Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 23(2) (2007), 167–175

www.emis.de/journals
ISSN 1786-0091

A NOTE ON SPACES WITH LOCALLY COUNTABLE WEAK-BASES

ZHAOWEN LI AND XIAOMIN LI

Abstract. In this paper, we show that a regular space with a locally countable weak-base is g-metrizable. Secondly, we establish the relationships between spaces with a locally countable weak-base (resp. spaces with a locally countable weak-base consisting of ℵ_0-subspaces) and metric spaces (resp. locally separable metric spaces) by means of compact-covering maps, 1-sequence-covering maps, compact maps, π-maps and ss-maps, and show that all these characterizations are mutually equivalent. Thirdly, we show that 1-sequence-covering, quotient, ss-maps preserve spaces with a locally countable weak base.

1. Introduction

Weak-bases were introduced by A.V. Arhangel’skii [1]. Spaces with a locally countable weak-base were discussed in [8, 14, 18], and some results were given. For example:

Theorem A ([14]). A regular space has a locally countable weak-base if and only if it is a quotient, π(or compact), ss-image of a metric space.

Theorem B ([8]). A regular space has a locally countable weak base if and only if it is a 1-sequence-covering, quotient, ss-image of a metric space.

A space is a locally separable metric space if and only if it is a regular space with a locally countable base [2]. Thus, one may investigate the further properties of locally separable metric spaces by means of the discussion of properties of spaces with a locally countable weak-base. From the classical Nagata-Smirnov metrization theorem we know that a regular space with a locally countable base has a σ-locally finite base. So, the following question can be raised:

2000 Mathematics Subject Classification. 54E99, 54C10.

Key words and phrases. weak-bases; sn-networks; compact-covering maps, 1-sequencecovering maps; compact maps; π-maps, ss-maps.

The work is supported by the NSF of Hunan Province in China (No. 06JJ20046) and the NSF of Education Department of Hunan Province in China (No. 06C461). 167

Question 1. Is a regular space with a locally countable weak-base a space with a σ-locally finite weak-base?

Since a space with a locally countable weak-base is a generalization of a locally separable metric space, and since our purpose is to bring out properties of locally separable metric spaces by means of that of the space with a locally countable weak-base, according to Alexandroff’s hypothesis, the following question can be raised:

Question 2. By means of what map can we establish the relationship between spaces with a locally countable weak space and locally separable metric spaces?

In this paper, we show that a regular space with a locally countable weakbase has a σ-locally finite weak base. Secondly, we further discuss spaces with a locally countable weak-base by means of compact-covering maps, 1-sequencecovering maps, π-maps, compact-map and ss-maps. Thirdly, we show that 1- sequence-covering, quotient, ss-maps preserve spaces with a locally countable weak-base.

In the following, all spaces are regular, all maps are continuous and surjective. N denotes the set of all natural numbers. ω denotes N ∪ {0}. For a family P of subsets of a space X and a map f : X → Y , denote f(P) = {f(P ) : P ∈ P}. Readers can refer to [23, 13] for unstated definitions.

Definition 1.1. Let f : X → Y be a map.

(1) f is a compact-covering map ([20]) if each compact subset of Y is the image of some compact subset of X.

(2) f is a 1-sequence-covering map ([12]) if for each y ∈ Y , there exists x ∈ f^{−1}(y) satisfying the following condition: whenever {y_n} is a sequence of Y converging to a point y in Y , then there exists a sequence {x_n} of X converging to a point x in X such that each x_n ∈ f^{−1}(y_n).

(3) f is a strong sequence-covering map ([11]) if each convergent sequence (including its limit point) of Y is the image of some convergent sequence(including its limit point) of X.

(4) f is a sequence-covering map [5] if each convergent sequence(including its limit point) of Y is the image of some compact subset of X.

(5) f is a π-map if (X, d) is a metric space and for each y ∈ Y and its open neighborhood V in Y, d(f^{−1}(y), X\f^{−1}(V )) > 0 ([22]).

