Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 24 (2008), 297–307

www.emis.de/journals
ISSN 1786-0091

ON S-QUASINORMAL SUBGROUPS OF FINITE GROUP

JEHAD J. JARADEN

Abstract. A subgroup H of a group G is called S-quasinormal in G if it permutes with every Sylow subgroup of G. In this paper, we extend the study on the structure of a finite group under the assumption that some subgroups of F^∗(G) are S-quasinormal in G.

1. Introduction

Throughout this paper, all groups are finite. Recall that two subgroups A and B of a group G are said to permute if AB = BA. It is easily seen that A and B permute iff the set AB is a subgroup of G. A subgroup A of the group G is called quasinormal [19] or permutable [26, 8] in G if it permutes with all subgroups of G. The permutable subgroups have many interesting properties especially in the case when G is a finite group. It was observed by Ore [19] that every permutable subgroup H of a finite group G is subnormal. By extending this result, Ito and Szép have proved in [11] that for every permutable subgroup A of a finite group G, A/A_G is nilpotent. Here A_G is the kernel of A, that is the largest normal subgroup of G contained in A. Another important result related to Ore’s result was obtained by Stonehewer in [26] in which he has proved that every permutable subgroup of every finitely generated group G is subnormal in G. Some later, Maier and Schmid proved in [18] that for every permutable subgroup A of G it is true that A^G/A_G ⊆ Z_∞(G/A_G). Here A^G is the normal closure of A in G that is the intersection of all such normal subgroups of G which contain A. This result shows that ”difference” between normality and permutability in general is small and several authors have investigated subgroups of finite groups

2000 Mathematics Subject Classification. 20D10.

Key words and phrases. Finite group, saturated formation; S-quasinormal subgroup, Sylow subgroup, supersoluble group.

Dr. Jehad J. Jaraden thanks the administration of Al-Hussein Bin Talla University for granting him a sabbatical year during which he developed this work. 297

which are permutable with all subgroups of some given system of subgroups. In this connection we first of all have to remind here about the following paper by Kegel [15] A subgroup A of a group G is called s-quasinormal if it permutes with all Sylow subgroups of G. It was discovered by Kegel [15] and Deskins [7] that subgroups of this kind have the properties similar to the properties of permutable subgroups and, in particular, they are subnormal. After these two papers several authors were studying and applying s-quasinormal subgroups. My main goal here is to discuss some new applications of such subgroups.

Several authors have investigated the structure of a group G under the assumption that the maximal or the minimal subgroups of the Sylow subgroups of some subgroups of G are well situated in G. Buckly in [6] proved that a group of odd order is supersoluble if all its minimal subgroups are normal. Later on, Srinivasan in [14] showed that a group G is supersoluble if it has a normal subgroup N with supersoluble quotient G/N such that all maximal subgroups of the Sylow subgroups of N are normal in G. Ramadan proved in [20]: If G is a soluble group and all maximal subgroups of any Sylow subgroup of F (G) are normal in G, then G is supersoluble. Some later several authors were studying groups G in which the maximal or the minimal subgroups of the Sylow subgroups of some subgroups of G are s-quasinormal in G (see for example [24, 5]). The most general results in this trend were obtained in [16, 17] where the following two nice theorems were proved:

Theorem A. Let F be a saturated formation containing all supersoluble groups and G be a group with a normal subgroup E such that G/N ∈ F. If all minimal subgroups and all cyclic subgroups with order 4 of F^∗(N) are s-quasinormal G, then G ∈ F (see [17, Theorem 3.1].)

Theorem B. Let F be a saturated formation containing all supersoluble groups and G be a group with a normal subgroup E such that G/N ∈ F. If all maximal subgroups of the Sylow subgroups of F^∗(E) are s-quasinormal in G, then G ∈ F (see [16, Theorem 3.1]).

In the connection with Theorems A, B the following natural question arises: Let F be a saturated formation containing all supersoluble groups and G be a group with a normal soluble subgroup E such that G/E ∈ F. Is the group G in F if for every Sylow subgroup P of F (G) at least one of the following conditions holds:

(1) The maximal subgroups of P are s-quasinormal in G; (2) The minimal subgroups of P and all its cyclic subgroups with order 4 are s-quasinormal in G?

