Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 24 (2008), 155–168

www.emis.de/journals
ISSN 1786-0091

ON THE GEOMETRY OF TWO-STEP NILPOTENT GROUPS WITH LEFT INVARIANT FINSLER METRICS

ANNAMÁRIA TÓTH AND ZOLTÁN KOVÁCS

Abstract. We begin a systematic study of these spaces following Eberlein’s comprehensive study in the Riemannian case. In particular, for some special groups (including Heisenberg groups) we give an explicit form for the Chern-Rund connection, study the curvature and the flag curvature, and derive the equations of relative geodesics.

1. Introduction

In this paper we study the differential geometry of simply connected, two-step, nilpotent Lie groups with left-invariant Finsler metric. There are some recent papers on invariant Finsler metrics on homogeneous manifolds (see e.g. [2, 4]), however the literature does not seem to contain much discussion of geometry of nilpotent Lie groups with a left invariant metric. The straight motivation of our present study is the first three sections of P. Eberlein’s comprehensive work [3]. We generalize Eberlein’s results (on curvature, sectional curvature, Ricci tensor and geodesics) to the Finsler setting, and this enumeration gives the outline of the present paper.

In possible connections determined by the Finslerian structure we consistently use the Chern-Rund connection. Following the usual approach, the Chern-Rund connection is a linear connection in the (splitted) pull-back bundle π^∗(τ_N ) = (T N ×_π T N, pr_1, T N), i.e.

D : X(T N) × Sec π^∗(τ_N ) → Sec π^∗(τ_N ).

However, starting from this connection and a nowhere vanishing vector field W , it is possible to define a linear connection on the base manifold N by the

2000 Mathematics Subject Classification. 53B40.

Key words and phrases. 2-step nilpotent Lie algebra, left-invariant Finsler metric, curvature of Finsler spaces. 155

following way (see e.g. [6]):

∇^W : X(N) × X(N) → X(N),

(X, Y ) → ∇_X Y = pr_2 ∘D_X h pr^♯_2(Y ) ∘ W,

where ♯ is the usual raising of a vector field on the base manifold to the pull-back bundle and the horizontal lift of a vector field is determined by the Finslerian structure (see Section 3.) This linear connection on the base manifold is called the Chern-Rund connection, too.

The discussion in the present work is restricted in the sense that the reference vector field is a (fixed) left-invariant vector field determined by a nonzero element of the center of the Lie algebra, moreover, our approach employs an additional condition, the so called compatibility condition. This compatibility condition formulates a relationship between the algebraic and geometric structure (see Definition 4). For example, this condition is true for the Heisenberg algebra ([3, Example 1]).

Generally, we assume that the two-step nilpotent Lie algebra N is equipped with a positive definite scalar product ⟨, ⟩. Let Z denote the center of N , and let V denote the orthogonal complement of the center with respect to ⟨, ⟩. For each element Z ∈ Z we define a skew-symmetric linear transformation j(Z): V → V by (1) j(Z)X = (ad X)^∗Z, X ∈ V.

Note, for the Heisenberg algebra j(Z)^2 = −‖Z‖^2 id. The transformations {j(Z) | Z ∈ Z} capture all the geometry of N equipped with the left invariant Riemannian metric determined by ⟨, ⟩ ([3, 5]). The Finslerian structure on the manifold N determines a Riemannian structure with respect to the reference vector field W , thus in our approach the above skew-symmetric transformation depends on the reference vector field and it is denoted by j_W .

2. Preliminaries

This section is a quick review of notions of Finsler spaces with left-invariant metrics. For basic notions of Finsler geometry we refer to the monograph [1].

Left invariant Finsler metrics.

Definition 1. Let V be a finite dimensional vector space with the canonical differentiable structure. The function f : V → [0, ∞) is called a Minkowskifunctional if it is smooth on V \ {0}, positively 1-homogeneous and for all W ∈ V \ {0} the symmetric bilinear form

⟨, ⟩_W : V × V → R,

(X, Y ) → ⟨X, Y ⟩_W = 1 2 ∂^2f^2(W + rX + sY ) ∂r∂s | | | |_{r=s=0} (2) is positive definite.

Definition 2. Let N be a Lie algebra and N is the simply connected Lie group with Lie algebra N . The Finslerian fundamental function F : T N → [0, ∞) is called left-invariant when (3) ∀a ∈ N, ∀X ∈ T_eN : F ((dL_a)_eX) = F (X), where L_a : N → N, x → L_a(x) = a · x is the left translation and e is the unit element of the group.

