14] obtained applications of stability results to first order differential equations. Osilike [51, 52] studied the stability of certain Mann and Ishikawa iteration sequences for fixed points of Lipschitz strong pseudocontractions and solutions of nonlinear accretive operator equations in real q-uniformly smooth Banach spaces.

It is our purpose in this paper to establish the convergence and almost stability of the Noor iteration scheme with errors for local strongly pseudocontractive operators in arbitrary Banach spaces. The related results deal with the convergence and almost stability of the Noor iteration scheme with errors of solutions of nonlinear equations of the local strongly accretive type. Our convergence results are generalizations and improvements of the results in [1–7, 11, 14, 20, 55].

2. Preliminaries

Lemma 2.1 ([18]). Let X be an arbitrary Banach space and x, y ∈ X. Then ‖x‖ ≤ ‖x+ry‖ for every r > 0 if and only if there is f ∈ J(x) such that Re⟨y, f⟩ ≥ 0.

Lemma 2.2 ([22]). Suppose that {α_n}^∞_{n=0}, {β_n}^∞_{n=0} and {ω_n}^∞_{n=0} are nonnegative sequences such that α_{n+1} ≤ (1 − ω_n)α_n + β_nω_n, ∀ n ≥ 0, with {ω_n}^∞_{n=0} ⊂ [0, 1],

∑_∞

n=0 ω_n = ∞ and lim_{n→∞} β_n = 0. Then lim_{n→∞} α_n = 0.

3. Main results

Our main results are as follows.

Theorem 3.1. Let X be an arbitrary Banach space and T : X → X be local strongly pseudocontractive and uniformly continuous. Let F (T ) ≠ ∅ and R(T ) be bounded. Suppose that {u_n}^∞_{n=0}, {v_n}^∞_{n=0} and {w_n}^∞_{n=0} are arbitrary bounded sequences in X and {a_n}^∞_{n=0}, {b_n}^∞_{n=0}, {c_n}^∞_{n=0}, {a^′_n}^∞_{n=0}, {b^′_n}^∞_{n=0}, {c^′_n}^∞_{n=0}, {a^{′′}_n}^∞_{n=0}, {b^{′′}_n}^∞_{n=0}, {c^{′′}_n}^∞_{n=0} and {r_n}^∞_{n=0} are any sequences in [0, 1] satisfying

a_n + b_n + c_n = a^′_n + b^′_n + c^′_n = a^{′′}_n + b^{′′}_n + c^{′′}_n = 1, ∀ n ≥ 0;

(3.1) c_n(1 − r_n) = r_nb_n, ∀ n ≥ 0;

(3.2) lim_{n→∞} r_n = lim_{n→∞} b^′_n = lim_{n→∞} c^′_n = 0;

(3.3) ∞∑ n=0 (b_n + c_n) = ∞.

(3.4)

Suppose that {x_n}^∞_{n=0} is the sequence generated from an arbitrary x_0 ∈ X by x_{n+1} = a_nx_n + b_nT y_n + c_nu_n, y_n = a^′_nx_n + b^′_nT z_n + c^′_nv_n, z_n = a^{′′}_nx_n + b^{′′}_nT x_n + c^{′′}_nw_n, ∀ n ≥ 0.

(3.5)

Let {f_n}^∞_{n=0} be any bounded sequence in X and define {ε_n}^∞_{n=0} by ε_n =‖f_{n+1} − a_nf_n − b_nT s_n − c_nu_n‖, s_n =a^′_nf_n + b^′_nT t_n + c^′_nv_n, t_n =a^{′′}_nf_n + b^{′′}_nT f_n + c^{′′}_nw_n, ∀ n ≥ 0.

(3.6)

Then there exist real sequences {h_n}^∞_{n=0}, {g_n}^∞_{n=0} and constant M > 0 such that (i) {x_n}^∞_{n=0} converges strongly to the unique fixed point q of T and

‖x_{n+1} − q‖ ≤ ( 1 − (b_n + c_n)k_q ) ‖x_n − q‖ + 1 k_q

(b_n + c_n)h_n + M k_q c_n, ∀ n ≥ 0,

where k_q = 1 −^1_{tq} ; (ii)

‖f_{n+1} − q‖ ≤ ( 1 − (b_n + c_n)k_q ) ‖f_n − q‖ + 1 k_q

(b_n + c_n)g_n + M k_q c_n + ε_n, ∀ n ≥ 0;

(iii)

∑_∞

n=0 ε_n < ∞ implies that lim_{n→∞} f_n = q, so that {x_n}^∞_{n=0} is almost T -stable;

(iv) lim_{n→∞} f_n = q implies that lim_{n→∞} ε_n = 0; (v) lim_{n→∞} h_n = lim_{n→∞} g_n = 0.

Proof. Set p_n = a_nf_n + b_nT s_n + c_nu_n, d_n = b_n + c_n, d^′_n = b^′_n + c^′_n, ∀ n ≥ 0. Since T is local strongly pseudocontractive and F (T ) ≠ ∅, it follows that F (T ) is a singleton and S = I − T is local strongly accretive. Let F (T ) = {q}. Put M = sup{‖T x − q‖ : x ∈ X} + sup{‖f_n − q‖ : n ≥ 0} + sup{‖u_n − q‖ : n ≥ 0} + sup{‖v_n − q‖ : n ≥ 0} + ‖x_0 − q‖.

It is easy to show that sup{‖x_n − q‖, ‖y_n − q‖, ‖z_n − q‖ : n ≥ 0} ≤ M;

(3.7) sup{‖p_n − q‖, ‖s_n − q‖, ‖t_n − q‖ n ≥ 0} ≤ M.