(6) f is an ss-map ([14]) if for each y ∈ Y , there exists a open neighborhood V of y in Y such that f^{−1}(V ) is separable in X.

It is clear that

1-sequence-covering maps ⇒ strong sequence-covering maps ⇓ compact-covering maps ⇒ sequence-covering maps.

Every compact map on a metric space is a π-map.

Definition 1.2. Let P be a cover of a space X.

(1) P is a network X if for whenever x ∈ V with V open in X, then x ∈ P ⊂ V for some P ∈ P.

(2) P is a k-network for X if for each compact subset K of X and its open neighborhood V , there exists a finite subfamily P^′ of P such that K ⊂ P^′ ⊂ V ([21]).

(3) P is a cs-network for X if for each x ∈ X, its open neighborhood and a sequence {x_n} converging to x, there exist P ∈ P such that {x_n : n ≥ m} ∪ {x} ⊂ P ⊂ V for some m ∈ N ([6]).

A space is a cosmic space if it has a countable network ([20]). A space is an ℵ_0-space if it has a countable k-network, and it is equivalent to a space with a countable cs-network ([20]).

A space X is an ℵ-space if X has a σ-locally finite k-network ([21]).

Definition 1.3 ([4]). For a space X and x ∈ P ⊂ X, P is a sequential neighborhood of x in X if whenever x_n → x, then {x_n : x ≥ m} ∪ {x} ⊂ P for some m ∈ N. P is a sequential open set of X if for each x ∈ P , P is a sequential neighborhood of x in X.

A space X is a sequential space if each sequential open set of X is open in X. Definition 1.4. Let P = ∪{P_x : x ∈ X} be a family of subsets of a space X satisfying that for each x ∈ X,

(1) P_x is a network of x in X.

(2) If U, V ∈ P_x, then W ⊂ U ∩ V for some W ∈ P_x.

P is a weak-base for X if G ⊂ X such that for each x ∈ G, there exists P ∈ P_x satisfying P ⊂ G, then G is open in X. P is an sn-network ([12]) (i.e., an sequential neighborhood network) for X if each element of P_x is a sequential neighborhood of x in X, here P_x is an sn-network of x in X.

A space X is a g-first countable space (resp. a sn-first countable space [13]) if X has a weak-base (resp. a sn-network) P such that each P_x is countable ([1]).

A space X is a g-second countable space if X has a countable weak-base ([1]).

A space X is a g-metrizable space if X has a σ-locally finite weak-base ([23]). For a space, weak-base ⇒ sn-network ⇒ cs-network. An sn-network for a sequential space is a weak-base (see [12]).

We have the following implications for a space X [23, 24, 13, 3].

metrizable ⇒ g-metrizable ⇐⇒ symmetrizable +ℵ-space ⇐⇒ g-first countable+ℵ-space ⇒ symmetrizable ⇒ k-space ⇐ sequential space ⇐ g-first countable ⇒ sn-first countable ⇒ α_4-space.

2. Result

Lemma 2.1 ([14]). The following are equivalent for a space X:

(1) X has a locally countable weak-base.

(2) X is a g-first countable space with a locally countable k-network. (3) X is a topological sum of g-second countable spaces.

Theorem 2.2. A space has a locally countable weak-base if and only if it is a locally Lindelöf, g-metrizable space.

Proof. The ‘if’ part is obvious, because every σ-locally finite cover in any locally Lindelöf space is locally countable.

The ‘only if’ part: Suppose a space X has a locally countable weak-base. Then X is a g-first countable space with a locally countable k-network by Lemma 2.1, and so X is a k-space with a locally countable k-network. By Theorem 1 in [9], X is an ℵ -space. Thus X is g-metrizable by Theorem 2.4 in [3]. By Lemma 2.1, X is a topological sum of g-second countable spaces. Since g-second countable spaces is Lindelöf, then X is locally Lindelöf. □

From Theorem 2.2 and Theorem 1.13 in [23], the following holds.

