Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 24 (2008), 125–133

www.emis.de/journals
ISSN 1786-0091

PROJECTIVE EINSTEIN FINSLER METRICS

N. SADEGHZADEH AND B. REZAEI AND A. RAZAVI

Abstract. In the present paper, we investigate the necessary and sufficient condition of a given Finsler metric to be Einstein. The considered Einstein Finsler metric in the study describes all different kinds of Einstein metrics which are pointwise projective to the given one.

1. Introduction

A Finsler metric on an open subset in R^n is called a projective flat Finsler metric if it is pointwise projective to Euclidean metric. The problem of characterizing and studying projective Finsler metrics is known as Hilbert’s fourth problem. More general, it can be assumed a Finsler metric on a manifold whose geodesics coincide with the geodesics of the given one as set points.

There are some quantities in the projective Finsler geometry which are projective invariant. One most important of them is the Weyl curvature. The Finsler metrics with W^i_k = 0 are called Weyl metrics. It is well-known that a Finsler metric is a Weyl metric if and only if it is of scalar flag curvature. The Ricci curvature plays an important role in the projective geometry of Riemannian–Finsler manifolds. The well-known Ricci tensor was introduced in 1904 by G. Ricci. Nine years later Ricci’s work was used to formulate the Einstein’s theory of gravitation [5].

The Ricci curvature is defined as the trace of the Riemann curvature where the Riemann curvature in direction y ∈ T_xM is a linear transformation R_y : T_xM → T_xM. A Finsler metric is Einstein if the Ricci scalar Ric is a function of x alone. Equivalently Ric_{ij} = Ric(x)g_{ij} In Riemannian space, if g and ḡ are pointwise projectively related Riemannian metrics on manifolds of dimensional n ≥ 3, then g is of constant curvature if and only if ḡ is of constant curvature. The same statement is also true for Einstein metrics. More precisely, it can be said:

2000 Mathematics Subject Classification. 53C60, 53C25.

Key words and phrases. Projectively related Finsler metrics, projectively flat, Einstein- Finsler metric. 125

Theorem ([9, 10]). Let (M, g) be an n-dimensional Riemannian space and ḡ another Riemannian metric pointwise projective to g. Suppose that g is Einstein, then ḡ must be Einstein.

The paper focuses on the Einstein Finsler metrics which are projectively related to other Einstein Finsler metrics. The classification of these metrics on the compact manifold is investigated.

These metrics are studied in the two different categories including: Finsler metrics pointwise projectively related to Einstein isotropic Finsler metric and the non-isotropic one. A Finsler metric F is said isotropic if it is of scalar flag curvature and this metric is said non-isotropic if it is not of scalar curvature. The main proposed theorem is as follows:

Theorem. Let F be a Finsler metric (n > 2) projectively related to F̄ where F̄ is an Einstein non-isotropic Finsler metric, then F is Einstein if and only if it is a constant multiple of F̄ .

The question that can be raised in the situations where a Finsler metric is projectively related to the Einstein one is as: When is a Finsler metric is Einstein? The contribution of the paper is to give an answer to this question.

2. Preliminaries

Let M be a n-dimensional C^∞ manifold. Denote by T_xM as the tangent space at x ∈ M, and by T M = ∪_{x∈M} T_xM as the tangent bundle of M. Each element of T M has the form (x, y), where x ∈ M and y ∈ T_xM. Let T M_0 = T M{0} and the natural projection π : T M → M is given by π(x, y) = x. The pullback tangent bundle π^∗T M is a vector bundle over T M_0 whose fiber π^∗_ν T M at ν ∈ T M_0 is just T_xM, where π(ν) = x. Then

π^∗T M = {(x, y, ν) | y ∈ T_xM_0, ν ∈ T_xM}.

A Finsler metric on a manifold M is a function F : T M → [0, ∞) which has the following properties:

(i) F is C^∞ on T M_0;

(ii) F (x, λy) = λF (x, y) λ > 0;

(iii) For any tangent vector y ∈ T_xM, the vertical Hessian of^{F 2}_2 given by

g_{ij} (x, y) = [ 1 2 F^2 ] y^iy^j

is positive definite.

We obtain a symmetric tensor C defined by

C(U, V, W ) = C_{ijk} (y)U^iV^j W^k,

where U = U^{i ∂}_{∂xi} , V = V^{i ∂}_{∂xi} , W = W^{i ∂}_{∂xi} and C_{ijk} =^1_4 [F^2]_yi_yj_yk (y).

C is called the Cartan tensor. It is well known that C = 0 if and only if F is Riemannian. Every Finsler metric F induces a spray G = y^{i ∂}_{∂xi} − 2G^i(x, y)^∂_{∂yi} by G^i(x, y) := 1 4 g^{il}(x, y) { 2 ∂g_{jl} ∂x^k

(x, y) −

∂g_{jk} ∂x^l

(x, y) } y^j y^k.

