Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 23 (2007), 7–13

www.emis.de/journals
ISSN 1786-0091

CHARACTERIZATION OF FINITE GROUPS BY THEIR COMMUTING GRAPH

A. IRANMANESH AND A. JAFARZADEH

Abstract. The commuting graph of a group G, denoted by Γ(G), is a simple graph whose vertices are all non-central elements of G and two distinct vertices x, y are adjacent if xy = yx. In [1] it is conjectured that if M is a simple group and G is a group satisfying Γ(G) ∼= Γ(M), then G ∼= M. In this paper we prove this conjecture for many simple groups.

1. Introduction

We denote by π(n) the set of all prime divisors of n and if G is a finite group, then π(G) is defined to be π(|G|).

In this paper we consider simple graphs which are undirected, with no loops or multiple edges. The following definitions are standard and you can find them for example in [10].

For any graph Γ, we denote the set of vertices of Γ by V (Γ). The degree d_Γ(v) of a vertex v in Γ, is the number of edges incident to v and if the graph is understood, then we denote d_Γ(v) simply by d(v). A graph is called regular if the degrees of its vertices are the same. Two distinct vertices in Γ are called to be adjacent, if they are joined by an edge in Γ. A path P is a sequence of distinct vertices v_0v_1 . . . v_k such that for all i (0 ≤ i ≤ k − 1), v_i and v_{i+1} are adjacent vertices. A graph Γ is a connected graph, if there is path between each distinct pair of its vertices; otherwise Γ is disconnected. A maximal connected subgraph of a graph Γ is called a component of Γ. The complement G^′ of a simple graph G is a simple graph with the same vertex set as G, two vertices being adjacent in G^′ if and only if they are not adjacent in G.

We construct the commuting graph, the non-commuting graph and the prime graph of G as follows:

The commuting graph of G, denoted by Γ(G), is a graph whose vertex set is G\Z(G), and two distinct vertices x and y are adjacent whenever xy = yx and

2000 Mathematics Subject Classification. 20D05, 20D60, 05C25.

Key words and phrases. Simple group, Commuting graph, prime graph, order components. 7

the non-commuting graph of a group G, denoted by ∇(G), is the complement of Γ(G), i.e. the graph with G \ Z(G) as its vertex set and two vertices x and y are adjacent, if xy ≠ yx (see [1, 32]).

Finally, the prime graph of G, denoted by Γ_1(G), is a graph whose vertex set is π(G), and two distinct vertices p and q are adjacent if and only if G contains an element of order pq (see [30, 34]).

Denote the number of components of the prime graph of a group G with t(G), and let π_1, π_2, . . . , π_{t(G)} be the vertex set of the components of Γ_1(G) and T (G) = {π_i(G)|i = 1, 2, . . . , t(G)}. If 2 ∈ π(G), then we always suppose 2 ∈ π_1. Therefore,

π(G) =

t(G)⋃

i=1 π_i.

Now, |G| can be expressed as a product of coprime positive integers m_i, i = 1, 2, . . . , t(G) where π(m_i) = π_i. These integers are called the order components of G and the set of order components of G is denoted by OC(G):

OC(G) = {m_i|i = 1, 2, . . . , t(G)}.

If |G| is even, then m_1 is called the even order component and m_2, m_3, . . . , m_{t(G)} are called the odd order components of G.

In 1996, Chen posed the following question:

Question 1.1. Let M be a finite simple group. If G is a group such that OC(G) = OC(M), do we have G ∼= M?

Although, the answer to this question is “No” in general, a positive answer has been given for many groups. A simple group M is said to be characterizable by its order components, if M ∼= G for each group G such that OC(G) = OC(M).

