Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 23 (2007), 149–159

www.emis.de/journals
ISSN 1786-0091

ON THE STABILITY AND THE PERIODICITY PROPERTIES OF SOLUTIONS OF A CERTAIN THIRD ORDER NONLINEAR DIFFERENTIAL EQUATION

ANTHONY UYI AFUWAPE, OLUFEMI ADEYINKA ADESINA AND EBOSELE PETER EBIENDELE

Abstract. The object of this paper is to give sufficient conditions for the existence of bounded solutions that are globally exponentially stable, periodic and almost periodic, for a certain third-order non-linear differential equation. A matrix inequality is obtained and proved to satisfy a generalized frequency domain inequality of Yacubovich [10] through the frequency domain technique.

1. Introduction

In a relatively recent note of J. Chen [12], a suitable Lyapunov function of the type “quadratic form only” was used to obtain sufficient conditions for the existence of a solution which is uniformly ultimately bounded, and periodic (or almost periodic) for the third-order non-linear differential equation:

(1.1) x^{′′′} + F (r)x^{′′} + G(r)x^′ + H(r)x = e(t),

where F (r) = 1 − ϵ[1 + kn(ϵ)r^2], G(r) = 1 − ϵ[1 + km(ϵ)r^2], H(r) = 1 − ϵkl(ϵ)r^2.

The functions F (r), G(r), H(r) and e(t) are continuous with r^2 = x^2+x^{′ 2}+x^{′′ 2}. Moreover k > 0 and ϵ are real parameters.

Equations of the form (1.1) with various combinations of nonlinear terms have been of great interest to many mathematicians for decades (see for instance [9] with over 250 references). The reader can find many interesting expositions in [2, 3, 4, 6, 5, 7, 11, 19, 18, 20, 17]. These equations are not only

2000 Mathematics Subject Classification. Primary 34C11, Secondary 34C25, 34D20. Key words and phrases. Periodic solutions, almost periodic solutions, bounded solutions, exponential stability, frequency domain. 149

of theoretical interest, but also of a great practical importance as they can be applied to model automatic control in T.V. systems realized by means of R-C filters. For instance, it is well known that phase synchronization systems, modeled, by phase-locked loops (PLL systems), can be described by second order differential equations, if they include only single-chain R-C filters. However in several cases, it is useful to employ more complicated filters, leading to differential equations of higher order, inspite of the decreasing stability of the corresponding PLL systems (see, e.g. [9]).

In this paper, we would also like to consider the equation (1.1) and find necessary and sufficient conditions that guarantee the existence of a bounded solution, which is globally exponentially stable and periodic (or almost periodic). Our method of approach shall be the frequency domain technique. The frequency domain technique employed in this work is beneficial in applications and circumvents the limitations experienced in the practical construction of the well-known method of Lyapunov functions. Besides, it has been asserted (see e.g. [13]) that no Lyapunov function or its variants can better the frequency domain inequality criteria. This fact is more profound in the works of Barbǎlat and Halanay [10] and Yacubovich [21, 22]. For more exposition on the frequency domain method, see [1, 2, 14, 15]. Our approach in this work has an advantage over the Lyapunov second method used in [12], because the best choice of Lyapunov function of the type ‘quadratic form plus the integral of the nonlinear term’ was not used in [12]. Consequently, the results obtained in [12] cannot better the result obtained in this work.

In an interesting paper, Afuwape [1] derived conditions for the existence of solutions that are bounded, globally exponentially stable and periodic (or almost periodic) for special cases of the equation (1.1), when the nonlinear terms F , G, H and e(t) depend only on one argument. The results obtained in this work improved some of those contained in [1] and [12]. Our work shall depend on the generalized Yacubovich’s Theorem [10], which shall be stated without proof.

Generalised Yacubovich’s Theorem [10]. Consider the system:

(1.2) X^′ = AX − Bφ(σ) + P (t), σ = C^⋆X

where A is an n × n real matrix, B and C are n × m real matrices with C^⋆ as the transpose of C, φ(σ) = colφ_j (σ_j ), (j = 1, 2, . . . , m) and P (t) is an n-vector.