We prove the following theorem which gives the positive answer to this question.

Theorem C. Let F be a saturated formation containing all supersoluble groups and G be a group with a normal subgroup E such that G/E ∈ F. Suppose that every non-cyclic Sylow subgroup P of F^∗(N) has a subgroup D such that 1 < |D| < |P | and all subgroups H of P with order |H| = |D| and with order 2|D| (if P is a non-abelian 2-group) are s-quasinormal in G. Then G ∈ F.

Finally, note that some results of the papers [6, 7, 8, 11, 15, 18, 19, 26, 24] and, in particular, the mentioned above main results in [16, 17] may be obtained as special cases of this theorem (see Section 4).

2. Preliminaries

Recall that a formation is a hypomorph F of groups such that each group G has a smallest normal subgroup (denoted by G^F ) whose quotient is still in F. A formation F is said to be saturated if it contains each group G with G/Φ(G) ∈ F. In this paper we use U to denote the class of the supersoluble groups; Z^U_∞(G) denotes the U-hypercenter of a group G that is the product of all such normal subgroups H of G whose G-chief factors have prime order.

Lemma 2.1 ([22, Theorem 9.15]). G/C_G(Z^U_∞(G)) ∈ U.

Lemma 2.2 ([13, Lemma 2.2]). Let G be a group and P = P_1 × · · · × P_t be a p-subgroup of G where t > 1 and P_1, . . . , P_t are minimal normal subgroups of G. Assume that P has a subgroup D such that 1 < |D| < |P | and every subgroup H of P with |H| = |D| is normal in G. Then the order of every subgroup P_i is prime.

Lemma 2.3 ([13, Lemma 2.4]). Let p be odd prime and P be a normal psubgroup of a group G. Assume that every minimal subgroup of P is normal in G. Then every minimal subgroup of G/Ω_i(G) is normal in G/Ω_i(G) for all i = 1, 2, . . . In particular, P ≤ Z^U_∞(G).

We shall need in our proofs the following facts about s-quasinormal subgroups.

Lemma 2.4 ([15]). [Let G be a group and H ≤ K ≤ G, T ≤ G. Then (1) If H is s-quasinormal in G, then H is s-quasinormal in K. (2) Suppose that H is normal in G. Then K/H is s-quasinormalin G if and only if K is s-quasinormal in G.

(3) If H s-quasinormal is in G, then H is subnormal in G. (4) If H and T are s-quasinormal in G, then < H, T > does.

The following observation is well known (see, for example, [21, Lemma A]).

Lemma 2.5. If H is a s-quasinormal subgroup of the group G and H is a p-group for some prime p, then O^p(G) ≤ N_G(H).

Lemma 2.6. Let N be an elementary abelian normal p-subgroup of a group G. Assume that N has a subgroup D such that 1 < |D| < |N| and every subgroup H of N satisfying H| = |D| is s-quasinormal in G. Then some maximal subgroup of N is normal in G.

Proof. Assume that this lemma is false and G is a counterexample of minimal order. Let M be a maximal subgroup of N. Then N = N_G(M) ≠ G and by Lemma 2.5, M is s-quasinormal in G, as M is the product of some s-quasinormal in G subgroups. By Lemma 2.5, O^p(G) ≤ N_G(M) and so |G : N_G(M)| = p^n for some natural n > 0. Thus for the set Σ of all maximal subgroups of N we have p||Σ|, which contradicts [9, Lemma 8.5(d)]. □

Lemma 2.7. Let F be a saturated formation containing all nilpotent groups and let G be a group with the soluble F-residual P = G^F . Suppose that every maximal subgroup of G not containing P belongs to F. Then P = G^F is a pgroup for some prime p and if every cyclic subgroup of P with prime order and order 4 (in the case when p = 2 and P is non-abelian) is s-quasinormal in G, then |P/Φ(P )| = p.