(3.8) It follows from (1.2) that there exists k_q = 1 −^1_{tq} such that Re⟨Sx − Sq, j(x − q)⟩ ≥ k_q ‖x − q‖^2, ∀ x ∈ X, which implies that Re⟨(S − k_q I)x − (S − k_q I)q, j(x − q)⟩ ≥ 0, ∀ x ∈ X.

Thus Lemma 2.1 ensures that (3.9) ‖x − q‖ ≤ ‖x − q + r ( (S − k_q I)x − (S − k_q I)q ) ‖, ∀ x ∈ X, ∀ r > 0.

Using (3.1) and (3.5), we obtain that for all n ≥ 0, (1 − d_n)x_n =x_{n+1} − d_nT y_n − c_n(u_n − T y_n) = ( 1 − (1 − k_q )d_n ) x_{n+1} + d_n(S − k_q I)x_{n+1} + d_n(T x_{n+1} − T y_n) − c_n(u_n − T y_n),

(3.10) and (3.11) (1 − d_n)q = ( 1 − (1 − k_q )d_n ) q + d_n(S − k_q I)q.

It follows from (3.9)–(3.11) that for any n ≥ 0,

(1 − d_n)‖x_n − q‖ ≥ ( 1 − (1 − k_q )d_n ) ‖x_{n+1} − q + d_n 1 − d_n(1 − k_q )

[(S − k_qI)x_{n+1} − (S − k_q I)q]‖ − d_n‖T x_{n+1} − T y_n‖ − c_n‖u_n − T y_n‖.

(3.12)

In view of (3.2),(3.7) and (3.12), we have for all n ≥ 0,

‖x_{n+1} − q‖ ≤

1 − d_n 1 − (1 − k_q )d_n

‖x_n − q‖ + d_n 1 − (1 − k_q )d_n

‖T x_{n+1} − T y_n‖ + c_n 1 − (1 − k_q )d_n

‖u_n − T y_n‖

≤(1 − k_q d_n)‖x_n − q‖ + 1 k_q d_nh_n + 1 k_q

Mc_n,

(3.13)

where h_n = ‖T x_{n+1} − T y_n‖. Note that ‖x_{n+1} − z_n‖ ≤b_n‖x_n − T y_n‖ + c_n‖u_n − x_n‖ + b^′_n‖x_n − T z_n‖ + c^′_n‖v_n − x_n‖ ≤2M(d_n + d^′_n) → 0 as n → ∞. Thus uniformly continuity of T means that (3.14) h_n = ‖T x_{n+1} − T y_n‖ → 0 as n → ∞.

Put α_n = ‖x_n − q‖, ω_n = k_q d_n, β_n = (h_n + Mr_n)k^{−2}_q , ∀ n ≥ 0. Then (3.13), (3.14), (3.1)–(3.4) and Lemma 2.2 imply that lim_{n→∞} α_n = 0. That is, x_n → q as n → ∞.

Observe that for all n ≥ 0, (1 − d_n)f_n =p_n − d_nT s_n − c_n(u_n − T s_n) = ( 1 − (1 − k_q )d_n ) p_n + d_n(S − k_q I)p_n + d_n(T p_n − T s_n) − c_n(u_n − T s_n).

(3.15)

By virtue of (3.15), (3.11), (3.9) and (3.2), we get that

(1 − d_n)‖f_n − q‖ ≥ ( 1 − (1 − k_q )d_n ) ‖p_n − q + d_n 1 − (1 − k_q )d_n

[(S − k_q I)p_n − (S − k_q I)q]‖ − d_n‖T p_n − T s_n‖ − c_n‖u_n − T s_n‖ ≥ ( 1 − (1 − k_q )d_n ) ‖p_n − q‖ − d_n‖T p_n − T s_n‖ − c_n‖u_n − T s_n‖, which means that ‖p_n − q‖ ≤

1 − d_n 1 − (1 − k_q )d_n

‖f_n − q‖ + d_n 1 − (1 − k_q )d_n

‖T p_n − T s_n‖ + c_n 1 − (1 − k_q )d_n

‖u_n − T s_n‖

≤(1 − k_q d_n)‖y_n − q‖ + 1 k_q d_ng_n + M k_q c_n

(3.16)

for any n ≥ 0, where g_n = ‖T p_n − T s_n‖. Since ‖p_n − s_n‖ ≤b_n‖f_n − T s_n‖ + c_n‖f_n − u_n‖ + b^′_n‖f_n − T t_n‖ + c^′_n‖f_n − v_n‖ ≤2M(d_n + d^′_n) → 0 as n → ∞, and T is uniformly continuous, so that g_n = ‖T p_n − T s_n‖ → 0 as n → ∞. Thus (3.16) implies that ‖f_{n+1} − q‖ ≤‖p_n − q‖ + ‖f_{n+1} − p_n‖

≤(1 − k_q d_n)‖f_n − q‖ + 1 k_q d_ng_n + M k_q c_n + ε_n

for all n ≥ 0.

Suppose that

∑_∞

n=0 ε_n < ∞. Set α_n = ‖f_n − q‖, ω_n = k_q d_n, β_n = (g_n + Mr_n)k^{−2}_q + m_nk^{−1}_q , γ_n = ε_n, ∀ n ≥ 0. Using Lemma 2.2, (3.3) and (3.4), we conclude immediately that α_n → 0 as n → ∞. Therefore f_n → q as n → ∞. That is, {x_n}^∞_{n=0} is almost T -stable.