By left translations, for every Minkowski functional on N we can define a left invariant Finsler metric on N:

F ((dL_a)(X_e)) = f(X_e), (X_e ∈ T_eN, a ∈ N).

Our starting point in this paper is a two-step nilpotent Lie algebra N with a Minkowski functional f : N → [0, ∞) which generates a Finsler space with left invariant Finsler metric (N, F ) as written above.

Osculating objects. In the sequel we fix a nowhere vanishing vector field, the so called reference vector field. Generally such a vector field does not exist globally and we arrange that all objects live on an open subset U ⊂ N, where the reference vector field exists. However, in our notations we do not distinguish between U and N.

Definition 3. Let W be a nowhere vanishing vector field on N. We refer to W as reference vector field. The osculating Riemann metric ⟨, ⟩_W is determined by the Finslerian fundamental function F and by the reference vector field W in the following way:

(4) ⟨X_p, Y_p⟩_W = 1 2 ∂^2F^2(W_p + sX_p + tY_p) ∂s∂t | | |_{s,t=0} , p ∈ N, X, Y ∈ X(N).

Moreover for X, Y, Z ∈ X(N),

C_♭(X_p, Y_p, Z_p)_W = 1 4 ∂^3 ∂r∂s∂t | | | |_{r,s,t=0} F^2 (W^p + rX^p + sY^p + tZ^p)

is the (osculating) Cartan tensor, its (1, 2)-type version is defined by C_W : X(N ) × X(N ) → X(N ), ⟨C(X, Y )_W , Z⟩_W = C_♭(X, Y, Z)_W .

For the Cartan tensor we have (5) C_♭(W, X, Y )_W = C_♭(X, W, Y )_W = C_♭(X, Y, W )_W = 0.

It is easy to see that if F is a left-invariant Finsler fundamental function, moreover the reference vector field is left invariant also, then the osculating Riemann metric and the Cartan tensor are left invariant objects. Thus we may regard the osculating Riemannian metric as a positive definite scalar product, the Cartan tensor as a trilinear form (its (1, 2) version as a bilinear vector-valued form) on N .

The osculating scalar product ⟨, ⟩_W determines the orthogonal complement of the center which is denoted simply by V (without any indication of the reference vector field) and the skew-symmetric linear transformation (6) j_W : V → V, j_W (Z)X = (ad X)^∗Z, where ∗ refers to ⟨, ⟩_W , see (1).

Definition 4. The left invariant Finsler metric is compatible with N , if ∀X, Y ∈ N , ∀Z ∈ Z:

(7) C_W (X, Y )^Z = 0, C_W (Z, Y )^V = 0, where C_W (, ) = C_W (, )^Z + C_W (, )^V is the orthogonal decomposition of the Cartan tensor.

We note that if W ∈ Z then by (5) the condition (7) is true for a Lie algebra with one-dimensional center.

Lastly, we introduce the following notation: D_W : V × V → V, D_W (X, Y ) = C_W (j_W (W )X, Y ) + C_W (j_W (W )Y, X) + j_W (W )C_W (X, Y )^V . (8)

3. The Chern-Rund connection Definition 5 ([8]). The Chern-Rund connection ∇^W : X(N) × X(N) → X(N) (with respect to the reference vector field W ) is defined by 2 ⟨ ∇^W_X Y , Z ⟩ W = X ⟨Y, Z⟩_W + Y ⟨Z, X⟩_W − Z ⟨X, Y ⟩_W + + ⟨[X, Y ], Z⟩_W − ⟨[Y, Z], X⟩_W + ⟨[Z, X], Y ⟩_W − − 2C_♭(∇^W_X W, Y, Z)_W − 2C_♭(∇^W_Y W, Z, X)_W + + 2C_♭(∇^W_Z W, X, Y )_W . (9)

The Chern-Rund connection is torsion-free, that is, (10) ∇^W_X Y − ∇^W_Y X − [X, Y ] = 0, and almost metric, that is, (11) X ⟨Y, Z⟩_W = ⟨ ∇^W_X Y , Z ⟩ W + ⟨ Y, ∇^W_X Z ⟩ W + 2C_♭(∇^W_X W, Y, Z)_W .