The Riemann curvature R_y = R^i_kdx^k ⊕^∂_{∂xi} |_p : T_pM is defined by

(2.1) R^i_k(y) := 2

∂G^i ∂x^k − ∂^2G^i ∂x^j ∂y^k y^j + 2G^j

∂^2G^i ∂y^j ∂y^k − ∂G^i ∂y^j

∂G^j ∂y^k . The Riemann curvature has the following properties. For any non-zero vector y ∈ T_pM,

R_y(y) = 0, g_y(R_y(u), v) = g_y(u, R_y(v)), u, v ∈ T_pM, and (2.2) R^i_{kl} = 1 3 { ∂R^i_k ∂y_l − ∂R^i_l ∂y_k } . For a two-dimensional plane P ⊂ T_pM and a non-zero vector y ∈ T_pM, the flag curvature K(P, y) is defined by [16]

K(P, y) := g_y(u, R_y(u)) g_y(y, y)g_y (u, u) − g_y(y, u)^2 , where P = span{y, u}. F is said to be of scalar curvature K = λ(y) if for any y ∈ T_pM, the flag curvature K(P, y) = λ(y) is independent of P containing y ∈ T_pM, that is equivalent to the following system in a local coordinate system (x^i, y^i) in T M, R^i_k = λF^2{δ^i_k − F^{−1}F_yk y^i}.

If λ is a constant, then F is said to be of constant curvature. The Ricci scalar function of F is given by

ρ := 1 F^2

R^i

therefore, the Ricci scalar function is positive homogeneous of degree 0 in y. This means that ρ(x, y) depends on the direction of the flag pole y but not its length. The Ricci tensor of a Finsler metric F is defined by

Ric_{ij} := { 1 2 R^k } y^iy^j

Ricci-flat manifolds are Riemannian manifolds whose Ricci tensor vanishes. In physics, they are important because they represent vacuum solutions to Einstein’s equations.

Definition ([13]). A Finsler metric is said to be an Einstein metric if the Ricci scalar function is a function of alone, equivalently Ric = ρ(x)g_{ij} , or Ric_{00} = ρ(x)F^2.

Ricci-flat manifolds are special cases of Einstein manifolds. We now consider projectively related Finsler metrics on M i.e. the metrics having the same geodesics as the point sets.

Definition. [15] A Finsler space F^n is projective to another Finsler space F̄^n, if and only if there exist a one-positive homogeneous scalar field P (x, y) on T M satisfying Ḡ^i(x, y) = G^i(x, y) + P (x, y)y^i.

Let G^i and Ḡ^i = G^i +P y^i be sprays on n-manifold M. The Riemann curvatures are related by [3] (2.3) R̄^i_k = R^i_k + Eδ^i_k + τ_ky^i, where E := P^2 − P_{|k}y^k, τ_k = 3(P_{|k} − P P_yk ) + E_yk .

Definition ([15]). Let (M, G) be a spray space. Assume that a function P on T M is C^∞ on T M \ {0} satisfying P (λy) = λP (y), ∀λ > 0, (a) P is called a Funk function if it satisfies the following system of PDEs P_{|k} = P P_{.k}.

(b) P is called a weak Funk function if it satisfies the following system of PDEs y^kP_{|k} = P^2.

Lemma ([12]). Let (M, F ) be a Finsler space. A Finsler metric F is pointwise projective to F̃ if and only if ∂F̃_{|k} ∂y^l y^k − F̃_{|l} = 0.

then G̃^i = G^i + P y^i, where P = F̃_{|k}yk 2F̃ . By above lemma an (α, β)-metric in the form of (1.1) is pointwise projective to α if and only if (2.4) φ^{′′}(α_{.l}β − αb_l)β_{|k}y^k = α^2φ^′(β_{|k.l}y^k − β_{|l}).

Now, we are going to study the Weyl curvature of spray as an important projective invariant. The Weyl’s projective invariant is constructed from the Riemann curvature. Define [3]

W^i_k(y) = R^i_k − Kδ^i_k − 1 n + 1∂y^m

(R^m_k − Kδ^m_k )y^i,

here K :=^1_{n−1} Ric =^1_{n−1} R^m. W_y : T_xM → T_xM is a linear transformation satisfying W_y(y) = 0. We call W := W_{yy∈T M0} the Weyl curvature. W is a projective invariant under projective transformations [14].

Theorem ([15]). A Finsler metric is of scalar curvature if and only if W = 0. Theorem ([15]). For a Riemannian metric (M, g) of dimension n > 2, the following conditions are equivalent.