Suppose that in the system (1.3), the following assumptions are true: (i) A is a stable matrix;

(ii) P (t) is bounded for all t in R;

(iii) for some constants μ̂_j ≥ 0, (j = 1, 2, . . . , m)

(1.3) 0 ≤ φ_j(σ_j ) − φ_j(σ̂_j ) σ_j − σ̂_j

≤ μ̂_j, (σ_j ≠ σ̂_j );

(iv) there exists a diagonal matrix D > 0, such that the frequency domain inequality (1.4) π(ω) = MD + Re DG(iω) > 0

holds for all ω in R, where G(iω) = C^⋆(iωI − A)^{−1}B is the transfer function and M = diag(^1_{μ̂j} ), (j = 1, 2, . . . , m).

Then, the system (1.2) has a unique solution which is bounded in R, globally exponentially stable and periodic (or almost periodic) whenever P (t) is periodic (or almost periodic).

The paper is organized in the following way. In section 2 we give some preliminary notes which will be needed in the next sections. Next, in Section 3 we state the main result of the work and give part of the proof. In the last section we conclude the proof of the main result.

2. Preliminary Notes The equation (1.1) can be transformed into its equivalent nonlinear system by setting x^′ = y, y^′ = z, z^′ = −x − (1 − ϵ)y − (1 − ϵ)z + kϵ[l(ϵ)x + m(ϵ)y + n(ϵ)z](x^2 + y^2 + z^2) + e(t).

(2.1)

This system is a periodic system with period ω say, and satisfies the uniqueness condition of the solution with respect to the initial value problem on product space I ×F , where t ∈ I, I = [0, +∞), (x, y, z) ∈ F . F is an arbitrary compact subset of R^3.

The linear part of the system (2.1) is the system x^′ = y, y^′ = z, z^′ = −x − (1 − ϵ)y − (1 − ϵ)z,

(2.2)

from which we can derive coefficient matrix A as

(2.3) A(ϵ) =

0 1 0 0 0 1 −1 −(1 − ϵ) −(1 − ϵ) ,

with characteristic polynomial (2.4) det(λI − A) = λ^3 + (1 − ϵ)λ^2 + (1 − ϵ)λ + 1.

The characteristic roots of the equation (2.4) are given as λ_1 = −1,

λ_2 = ϵ 2 + ( 1 − ( ϵ 2 )_2)^1_2 , λ_3 = ϵ 2 − ( 1 − ( ϵ 2 )_2)^1_2 . (2.5)

Let us note that for a matrix to be stable, all its eigenvalues should have negative real parts, i.e. Re(λ_j ) < 0. For our case j = 1, 2, 3 and moreover, A(ϵ) will be stable if ϵ ≤ −2. Thus we can have (iωI − A(ϵ)) to be

(2.6) (iωI − A(ϵ)) = iω −1 0 0 iω −1 1 (1 − ϵ) iω + (1 − ϵ) and (2.7) det(iωI − A(ϵ)) := Δ = ω^2(ϵ − 1) + 1 − iω(ω^2 + ϵ − 1), from which we get |Δ|^2 = [ω^2(ϵ − 1) + 1]^2 + ω^2[ω^2 + ϵ − 1]^2.

3. The Main Result Theorem 3.1. Suppose that in the equation (1.1), there exist positive parameters μ_1, μ_2 and μ_3 such that for all ζ, ζ̂ ∈ R, ζ ≠ ζ̂ we have

(3.1) 0 ≤

H(ζ) − H(ζ̂) ζ − ζ̂

≤ μ_1,

(3.2) 0 ≤

G(ζ) − G(ζ̂) ζ − ζ̂

≤ μ_2,

(3.3) 0 ≤

F (ζ) − F (ζ̂) ζ − ζ̂

≤ μ_3,

and the inequality

(3.4) 1 − μ_1 − τ_1μ_1 4 ( μ_3 τ_3 + μ_2 τ_2 ) > 6(ϵ − 1)μ_1μ_2μ_3

is satisfied. Then the equation (1.1) has a solution which is bounded in R, globally exponentially stable and periodic or almost periodic according as e(t) is periodic or almost periodic.