For left invariant vector fields X, Y, Z, W , the first three terms of the right hand side of (9) vanish: 2 ⟨ ∇^W_X Y , Z ⟩ W = ⟨[X, Y ], Z⟩_W − ⟨[Y, Z], X⟩_W + ⟨[Z, X], Y ⟩_W − − 2C_♭(∇^W_X W, Y, Z)_W − 2C_♭(∇^W_Y W, Z, X)_W + + 2C_♭(∇^W_Z W, X, Y )_W .

(12)

Proposition 6. If the reference vector field W is from the center of the two-step nilpotent Lie algebra N , then ∀X, Y, Z ∈ N we have 2∇^W_X Y = [X, Y ] − (ad Y )^∗X − (ad X)^∗Y + C_W ((ad X)^∗W, Y ) + C_W ((ad Y )^∗W, X) + (ad C_W (X, Y ))^∗W,

(13)

Proof. At first, we substitute X = Y = W ∈ Z into (12). Considering (5) we get ∇^W W = 0.

Now, for any Y = W ∈ Z and Z ∈ N , (14) 2 ⟨ ∇^W_X W , Z ⟩ W = ⟨[Z, X], W ⟩_W = − ⟨Z, (ad X)^∗W ⟩_W , i.e. ∇^W_X W = −^1_2 (ad X)^∗W . Thus the right hand side of (12) can be expressed without any explicit reference to the Chern-Rund connection: 2 ⟨ ∇^W_X Y , Z ⟩ W = ⟨[X, Y ], Z⟩_W − ⟨Z, (ad Y )^∗X⟩_W − ⟨Z, (ad X)^∗Y ⟩_W − ⟨C_W ((ad X)^∗W, Y ), Z⟩_W + ⟨C_W ((ad Y )^∗W, X), Z⟩_W − ⟨C_W (X, Y ), (ad Z)^∗W ⟩_W .

Here the last term:

− ⟨C_W (X, Y ), (ad Z)^∗W ⟩_W = − ⟨[Z, C_W (X, Y )], W ⟩_W = ⟨Z, (ad C_W (X, Y ))^∗W ⟩_W , which gives the result. □ As a consequence, we have the following theorem and corollaries.

Theorem 7. If the reference vector field W is from the center of the two-step nilpotent Lie algebra N and X, Y ∈ N then ∇^W_X Y ∈ N . Proposition 8.

(a) ∇^W_X Y =^1_2 [X, Y ] +^1_2 D_W (X, Y ) for all X, Y ∈ V;

(b) ∇^W_X Z = −^1_2 j_W (Z)X +^1_2 C_W (j_W (W )X, Z) +^1_2 j_W (W )C_W (X, Z)^V , and ∇^W_X Z = ∇^W_Z X for all X ∈ V, Z ∈ Z;

(c) ∇^W_Z Z^∗ =^1_2 j_W (W )C_W (Z, Z^∗)^V for all Z, Z^∗ ∈ Z.

Proof. If X, Y ∈ V and Z ∈ N then ⟨(ad Y )^∗X, Z⟩_W = ⟨X, (ad Y )Z⟩_W = ⟨X, [Y, Z]⟩_W = 0, which implies (ad Y )^∗X = 0. Moreover, if X ∈ V then (ad W )^∗X = j_W (W )X. This observation with (8) gives (a).

By the identity (ad X)^∗Z = 0 (X ∈ Z) we see that the second and the fifth terms of the right hand side of (13) vanish. The remaining terms give statement (b).

The proof of (c) follows from the same fact as the proof of (b). □

For the compatibility case, one routinely obtains from the above proposition the following corollary.

Corollary 9. If the left invariant Finsler metric is compatible with the Lie algebra, then for the Chern-Rund connection we have

(A) ∇^W_X Y =^1_2 [X, Y ] +^1_2 D_W (X, Y ) for all X, Y ∈ V,

(B) ∇^W_X Z = ∇^W_Z X = −^1_2 j_W (Z)X for all X ∈ V, Z ∈ Z,

(C) ∇^W_Z Z^∗ = 0 for all Z, Z^∗ ∈ Z.

4. Curvature Recall that if X, Y, Z are vector fields on N then the curvature tensor is given by R(X, Y )Z = ∇^W_X ∇^W_Y Z − ∇^W_Y ∇^W_X Z − ∇^W_{[X,Y ]}Z.