Remark 1.2. Suppose M is a finite group. In [1, 32], the authors conjectured that if G is a finite group such that ∇(M) ∼= ∇(G), then |M| = |G|. For every group H, ∇(H) and Γ(H) are complement graphs, therefore for the groups H and K we have ∇(H) ∼= ∇(K) if and only if Γ(H) ∼= Γ(K). Hence the above conjecture is equivalent to say if G is a finite group such that Γ(M) ∼= Γ(G), then |M| = |G|. Although, they proved the statement for the groups S_n, A_n, D_{2n}, all sporadic simple groups and all simple groups of Lie type with disconnected prime graph, recently in [31], the author found some counterexamples to this conjecture. Here we state his counterexamples briefly:

For a prime p and an integer r > 1, there exists a non-abelian p-group P of order p^{2r} such that:

(1) |Z(P )| = p^r;

(2) P/Z(P ) is an elementary abelian p-group; (3) for every non-central element x of P , C_P (x) = Z(P )⟨x⟩; (4) the non-commuting graph of P is regular.

According to this statement, there exists a 2-group P of order 2^{10} such that P/Z(P ) is an elementary abelian 2-group of order 2^5 and ∇(P ) is a regular graph. Let A be an abelian group such that |A| = a and consider the product G = P × A. Then ∇(G) is a (2^5)a(30)-regular graph, i.e., a graph with d(v) = (2^5)a(30) for every vertex v of ∇(G) and has (2^5)a(31) vertices. With a similar discussion, there exists a 5-group Q of order 5^6 such that Q/Z(Q) is an elementary abelian 5-group of order 5^3 and ∇(Q) is a regular graph and if B is any abelian group such that |B| = b and H = Q × B, then ∇(H) is a 4b(5^3)(30)-regular graph with 4b(5^3)(31) vertices. Now, we must choose A and B so that a2^3 = b5^3. If we do that, both non-commuting graphs ∇(G) and ∇(H) are (2^5)a(30)-regular graphs with the same number of vertices, and in fact they are isomorphic. However, the corresponding groups G and H have different orders.

In [1], the authors put forward another conjecture for the non-commuting graph of a group G. We rewrite this conjecture for the commuting graph of groups as follows:

Conjecture 1.3. Let M be a finite simple group. If G is any finite group such that Γ(M) ∼= Γ(G), then we have M ∼= G.

In this paper, we will find the relation between the commuting graph and the prime graph of finite groups and then give a positive answer to Conjecture 1.3 for the groups pointed in Remark 1.2, using their characterization by their prime graph. Note that this conjecture is not true if we suppose M is an arbitrary finite group. In particular, the dihedral group and quaternion group of order 8 are not isomorphic while Γ(D_8) ∼= Γ(Q_8).

We will also prove the following theorem that gives a special characterization for all finite non-abelian simple groups:

Theorem 1.4. Let G and M be two finite simple non-abelian groups. If Γ(G) ∼= Γ(M), then G ∼= M.

For a group G, let N(G) = { n | G has a conjugacy class of size n}.

Lemma 1.5. Let G_1 and G_2 be finite groups satisfying |G_1| = |G_2| and N(G_1) = N(G_2). Then t(G_1) = t(G_2) and OC(G_1) = OC(G_2).

This is an immediate consequence of Lemma 1.5 in [9]:

Lemma 1.6. Let G_1 and G_2 be finite groups satisfying |G_1| = |G_2| and N(G_1) = N(G_2). Then t(G_1) = t(G_2) and T (G_1) = T (G_2).

The following basic theorem makes a relation between commuting graph of groups and their order components:

Theorem 1.7. Let G_1 and G_2 be finite groups such that |G_1| = |G_2| and Γ(G_1) ∼= Γ(G_2). Then N(G_1) = N(G_2) and OC(G_1) = OC(G_2).