The Proof of the Main Result. Let us set x^′ = y in the equation (1.1) to have the system (2.1). We can rewrite this in the vector form (1.2): X^′ = AX − Bφ(σ) + P (t), σ = C^⋆X where A = 0 1 0 0 0 1 −1 −(1 − ϵ) −(1 − ϵ)

; B =

0 0 0 0 0 0 1 1 1 ;

C = 1 0 0 0 1 0 0 0 1

; P (t) = 0 0 e(t)

; φ(σ) =

Ĥ(x) Ĝ(y) F̂ (y) . (3.5)

The transfer function G(iω) = C^⋆(iωI − A)^{−1}B of this system thus becomes

(3.6) G(iω) = 1 Δ 1 1 1 iω iω iω −ω^2 −ω^2 −ω^2 . On choosing D = τ_1 0 0 0 τ_2 0 0 0 τ_3 and M = 1 μ_1 0 0

0^1_{μ2} 0 0 0^1_{μ3} ,

we obtain the frequency domain inequality (1.4) as

(3.7) π(ω) = π_{11} π_{12} π_{13} π_{21} π_{22} π_{23} π_{31} π_{32} π_{33}

> 0;

where

π_{11}(ω) = τ_1 [ 1 μ_1 + ω^2(ϵ − 1) + 1 |Δ|^2 ] , (3.8)

π_{22}(ω) = τ_2 [ 1 μ_2 − ω^2(ω^2 + ϵ − 1) |Δ|^2 ] , (3.9)

π_{33}(ω) = τ_3 [ 1 μ_3 − ω^2(ω^2(ϵ − 1) + 1) |Δ|^2 ] , (3.10)

π_{12}(ω) = τ_1Δ̄ − iωτ_2Δ |Δ|^2

= π̄_{21}(ω),

(3.11)

π_{13} = (¯ Δ − ω^2τ_3Δ ) 2|Δ|^2

= π̄_{13},

(3.12)

π_{23} = ( iωτ_2Δ̄ − ω^2τ_3Δ ) 2|Δ|^2

= π̄_{32}.

(3.13)

For us to show that the inequality (3.7) is valid, it suffices to use the Sylvester’s criteria which demand that the principal minors of π(ω) in (3.7) be strictly positive. We shall now prove these in a series of lemma. Lemma 1. For all ω in R, π_{ii}(ω) > 0, (i = 1, 2, 3).

Proof. For i = 1, π_{11}(ω) in the equation (3.8) will be positive for all ω in R if (3.14) μ_1 < −v(ϵ − 1) + 1 − v(v + ϵ − 1)^2 v(ϵ − 1) + 1

, ω^2 = v. Let S_1(v) = −v(ϵ − 1) + 1 − v(v + ϵ − 1)^2 v(ϵ − 1) + 1 , then v_1 = 0, v_2 = 1 − ϵ and v_3 = −^1_{ϵ−1} are the roots of the equations v(v + ϵ − 1)^2 = 0 and (v(ϵ − 1) + 1)^2 = 0 respectively. We shall denote by m_1, the minimum of S_1(v) and let this minimum be attained at say, v = v_0. Then S_1^′ (v_0) = 0. Thus, S_1^′ (v_0) can be zero in the interval [v_1, v_2]. Obviously the points v_1 and v_2 are the minimum points of S_1(v). If we substitute v = v_1 and v = v_2 respectively in the inequality (3.14), we shall have S_1(v_1) = 1 and S_1(v_2) = ϵ^2 − 2ϵ + 2. We note that there is an asymptote at v = v_3 for S_1(v). Thus the minimum value of S_1(v) = m_1 and it is attainable in the interval [v_1, v_2]. Hence π_{11}(ω) > 0.