Suppose that lim_{n→∞} f_n = q. Then

ε_n ≤‖f_{n+1} − q‖ + ‖p_n − q‖

≤‖f_{n+1} − q‖ + (1 − k_q d_n)‖f_n − q‖ + 1 k_q d_ng_n + M k_q c_n → 0

as n → ∞. That is, ε_n → 0 as n → ∞. This completes the proof. □ Using the methods of proof in Theorem 3.1, we obtain the following results.

Theorem 3.2. Let X, T, R(T ), F (T ), {u_n}^∞_{n=0}, {v_n}^∞_{n=0}, {w_n}^∞_{n=0}, {x_n}^∞_{n=0}, {y_n}^∞_{n=0}, {z_n}^∞_{n=0}, {s_n}^∞_{n=0}, {t_n}^∞_{n=0}, {f_n}^∞_{n=0}, and {ε_n}^∞_{n=0} be as in Theorem 3.1. Suppose that {a_n}^∞_{n=0}, {b_n}^∞_{n=0}, {c_n}^∞_{n=0}, {a^′_n}^∞_{n=0}, {b^′_n}^∞_{n=0}, {c^′_n}^∞_{n=0}, {a^{′′}_n}^∞_{n=0}, {b^{′′}_n}^∞_{n=0} and {c^{′′}_n}^∞_{n=0} are any sequences in [0, 1] satisfying (3.1) and lim_{n→∞} b_n = lim_{n→∞} b^′_n = lim_{n→∞} c^′_n = 0;

(3.17) ∞∑ n=0 c_n < ∞;

(3.18) ∞∑ n=0 b_n = ∞.

(3.19)

Then the conclusions of Theorem 3.1 hold.

Remark 3.1. The following examples reveal that Theorem 3.1 and Theorem 3.2 are independent.

Example 3.1. Let R denote the reals with the usual norm and define T : R → R by T x =^1_4 (sin x)^2 for all x ∈ R. Clearly, F (T ) = {0} and R(T ) = [0,^1_4 ]. Observe that

(3.20) |T x − T y| ≤ 1 4 | sin x − sin y| · | sin x + sin y| ≤ 1 2 |x − y| ∀ x, y ∈ R.

Hence T is uniformly continuous on R. For each x ∈ R, choose t_x = 2. Then (3.20) ensures that

|(1 + r)(x − y) − rt_x(T x − T y)| ≥(1 + r)|x − y| − rt_x|T x − T y|

=|x − y| + r ( |x − y| − t_x|T x − T y| ) ≥|x − y| for any y ∈ R. That is, T is local strongly pseudocontractive. Put a_n = 1 − (n + 1)^{− 14} , b_n = (n + 1)^{− 14} − (n + 1)^{− 12} , c_n = (n + 1)^{− 12} ,

r_n = (n + 1)^{− 14} , a^′_n = 1 − 1 n + 1

, b^′_n = c^′_n = 1 2(n + 1) , a^{′′}_n = 1 − 3(7n + 3)^{−1}, b^{′′}_n = (7n + 3)^{−1}, c^{′′}_n = 2(7n + 3)^{−1}, ∀n ≥ 0.

Thus Theorem 3.2 is not applicable since

∑_∞ n=0 c_n = ∞. It is easy to verify that the conditions of Theorem 3.1 are fulfilled.

Example 3.2. Let R, T , {a^′_n}^∞_{n=0}, {b^′_n}^∞_{n=0}, {c^′_n}^∞_{n=0}, {a^{′′}_n}^∞_{n=0}, {b^{′′}_n}^∞_{n=0}, {c^{′′}_n}^∞_{n=0} be as in Example 3.1. Set a_n = 1 − b_n − c_n, b_{2n} = (2 + 2n)^{−2}, b_{2n+1} = (3 + 2n)^{−1}, c_n = (2 + n)^{−2}, ∀n ≥ 0. Then all the conditions of Theorem 3.2 are satisfied. But Theorem 3.1 is not applicable since lim_{n→∞} γ_{2n} = lim_{n→∞} c_{2n} b_{2n} + c_{2n} = 1 2 ≠ 0.

Remark 3.2. Theorem 3.1 and Theorem 3.2 show that, under certain conditions, the Noor iteration scheme considered in Theorem 3.1 and Theorem 3.2, respectively, is almost T -stable. The example below proves that the iteration scheme is not T -stable.

Example 3.3. Let R denote the reals with the usual norm and define T : R → R by T x =^1_3 sin x for all x ∈ R. Then F (T ) = {0}, R(T ) = [ −^1_3 ,^1_3 ] , T is uniformly continuous on R and |x − y| ≤ |(1 + r)(x − y) − t_xr(T x − T y)|, ∀ x, y ∈ R, where t_x = 3 for all x ∈ R. Suppose that {u_n}^∞_{n=0}, {v_n}^∞_{n=0}, {w_n}^∞_{n=0}, {a_n}^∞_{n=0}, {b_n}^∞_{n=0}, {c_n}^∞_{n=0}, {a^′_n}^∞_{n=0}, {b^′_n}^∞_{n=0}, {c^′_n}^∞_{n=0}, {a^{′′}_n}^∞_{n=0}, {b^{′′}_n}^∞_{n=0} and {c^{′′}_n}^∞_{n=0} satisfy the conditions of Theorem 3.2. It follows from Theorem 3.2 that the Noor iteration scheme {x_n}^∞_{n=0} with errors defined by (3.4) both converges strongly to the unique fixed point 0 of T and is almost T -stable. We next prove that it is not T -stable. Choose f_n =^n_{2n+1} , ∀ n ≥ 0. Since lim_{n→∞} a_n = 1, lim_{n→∞} b_n = lim_{n→∞} c_n = 0 and lim_{n→∞} f_n =^1_2 , it follows that

ε_n =|f_{n+1} − a_nf_n − b_nT s_n − c_nu_n| ≤|f_{n+1} − a_nf_n| + b_n|T s_n| + c_n|u_n| → 0

as n → ∞. That is, lim_{n→∞} ε_n = 0. However, lim_{n→∞} f_n =^1_2 ≠ 0 = T 0. Thus {x_n}^∞_{n=0} is not T -stable.

