Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 24 (2008), 267–270

www.emis.de/journals
ISSN 1786-0091

INDIVISIBILITY OF CLASS NUMBERS OF REAL QUADRATIC FIELDS

AYTEN PEKIN

Abstract. Let N denote the sets of positive integers and D ∈ N be square free, and let χ_D, h = h(D) denote the non-trivial Dirichlet character, the class number of the real quadratic field K = Q( √ D), respectively. Let L(s, χ_D) denote the L-function attached to χ_D. In this paper, by using an upper bound different from current bounds for L(1, χ_D) and applying Dirichlet’s class number formula, we will show indivisibility of h = h(D) by any prime.

1. Introduction

Let Z, N, Q denote the sets of integers, positive integers and rational numbers, respectively. Throughout D ∈ N will be assumed square free, K = Q( √ D) will denote the real quadratic field, and the class number of K will be denoted by h = h(D). Let Δ denote the discriminant, ε_D the fundamental unit of K.

One of the main problems deals with the structure of class group of K, and so one naturally studies the divisibility of h(D) by primes. Many authors have studied such fields and considered generalizations thereof. Cohen-Lenstra are among them. They predicted that there are infinitely many real quadratic fields K = Q( √ D) whose class numbers are indivisible by any prime p [1].

In this paper, we consider real quadratic fields and we will prove the following theorem.

Theorem. Let p > 3 be a prime. If p ≡ 1 (mod 4) , then the class numbers of real quadratic fields K = Q( √ p^2 − 4) and K = Q( √ p^2 − 2) are indivisible by p.

2000 Mathematics Subject Classification. 11R29. Key words and phrases. Real quadratic number field. 267

2. Preliminaries In order to prove above theorem we obtain an upper bound different from current bounds for the class numbers of the real quadratic fields and we need the following lemma for this.

Lemma 2.1. i. If D is a prime with D ≡ 1 (mod 4), we have

ε_D > {√ D ∓ 1, D = n^2 ∓ 4, (n ∈ Z) √ 4D ∓ 1, in the other cases.

ii. If D is a prime with D ≡ 3 (mod 4), we have

ε_D > { 2D ∓ 1, D = n^2 ∓ 2, 8D ∓ 1, in the other cases.

Proof. i. Let

ε_D = t + u √ D 2 > 1 be the fundamental unit of K = Q( √ D). Since ε_D is equal to the fundamental solution of the Pell’s equation x^2 − Dy^2 = ∓4, then we can write

ε_D^2 = ( t + u √ D 2 ) 2 = 1 4 ( √ Du^2 ∓ 4 + u √ D)^2 > Du^2 ∓ 1 ≥ { D ∓ 1, u = 1 4D ∓ 1, u > 1.

Therefore, we have

ε_D > {√ D ∓ 1, D = n^2 ∓ 4 √ 4D ∓ 1, in the other cases.

ii. If D ≡ 3 (mod 4), then we have

ε_D^2 = ( t + u √ D 2 )_2

from the least positive integer solution (x, y) = (t, u) of the Pell’s equation x^2 − Dy^2 = ∓2 [5]. Similarly, we can write

ε_D > { 2D ∓ 1, D = n^2 ∓ 2, (n : odd integer ) 8D ∓ 1, in the other cases. □ Lemma 2.2. Let D ∈ N be square free, then h(D) < √ D. In order to prove this we need the following Lemma [4].

INDIVISIBILITY OF CLASS NUMBERS OF REAL QUADRATIC FIELDS 269

Lemma 2.3. Let γ be Euler’s constant, then

|L(1, χ_D)| ≤

{_1

4 (log Δ + 2 + γ − log π), 2 | Δ, 1 2 (log Δ + 2 + γ − log 4π), otherwise.

Proof of Lemma 2.2. By Dirichlet’s class number formula, we have

h(D) = √ Δ 2 log ε_D

|L(1, χ_D)|

where Δ is a fundamental discriminant of a quadratic field define by Δ = { 4D, D ≡ 2, 3 (mod 4) D, D ≡ 1 (mod 4).

First, we consider the case D ≡ 1 (mod 4) and D = n^2 ∓ 4. Thus, by the upper bound for L(1, χ_D) in Lemma 2.3, we have that

h(D) < √ D(log D + 1, 478) 4 log √ D ∓ 1 = √ D(log D + 1, 478) 2 log(D ∓ 1) < √ D, (D > 5).

Moreover, we can write

h(D) ≤ �√ D(log D + 1, 478) 2 log(D ∓ 1) �

where �x� is the greatest integer less than or equal to x. It is also h(D) < √ D for D ≠ n^2 ∓ 4.

Now, we consider the case D ≡ 3 (mod 4) and D = n^2 ∓ 2 (n ∈ Z is odd ). Similarly, by applying Lemmas 2.1, 2.3 and using class number formula, we get

h(D) < √ D(log 4D + 1, 478) 2 log(2D ∓ 1) < √ D and h(D) ≤ �√ D(log 4D + 1, 478) 2 log(2D ∓ 1) �

It is also true for D ≠ n^2 ∓ 2. □

3. Proof of Theorem

Specially, if we write Ds depend on prime p in the forms of D = p^2 − 4 , D = p^2 − 2 we can immediately see that h(D) < p for the class numbers of real quadratic fields K = Q( √ p^2 − 4), K = Q( √ p^2 − 2) from Lemma 2.2.

Therefore we have h(D) ≢ 0 (mod p). This prove that h(D) is indivisible by prime p with p ≡ 1 (mod 4) for above mentioned real quadratic fields.

Corollary 3.1. Let D ≡ 1, 3 (mod 4) be a prime satisfying D = p^2 − r (r | 4p, r ∈ (−p, p]) then the class numbers of K = Q( √ p^2 − r) are indivisible by prime p with p ≡ 1 (mod 4).

References

[1] H. Cohen and H. W. Lenstra, Jr. Heuristics on class groups of number fields. In Number theory, Noordwijkerhout 1983 (Noordwijkerhout, 1983), volume 1068 of Lecture Notes in Math., pages 33–62. Springer, Berlin, 1984.

[2] L. K. Hua. Introduction to number theory. Springer-Verlag, Berlin, 1982. Translated from the Chinese by Peter Shiu.

[3] S. Louboutin. Majoration au point 1 des fonctions L associées aux caractères de Dirichlet primitifs, ou au caractère d’une extension quadratique d’un corps quadratique imaginaire principal. J. Reine Angew. Math., 419:213–219, 1991.

[4] S. Louboutin. Majorations explicites de |L(1, χ)|. C. R. Acad. Sci. Paris Sér. I Math., 316(1):11–14, 1993.

[5] R. A. Mollin. Diophantine equations and class numbers. J. Number Theory, 24(1):7–19, 1986.

[6] R. A. Mollin. On the insolubility of a class of Diophantine equations and the nontriviality of the class numbers of related real quadratic fields of Richaud-Degert type. Nagoya Math. J., 105:39–47, 1987.

[7] K. Petr. Über die Pellsche Gleichung. Časopis Pěst. Mat., pages 57–66, 1927.

Department of Mathematics, Faculty of Sciences and Arts, Trakya University, 22030 Edirne, Turkey E-mail address: aytenpekin@trakya.edu.tr