Proof. By [22, Theorem 24.2], P = G^F is a p-group for some prime p and the following hold:

(1) P/Φ(P ) is a G-chief factor of P ;

(2) P is a group of exponent p or exponent 4 (if p = 2 and P is non-abelian). Assume that every cyclic subgroup of P with prime order and order 4 (if p = 2 and P is non-abelian) is s-quasinormal in G. Let Φ = Φ(P ), X/Φ is a subgroup of P/Φ with prime order, x ∈ X⧹Φ and L = ⟨x⟩. Then |L| = p or |L| = 4 and so it is s-quasinormal in G.

Then by Lemma 2.4, LΦ(P )/Φ(P ) = X/Φ(P ) is s-quasinormalin G/Φ(P ). Now by Lemma 2.6 we have to conclude that |P/Φ(P )| = p. □

Lemma 2.8 ([22, Lemma 7.9]). Let P be a nilpotent normal subgroup of a group G. If P ∩ Φ(G) = 1, then P is the direct product of some minimal normal subgroup of G.

Lemma 2.9 ([9, Theorem 3.5]). Let A, B be normal subgroups of a group G and A ≤ Φ(G). Suppose that A ≤ B and B/A is nilpotent. Then B is nilpotent.

Let p be a prime. A group G is said to be p-closed if a Sylow p-subgroup of G is normal.

Lemma 2.10 ([22, p. 34]). Let p be a prime. Then the class of all p-closed groups is a saturated formation.

Lemma 2.11 ([13, Lemma 2.10]). Let F be a saturated formation containing U and G be a group with a normal subgroup E such that G/E ∈ F. If E is cyclic, then G ∈ F.

Lemma 2.12 ([23, Theorem 1], [10, Theorem 1]). Let A be a p^′-group of automorphisms of the p-group P of odd order. Assume that every subgroup of P with prime order is A-invariant. Then A is cyclic.

Lemma 2.13 ([13, 21, Lemma 2.12]). Let G = AB where A, B are normal subgroups of G. Suppose that A is a p-group for some prime p and O_p′ (G) = 1. Let F be a saturated formation and B ∈ F. Then G ∈ F.

The generalized Fitting subgroup F^∗(G) of a group G is the product of all normal quasinilpotent subgroups of G. We shall need in our proofs the following well known facts about this subgroup (see Chapter X in [16]).

Lemma 2.14. Let G be a group. Then

(1) If N is a normal subgroup of G, then F^∗(N) ≤ F^∗(G). (2) If N is a normal subgroup of G and N ≤ F^∗(G), then F^∗(G)/N ≤ F^∗(G/N).

(3) F (G) ≤ F^∗(G) = F^∗(F^∗(G)). If F^∗(G) is soluble, then F^∗(G) = F (G). (4) F^∗(G) = F (G)E(G) and F (G) ∩ E(G) = Z(E(G)) where E(G) is the layer G (see p. 128 in [13]).

(5) C_G(F^∗(G)) ≤ F (G).

Lemma 2.15 ([14, Lemma 2.3(6)]). . Let P be a normal subgroup of a group G. Then F^∗(G/Φ(P )) = F^∗(G)/Φ(P ).

Lemma 2.16 ([14, Lemma 2.3(7)]). Let P be a normal p-subgroup of a group G contained in Z(G). Then F^∗(G/P ) = F^∗(G)/P .

Lemma 2.17 ([15, Theorem 1], [10, Theorem 1]). Let A be a p^′-group of automorphisms of the p-group P of odd order. Assume that every subgroup of P with prime order is Alemma-invariant. Then A is cyclic.

Lemma 2.18 ([10, Lemma 2.11]). Let G = AB where A, B are normal subgroups of G. Suppose that A is a p-group for some prime p and O_p′ (G) = 1. Let F be a saturated formation and B ∈ F. Then G ∈ F.

Finally, we shall need the following results which are proved in [12].

Lemma 2.19. Let F be a saturated formation containing all supersoluble groups and G be a group with a normal subgroup E such that G/E ∈ F. Suppose that every non-cyclic Sylow subgroup P of E has a subgroup D such that 1 < |D| < |P | and all subgroups H of P with order |H| = |D| and with order 2|D| (if P is a non-abelian 2-group) are s-quasinormal in G. Then G ∈ F.