Suppose that {u_n}^∞_{n=0}, {v_n}^∞_{n=0}, {w_n}^∞_{n=0}, {a_n}^∞_{n=0}, {b_n}^∞_{n=0}, {c_n}^∞_{n=0}, {a^′_n}^∞_{n=0} {b^′_n}^∞_{n=0}, {c^′_n}^∞_{n=0}, {a^{′′}_n}^∞_{n=0}, {b^{′′}_n}^∞_{n=0}, {c^{′′}_n}^∞_{n=0} and {r_n}^∞_{n=0} satisfy the conditions of Theorem 3.1. Similarly we can prove that the Noor iteration scheme {x_n}^∞_{n=0} with errors defined by (3.4) is almost T −stable, but not T −stable.

Theorem 3.3. Let X be an arbitrary Banach space and T : X → X be local strongly accretive and uniformly continuous. Define S : X → X by Sx = f + x − T x. Let S(T ) ≠ ∅ for some f ∈ X and either R(T ) or R(I − T ) be bounded. Suppose that {u_n}^∞_{n=0}, {v_n}^∞_{n=0} and {w_n}^∞_{n=0} are arbitrary bounded sequences in X and {a_n}^∞_{n=0}, {b_n}^∞_{n=0}, {c_n}^∞_{n=0}, {a^′_n}^∞_{n=0}, {b^′_n}^∞_{n=0}, {c^′_n}^∞_{n=0} {a^{′′}_n}^∞_{n=0}, {b^{′′}_n}^∞_{n=0}, {c^{′′}_n}^∞_{n=0} and {r_n}^∞_{n=0} are any sequences in [0, 1] satisfying (3.1)–(3.4). For arbitrary x_0 ∈ X, the Ishikawa iteration scheme {x_n}^∞_{n=0} is defined by

x_{n+1} =a_nx_n + b_nSy_n + c_nu_n y_n =a^′_nx_n + b^′_nSz_n + c^′_nv_n, z_n =a^{′′}_nx_n + b^{′′}_nSx_n + c^{′′}_nw_n, ∀ n ≥ 0.

(3.21)

Let {f_n}^∞_{n=0} be any bounded sequence in X and define {ε_n}^∞_{n=0} by

ε_n =‖f_{n+1} − a_nf_n − b_nSs_n − c_nu_n‖, s_n =a^′_nf_n + b^′_nSt_n + c^′_nv_n, t_n =a^{′′}_nf_n + b^{′′}_nSf_n + c^{′′}_nw_n, ∀ n ≥ 0.

(3.22)

Then there exist real sequences {h_n}^∞_{n=0}, {g_n}^∞_{n=0} and constant M > 0 such that (i) {x_n}^∞_{n=0} converges strongly to the unique solution q of the equation T x = f and ‖x_{n+1} − q‖ ≤ ( 1 − (b_n + c_n)k_q ) ‖x_n − q‖ + 1 k_q

(b_n + c_n)h_n + M k_q c_n, ∀n ≥ 0,

(ii) ‖f_{n+1} −q‖ ≤ ( 1−(b_n +c_n)k_q ) ‖f_n −q‖+^1_{kq} (b_n +c_n)g_n +^M_{kq} c_n +ε_n, ∀n ≥ 0;

(iii)

∑_∞

n=0 ε_n < ∞ implies that lim_{n→∞} f_n = q, so that {x_n}^∞_{n=0} is almost S-stable;

(iv) lim_{n→∞} f_n = q implies that lim_{n→∞} ε_n = 0; (v) lim_{n→∞} h_n = lim_{n→∞} g_n = 0.

Proof. Since T is local strongly accretive and S(T ) ≠ ∅ for some f ∈ X, so that (1.2) implies that S(T ) is a singleton and S is local strongly pseudocontractive. Let S(T ) = {q}. Then q is the unique fixed point of S. Now we prove that R(S) is bounded. It is easy to see that R(S) is bounded if R(I − T ) is bounded. Suppose that R(T ) is bounded. Observe that

Re⟨T x − T q, j(x − q)⟩ ≥ k_q ‖x − q‖^2, ∀ x ∈ X, which implies that

(3.23) ‖x − q‖ ≤ 1 k_q

‖T x − T q‖, ∀ x ∈ X.

Using (3.23), we infer that for all x ∈ X, ‖Sx − Sq‖ =‖T q − T x + x − q‖

≤‖T x − T q‖ + ‖x − q‖ ≤ ( 1 + 1 k_q ) ‖T x − T q‖.