If X, Y, Z are left invariant vector fields, then R(X, Y )Z is also left invariant, and we may regard R as a trilinear map N × N × N → N . Proposition 10. If the left invariant Finsler metric is compatible with the Lie algebra, then for the curvature of the Chern-Rund connection we have (a) R(Z_1, Z_2)Z_3 = 0 for all Z_1, Z_2, Z_3 ∈ Z. (b) R(X, Z_1)Z_2 = − 1 4 j_W (Z_1)(j_W (Z_2)X),

R(Z_1, Z_2)X = 1 4 j_W (Z_2)(j_W (Z_1)(X) − 1 4 j_W (Z_2)(j_W (Z_1)X)

for all X ∈ V, all Z_1, Z_2 ∈ Z.

(c) R(X, Y )Z = − 1 4 [X, j_W (Z)Y ] + 1 4 [Y, j_W (Z)X]− − 1 4 D_W (X, j_W (Z)Y ) + 1 4 D_W (Y, j(Z)X),

R(X, Z)Y = − 1 4 [X, j_W (Z)Y ] − 1 4 D_W (X, j_W (Z)Y ) + 1 4 j_W (Z)(D_W (X, Y ))

for all X, Y ∈ V, all Z ∈ Z. (d) R(X, Y )X^∗ = − 1 4 j_W ([Y, X^∗])X + 1 4 j_W ([X, X^∗])Y + 1 2 j_W ([X, Y ])X^∗+ + 1 4 [X, D_W (Y, X^∗)] + 1 4 D_W (X, D_W (Y, X^∗))− − 1 4 [Y, D_W (X, X^∗)] − 1 4 D_W (Y, D_W (X, X^∗))

for all X, Y, X^∗ ∈ V.

Proof. Assertion (a) follows directly from part (C) of Corollary 9.

By properties (C) and (B) of Corollary 9 it follows that

R(X, Z_1)Z_2 = −∇^W_{Z1} ∇^W_X Z_2 = 1 2 ∇^W_{Z1} (j_W (Z_2)X) = − 1 4 j_W (Z_1) (j_W (Z_2)X) and R(Z_1, Z_2)X = ∇^W_{Z1} ∇^W_{Z2} X − ∇^W_{Z2} ∇^W_{Z1} X = − 1 2 ∇^W_{Z1} (j_W (Z_2)X) + 1 2 ∇^W_{Z2} (j_W (Z_1)X) = 1 4 j_W (Z_1) (j_W (Z_2)X) − 1 4 j_W (Z_2) (j_W (Z_1)X)

which gives part (b) of the proposition.

Assertion (c) follows routinely from (C), (B) and (A):

R(X, Y )Z = ∇^W_X ∇^W_Y Z − ∇^W_Y ∇^W_X Z = − 1 2 ∇^W_X (j_W (Z)Y ) + 1 2 ∇^W_Y (j_W (Z)X) = − 1 4 [X, j_W (Z)Y ] − 1 4 D_W (X, j_W (Z)Y ) + 1 4 [Y, j_W (Z)X] + 1 4 D_W (Y, j_W (Z)X).

Similarly,

R(X, Z)Y = ∇^W_X ∇^W_Z Y − ∇^W_Z ∇^W_X Y = − 1 2 ∇^W_X (j_W (Z)Y ) − 1 2 ∇^W_Z ([X, Y ] + D_W (X, Y )) = − 1 2 ∇^W_X (j_W (Z)Y ) − 1 2 ∇^W_Z [X, Y ] =0 − 1 2 ∇^W_Z D_W (X, Y )

= 1 4 ( − [X, j_W (Z)Y ] − D_W (X, j_W (Z)Y ) + j_W (Z)D_W (X, Y ) ) . Finally,

R(X, Y )X^∗ = ∇^W_X ∇^W_Y X^∗ − ∇^W_Y ∇^W_X X^∗ − ∇^W_{[X,Y ]}X^∗ = 1 2 ∇^W_X ([Y, X^∗] + D_W (Y, X^∗)) − 1 2 ∇^W_Y ([X, X^∗] + D_W (X, X^∗)) + 1 2 j_W ([X, Y ])X^∗, and applying Corollary 9 once more, we get statement (d). □

5. Ricci tensor For X, Y ∈ N the Ricci tensor of (N, F ) is given by Ric(X, Y ) = trace{ξ → R(ξ, X)Y | ξ ∈ N }.

Moreover, let

d_1(X, Z) = trace{ξ → D_W (X, j_W (Z)ξ) | ξ ∈ V} d_2(X, Z) = trace{ξ → D_W (ξ, j_W (Z)X) | ξ ∈ V}, X ∈ V, Z ∈ Z.