Corollary 2.3. Let X be a space with a locally countable weak-base. If (1) or (2) below holds, then X is metrizable.

(1) X is a Fréchet space. (2) X is a q-space.

Lemma 2.4 ([24]). Suppose (X, d) is a metric space and f : X → Y is a quotient map. Then Y is a symmetric space if and only if f is a π-map.

Theorem 2.5. The following are equivalent for a space X:

(1) X has a locally countable weak-base.

(2) X is a compact-covering, 1-sequence-covering, quotient, π, ss-image of a metric space.

(3) X is a quotient, π, ss-image of a metric space.

(4) X is a 1-sequence-covering, quotient, ss-image of a metric space.

Proof. (1) ⇒ (2). Suppose P is a locally countable weak-base for X, then P is a sn-network for X. Denote P = {P_α : α ∈ A}. For each i ∈ N, let A_i be a copy of A, and it is endowed with discrete topology. Put M= { α = (α_n) ∈ ∏ n∈N A_n : {P_{αn} : n ∈ N} is a network of some point x_α in X }

and give M the subspace topology induced from the product topology of the product space ∏ n∈N A_n. The point x_α is unique in M because X is T_2. We

define f : M → X by f(α) = x_α. Obviously, M is a metric space.

(i) f is an ss-map.

Let P = ∪{P_x : x ∈ X} be a locally countable sn-network for X, and P_x = {P_{αn} : n ∈ N}, α = (α_n), then α ∈ M and f(α) = x. Thus f is surjective. For each α = (α_n) ∈ M, we have f(α) = x_α. If U is an open neighborhood of x_α in X, then there exists n ∈ N with x_α ∈ P_{αn} ⊂ U because {P_{αn} : n ∈ N} is a network of x_α in X. Put W = {β ∈ M : the n-th coordinate of β is α_n}, then W is an open neighborhood V of x in X such that {α ∈ A : V ∩ P_α ≠}

is countable. Put L = ( ∏ n∈N {α ∈ A_n : V ∩ P_α ≠} ) ∩ M, then L is a

second countable subspace of M, and so L is a hereditarily separable subspace of M. Since f^{−1}(V ) ⊂ L, thus f^{−1}(V ) is a separable subspace of M. Hence f is an ss-map.

(ii) f is a 1-sequence-covering map.

Put β = (α_i), then β ∈ f^{−1}(x). Denote B_n = {(γ_i) ∈ M : if i ≤ n, then γ_i = α_i}. Then {B_n : n ∈ N} is a monotonic decreasing neighborhood base of β in M. For each n ∈ N, it is easy to check that f(B_n) = ⋂ i≤n P_{αi} . For a convergent sequence {x_j } of X with x_j → x,

since f(B_n) is a sequential neighborhood of x in X, there exists i(n) ∈ N such that if i ≥ i(n), then x_i ∈ f(B_n). Thus f^{−1}(x_i) ∩B_n ≠. We may assume 1 < i(n) < i(n + 1). For each j ∈ N, let

β_j ∈ { f^{−1}(x_j), if j < i(1), f^{−1}(x_j) ∩ B_n, if i(n) ≤ j < i(n + 1), n ∈ N.

Then it is easy to show that the sequence {β_j } converges to β in M. Hence f is 1-sequence-covering.

(iii) f is a compact-covering map.

For each compact subset K of X. Since X has a locally countable k-network F by Lemma 2.1, then {F ∩ K : F ∈ F} is a countable k-network for subspace K. Thus K is metrizable because a compact spaces with a countable k-network is metrizable. Similar to the proof of Theorem 2 in [11], we can prove that f is compact-covering.

(iv) f is a quotient map.

By (ii) and Proposition 2.1.16(2) in [10], f is a quotient map. (v) f is a π-map.