Next, for i = 2, π_{22}(ω) in the equation (3.9) will be positive for all ω in R, if we can show that

(3.15) μ_2 < v(v + ϵ − 1) +

(v(ϵ − 1) + 1)^2 v(v + ϵ − 1) . Let S_2(v) = μ_2 < v(v + ϵ − 1) +

(v(ϵ − 1) + 1)^2 v(v + ϵ − 1) . We note that there are asymptotes at S_2(v_1) and S_2(v_2). The maximum that S_2(v) can attain is at say v = v_0. Let m_2 = S_2(v_0) be this maximum which is attainable at v = v_3, and given by

(3.16) S_2(v_3) = ϵ(1 − (ϵ − 1)) (ϵ − 1)^2 . Thus π_{22}(ω) > 0.

Next, for i = 2, π_{33}(ω) in the equation (3.10) will be positive for all ω in R if we can show that

(3.17) μ_3 < v(ϵ − 1) + 1 v + (v + ϵ − 1) v(ϵ − 1) + 1 . This is possible if we let

S_3(v) = v(ϵ − 1) + 1 v + (v + ϵ − 1) v(ϵ − 1) + 1 , and show that it has a maximum which is always negative. Let v = v_0 be the point at which this maximum (denoted by m_3) is attained. Observe that at S_3(v_1) and S_3(v_3), there are asymptotes, hence the maximum is not attainable at these points. At the point v = v_2,

(3.18) S_3(v_2) = ϵ(2 − ϵ) 1 − ϵ , and the maximum is attainable there. Thus π_{33}(ω) > 0. Lemma 2. For all ω in R, π_{ii}(ω)π_{jj}(ω) − |π_{ij} (ω)|^2 > 0, (i ≠ j; i, j, = 1, 2, 3).

Proof. For i = 1 and j = 2, we derive from the inequality (3.7),

(3.19) π_a(ω) = ( π_{11} π_{12} π_{21} π_{22} ) > 0.

For us to show that the inequality (3.19) is satisfied, it suffices to use Sylvester’s criteria which assert that the principal minors of the matrix in (3.19) and det π_a(ω) be positive definite. It has already been shown in the proof of the Lemma 1 that both π_{11}(ω) and π_{22}(ω) are positive. It remains to show that det π_a(ω) in the inequality (3.19) is positive definite.

On simplifying the inequality (3.19), we have π_a(ω) = π_{11}π_{22} − |π_{12}|^2 = τ_1τ_2 μ_1μ_2

− ω^2 τ_1τ_2(ω^2 + ϵ − 1) μ_1|Δ|^2 + τ_1τ_2(ω^2 + (ϵ − 1) + 1) μ_2|Δ|^2 − τ^2_1 + ω^2τ_2^2 4|Δ|^2

> 0.

(3.20)

Further simplifications give

π_a(ω) = τ_1τ_2 μ_1μ_2 ( ω^6 + ω^4 ) [ (ϵ − 1)^2 + 2(ϵ − 1) − μ_2 ]

+ ω^2 [ (ϵ − 1)^2 + (2 + μ_1 − μ_2)(ϵ − 1) − τ_2μ_1μ_2 4τ_1 + ( μ_1 + 1 − τ_2μ_1μ_2 4τ_1 )] > 0.

This will be true if (μ_1 − μ_2)(ϵ − 1) − τ_2 4τ_1 μ_1μ_2 and 4(1 + μ_1)

μ_1μ_2 > τ_1 τ_2 . Hence we have μ_1μ_2 4(1 + μ_1) < τ_2 τ_1 < 4(μ_1 − μ_2) μ_1μ_2 , which imply that (μ_1μ_2)^2 < 16(μ_1 − μ_2)(1 + μ_1). Thus π_a(ω) > 0.