Proof. Set |G_1| = |G_2| = n. Since Γ(G_1) ∼= Γ(G_2), we have |G_1 \ Z(G_1)| = |G_2 \ Z(G_2)| and therefore |Z(G_1)| = |Z(G_2)|. Also there exists a bijection φ : V (Γ(G_1)) −→ V (Γ(G_2)) such that for all vertices a, b ∈ V (Γ(G_1)), a and b are adjacent if and only if φ(a) and φ(b) are adjacent. Set |Z(G_1)| = |Z(G_2)| = z and suppose 1 ≠ k ∈ N(G_1). Thus, there exists an element x ∈ G_1 with the conjugacy class cl_{G1} (x) in G_1 including x of size k. Therefore, |C_{G1} (x)| = n/k and thus d_{Γ(G1)}(x) = n/k−z −1. Obviously we have d_{Γ(G2)}(φ(x)) = n/k−z −1 and thus |C_{G2} (φ(x))| = n/k. Therefore, |cl_{G2} (φ(x))| = k and thus, k ∈ N(G_2). Hence, we have N(G_1) ⊆ N(G_2) and with a similar reason we have N(G_2) ⊆ N(G_1) and therefore the first statement is proved. The second statement follows immediately from Lemma 1.5. □

2. Characterization of some finite groups by their commuting graph

First, we present the proof of Theorem 1.4:

Proof of Theorem 1.4. Since, Γ(G) ∼= Γ(M), they must have the same number of vertices, so |G\Z(G)| = |M \Z(M)|. On the other hand, |Z(G)| = |Z(M)| = 1, therefore |G| = |M|. Now, it is known that the only pairs of simple groups of the same order are

(A_8, P SL(3, 4)) and (O(2n + 1, q) = B_n(q), P Sp(2n, q) = C_n(q)),

where n ≥ 3 and q is odd (see [29] and [33]). Thus, if G ≇ M, then G ∼= A_8 and M ∼= P SL(3, 4) or G ∼= B_n(q) and M ∼= C_n(q). For the first case, the element a = (1 2)(3 4) ∈ A_8 is included in a conjugacy class of length 210 and since |A_8| = 20160, we have d_{Γ(A8)}(a) = |C_{A8} (a)| − 2 = 94, while N(P SL(3, 4)) = {1, 315, 1260, 2240, 2880, 4032} and thus 94 ∉ {d_{Γ(P SL(3,4))}(x)|x ∈ P SL(3, 4) \ {1}}. Therefore, we have Γ(A_8) ≇ Γ(P SL(3, 4)), because they have different degrees. For the second case, it has been proved that N(B_n(q)) ≠ N(C_n(q)) (see [3]). Therefore, Γ(B_n(q)) and Γ(C_n(q)) have different sets of degrees and hence Γ(B_n(q)) ≇ Γ(C_n(q)). Therefore, we must have G ∼= M. □

Now, we characterize some groups by their commuting graph:

Corollary 2.1. Let M = P SL(p, q), where p is a prime number and q is a prime power. If G is any group such that Γ(M) ∼= Γ(G), then M ∼= G.

Proof. Using Remark 1.2 and since t(M) ≥ 2, we get |M| = |G|. Then by Theorem 1.7, we have OC(M) = OC(G). Finally, by [4, 11, 12, 22, 23] we get the result. □

Corollary 2.2. Let M = P SU(p, q) where p is an odd prime and q is a prime power. If G is any group such that Γ(M) ∼= Γ(G), then M ∼= G.

Proof. Similar to the proof of Corollary 2.1 and since t(M) ≥ 2, we have OC(M) = OC(G). Thus, by [13, 18, 19, 20, 28], we get the result. □

Now, we prove that the groups B_n(q) and C_n(q) where n = 2^m ≥ 2, are characterized by their commuting graphs, although we know that they cannot be characterized by their order components (see [24]):

Corollary 2.3. Let M be a simple group of type B_n(q) or C_n(q) where n = 2^m ≥ 4 or n = 2 and q > 5. If G is any group such that Γ(M) ∼= Γ(G), then M ∼= G.