By (iv), Theorem 2.2 and Lemma 2.4, f is a π-map. (2) ⇒ (3) and (2) ⇒ (4) are obvious.

(3) ⇒ (1). Suppose X is a quotient, π, ss-image of a metric space. By Lemma 2.4, X is a symmetric space, so X is a g-first countable space. By Corollary 2.8.9 in [10], X has a locally countable k-network. Hence X has a locally countable weak-base by Lemma 2.1.

(4) ⇒ (1). Suppose f : M → X is a 1-sequence-covering, quotient, ss-map, where M is a metric space. Let B be a σ-locally finite base for M. For each x ∈ X, there exists β_x ∈ f^{−1}(x) satisfying Definition 1.1(2). Put

P_x = {f(B) : β_x ∈ B ∈ B},

P = ∪{P_x : x ∈ X}.

Then, it is easy to check that P is a locally countable sn-network for X. Since X is a sequential space, thus P is a locally countable weak-base. □

Theorem 2.6. The following are equivalent for a space X:

(1) X has a locally countable weak-base consisting of cosmic subspaces. (2) X has a locally countable weak-base consisting of ℵ_0-subspaces. (3) X is a compact-covering, 1-sequence-covering, quotient, π, ss-image of a locally separable metric space.

(4) X is a 1-sequence-covering, quotient, ss-image of a locally separable metric space.

Proof. (1) ⇒ (2) follows from Theorem 7(2) in [19].

(2) ⇒ (3). Let P be a locally countable weak base for X consisting of ℵ_0-subspaces. Denote P = {P_α : α ∈ ⋀ }. For each α ∈ ⋀ , P_α is an ℵ_0- subspace, then P_α has a countable cs-network. For each x ∈ P_α, {P_β ∩ P_α : x ∈ P_β and β ∈ ⋀ } is a countable sn-network of x in subspace P_α, then P_α is a sn-first countable space, and so P_α is an α_4-space (see [13]). By Theorem 3.18 in [13], P_α has a countable sn-network. Let P_α be a countable sn-network for subspace P_α. Denote P_α = {B_a : a ∈ A_α}, here A_α is countable. Endow A_α with discrete topology. Put

M_α={β = (a_i) ∈ A^ω_α :{B_{ai} : i ∈ N} forms a network at some point x(β) in P_α}

and endow M_α with the subspace topology induced from the product topology of the usual product space A^ω_α, then M_α is a separable metric space. Define f_α : M_α → P_α by f_α(β) = x(β) for each β ∈ M_α. As in the proof of Theorem 2.5, we can prove that f_α is a compact-covering, 1-sequence-covering map. Put M = ⨁ α∈ V M_α, Z = ⨁ α∈ V P_α and f = ⨁ α∈ V f_α : M → Z.

Then, M is a locally separable metric space and f is a compact -covering, 1-sequence-covering map. Define g : Z → X a natural map, and let h = g ∘ f : M → X. Then g is a compact-covering, 1-sequence-covering map, and so h is a compact-covering, 1-sequence-covering map (see [7, Theorem 2.3, Corollary 2.4]). Because X is a sequential space, then h is a quotient map. Thus, h is a π-map by Lemma 2.4.

For each x ∈ X, since P is locally countable, there exists an open neighborhood U of x in X such that {α ∈ ⋀ : P_α ∩ U ≠ Φ} is countable. Because h^{−1}(U) ⊂ ⨁ {M_α : α ∈ ⋀ and P_α ∩ U ≠ Φ}, then f^{−1}(U) is separable in M.

Hence h is an ss-map.

(3) ⇒ (4) is clear.

(4) ⇒ (1). Let f : M → X be a 1-sequence-covering, quotient, ss-map, where M is a locally separable metric space. Suppose B is a σ-locally finite base for M consisting of separable subspace, then f(B) consists of cosmic subspaces. For each x ∈ X, there exists β_x ∈ f^{−1}(x) satisfying Definition 1.1(2). Put P_x = {f(B) : β_x ∈ B ∈ B},

P = ∪{P_x : x ∈ X}.