That is, R(S) is bounded. Thus the rest of the proof follows immediately as in the proof of Theorem 3.1, and is therefore omitted. This completes the proof. □ Theorem 3.4. Let X, T, R(T ), R(I −T ), S(T ), f, {u_n}^∞_{n=0}, {v_n}^∞_{n=0}, {w_n}^∞_{n=0}, {x_n}^∞_{n=0}, {y_n}^∞_{n=0}, {z_n}^∞_{n=0}, {f_n}^∞_{n=0} and {ε_n}^∞_{n=0} be as in Theorem 3.3. Suppose that {a_n}^∞_{n=0}, {b_n}^∞_{n=0}, {c_n}^∞_{n=0}, {a^′_n}^∞_{n=0}, {b^′_n}^∞_{n=0}, {c^′_n}^∞_{n=0}, {a^{′′}_n}^∞_{n=0}, {b^{′′}_n}^∞_{n=0} and {c^{′′}_n}^∞_{n=0} are any sequences in [0, 1] satisfying (3.1) and (3.17)–(3.19). Then the conclusions of Theorem 3.3 hold.

Remark 3.3. The convergence result in Theorem 3.4 extends Theorem 2 of Chidume [5], Theorems 5 and 6 of Chidume [6], Theorem 2 of Chidume [7] and Theorem 2 of Chidume and Osilike [10].

Using methods similar to those above, we can prove the following results. Theorem 3.5. Let X be an arbitrary Banach space, f ∈ X and T : X → X be local strongly accretive and uniformly continuous. Define G: X → X by Gx = f − T x. Let R(T ) be bounded and the equation x+T x = f has a solution q ∈ X. Suppose that {u_n}^∞_{n=0}, {v_n}^∞_{n=0} and {w_n}^∞_{n=0} are arbitrary bounded sequences in X and {a_n}^∞_{n=0}, {b_n}^∞_{n=0}, {c_n}^∞_{n=0}, {a^′_n}^∞_{n=0}, {b^′_n}^∞_{n=0}, {c^′_n}^∞_{n=0}, {a^{′′}_n}^∞_{n=0}, {b^{′′}_n}^∞_{n=0}, {c^{′′}_n}^∞_{n=0} and {r_n}^∞_{n=0} are any sequence in [0, 1] satisfying (3.1)–(3.4). For arbitrary x_0 ∈ X, the Noor iteration scheme {x_n}^∞_{n=0} with errors is defined by x_{n+1} =a_nx_n + b_nGy_n + c_nu_n, y_n =a^′_nx_n + b^′_nGz_n + c^′_nv_n, z_n =a^{′′}_nx_n + b^{′′}_nGx_n + c^{′′}_nw_n, ∀ n ≥ 0.

(3.24)

Let {f_n}^∞_{n=0} be any bounded sequence in X and define {ε_n}^∞_{n=0} by ε_n =‖f_{n+1} − a_nf_n − b_nGs_n − c_nu_n‖, s_n =a^′_nf_n + b^′_nGt_n + c^′_nv_n, t_n =a^{′′}_nf_n + b^{′′}_nGf_n + c^{′′}_nw_n, ∀ n ≥ 0.

(3.25)

Then there exist real sequences {h_n}^∞_{n=0}, {g_n}^∞_{n=0} and constant M > 0 such that (i) {x_n}^∞_{n=0} converges strongly to the unique solution q of the equation x+T x = f and

‖x_{n+1} − q‖ ≤ ( 1 − (b_n + c_n)k_q ) ‖x_n − q‖ + 1 k_q

(b_n + c_n)h_n + M k_q c_n, ∀ n ≥ 0,

(ii) ‖f_{n+1} −q‖ ≤ ( 1−(b_n +c_n)k_q ) ‖f_n −q‖+^1_{kq} (b_n +c_n)g_n +^M_{kq} c_n +ε_n, ∀ n ≥ 0, (iii)

∑_∞

n=0 ε_n < ∞ implies that lim_{n→∞} f_n = q, so that {x_n}^∞_{n=0} is almost G-stable, (iv) lim_{n→∞} f_n = q implies that lim_{n→∞} ε_n = 0,

(v) lim_{n→∞} h_n = lim_{n→∞} g_n = 0.

Theorem 3.6. Let X, T, R(T ), f, G, {u_n}^∞_{n=0}, {v_n}^∞_{n=0}, {w_n}^∞_{n=0}, {x_n}^∞_{n=0}, {y_n}^∞_{n=0}, {z_n}^∞_{n=0}, {f_n}^∞_{n=0} and {ε_n}^∞_{n=0} be as in Theorem 3.5. Suppose that {a_n}^∞_{n=0}, {b_n}^∞_{n=0}, {c_n}^∞_{n=0}, {a^′_n}^∞_{n=0}, {b^′_n}^∞_{n=0}, {c^′_n}^∞_{n=0}, {a^{′′}_n}^∞_{n=0}, {b^{′′}_n}^∞_{n=0}, {c^{′′}_n}^∞_{n=0} are any sequences in [0, 1] satisfying (3.1) and (3.17)–(3.19). Then the conclusions of Theorem 3.3 hold.

Remark 3.4. The convergence result in Theorem 3.6 generalizes Theorems 9 and 10 of Chidume [6] and Theorem 3.3 of Ding [13].