Next is to show that

(3.21) π_b(ω) = ( π_{11} π_{13} π_{31} π_{33} ) > 0.

On following the above arguments, we only need to show that det π_b(ω) in (3.21) is positive definite so as to satisfy Sylvester’s criteria, since, it has already been proved in the Lemma 1 that π_{11} and π_{13} are respectively positive. On simplifying the inequality (3.21), we obtain π_b(ω) = π_{11}π_{33} − |π_{13}|^2 = τ_1τ_3 μ_1μ_3 − ω^2τ_1τ_3(ω^2(ϵ − 1) + 1)

μ_1|Δ|^2 + τ_1τ_3(ω^2(ϵ − 1) + 1) μ_3|Δ|^2 − τ_1^2 + ω^4τ_3^2 4|Δ|^2

+ ω^2 τ_1τ_3(ω^2(ϵ − 1) + 1)^2 − 2ω^4τ_1τ_3(ω^2 + ϵ − 1) |Δ|^4

> 0,

from which we have

|Δ|^4 + |Δ|^2 [ (ω^2(ϵ − 1) + 1)(μ_1 − μ_3) 1 4 ( τ_1 τ_3

+ ω^2

4τ_3 τ_1 )] μ_1μ_3 > [ 2ω^4(ω^2 + ϵ − 1)^2 − ω^2(ω^2(ϵ − 1) + 1)^2 ] μ_1μ_3.

(3.22)

For the inequality (3.22) to be valid, it suffices to show that the minimum of its left hand side is positive and is greater than the maximum of the right hand side. The maximum of the right hand side is −2μ_1μ_3 and the minimum of the left hand side is 1 + μ_1 −^{τ1μ1μ3}_{4τ3} . Thus we have

1 + μ_1 − τ_1μ_1μ_3 4τ_3

> −2μ_1μ_3,

which implies that 4(1 + μ_1)

μ_1μ_3

+ 8 > τ_1 τ_3 . Hence π_b(ω) > 0.

At last, we shall show that

(3.23) π_c(ω) = ( π_{22} π_{23} π_{32} π_{33} ) > 0.

On using the preceding arguments, we have

π_c(ω) = π_{22}π_{33} − |π_{23}|^2 = τ_2τ_3 μ_2μ_3 − ω^2τ_2τ_3(ω^2(ϵ − 1) + 1) μ_2|Δ|^2 − ω^2τ_2τ_3(ω^2 + ϵ − 1) μ_3|Δ|^2 − ω^2(τ_2^2 + ω^2τ_3^2)

4|Δ|^2

> 0, which reduces to

ω^6 + ω^4[(ϵ − 1)^2 + (ϵ − 1) − μ_2 − τ_3μ_2μ_3

4τ_2 ] + ω^2[(ϵ − 1)^2 + (2 − μ_2)(ϵ − 1) − μ_3 − τ_2μ_2μ_3 4τ_3

] + 1 > 0.

(3.24)

The inequality (3.24) holds if (ϵ − 1) − μ_2

μ_2μ_3 > τ_3 4τ_2 and (2 − μ_2)(ϵ − 1) − μ_3 μ_2μ_3 > τ_2 4τ_3 . This is possible since μ_2μ_3 4((ϵ − 1) − μ_3) < τ_2 τ_3 < 4 ( (2 − μ_2)(ϵ − 1) − μ_3 μ_2μ_3 ) , from which we have (μ_2μ_3)^2 < 16[((2 − μ_2)(ϵ − 1) − μ_3)((ϵ − 1) − μ_2). □

4. Conclusion to the Proof of the Main Result It now remains to show that from the inequality (3.7),

det π(ω) = π_{11} ( π_{22}π_{33} − |π_{23}|^2 ) + π_{22} ( π_{11}π_{33} − |π_{31}|^2 ) + π_{33} ( π_{11}π_{22} − |π_{12}|^2 ) − 2π_{11}π_{22}π_{33} + 2 Re(π_{12}π_{23}π_{31}) > 0.