(a) W = 0 (b) g is of scalar curvature. (c) g is of constant curvature. (d) g is locally projectively flat.

3. Proof of the main Theorem In the followings, we prove the main theorem.

Proposition. Let (M, F ) be a Finsler space of dimension n > 2. F is Einstein metric if and only if y_iV^i_k = −

3(n − 1) n + 1

Ky_k, Where V^i_k = W^i_k − R^i_k −^3_{n+1} Ric_{0k} y^i.

Proof. (i) Assume that F is Einstein. By definition of Weyl tensor, we have

y_iW^i_k − y_iR^i_k = −Ky_k − n − 2 n + 1

K_{.k}F^2 +

3F^2 n + 1

Ric_{0k},

then y_iV^i_k = −Ky_k − n − 2 n + 1

K_{.k}F^2, Since F is non-isotropic Einstein metric, it can be concluded 2Ky_k = K_{.k}F^2, therefore y_iV^i_k = −

3(n − 1) n + 1

Ky_k, this completes the proof (i).

(ii) Suppose y_iV^i_k = −

3(n − 1) n + 1

Ky_k, by definition of Weyl tensor, we have

−y_iV^i_k = y_i ( Kδ^i_k + n − 2 n + 1

K_{.k}y^i ) , it can be resulted in

Ky_k + n − 2 n + 1

K_{.k}F^2 =

3(n − 1) n + 1

Ky_k,

by a simple computation and n > 2, it is concluded that, 2Ky_k = K_{.k}F^2, this implies ( K F^2 ) .k = 0,

therefore F is Einstein. □

Proposition. Let F be projectively related to F̄ with projective factor P (of dimension n > 2) which F̄ is an Einstein Finsler metric. If F be Einstein, then (_E

F^2 ) where E = P^2 − P_{|k}y^k.

Proof. Let W and W be the Weyl curvature of F and F̄ . For Einstein Finsler metric F , we have y_iV^i_k =

−3(n − 1) n + 1

Ky_k, therefore y_iW^i_k = y_i ( R^i_k +

3 Ric_{0k} n + 1 y^i ) − 3(n − 1) n + 1

Ky_k,

but W^i_k is invariant under projective transformation, then

y_iW^i_k = yW^i_k = y_i ( R̄^i_k + 3Ric^{0k} n + 1 y^i ) − 3(n − 1) n + 1

K̄y_k,

therefore

(3.1) y_i(R^i_k − R̄^i_k) +

3y_i n + 1 ( Ric_{0k} y^i − Ric_{0k}y^i ) − 3(n − 1) n + 1

(K − K̄)y_k = 0,

but we know that Ric = Ric + (n − 1)E, and it implies that (3.2) K = K̄ + E,

By settling (3.1) in (2.2) one can conclude 3R^i_{kl} = 3R̄^i_{kl} + (E_{.l} − τ_l)δ^i_k − (E_{.k} − τ_k)δ^i_l + (τ_{k.l} − τ_{l.k} )y^i, therefore 3 Ric_{0l} = 3Ric_{0l} + (n − 2)E_{.l} − (n + 1)τ_l, by substituting the above in (3.1), it is concluded:

Ey_k + τ_k F^2 +

3y_i 3(n + 1)

((n − 2)E_{.k}y^i − (n + 1)τ_ky^i) −

3(n − 1) n + 1

Ey_k = − 2(n − 2) n + 1

Ey_k +

(n − 2)F^2

n + 1

E_{.k} = 0.

thus n − 2 n + 1

(E_{.k}F^2 − 2Ey_k) = 0.

Since n > 2, then

(_E

F^2 ) .k = 0. □

Proposition. Let F be a Finsler metric (n > 2) projectively related to F̄ , where F̄ is an Einstein non-isotropic Finsler metric, then F is Einstein if and only if ( F F̄ ) .k = 0.

Proof. Assume F is Einstein, by definition we have

(_K

F^2 ) .k = 0 and by above Lemma

(_E

F^2 ) .k = 0, then there exist a function ξ(x) where^{K−E}_{F 2} = ξ(x). F is projectively related to F̄ , then by (3.2) we have^K_{F 2} =^{K̄}_{F 2} +^E_{F 2} . But F̄ is Einstein non-isotropic Finsler metric then there is a non-zero function λ(x) such that K̄ = λ(x)F̄ . It can be concluded that

(_F F ) .k = 0. It is clear, conversely. □

Proof of Theorem. F is projectively related to F̄ then it can be said that G^i = Ḡi + P yi where P =^{F|k yk}_{2F} . By above proposition, there is a function of x only,

where F = f(x)F̄ then P =^{f|k yk}_{2f} .