Lemma 2.20. Let F be a saturated formation containing all supersoluble groups and G be a group with a soluble normal subgroup E such that G/E ∈ F. Suppose that every non-cyclic Sylow subgroup P of F (E) has a subgroup D such that 1 < |D| < |P | and all subgroups H of P with order |H| = |D| and with order 2|D| (if P is a non-abelian 2-group) are s-quasinormal in G. Then G ∈ F.

3. The proof of Theorem C.

Proof of Theorem C. Assume that this theorem is false and let G be a counterexample with minimal |G||E|. Let F=F(E) and let p be the largest prime divisor of |F |. Let P be the Sylow p-subgroup of F , P_0 = Ω_1(P ) and C = C_G(P_0). It is clear that C is normal in G. We divide the proof into the following steps:

(1) F^∗ = F ≠ E and C_G(F ) = C_G(F^∗) ≤ F .

By Lemma 2.6(1) the hypothesis is still true for F^∗ (respectively F^∗), and so F^∗ is supersoluble by Theorem 1.2. Hence F^∗ = F , by Lemma 2.14(3). Thus if F = E, then G ∈ F, by Lemma 2-20, which contradicts the choice of G. Hence F^∗ = F ≠ E. Finally, by Lemma 2.14(5), C_G(F ) = C_G(F^∗) ≤ F .

(2) Every proper normal subgroup X of G containing F is supersoluble. By Lemma 2.14(1), F^∗(X) ≤ F^∗ = F ≤ X and so F^∗(X) = F^∗. Thus the hypothesis is still true for X (respectively X) and so X is supersoluble, by the choice of G.

(3) If E ≠ G, E is supersoluble (this directly follows from (2). (4) Assume that E is soluble and let V/P = F (E/P ) and Q be a Sylow q-subgroup of V where q divides |V/P |. Then q ≠ p and either Q ≤ F or p > q and C_Q(P ) = 1.

Since V/P is nilpotent and QP/P is a Sylow q-subgroup of V/P , QP/P is characteristic in V/P and so QP is normal in E. Thus q ≠ p. By Theorem 1.2, QP is supersoluble. Assume q > p. Then Q is normal in QP and so Q ≤ F = F (E). Next let p > q. Then p > 2 and since p is the minimal prime divisor of |F |, F is a q^′-subgroup. Now let U be a Sylow r-subgroup of F where r ≠ p. Then r ≠ q and so [U, Q] ≤ P . Assume that for some x ∈ Q we have x ∈ C_E (P ). Then by [18, Theorem 3.6] and since V/P is nilpotent, [U, ⟨x⟩] = [U, ⟨x⟩, ⟨x⟩] = 1 and so x ∈ C_G(F ) ≤ F , by (1). Hence C_Q(P ) = 1.

(5) p > 2.

Assume that p = 2. First suppose that E is soluble. In this case by (4) we have F/P = F (E/P ). Besides, by (1) and Lemma 2.14(3), F^∗(E/P ) = F (E/P ) = F^∗/P . Thus by Lemma 2.6 the hypothesis is still true for G/P respectively E/P , since G/E ≃ (G/P )/(E/P ) ∈ F. Therefore G/P ∈ F and so G ∈ F, by Theorem 1.2. This contradiction shows that E is non-soluble. In this case p is the largest prime divisor of |F | and so by (1), F^∗ = F is a 2-group. Let Q be a subgroup of E with prime order q where q ≠ 2 and let X = F Q. By Theorem 1.2, X is supersoluble and so Q is normal in X. Thus Q ≤ C_E (F ). But by (1), C_E (F ) = C_E (F^∗) ≤ F , a contradiction. Hence we have (5).

(6) Every subgroup of P has no a supersoluble supplement in G. Assume that for some subgroup H of P we have G = HT where T is supersoluble. Then G/P ≃ T/T ∩ P is supersoluble and so G ∈ F, by Theorem 1.2, a contradiction.

(7) Some minimal subgroup of P is not quasinormal in G.