Proof. Suppose M ∼= B_n(q) where n = 2^m ≥ 4 or n = 2 and q > 5 and suppose Γ(M) ∼= Γ(G). Similar to the proof of Corollary 2.1 and since t(M) = 2, we have OC(M) = OC(G). Thus, by [24], if q is even, then G ∼= M, and if q is odd, then we have G ∼= M or G ∼= C_n(q). But, if q is odd and G ∼= C_n(q), then Γ(C_n(q)) ∼= Γ(G) ∼= Γ(B_n(q)) and this is a contradiction by Theorem 1.4. Thus, G ∼= M. The proof for the case M ∼= C_n(q) is the same. □

Corollary 2.4. Let M be a simple group of one of the following types:

(a): E_6(q) or E_8(q); (b): F_4(q) where q > 2; (c):^2D_n(q) where n = 2^m ≥ 4; (d):^2D_p(3) where p = 2^n + 1 ≥ 5; (e):^2E_6(q) where q > 2; (f):^3D_4(q);

(g): A Suzuki–Ree group, i.e. a group of type^2B_2(q),^2F_4(q) or^2G_2(q); (h): A sporadic simple group.

If G is any group such that Γ(M) ∼= Γ(G), then M ∼= G.

Proof. Similar to the proof of Corollary 2.1 and since t(M) ≥ 2, we have OC(M) = OC(G). Thus, by [2, 26, 16, 17, 25, 14, 27, 7, 21, 6, 5], we get the result. □

Professor J. G. Thompson has conjectured that:

Conjecture 2.5. If G is a finite group with Z(G) = 1 and M a finite non-abelian simple group such that N(G) = N(M), then M ∼= G.

Lemma 2.6. Suppose M is a finite non-abelian simple group with t(M) ≥ 2 which satisfies Thompson’s Conjecture. If G is a group such that Γ(M) ∼= Γ(G), then M ∼= G.

Proof. Since Γ(M) ∼= Γ(G), we have |M \ Z(M)| = |G \ Z(G)| and Z(M) = 1. On the other hand, |M| = |G| by Remark 1.2. Hence, Z(G) = 1 and by Theorem 1.7 we have N(G) = N(M). Therefore, M ∼= G. □

Therefore we have proved the following corollary:

Corollary 2.7. Let M be a simple group of type G_2(q) where q > 2. If G is any group such that Γ(M) ∼= Γ(G), then M ∼= G.

Proof. By [8], M satisfies Thompson’s Conjecture. Now, the result follows from Lemma 2.6. □

References

[1] A. Abdollahi, S. Akbari and H. R. Maimani, Non-commuting graph of a group, J.

Algebra, 298 (2006), 468–492.

[2] G. Y. Chen, A new characterization of E_8(q), J. Southwest China Normal Univ., 21 (1996), No. 3, 215–217.

[3] G. Y. Chen, A new characterization of finite simple groups, Chin. Sci. Bull., 40 (1995), No. 6, 446–450.

[4] G. Y. Chen, A new characterization of P SL(2, q), Southeast Asian Bull. Math., 22 (1998), 257–263.

[5] G. Y. Chen, A new characterization of sporadic simple groups, Algebra Colloq., 3 (1996), No. 1, 49–58.

[6] G. Y. Chen, A new characterization of Suzuki–Ree groups, Sci. China (Ser. A), 27 (1997), No. 5, 430–433.

[7] G. Y. Chen, Characterization of^3D_4(q), Southeast Asian Bull. Math., 25 (2001), 389– 401.

[8] G. Y. Chen, Further reflections on thompson’s conjecture, J. Algebra, 218 (1999), 276– 285.

[9] G. Y. Chen, On thompson’s conjecture, J. Algebra, 185 (1996), 184–193. [10] R. Diestel, Graph theory, 3rd edition, Grad. Texts in Math., Vol. 173, Springer-Verlag, New York, 2005.

[11] A. Iranmanesh and S. H. Alavi, A characterization of simple groups P SL(5, q), Bull.

Austral. Math. Soc., 65 (2002), 211–222.

[12] A. Iranmanesh, S. H. Alavi and B. Khosravi, A characterization of P SL(3, q) where q = 2^n, Acta Math. Sinica, English Ser., 18 (2002), No. 3, 463–472.

