Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 24 (2008), 243–248

www.emis.de/journals
ISSN 1786-0091

SOME GENERAL OSTROWSKI-GRÜSS TYPE INEQUALITIES

YU MIAO AND LUMING SHEN

Abstract. Some new generalizations of Ostrowski-Grüss type inequalities for functions of Lipschitzian type and probability distribution inequalities are established.

1. Introduction

Definition 1.1. The function f : [a, b] → R is said to be (l, L)-Lipschitzian on [a, b] if

l(x_2 − x_1) ≤ f(x_2) − f(x_1) ≤ L(x_2 − x_1), for a ≤ x_1 ≤ x_2 ≤ b,

where l, L ∈ R with l < L.

Liu [4] generalizes the results in [2] and [5] to functions which are L- Lipschitzian and (l, L)-Lipschitzian respectively as follows.

Theorem L. Let f : [a, b] → R be (l, L)-Lipschizian on [a, b]. Then we have

(1.1) | | | | 1 b − a

∫_b a f(t)dt − f(x) + ( x − a + b 2 ) S | | | | ≤ b − a 2 (S − l) and (1.2) | | | 1 b − a

∫_b a f(t)dt − f(x) + ( x − a + b 2 ) S | | | ≤ b − a 2 (L − S)

for all x ∈ [a, b], where S = (f(b) − f(a))/(b − a).

Recently there are many versions of the Ostrowski-Grüss type inequalities (see [1, 2, 3, 4, 5]). In the present paper, we will give some general Ostrowski- Grüss type inequalities in view of the probability theory.

2000 Mathematics Subject Classification. 26D15.

Key words and phrases. Ostrowski-Grüss type inequalities; probability distribution. 243

2. Main results The following lemma is easy from the elementary knowledge of probability theory.

Lemma 2.1. Let X be a random variable with uniform distribution on the support interval [a, b], i.e., the probability density function of X is equal to (b − a)^{−1}, x ∈ [a, b] and zero elsewhere. Accordingly, let us denote EX the mathematical expectation of random variable X. Then for any x ∈ [a, b], we have E(X − x)1_{X≥x} =

(b − x)^2 2(b − a) and E(x − X)1_{X<x} =

(x − a)^2 2(b − a) , where 1_A denotes the indicator function of the set A ⊂ [a, b].

From the above key lemma, we will give a more precise version of Theorem L. Theorem 2.2. Under the assumptions of Theorem L, we have

(2.1) (l − S)

(b − x)^2 2(b − a)

+ (S − L)

(x − a)^2 2(b − a) ≤ 1 b − a

∫_b a f(t)dt − f(x) + ( x − a + b 2 ) S ≤ (L − S)

(b − x)^2 2(b − a)

+ (S − l)

(x − a)^2 2(b − a) , for all x ∈ [a, b].

Proof. Let X be a random variable with uniform distribution on the support interval [a, b]. Then it is easy to see that 1 b − a

∫_b a f(t)dt − f(x) = E(f(X) − f(x)) and x − a + b 2 = E(x − X).

Thus, we have 1 b − a

∫_b a f(t)dt − f(x) + ( x − a + b 2 ) S = E(f(X) − f(x)) + SE(x − X) = E[(f(X) − f(x)) − S(X − x)]1_{X≥x} + E[(f(X) − f(x)) − S(X − x)]1_{X<x}.

Furthermore, by Definition 1.1 and Lemma 2.1, it follows that

(l − S)

(b − x)^2 2(b − a)

+(S − L)

(x − a)^2 2(b − a) = =(l − S)E(X − x)1_{X≥x} + (S − L)E(x − X)1_{X<x} ≤E[(f(X) − f(x)) − S(X − x)]1_{X≥x}+

+ E[(f(X) − f(x)) − S(X − x)]1_{X<x} ≤(L − S)E(X − x)1_{X≥x} + (S − l)E(x − X)1_{X<x}

=(L − S)

(b − x)^2 2(b − a)

+ (S − l)

(x − a)^2 2(b − a)

which implies the inequality (2.1). □

Corollary 2.3. Under the assumptions of Theorem L, we have

(2.2) | | | 1 b − a

∫_b a f(t)dt − f(x) + ( x − a + b 2 ) S | | | ≤ M

(b − a) 2 , for all x ∈ [a, b], where M = max{(L − S), (S − l)}.

Proof. Let g(x) = A(b−x)^2 +B(x−a)^2, where A, B are two positive constants. Then it is easy to check that the maximum point of g(x) is at x = a or x = b. From this fact and Theorem 2.2, the desired inequality (2.2) is obtained. □

Corollary 2.4. Under the assumptions of Theorem L, we have

(2.3) | | | | 1 b − a

∫_b a f(t)dt − f ( a + b 2 )| | | ≤ (b − a) 8 (L − l).