Suppose that every minimal subgroup of P is quasinormal in G. First suppose that E is soluble. Let V/P = F (E/P ) and Q be a Sylow q-subgroup of V where q divides |V/P |. Then by (4) either Q ≤ F or C_Q(P ) = 1. In the second case, Q is cyclic, by (5) and Lemma 2.17. Thus by Lemma 2.6(4) the hypothesis is still true for G/P (respectively E/P ) and so G/P ∈ F, by the choice of G. But then G ∈ F, by Theorem 1.2. This contradiction shows that E is not soluble. Note that in this case E = G, by (3). We show that every minimal subgroup L of P is normal in G. But first we prove that O^p(G) = G. Indeed, assume that O^p(G) ≠ G. By Lemma 2.14(1), F^∗(O^p(G)) ≤ F^∗. Hence F^∗(O^p(G)) = F^∗ ∩ O^p(G) = F ∩ O^p(G) and so by (5) and Lemma 2.6 the hypothesis is still true for O^p(G) (respectively O^p(G)). Thus O^p(G) is supersoluble, by the choice of G. But then G is soluble and so E is soluble, a contradiction. Therefore we have to conclude that O^p(G) = G and so by Lemma 2.7, G = O^p(G) ≤ N_G(L), since L is quasinormal in G. Therefore every minimal subgroup of P is normal in G and hence P_0 ≤ Z(F ). Next we show that the hypothesis is still true for G/P_0 (respectively C/P_0). Indeed, by Lemma 2.1, G/C is supersoluble and hence (G/P_0)/(C/P_0) ≃ G/C ∈ F. Clearly F^∗ = F ≤ F^∗(C) and by Lemma 2.14(1), F^∗(C) ≤ F^∗. Hence F^∗(C) = F^∗ and so by Lemma 2.16, F^∗(C/P_0) = F^∗(C)/P_0 = F^∗/P_0 = F/P_0, since P_0 ≤ Z(C). Now by (5) and Lemmas 2.2, 2.6 we see that the hypothesis is still true for G/P_0 and so G/P_0 ∈ F, by the choice of G. But P_0 ≤ Z^U_∞(G) and so G ∈ F, by Lemma 2.13. This contradiction completes the proof of (7).

(8) P is not cyclic (this directly follows from (6) and (7)). By (8), P is not cyclic and so by hypothesis and by (6), P has a subgroup D such that 1 < |D| < |P | and every subgroup H of P with |H| = |D| is s-quasinormal in G.

(9) |D| > p.

Suppose that |D| = p. By (7), P has a subgroup H such that |H| = p and H is not quasinormal in G. By (6) and Lemma 2.6(5) the subgroup H has a normal complement T in G. Then the hypothesis is true for G (respectively V = T ∩E). Indeed, evidently G/V ∈ F and F^∗(V ) ≤ F^∗(E). On the other hand, since |G : T | = p, every Sylow q-subgroup of F = F^∗ where q ≠ p is contained in T . Thus the hypothesis is still true for G (respectively V ), by Lemma 2.6. But since T is a proper subgroup of G and ET = G, |V | < |E|, which contradicts the choice of G and the subgroup E. This contradiction completes the proof of (9).

(10) If L is a minimal normal subgroup of G and L ≤ P , then |L| > p. Assume that |L| = p. Let C_0 = C_E (L). Then the hypothesis is true for G/L (respectively C_0/L). Indeed, clearly, G/C_0 = G/E ∩ C_G(L) ∈ F. Besides, since L ≤ Z(C_0) and evidently F = F^∗ ≤ C_0 and L ≤ Z(F ), we have F^∗(C_0/L) = F^∗/L. On the other hand, if H/L is a subgroup of G/L such that |H| = |D|, we have 1 < |H/L| < |P/L|, by (9). Besides, H/L is s-quasinormal in G/L, by

Lemma 2.6(2). Now, by Lemma 2.6(4) and by (5) we see that the hypothesis is still true for G/L. Hence G/L ∈ F and so G ∈ F, by Lemma 2.13, a contradiction.

(11) Φ(G) ∩ P ≠ 1 and if L is a minimal normal subgroup of G contained in Φ(G) ∩ P , then F^∗(E/L) ≠ F^∗/L.