Theorem 11. Let the left invariant Finsler metric be compatible with N . (a) 4 Ric(X, Z) = d_2(X, Z) − d_1(X, Z) for all X ∈ V, Z ∈ Z. In particular,

Ric(X, Z) = 0 for all X ∈ V, Z ∈ E = {Z ∈ Z | j_W (Z) = 0}. (b) Ric(Z, Z^∗) = − 1 4 trace {j_W (Z) ∘ j_W (Z^∗)} for all Z, Z^∗ ∈ Z.

Remark. Note, in the Riemannian case Ric(X, Z) = 0 for all X ∈ V, Z ∈ Z.

Proof. (a) Let (V_1, . . . , V_n) and (Z_1, . . . , Z_m) be orthonormal bases of V and Z respectively. By definition, Ric(X, Z) = n∑ i=1 ⟨R(V_i, X)Z, V_i⟩_W + m∑ α=1 ⟨R(Z_α, X)Z, Z_α⟩_W

R(Z_α, X)Z ∈ V (see part (b) of Proposition 10) thus the second term is zero. Concerning the first term, we apply part (c) of Proposition 10: = − n∑ i=1 1 4 ⟨D_W (V_i, j_W (Z)X), V_i⟩_W

+ n∑ i=1 1 4 ⟨D_W (X, j_W (Z)V_i), V_i⟩_W .

(b) In a similar way, applying parts (a) and (b) of Proposition 10 we get

Ric(Z, Z^∗) = n∑ i=1 ⟨R(V_i, Z)Z^∗), V_i⟩_W + m∑ α=1 ⟨R(Z_α, Z)Z^∗ 0 , Z_α⟩_W

= − 1 4 ⟨j_W (Z)(j_W (Z^∗))V_i, V_i⟩_W = − 1 4 trace {j_W (Z) ∘ j_W (Z^∗)} . □ Corollary 12. For the Heisenberg algebra (15) Ric(Z, Z) = n 4 ‖Z‖^2_W , Z ∈ Z where n = dim V.

Proof. By (b), if Z = Z^∗ then Ric(Z, Z) = − 1 4 trace{j_W (Z)^2}.

For the Heisenberg algebra j_W (Z)^2 = −‖Z‖^2_W id on V which gives the statement. □ 6. Flag curvature The flag curvature in Finsler geometry is a natural extension of the sectional curvature in Riemannian geometry. In general, the flag curvature K(Π, V ) depends not only on the 2-plane Π, but also the pole vector V ∈ Π. Definition 13. Let Π ⊂ T_xN, Π = span(Y, V ) where (Y, V ) is an orthonormal pair with respect to ⟨, ⟩_V . The flag curvature of (Π, V ) is defined by the formula K(Π, V ) = ⟨R(Y, V )V , Y ⟩_V .

In our approach the pole vector coincides with the reference vector W , but contrary to the previous sections we do not suppose that W ∈ Z, we suppose only the condition that the reference vector is a geodesic vector, i.e. ∇^W W = 0. Remark. A W ∈ N non-zero vector is a geodesic vector if and only if (16) ∀Z ∈ N : ⟨[Z, W ], W ⟩_W = 0, in particular, a non-zero vector of the center is automatically a geodesic vector. Indeed, from (12) we have 2 ⟨ ∇^W W , Z ⟩ W = − ⟨[W, Z], W ⟩_W + ⟨[Z, W ], W ⟩_W = 2 ⟨[Z, W ], W ⟩_W .

Theorem 14. Let N be a two-step nilpotent Lie algebra and N is the simply connected two-step nilpotent Lie group with Lie algebra N . Let W be a unit-length geodesic vector of the Finsler manifold N with left invariant Finsler metric.

a) If Z ∈ Z, Π = span(Z, W ) and (Z, W ) is an orthonormal pair with respect to ⟨, ⟩_W then

K(Π, W ) = 1 4 ‖(ad W )^∗Z‖^2_W .

In particular K(Π, W ) = 0, if W ∈ Z.

b) If V ∈ V, Π = span(V, W ) and (V, W ) is an orthonormal pair with respect to ⟨, ⟩_W then

K(Π, W ) = − 3 4 ‖[V, W ]‖^2_W + 1 4 ‖(ad V )^∗W ‖^2_W .

In particular

K(Π, W ) = 1 4 ‖j_W (W )V ‖^2_W if W ∈ Z.