(4.1)

This is equivalent on further simplifications to

det π(ω) = τ_1τ_2τ_3 μ_1μ_2μ_3 − 1 |Δ|^2 ( ω^2 μ_1μ_2 τ_1τ_2τ_3(ω^2(ϵ − 1) + 1) + ω^2τ_1 4μ_1

(τ_2^2 + ω^2τ_3^2) + τ_2 4μ_2

(τ_1^2 + ω^4τ_3^2) + τ_1 4μ_3

(τ_1^2 + ω^2τ_2^2) − ω^2τ_1τ_2τ_3

μ_1μ_3

(ω^2 + ϵ − 1) + τ_1τ_2τ_3 μ_2μ_3

(ω^2(ϵ − 1) + 1) ) + ω^2τ_1τ_2τ_3 μ_2|Δ|^4 ( ω^2(ϵ − 1) + 1)^2

−2ω^2(ω^2 + ϵ − 1)^2 + μ_2 4τ_1τ_3

(τ_1^2 + ω^4τ_3^2)(ω^2 + ϵ − 1) )

ω^4 |Δ|^6

(ω^2 + ϵ − 1) ( 2ω^2(ω^2 + ϵ − 1)^2

−3(ω^2(ϵ − 1) + 1)^2 ) τ_1τ_2τ_3 > 0.

(4.2)

For ω^2 = 0, det π(ω) is positive if

1 − μ_1 > μ_1τ_1 4 [ μ_3 τ_3 + μ_2 τ_2 ] . For ω^2 ≠ 0, det π(ω) will be positive if we can show that

|Δ|^6 − |Δ|^4 ( ω^2μ_3[ω^2(ϵ − 1) + 1] + ω^2 μ_2μ_3 4τ_2τ_3

(τ_2^2 + ω^2τ_3^2) + μ_1μ_3 4τ_1τ_3

(τ_1^2 + ω^4τ_3^2) + μ_1μ_2 4τ_1τ_2

(τ_1^2 + ω^2τ_2^2) − ω^2μ_2(ω^2 + ϵ − 1)

+μ_1[ω^2(ϵ − 1) + 1] ) |Δ|^2 ( ω^2μ_1μ_3[ω^2(ϵ − 1) + 1]^2 −2ω^2μ_1μ_3(ω^2 + ϵ − 1)^2 + ω^2(τ_1^2 + ω)(ω^2 + ϵ − 1)μ_1μ_2μ_3 ) > ω^4(ω^2 + ϵ − 1) ( 3[ω^3(ϵ − 1) + 1]^2 − 2ω^2(ω^2 + ϵ − 1)^2 ) μ_1μ_2μ_3.

(4.3)

The inequality (4.3) will hold if we can show that the minimum of its left hand side, is strictly greater than the maximum of its right hand side. The minimum of the left hand side of the inequality (4.3) is

1 − μ_1 − μ_1τ_1 4 ( μ_3 τ_3 + μ_2 τ_2 ) , while the maximum of the right hand side is 6(ϵ−1)μ_1μ_2μ_3. Thus the inequality (4.3) holds if

(1 − μ_1) − μ_1τ_1 4 ( μ_3 τ_3 + μ_2 τ_2 ) > 6(ϵ − 1)μ_1μ_2μ_3.

This is possible by using Lemmas 1 and 2. The conclusions to the proof follow from the generalized theorem of Yacubovich.

References

[1] A. U. Afuwape. Frequency-domain approach to nonlinear oscillations of some thirdorder differential equations. Nonlinear Anal., 10(12):1459–1470, 1986.

[2] A. U. Afuwape. Remarks on Barbashin-Ezeilo problem on third-order nonlinear differential equations. J. Math. Anal. Appl., 317(2):613–619, 2006.

[3] A. U. Afuwape and O. A. Adesina. On the bounds for mean-values of solutions to certain third-order non-linear differential equations. Fasc. Math., (36):5–14, 2005.