Obviously, P ⊂ f(B). Thus, P is a locally countable weak-base of cosmic subspaces. □

Theorem 2.7. The following are equivalent for a space X:

(1) X has locally countable weak-base.

(2) X is a compact-covering, quotient, compact, ss-image of a locally separable metric space.

(3) X is a quotient, compact, ss-image of a locally separable metric space. (4) X is a quotient, π, ss-image of a locally separable metric space. (5) X is a 1-sequence-covering, quotient, ss-image of a locally separable metric space.

Proof. (1) ⇒ (2). Suppose X has a locally countable weak-base. By Lemma 2.1, X is a topological sum of g-second countable spaces. Let X = ⨁ α∈ V X_α,

where each X_α is a g-second countable space. By Corollary 4.7 in [16], there are a separable metric space M_α and a compact-covering, quotient, compact map f_α from M_α onto X_α. Put M = ⨁ α∈ V M_α and f = ⨁ α∈ V f_α : M → X.

Then, M is a locally separable metric space and f is a quotient, compact, ss-map. It will suffice to show that f is a compact-covering map.

For each compact subset K of X, K ⊂^n ⋃ i=1 X_{αi} for some finitely many α_i ∈ ∧.

Since every X_{αi} is both open and closed in X, K ∩ X_{αi} is compact in X_{αi} , and so f_{αi} (L_i) = K ∩ X_{αi} for some compact subset L_i of M_{αi} for each i ≤ n. Let

L =^n ⨁ i=1 L_i. Then L is compact in M with f(L) = K. Hence f is compact-

covering.

(2) ⇒ (3) ⇒ (4) are clear.

(4) ⇒ (1) is similar to the proof of Theorem 2.5 (3)⇒(1). (1) ⇒ (5). Suppose X has a locally countable weak-base. By Lemma 2.1, X is a topological sum of g-second countable spaces. Let X = ⨁ α∈ V X_α, where

each X_α is g-second countable. As in the proof of Theorem 2.6 (2) ⇒ (3), there are a separable metric space M_α and a 1-sequence-covering map f_α from

M_α onto X_α. Put M = ⨁ α∈∧ M_α and f = ⨁ α∈∧ f_α : M → X.

Then, M is a locally separable metric space and f is a 1-sequence-covering, quotient, ss-map from M onto X. Thus X is a 1-sequence-covering, quotient, ss-image of a locally separable metric space.

(5) ⇒ (1) is similar to the proof of Theorem 2.5 (4) ⇒ (1). □

Remark 2.8. A compact-covering, quotient, compact image of a locally compact metric space ⇏ a space with a point-countable cs-network; see Example 9.8 in [5] or Example 2.9.27 in [10]. Thus, the condition “ss-” in Theorem 2.7 (1) ∼ (4) cannot be omitted.

By Theorem 2.5-2.7, we have

Corollary 2.9. The following conditions (a) ∼ (c) are mutually equivalent for a space X:

(a) Theorem 2.5 (1) ∼ (4). (b) Theorem 2.6 (1) ∼ (4). (c) Theorem 2.7 (2) ∼ (4).

Lemma 2.10 ([14]). Suppose Y is a quotient ss-image of a sequential space X with a locally countable k-network, then Y has a locally countable k-network.

Theorem 2.11. Let f : X → Y be a 1-sequence-covering, quotient, ss-map such that X has a locally countable weak-base, then Y has a locally countable weak-base.