Proof. If W is a geodesic vector, i.e. ∇^W W = 0 then for the Chern-Rund connection one obtains 2 ⟨ ∇^W_X W , Z ⟩ W = ⟨[X, W ], Z⟩_W − ⟨[W, Z], X⟩_W + ⟨[Z, X], W ⟩_W , see (12). Thus

∇^W_X W = 1 2 {[X, W ] − (ad W )^∗X − (ad X)^∗W } ,

where the adjoint operator ∗ refers to the scalar product ⟨, ⟩_W . The Chern-Rund connection is torsion-free, thus

∇^W X = 1 2 {[W, X] − (ad W )^∗X − (ad X)^∗W } .

In particular

∇^W_Z W = − 1 2 (ad W )^∗Z = ∇^W Z if Z ∈ Z,

(17)

∇^W_V W = 1 2 {[V, W ] − (ad V )^∗W } if V ∈ V,

(18) ∇^W V = 1 2 {[W, V ] − (ad V )^∗W } if V ∈ V.

(19)

Let Z ∈ Z.

R(Z, W )W = ∇^W_Z ∇^W W − ∇^W ∇^W_Z W − ∇^W_{[Z,W ]}W = −∇^W ∇^W_Z W = 1 2 ∇^W (ad W )^∗Z.

(ad W )^∗Z ∈ V, thus applying (19) we immediately obtain R(Z, W )W = 1 4 {[W, (ad W )^∗Z] − [ad((ad W )^∗Z)]^∗W } and ⟨R(Z, W )W , Z⟩_W = 1 4 {⟨(ad W )^∗Z, (ad W )^∗Z⟩_W − ⟨W, [(ad W )^∗Z, Z]⟩_W } = 1 4 ‖(ad W )^∗Z‖^2_W .

Let V ∈ V. From (17)–(19) we obtain R(V, W )W = ∇^W_V ∇^W W − ∇^W ∇^W_V W − ∇^W_{[V,W ]}W = − 1 2 ∇^W ([V, W ] − (ad V )^∗W ) + 1 2 (ad W )^∗[V, W ] = 1 4 (ad W )^∗[V, W ] + 1 4 [W, (ad V )^∗W ] − 1 4 [ad((ad V )^∗W )]^∗W + 1 2 (ad W )^∗[V, W ].

Observe that

⟨R(V, W )W , V ⟩_W = − 3 4 ⟨[V, W ], [V, W ]⟩_W + 1 4 ⟨[W, (ad V )^∗W ], V ⟩_W − 1 4 ⟨W, [(ad V )^∗W, V ]⟩_W = − 3 4 ‖[V, W ]‖^2_W + 1 4 ⟨(ad V )^∗W , (ad V )^∗W ⟩_W = − 3 4 ‖[V, W ]‖^2_W + 1 4 ‖(ad V )^∗W ‖^2_W . □ 7. Relative geodesics Definition 15. The curve γ : I → N is called a relative geodesic of the Chern- Rund connection when ∇^W_γ′ γ^′ = 0 (see e.g. [7]).

To describe relative geodesics of (N, F ) it suffices to describe those geodesics that begin at the identity of N. Let γ be a curve with γ(0) = e (identity of N), and let γ^′(0) = X_0 +Z_0 ∈ N , where X_0 ∈ V, Z_0 ∈ Z. In exponential coordinates we write γ(t) = exp(X(t) + Z(t)), X(t) ∈ V, Z(t) ∈ Z, and X^′(0) = X_0, Z^′(0) = Z_0.

It is easy to see that

(20) γ^′(t) = dL_{γ(t)} ( X^′(t) + Z^′(t) + 1 2 [X^′(t), X(t)] )

Let S = X^′ + Z^′ +^1_2 [X^′, X].

Theorem 16. Suppose that the left invariant Finsler metric is compatible with the 2-step nilpotent Lie algebra and W ∈ Z. Then the curve γ is a relative geodesic of the Chern-Rund connection if and only if the following equations are satisfied:

Z^′ + 1 2 [X^′, X] = Z_0, X^{′′} − j_W (Z_0)X^′ + 1 2 D_W (X^′, X^′) = 0.

Proof. Using the left-invariant property of the Chern-Rund connection and (20) we get

(21) ∇^W_γ′ γ^′ = ∇^W_S S = ∇^W_S X^′ + ∇^W_S (Z^′ + 1 2 [X^′, X]).