[4] J. Andres. Boundedness of solutions of the third order differential equation with oscillatory restoring and forcing terms. Czechoslovak Math. J., 36(111)(1):1–6, 1986.

[5] J. Andres. Dichotomies for solutions of a certain third order nonlinear differential equation, which is not from the class D. Fasc. Math., (17):55–62, 1987.

[6] J. Andres. On local ω-cycles to certain third order nonlinear differential equations. Fasc.

Math., (17):49–54, 1987.

[7] J. Andres. Asymptotic properties of solutions of a certain third-order differential equation with an oscillatory restoring term. Acta Univ. Palack. Olomuc. Fac. Rerum Natur. Math., 27:201–210 (1989), 1988.

[8] J. Andres. Recent results on third order nonlinear ODEs. J. Nigerian Math. Soc., 14/15:41–66, 1995/96.

[9] J. Andres and S. Staněk. Note to the Lagrange stability of excited pendulum type equations. Math. Slovaca, 43(5):617–630, 1993.

[10] I. Barbălat and A. Halanay. Applications of the frequency-method to forced nonlinear oscillations. Math. Nachr., 44:165–179, 1970.

[11] H. Bereketoglu and I. Győri. On the boundedness of the solutions of a third-order nonlinear differential equation. Dynam. Systems Appl., 6(2):263–270, 1997.

[12] J. Chen. Existence of the uniformly ultimate bounded solutions and periodic solutions.

Ann. Differential Equations, 14(2):103–109, 1998.

[13] A. Halanay. For and against the Liapunov function. In Symposia Mathematica, Vol. VI (INDAM, Rome, 1970), pages 167–175. Academic Press, London, 1971.

[14] G. A. Leonov, I. M. Burkin, and A. I. Shepeljavyi. Frequency methods in oscillation theory, volume 357 of Mathematics and its Applications. Kluwer Academic Publishers Group, Dordrecht, 1996. Translated from the 1992 Russian original and revised by the authors.

[15] G. A. Leonov, D. V. Ponomarenko, and V. B. Smirnova. Frequency-domain methods for nonlinear analysis, volume 9 of World Scientific Series on Nonlinear Science. Series A: Monographs and Treatises. World Scientific Publishing Co. Inc., River Edge, NJ, 1996. Theory and applications.

[16] R. Reissig, G. Sansone, and R. Conti. Non-linear differential equations of higher order.

Noordhoff International Publishing, Leyden, 1974. Translated from the German. [17] C. Tunç. Global stability of solutions of certain third-order nonlinear differential equations. Panamer. Math. J., 14(4):31–35, 2004.

[18] C. Tunç. Boundedness of solutions of a third-order nonlinear differential equation. JI- PAM. J. Inequal. Pure Appl. Math., 6(1):Article 3, 6 pp. (electronic), 2005.

[19] C. Tunç. On the asymptotic behavior of solutions of certain third-order nonlinear differential equations. J. Appl. Math. Stoch. Anal., (1):29–35, 2005.

[20] C. Tunç. Uniform ultimate boundedness of the solutions of third-order nonlinear differential equations. Kuwait J. Sci. Engrg., 32(1):39–48, 2005.

[21] V. A. Yakubovich. Frequency conditions for absolute stability and dissipativeness of control systems with one differentiable nonlinearity. Dokl. Akad. Nauk SSSR, 160:298– 301, 1965.

[22] V. A. Yakubovich. Periodic and almost periodic limiting states of control systems with several, in general discontinuous, nonlinear terms. Dokl. Akad. Nauk SSSR, 171:533– 536, 1966.

Received April 26, 2006.

A.U. Afuwape, O.A. Adesina Department of Mathematics, Obafemi Awolowo University, Ile-Ife, Nigeria E-mail address: aafuwape@yahoo.co.uk E-mail address: oadesina@oauife.edu.ng

E.P. Ebiendele Department of Mathematical Sciences, University of Agriculture, Abeokuta, Nigeria