Corollary 2.5. Under the assumptions of Theorem L, we have

(2.4) −(S − l)

(b − a) 2 ≤ 1 b − a

∫_b a f(t)dt − f(a) + f(b) 2 ≤ (L − S)

(b − a) 2 and (2.5) −(L − S)

(b − a) 2 ≤ 1 b − a

∫_b a f(t)dt − f(a) + f(b) 2 ≤ (S − l)

(b − a) 2 .

3. Inequalities in Probability distribution In this section we will give some results for probability distribution.

Lemma 3.1. Let X be a random variable on [a, b] and E(X) is the expectation of X. Then we have the following equality,

(3.1)

P(X ≤ x)− 1 b − a ( x − a + b 2 ) − b − E(X)

b − a = =P(X ≤ x) +

EX − x b − a − 1 2 = ∫_x a P(t ≤ X ≤ x)dt −

∫_b x P(x < X < t)dt b − a + a − x b − a + 1 2 . Proof. Noting the following facts,

P(X ≤ x)+ EX b − a = = ∫_b a P(X ≤ x)dt + E(

∫_X a dt) + a b − a = ∫_b a P(X ≤ x)dt +

∫_b a P(X ≥ t)dt + a b − a = ∫_x a [P(X ≤ x) + P(X ≥ t)]dt +

∫_b x [P(X ≤ x) + P(X ≥ t)]dt + a b − a = x − a +

∫_x a P(t ≤ X ≤ x)dt + b − x −

∫_b x P(x < X < t)dt + a b − a = b − a +

∫_x a P(t ≤ X ≤ x)dt −

∫_b x P(x < X < t)dt + a b − a and P(X ≤ x) − 1 b − a ( x − a + b 2 ) − b − EX b − a

= P(X ≤ x) +

EX − x b − a − 1 2 ,

we have

P(X ≤ x) +

EX − x b − a − 1 2 = ∫_x a P(t ≤ X ≤ x)dt −

∫_b x P(x < X < t)dt b − a + a − x b − a + 1 2 . □

Corollary 3.2. Under the assumptions of Lemma 3.1, we have the following inequalities

(3.2) − (b − x)P(X > x) b − a + a − x b − a + 1 2 ≤ ≤ ∫_x a P(t ≤ X ≤ x)dt −

∫_b x P(x < X < t)dt b − a + a − x b − a + 1 2 ≤ (x − a)P(X ≤ x) b − a + a − x b − a + 1 2 . Furthermore | | | | ∫_x a P(t ≤ X ≤ x)dt −

∫_b x P(x < X < t)dt b − a + a − x b − a + 1 2 | | | | ≤ 1 2 . Corollary 3.3. Under the assumptions of Lemma 3.1, we have

(3.3) | | |E(X) − a + b 2 | | | ≤ b − a 2 . Proof. We set x = a or x = b in (3.1) and by Corollary 3.2 to get the desired result. □

Corollary 3.4. Under the assumptions of Lemma 3.1, we have

(3.4) − P ( X >^{a+b}_2 ) 2 ≤ P ( X ≤ a + b 2 ) − b − E(X) b − a ≤ P ( X ≤^{a+b}_2 ) 2 . In particular, assume that m is the median of the random variable X, i.e., P(X ≤ m) ≥ 1/2 and P(X ≥ m) ≥ 1/2, then we have | | | |P(X ≤ m) − 1 b − a ( m − a + b 2 ) − b − E(X) b − a | | | | ≤ 1 4 . References

[1] N. S. Barnett, S. S. Dragomir, and R. P. Agarwal. Some inequalities for probability, expectation, and variance of random variables defined over a finite interval. Comput. Math. Appl., 43(10-11):1319–1357, 2002.

[2] X.-L. Cheng. Improvement of some Ostrowski-Grüss type inequalities. Comput. Math.

Appl., 42(1-2):109–114, 2001.

[3] Z. Liu. A sharp inequality of Ostrowski-Grüss type. JIPAM. J. Inequal. Pure Appl.

Math., 7(5):Article 192, 10 pp. (electronic), 2006.

[4] Z. Liu. Some Ostrowski-Grüss type inequalities and applications. Comput. Math. Appl., 53(1):73–79, 2007.

[5] N. Ujević. New bounds for the first inequality of Ostrowski-Grüss type and applications.

Comput. Math. Appl., 46(2-3):421–427, 2003.

Received March 24, 2008.

Yu Miao, College of Mathematics and Information Science, Henan Normal University, Xinxiang 453002, Henan, China E-mail address: yumiao728@yahoo.com.cn

Luming Shen, Science College, Hunan Agriculture University, Changsha 410028, Hunan, China E-mail address: shenluming 20@163.com