Proof. Let f : X → Y be a 1-sequence-covering, quotient, ss-map, where X has a locally countable weak-base. By Lemma 2.1, X is a sequential space with a locally countable k-network. Thus, Y has a locally countable k-network by Lemma 2.10. Since 1-sequence-covering quotient maps preserve g-first countable spaces([17, Corollary 3]), then Y is g-first countable. By Lemma 2.1, Y has a locally countable weak-base. □

Remark 2.12. The space of Example 2.14(1) in [24] has a countable weak-base, but its image under a perfect map is not g-first countable. Thus, spaces with a locally countable weak-base are not necessarily preserved under perfect maps.

References

[1] A. V. Arhangel^′skiĭ. Mappings and spaces. Russian Math. Surveys, 21(4):115–162, 1966. [2] A. Charlesworth. A note on Urysohn’s metrization theorem. Am. Math. Mon., 83:718– 720, 1976.

[3] L. Foged. On g-metrizability. Pac. J. Math., 98:327–332, 1982. [4] S. P. Franklin. Spaces in which sequences suffice. Fund. Math., 57:107–115, 1965. [5] G. Gruenhage, E. Michael, and Y. Tanaka. Spaces determined by point-countable covers. Pac. J. Math., 113:303–332, 1984.

[6] J. A. Guthrie. A characterization of ℵ_0-spaces. General Topology and Appl., 1(2):105– 110, 1971.

[7] J. Li and W. Cai. Notes on sequence-covering s-mappings. Acta Math. Sin., 43(4):757– 762, 2000.

[8] J. Li and S. Jiang. On spaces with a locally countable weak base. Far East J. Math.

Sci., pages 15–24, 2000.

[9] S. Lin. Spaces with a locally countable k-network. Northeast. Math. J., 6(1):39–44, 1990.

[10] S. Lin. Generalized metric spaces and maps. Kexue Chubanshe (Science Press), Beijing, 1995. With a preface by Guo Shi Gao.

[11] S. Lin. A note on the Michael-Nagami problem. Chinese Ann. Math. Ser. A, 17(1):9–12, 1996.

[12] S. Lin. Sequence-covering s-mappings. Adv. in Math. (China), 25(6):548–551, 1996. [13] S. Lin. A note on the Arens’ space and sequential fan. Topology Appl., 81(3):185–196, 1997.

[14] S. Lin, Z. W. Li, J. J. Li, and C. Liu. On ss-mappings. Northeast. Math. J., 9(4):521– 524, 1993.

[15] S. Lin and C. Liu. On spaces with point-countable cs-networks. In Proceedings of the International Conference on Set-theoretic Topology and its Applications (Matsuyama, 1994), volume 74, pages 51–60, 1996.

[16] S. Lin and P. Yan. Sequence-covering maps of metric spaces. Topology Appl., 109(3):301– 314, 2001.

[17] S. Lin and P. F. Yan. On sequence-covering compact mappings. Acta Math. Sinica (Chin. Ser.), 44(1):175–182, 2001.

[18] C. Liu and M. Dai. Spaces with a locally countable weak base. Math. Jap., 41(2):261– 267, 1995.

[19] C. Liu and Y. Tanaka. Spaces having σ-compact-finite k-networks, and related matters.

Topol. Proc., 21:173–200, 1996.

[20] E. Michael. ℵ_0-spaces. J. Math. Mech., 15:983–1002, 1966.

[21] P. O’Meara. On paracompactness in function spaces with the compact-open topology.

Proc. Amer. Math. Soc., 29:183–189, 1971.

[22] V. Ponomarev. Axioms of countability and continuous mappings. Bull. Acad. Polon.

Sci. Sér. Sci. Math. Astr. Phys., 8:127–134, 1960.

[23] F. Siwiec. On defining a space by a weak base. Pacific J. Math., 52:233–245, 1974. [24] Y. Tanaka. Symmetric spaces, g-developable spaces and g-metrizable spaces. Math.

Japon., 36(1):71–84, 1991.

Received February 22, 2006.

Changsha University of Science and Technology, Changsha, Hunan 410077, P.R. China E-mail address: Lizhaowen8846@163.com