Theorem 3.7. Let K be a nonempty bounded closed convex subset of an arbitrary Banach space X and T : K → K be a uniformly continuous and local strongly pseudocontractive mapping. Let F (T ) ≠ ∅ and {u_n}^∞_{n=0}, {v_n}^∞_{n=0} and {w_n}^∞_{n=0} be arbitrary sequences in K. Suppose that {a_n}^∞_{n=0}, {b_n}^∞_{n=0}, {c_n}^∞_{n=0}, {a^′_n}^∞_{n=0}, {b^′_n}^∞_{n=0}, {c^′_n}^∞_{n=0}, {a^{′′}_n}^∞_{n=0}, {b^{′′}_n}^∞_{n=0}, {c^{′′}_n}^∞_{n=0} and {r_n}^∞_{n=0} are any sequences in [0, 1] satisfying (3.1)–(3.4). If {x_n}^∞_{n=0} is the sequence generated from an arbitrary x_0 ∈ K by (3.4), then it converges strongly to the unique fixed point q of T . Theorem 3.8. Let X, K, T, F (T ), {u_n}^∞_{n=0}, {v_n}^∞_{n=0}, {w_n}^∞_{n=0} and {x_n}^∞_{n=0} be as in Theorem 3.7 and {a_n}^∞_{n=0}, {b_n}^∞_{n=0}, {c_n}^∞_{n=0}, {a^′_n}^∞_{n=0}, {b^′_n}^∞_{n=0}, {c^′_n}^∞_{n=0}, {a^{′′}_n}^∞_{n=0}, {b^{′′}_n}^∞_{n=0} and {c^{′′}_n}^∞_{n=0} be any sequences in [0, 1] satisfying (3.1) and (3.17)– (3.19). Then {x_n}^∞_{n=0} converges strongly to the unique fixed point q of T . Remark 3.5. Theorem 3.8 extends, improves and unifies Theorem 3.4 of Chang [1], Theorems 3.4 and 4.2 of Chang et al. [2], the Theorem Chidume [3], Theorem 2 of Chidume [4], Theorem 4 of Chidume [6], Theorem 1 of Chidume [7], Theorem 1 of Chidume and Osilike [10], Theorem 1 of Liu [21] and Theorem 4.2 of Tan and Xu [54].

Question 3.1. Let X be an arbitrary Banach space and T : X → X be local strongly pseudocontractive and uniformly continuous. Let F (T ) ≠ ∅ and R(T ) be bounded. Suppose that {u_n}^∞_{n=0}, {v_n}^∞_{n=0} and {w_n}^∞_{n=0} are arbitrary bounded sequences in X. What hypotheses on {a_n}^∞_{n=0}, {b_n}^∞_{n=0}, {c_n}^∞_{n=0}, {a^′_n}^∞_{n=0}, {b^′_n}^∞_{n=0}, {c^′_n}^∞_{n=0}, {a^{′′}_n}^∞_{n=0}, {b^{′′}_n}^∞_{n=0} and {c^{′′}_n}^∞_{n=0} ⊂ [0, 1] are needed to guarantee the Noor iteration scheme with errors in (3.4) is T -stable?

Question 3.2. Let X be an arbitrary Banach space and T : X → X be local strongly accretive and uniformly continuous. Define S : X → X by Sx = f + x − T x. Let S(T ) ≠ ∅ for some f ∈ X and either R(T ) or R(I − T ) be bounded. Suppose that {u_n}^∞_{n=0}, {v_n}^∞_{n=0} and {w_n}^∞_{n=0} are arbitrary bounded sequences in X. What hypotheses on {a_n}^∞_{n=0}, {b_n}^∞_{n=0}, {c_n}^∞_{n=0}, {a^′_n}^∞_{n=0}, {b^′_n}^∞_{n=0}, {c^′_n}^∞_{n=0}, {a^{′′}_n}^∞_{n=0}, {b^{′′}_n}^∞_{n=0} and {c^{′′}_n}^∞_{n=0} ⊂ [0, 1] are needed to guarantee the Noor iteration scheme with errors in (3.21) is S-stable?

Question 3.3. Let X be an arbitrary Banach space, f ∈ X and T : X → X be local strongly accretive and uniformly continuous. Define G: X → X by Gx = f − T x. Let R(T ) be bounded and the equation x + T x = f has a solution q ∈ X. Suppose that {u_n}^∞_{n=0}, {v_n}^∞_{n=0} and {w_n}^∞_{n=0} are arbitrary bounded sequences in X. What hypotheses on {a_n}^∞_{n=0}, {b_n}^∞_{n=0}, {c_n}^∞_{n=0}, {a^′_n}^∞_{n=0}, {b^′_n}^∞_{n=0}, {c^′_n}^∞_{n=0}, {a^{′′}_n}^∞_{n=0}, {b^{′′}_n}^∞_{n=0} and {c^{′′}_n}^∞_{n=0} ⊂ [0, 1] are needed to guarantee the Noor iteration scheme with errors in (3.24) is G-stable?

Acknowledgement. The authors would like to thank the referee for his many helpful comments and suggestions towards the improvement of this paper.

References

[1] S.-S. Chang. Some problems and results in the study of nonlinear analysis. In Proceedings of the Second World Congress of Nonlinear Analysts, Part 7 (Athens, 1996), volume 30, pages 4197–4208, 1997.

[2] S. S. Chang, Y. J. Cho, B. S. Lee, J. S. Jung, and S. M. Kang. Iterative approximations of fixed points and solutions for strongly accretive and strongly pseudo-contractive mappings in Banach spaces. J. Math. Anal. Appl., 224(1):149–165, 1998.

[3] C. E. Chidume. Iterative approximation of fixed points of Lipschitzian strictly pseudocontractive mappings. Proc. Amer. Math. Soc., 99(2):283–288, 1987.

[4] C. E. Chidume. Approximation of fixed points of strongly pseudocontractive mappings. Proc.

Amer. Math. Soc., 120(2):545–551, 1994.

[5] C. E. Chidume. Iterative solution of nonlinear equations with strongly accretive operators.

J. Math. Anal. Appl., 192(2):502–518, 1995.

[6] C. E. Chidume. Iterative solutions of nonlinear equations in smooth Banach spaces. Nonlinear Anal., 26(11):1823–1834, 1996.