By using the formula of G^i told in previous, it can be concluded

G^i = Ḡ^i + f_{;x}k y^k 2f y^i −

F̄^2 4f ḡ^{il}f_{;x}l = Ḡ^i + f_{;x}k y^k 2f y^i.

Then one can conclude that f_{;x}l = 0 and therefore f is constant. □

Corollary. A Finsler metric F (n > 2) projectively related to a Riemannian metric F̄ of constant sectional curvature is Einstein if and only if α is of constant flag curvature.

Proof. Let F be projectively related to Riemannian metric α of constant sectional curvature. This Riemannian metric is of constant sectional curvature, then W = 0 and since F is projectively related to α, then W = 0. This resulted in F is of scalar curvature. Then it is Einstein if and only if it is of constant flag curvature [13]. □

References

[1] H. Akbar-Zadeh. Opérateurs elliptiques sur le fibré unitaire tangent à une variété finslérienne. C. R. Acad. Sci. Paris Sér. A-B, 289(6):A405–A408, 1979.

[2] P. L. Antonelli, R. S. Ingarden, and M. Matsumoto. The theory of sprays and Finsler spaces with applications in physics and biology, volume 58 of Fundamental Theories of Physics. Kluwer Academic Publishers Group, Dordrecht, 1993.

[3] D. Bao, S.-S. Chern, and Z. Shen. An introduction to Riemann-Finsler geometry, volume 200 of Graduate Texts in Mathematics. Springer-Verlag, New York, 2000.

[4] D. Bao and C. Robles. Ricci and flag curvatures in Finsler geometry. In A sampler of Riemann-Finsler geometry, volume 50 of Math. Sci. Res. Inst. Publ., pages 197–259. Cambridge Univ. Press, Cambridge, 2004.

[5] J.-P. Bourguignon. Ricci curvature and Einstein metrics. In Global differential geometry and global analysis (Berlin, 1979), volume 838 of Lecture Notes in Math., pages 42–63. Springer, Berlin, 1981.

[6] C.-W. Kim and J.-W. Yim. Finsler manifolds with positive constant flag curvature. Geom.

Dedicata, 98:47–56, 2003.

[7] M. Matsumoto. Projective changes of Finsler metrics and projectively flat Finsler spaces.

Tensor (N.S.), 34(3):303–315, 1980.

[8] M. Matsumoto. Foundations of Finsler geometry and special Finsler spaces. Kaiseisha Press, Shigaken, 1986.

[9] Ĭ. Mikeš. Geodesic mappings of Einstein spaces. Mat. Zametki, 28(6):935–938, 962, 1980. [10] Ĭ. Mikeš. Geodesic mappings of special Riemannian spaces. In Topics in differential geometry, Vol. I, II (Debrecen, 1984), volume 46 of Colloq. Math. Soc. János Bolyai, pages 793–813. North-Holland, Amsterdam, 1988.

[11] R. Miron. Introduction to the theory of Finsler spaces. In The Proceedings of the National Seminar on Finsler Spaces (Braşov, 1980), pages 131–183, Timişoara, 1981. Univ. Timişoara.

[12] A. Rapcsák. Über die bahntreuen Abbildungen metrischer Räume. Publ. Math. Debrecen, 8:285–290, 1961.

[13] C. Robles. Enstein metrics of Randers type. PhD thesis, University of British Columbia, 2003.

[14] Z. Shen. On Landsberg (α, β)-metrics.

http://www.math.iupui.edu/~zshen/Research/preprintindex.html.

[15] Z. Shen. Differential geometry of spray and Finsler spaces. Kluwer Academic Publishers, Dordrecht, 2001.

[16] Z. Shen. Lectures on Finsler geometry. World Scientific Publishing Co., Singapore, 2001. [17] Z. Shen. On projectively related Einstein metrics in Riemann-Finsler geometry. Math.

Ann., 320(4):625–647, 2001.

[18] H. Yasuda and H. Shimada. On Randers spaces of scalar curvature. Rep. Mathematical Phys., 11(3):347–360, 1977.

Nasrin Sadeghzadeh Faculty of Mathematics and Computer Science, AMIRKABIR University of technology, 424 Hafez Ave, 15914, Tehran, Iran E-mail address: nasrin sadeghi@cic.aut.ac.ir

Bahman Rezaei Faculty of Mathematics and Computer Science, AMIRKABIR University of technology, 424 Hafez Ave, 15914, Tehran, Iran E-mail address: b rezaei@cic.aut.ac.ir

Asadollah Razavi Faculty of Mathematics and Computer Science, AMIRKABIR University of technology, 424 Hafez Ave, 15914, Tehran, Iran E-mail address: razavi asadolallah@yahoo.com