[13] A. Iranmanesh, S. H. Alavi and B. Khosravi, A characterization of P SU(3, q) where q > 5, Suotheast Asian Bull. Math., 26 (2002), No. 1, 33–44.

[14] A. Iranmanesh and B. Khosravi, A characterization of^2D_p(3) where p = 2^n + 1(n ≥ 2), Hadronic J. Supp., 18 (2003), No. 4, 465–478.

[15] A. Iranmanesh and B. Khosravi, A characterization of C_2(q) where q > 5, Comment.

Math. Univ. Carolinae, 44 (2002), No. 1, 9–21 [16] A. Iranmanesh and B. Khosravi, A characterization of F_4(q) where q = 2^n(n > 1), Far East J. Math. Sci., 2 (2000), No. 6, 853–859.

[17] A. Iranmanesh and B. Khosravi, A characterization of F_4(q) where q is an odd prime power, London Math. Society Lecture notes series, 304 (2001), No. 1, 277–283.

[18] A. Iranmanesh and B. Khosravi, A characterization of P SU(5, q), Int. Math. J., 3 (2003), No. 2, 1329–141.

[19] A. Iranmanesh and B. Khosravi, A characterization of P SU(7, q), Int. J. appl. Math., 15 (2004), No. 4, 329–340.

[20] A. Iranmanesh and B. Khosravi, A characterization of P SU(11, q), Can. Math. Bull., 47 (2004), No. 4, 530–539.

[21] A. Iranmanesh and B. Khosravi, Characterization of^3D_4(q) where q > 2, Far East J.

Math. Sci., 4 (2002), No. 2, 251–271.

[22] A. Iranmanesh, B. Khosravi and S. H. Alavi, A characterization of P SL(3, q) where q is an odd prime power, J. Pure Appl. Algebra, 170 (2002), No. 2–3, 243–254.

[23] A. Khosravi and B. Khosravi, A new characterization of P SL(p, q), Comm. Algebra, 32 (2004), No. 6, 2325–2339.

[24] A. Khosravi and B. Khosravi, r–Recognizability of B_n(q) and C_n(q) where n = 2^m ≥ 4 , J. pure Appl. Algebra, 199 (2005), 149–165.

[25] B. Khosravi, A characterization of^2D_n(q), Int. J. Math. Game Theory and Algebra, 13 (2003), No. 3, 253–265.

[26] B. Khosravi and B. Khosravi, A characterization of E_6(q), Algebras, Groups and Geometries, 19 (2002), No. 2, 225–243.

[27] B. Khosravi and B. Khosravi, A characterization of^2E_6(q), Kumamoto J. Math., 16 (2003), 1–11.

[28] B. Khosravi, B. Khosravi and B. Khosravi, A new characterization of P SU(p, q), Acta Math. Hungarica, 107 (2005), No. 3, 235–252.

[29] W. Kimmerle, R. Lyons, R. Sandling and D. N . Teague, Composition factors from the group rings and Artin’s theorem on orders of simple groups, Proc. London Math. Soc., 60 (1990), No. 3, 89–122.

[30] A. S. Kondrat’ev, Prime graph components of finite groups, Math. USSR–sb, 67 (1990), No. 1, 235–247.

[31] A. R. Moghaddamfar, About noncommuting graphs, Sib. Math. J., 47 (2006), No. 5, 911–914.

[32] A. R. Moghaddamfar, W. J. Shi, W. Zhou and A. R. Zokayi, On the noncommuting graph associated with a finite group, Sib. Math. J., 46 (2005), No. 2, 325–332.

[33] W. J. Shi, on the orders of finite simple groups, Chin. Sci. Bull., 38 (1993), No. 4, 296–298. (Chinese) [34] J. S. Williams, Prime graph components of finite groups, J. Algebra, 69 (1981), No. 2, 487–513.

Received 17 October, 2006.

Department of Mathematics, Tarbiat Modares University, P.O.Box: 14115-137, Tehran, Iran E-mail address: iranmana@modares.ac.ir