[7] C. E. Chidume. Convergence theorems for strongly pseudo-contractive and strongly accretive maps. J. Math. Anal. Appl., 228(1):254–264, 1998.

[8] C. E. Chidume and C. Moore. The solution by iteration of nonlinear equations in uniformly smooth Banach spaces. J. Math. Anal. Appl., 215(1):132–146, 1997.

[9] C. E. Chidume and M. O. Osilike. Ishikawa iteration process for nonlinear Lipschitz strongly accretive mappings. J. Math. Anal. Appl., 192(3):727–741, 1995.

[10] C. E. Chidume and M. O. Osilike. Iterative solutions of nonlinear accretive operator equations in arbitrary Banach spaces. Nonlinear Anal., 36(7, Ser. A: Theory Methods):863–872, 1999.

[11] L. Deng and X. P. Ding. Iterative process for Lipschitz local strictly pseudocontractive mappings. Appl. Math. Mech., 15(2):115–119, 1994.

[12] X. P. Ding. Iterative process with errors to locally strictly pseudocontractive maps in Banach spaces. Comput. Math. Appl., 32(10):91–97, 1996.

[13] X. P. Ding. Iterative process with errors to nonlinear equations in arbitrary Banach spaces.

Acta Math. Sinica (NS), 14:577–584, 1998.

[14] A. M. Harder. Fixed point theory and stability results for fixed point iteration procedures.

PhD thesis, University of Missouri-Rolla, 1987.

[15] A. M. Harder and T. L. Hicks. Stability results for fixed point iteration procedures. Math.

Japon., 33(5):693–706, 1988.

[16] A. M. Harder and T. L. Hicks. A stable iteration procedure for nonexpansive mappings. Math.

Japon., 33(5):687–692, 1988.

[17] S. Ishikawa. Fixed points by a new iteration method. Proc. Amer. Math. Soc., 44:147–150, 1974.

[18] S. M. Kang, Z. Liu, and L. Wang. Convergence and stability of Ishikawa iterative processes with errors for a pair of quasi-contractive mappings in uniformly convex Banach spaces. Far East J. Math. Sci. (FJMS), 9(1):105–119, 2003.

[19] T. Kato. Nonlinear semigroups and evolution equations. J. Math. Soc. Japan, 19:508–520, 1967.

[20] J. K. Kim, S. M. Jang, and Z. Liu. Convergence theorems and stability problems of Ishikawa iterative sequences for nonlinear operator equations of the accretive and strongly accretive operators. Comm. Appl. Nonlinear Anal., 10(3):85–98, 2003.

[21] L. Liu. Approximation of fixed points of a strictly pseudocontractive mapping. Proc. Amer.

Math. Soc., 125(5):1363–1366, 1997.

[22] L. S. Liu. Fixed points of local strictly pseudo-contractive mappings using Mann and Ishikawa iteration with errors. Indian J. Pure Appl. Math., 26(7):649–659, 1995.

[23] Z. Liu, M. Bounias, and S. M. Kang. Iterative approximation of solutions to nonlinear equations of ϕ-strongly accretive operators in Banach spaces. Rocky Mountain J. Math., 32(3):981– 997, 2002.

[24] Z. Liu, C. Feng, S. M. Kang, and K. H. Kim. Convergence and stability of modified Ishikawa iterative procedures with errors for some nonlinear mappings. Panamer. Math. J., 13(4):19– 33, 2003.

[25] Z. Liu and S. M. Kang. Convergence and stability of the Ishikawa iteration procedures with errors for nonlinear equations of the ϕ-strongly accretive type. Neural Parallel Sci. Comput., 9(1):103–117, 2001.

[26] Z. Liu and S. M. Kang. Convergence theorems for ϕ-strongly accretive and ϕ-hemicontractive operators. J. Math. Anal. Appl., 253(1):35–49, 2001.

[27] Z. Liu and S. M. Kang. Iterative approximation of fixed points for ϕ-hemicontractive operators in arbitrary Banach spaces. Acta Sci. Math. (Szeged), 67(3-4):821–831, 2001.

[28] Z. Liu and S. M. Kang. Stability of Ishikawa iteration methods with errors for strong pseudocontractions and nonlinear equations involving accretive operators in arbitrary real Banach spaces. Math. Comput. Modelling, 34(3-4):319–330, 2001.

[29] Z. Liu and S. M. Kang. Iterative solutions of nonlinear equations with ϕ-strongly accretive operators in uniformly smooth Banach spaces. Comput. Math. Appl., 45(4-5):623–634, 2003.

[30] Z. Liu and S. M. Kang. Stable and almost stable iteration schemes for nonlinear accretive operator equations in arbitrary Banach spaces. Panamer. Math. J., 13(1):91–102, 2003.

[31] Z. Liu, S. M. Kang, and S. H. Shim. Almost stability of the Mann iteration method with errors for strictly hemi-contractive operators in smooth Banach spaces. J. Korean Math. Soc., 40(1):29–40, 2003.

[32] Z. Liu, S. M. Kang, and J. S. Ume. Iterative solutions of K-positive definite operator equations in real uniformly smooth Banach spaces. Int. J. Math. Math. Sci., 27(3):155–160, 2001.

[33] Z. Liu, S. M. Kang, and J. S. Ume. Error bounds of the iterative approximations of Ishikawa iterative schemes with errors for strictly hemicontractive and strongly quasiaccretive operators. Comm. Appl. Nonlinear Anal., 9(4):33–46, 2002.