Let (V_1, . . . , V_n) and (Z_1, . . . , Z_m) be orthonormal bases of V and Z respectively and X = v^iV_i, Z = u^αZ_α. Moreover, the structure constants A^α_{ij} for the Lie algebra are given as follows:

[V_i, V_j ] = A^α_{ij} Z_α.

At first we determine the first term of the right hand side of (21).

∇^W_S X^′ = ∇^W_S (v̇^iV_i) = v̈^iV_i + v̇^i∇^W_S V_i = X^{′′} + v̇^i∇^W_X ′ V_i + v̇^i∇^W_{Z′ +} 1_{2 [X ′,X]}V_i

= X^{′′} + 1 2 v̇^i[X^′, V_i] + 1 2 v̇^iD_W (X^′, V_i) − 1 2 v̇^ij_W (Z^′ + 1 2 [X^′, X])V_i

= X^{′′} + 1 2 D_W (X^′, X^′) − 1 2 j_W (Z^′ + 1 2 [X^′, X])X^′.

Now, calculate the second term of the right hand side of (21).

∇^W_S ( Z^′ + 1 2 [X^′, X] ) = ∇^W_S (u̇^αZ_α) + 1 2 ∇^W_S ( v̇^iv^j A^α_{ij} Z_α ) = ü^αZ_α + u̇^α∇^W_S Z_α + 1 2 ( v̈^iv^j + v̇^iv̇^j ) A^α_{ij} Z_α + 1 2 v̇^iv^j A^α_{ij} ∇^W_S Z_α

= Z^{′′} + 1 2 [X^{′′}, X] + ( u̇^α + 1 2 v̇^iv^j A^α_{ij} ) ∇^W_X ′ Z_α

= Z^{′′} + 1 2 [X^{′′}, X] − 1 2 j_W ( Z^′ + 1 2 [X^′, X] ) X^′.

Therefore

∇^W_γ′ γ^′ = X^{′′} + 1 2 D_W (X^′, X^′) − j_W ( Z^′ + 1 2 [X^′, X] ) X^′

+ Z^{′′} + 1 2 [X^{′′}, X].

Relative geodesics are then characterized by the system

X^{′′} + 1 2 D_W (X^′, X^′) − j_W ( Z^′ + 1 2 [X^′, X] ) X^′ = 0

Z^{′′} + 1 2 [X^{′′}, X] = 0.

(22)

The second equation implies

Z^′ + 1 2 [X^′, X] = Z_0

and the first equation of (22) reduces to

X^{′′} + 1 2 D_W (X^′, X^′) − j_W (Z_0) X^′ = 0. □ References

[1] D. Bao, S.-S. Chern, and Z. Shen. An Introduction to Riemann-Finsler Geometry. Springer, 2000.

[2] S. Deng and Z. Hou. Invariant Finsler metrics on homogeneous manifolds. J. Phys. A, Math. Gen., 37(34):8245–8253, 2004.

[3] P. Eberlein. Geometry of 2-step nilpotent groups with a left invariant metric. Ann. Sci.

Éc. Norm. Supér., IV. Sér., 27(5):611–660, 1994.

[4] E. Esrafilian and H. Moghaddam. Flag curvature of invariant Randers metrics on homogeneous manifolds. J. Phys. A, Math. Gen., 39(13):3319–3324, 2006.

[5] A. Kaplan. Riemannian manifolds attached to Clifford modules. Geom. Dedicata, 11:127– 136, 1981.

[6] L. Kozma. On osculation of Finsler-type connections. Acta Math. Hungar., 53(3–4):389– 397, 1989.

[7] L. Kozma. On osculation of geodesics of a Finsler pair connection. Tensor, New Ser., 54:22–27, 1993.

[8] H.-B. Rademacher. Nonreversible Finsler metrics of positive flag curvature. In D. Bao, R. Bryant, S.-S. Chern, and Z. Shen, editors, A Sampler of Riemann-Finsler Geometry, volume 50 of MSRI Publications, pages 261–302. Cambridge University Press, 2004.

A. Tóth Institute of Mathematics, University of Debrecen, 4010 Debrecen, Pf. 12, Hungary E-mail address: ta0007@stud.unideb.hu

Z. Kovács Institute of Mathematics and Computer Science, College of Nyíregyháza, 4401 Nyíregyháza, Pf. 166, Hungary E-mail address: kovacsz@nyf.hu