[34] Z. Liu, S. M. Kang, and J. S. Ume. General principles for Ishikawa iterative process for multi-valued mappings. Indian J. Pure Appl. Math., 34(1):157–162, 2003.

[35] Z. Liu, J. K. Kim, and S.-A. Chun. Convergence theorems and stability problems of Ishikawa iterative processes with errors for quasi-contractive mappings. Comm. Appl. Nonlinear Anal., 8(3):69–79, 2001.

[36] Z. Liu, J. K. Kim, and S.-A. Chun. Iterative approximation of fixed points for generalized asymptotically contractive and generalized hemicontractive mappings. Panamer. Math. J., 12(4):67–74, 2002.

[37] Z. Liu, J. K. Kim, and S. M. Kang. Necessary and sufficient conditions for convergence of Ishikawa iterative schemes with errors to ϕ-hemicontractive mappings. Commun. Korean Math. Soc., 18(2):251–261, 2003.

[38] Z. Liu, J. K. Kim, and J. S. Ume. Characterizations for the convergence of Ishikawa iterative processes with errors in normed linear spaces. J. Nonlinear Convex Anal., 3(1):59–66, 2002.

[39] Z. Liu, Y. M. Nam, J. K. Kim, and J. S. Ume. Stability of Ishikawa iterative schemes with errors for nonlinear accretive operators in arbitrary Banach spaces. Nonlinear Funct. Anal. Appl., 7(1):55–67, 2002.

[40] Z. Liu, Y. M. Nam, J. K. Kim, and J. S. Ume. Stable iteration schemes for nonlinear strongly quasi-accretive and strictly hemicontractive operators in Banach spaces. Nonlinear Funct. Anal. Appl., 7(2):313–328, 2002.

[41] Z. Liu and J. S. Ume. Stable and almost stable iteration schemes for strictly hemi-contractive operators in arbitrary Banach spaces. Numer. Funct. Anal. Optim., 23(7-8):833–848, 2002.

[42] Z. Liu, L. Wang, S. M. Kang, and K. H. Kim. Convergence of three-step iteration methods for quasi-contractive mappings. Comm. Appl. Nonlinear Anal., 10(4):41–47, 2003.

[43] Z. Liu, Y. G. Xu, and Y. J. Cho. Iterative solution of nonlinear equations with ϕ-strongly accretive operators. Arch. Math. (Basel), 77(6):508–516, 2001.

[44] Z. Liu, L. Zhang, and Y. J. Cho. Convergence and stability of Ishikawa iterative methods with errors for quasi-contractive mappings in q-uniformly smooth Banach spaces. Appl. Anal., 79(1-2):277–292, 2001.

[45] Z. Liu, L. Zhang, and S. M. Kang. Iterative solutions to nonlinear equations of the accretive type in Banach spaces. East Asian Math. J., 27:265–273, 2001.

[46] Z. Liu, L. Zhang, and S. M. Kang. Convergence theorems and stability results for Lipschitz strongly pseudocontractive operators. Int. J. Math. Math. Sci., 31(10):611–617, 2002.

[47] Z. Liu, Y. Zhao, and B.-S. Lee. Convergence and stability of the three-step iterative process with errors for strongly pseudocontractive operators in L_p spaces. Nonlinear Anal. Forum, 7(1):15–22, 2002.

[48] W. R. Mann. Mean value methods in iteration. Proc. Amer. Math. Soc., 4:506–510, 1953.

[49] M. A. Noor. New approximation schemes for general variational inequalities. J. Math. Anal.

Appl., 251(1):217–229, 2000.

[50] M. A. Noor, T. M. Rassias, and Z. Huang. Three-step iterations for nonlinear accretive operator equations. J. Math. Anal. Appl., 274(1):59–68, 2002.

[51] M. O. Osilike. Stable iteration procedures for strong pseudo-contractions and nonlinear operator equations of the accretive type. J. Math. Anal. Appl., 204(3):677–692, 1996.

[52] M. O. Osilike. Stability of the Mann and Ishikawa iteration procedures for ϕ-strong pseudocontractions and nonlinear equations of the ϕ-strongly accretive type. J. Math. Anal. Appl., 227(2):319–334, 1998.

[53] B. E. Rhoades. Comments on two fixed point iteration methods. J. Math. Anal. Appl., 56(3):741–750, 1976.

[54] K.-K. Tan and H. K. Xu. Iterative solutions to nonlinear equations of strongly accretive operators in Banach spaces. J. Math. Anal. Appl., 178(1):9–21, 1993.

[55] X. Weng. Fixed point iteration for local strictly pseudo-contractive mapping. Proc. Amer.

Math. Soc., 113(3):727–731, 1991.

[56] B. Xu and M. A. Noor. Fixed-point iterations for asymptotically nonexpansive mappings in Banach spaces. J. Math. Anal. Appl., 267:444–453, 2002.

[57] Y. Xu. Ishikawa and Mann iterative processes with errors for nonlinear strongly accretive operator equations. J. Math. Anal. Appl., 224(1):91–101, 1998.

[58] Y. Xu and Z. Liu. On estimation and control of errors of the Mann iteration process. J. Math.

Anal. Appl., 286:804–806, 2003.

Received March 7, 2003; revised March 30, 2004.

Zeqing Liu Department of Mathematics Liaoning Normal University, Dalian, Liaoning, 116029, People’s Republic of China E-mail address: zeqingliu@sina.com.cn

Jeong Sheok Ume Department of Applied Mathematics, Changwon National University, Changwon 641-773, Korea E-mail address: jsume@changwon.ac.kr