Suppose that Φ(G) ∩ P = 1. Then P is the direct product of some minimal normal subgroups of G, by Lemma 2.10. Hence by Lemma 2.8, P has a maximal subgroup M such which is normal in G. Now by [11, Theorem (9.13)] for some minimal normal subgroup L of G contained in P we have |L| = p, which contradicts (10). Thus Φ(G) ∩ P ≠ 1. Let L ≤ Φ(G) ∩ P where L is some minimal normal subgroup of G. Assume that F^∗(E/L) = F^∗/L. We show that the hypothesis is still true for G/L (respectively E/L). By Lemma 2.11, |L| ≤ |D| and so the hypothesis is true for G/L in the case |P : D| = p. Besides, by (5) the hypothesis is true for G/L in the case |L| < |D|. So let |P : D| > p and |L| = |D|. By (10), L is non-cyclic and so every subgroup of G containing L is non-cyclic. Let L ≤ K, M ≤ K where M ≠ L and L, M are maximal subgroups of K. We have only to show that K is s-quasinormal in G. It is evident if M is quasinormal in G. Now let M is not quasinormal in G. Then by Lemma 2.6(5), G has a normal subgroup S such that MS = G = KS and |G : S| = p. Since L ≤ Φ(G), we have L ≤ S and so S ∩ K = L. Therefore K is s-quasinormal in G. Thus the hypothesis is true for G/L and G/L ∈ F, by the choice of G. But then G ∈ F, since L ≤ Φ(G) and the formation F is saturated, by hypothesis. This contradiction shows that F^∗(E/L) ≠ F^∗/L.

(12) E = G is not soluble.

Assume that E is soluble. Let L be a minimal normal subgroup of G contained in Φ(G) ∩ P . By Lemma 2.11, F/L = F (E/L). On the other hand, F^∗(E/L) = F (E/L), by Lemma 2.14(3). Hence by (1), F^∗(E/L) = F (E/L) = F^∗/L, which contradicts (11). Therefore E is not soluble and so E = G, by (3).

(13) G has a unique maximal normal subgroup containing F , M say, M is supersoluble and G/M is non-abelian simple (this directly follows from (2) and (12)).

(14) G/F is a simple non-abelian group and if L is a minimal normal subgroup of G contained in Φ(G) ∩ P , then G/L is a quasinilpotent group.

Let L be a minimal normal subgroup of G contained in Φ(G) ∩ P . Then by (11), F^∗(E/L) ≠ F^∗/L. Thus F/L = F^∗/L is a proper subgroup of F^∗(G/L), by Lemma 2.14(2). By Lemma 2.14(4), F^∗(G/L) = F (G/L)E(G/L) where E(G/L) is the layer of G/L. By (13) every chief series of G has the only non-abelian factor. But E(G/L)/Z(E(G/L)) is a direct product of simple non-abelian groups and so F^∗(G/L) = G/L is quasinilpotent group, since by Lemma 2.11, F (G/L) = F/L. Since by Lemma 2.14(4), Z(E(G/L)) = F (G/L) ∩ E(G/L), then G/F ≃ (G/L)/(F/L) is a simple non-abelian group.

(15) F^∗ = P .

Assume that P ≠ F and let Q be a Sylow q-subgroup of F where q ≠ p. By (14), Q ≤ Z_∞(G). Hence by Lemma 2.16, F^∗(G/Q) = F^∗/Q and so by Lemma 2.6 the hypothesis is still true for G/Q (respectively G/Q) and so G/Q is supersoluble, by the choice of G. Hence G is soluble, which contradicts (12). Hence we have (15).

(16) Φ(P ) = 1.

Assume that Φ(P ) ≠ 1 and let L be a minimal normal subgroup of G contained in Φ(P ). Then by (14), G/L is quasinilpotent and so G is quasinilpotent, by Lemma 2.11. But then F = F^∗ = G, a contradiction. So we have (16).

(17) If H is a normal subgroup of P and H is s-quasinormal in G, then H is normal in G.

Indeed, by (14) and (15), P O^p(G) = G and so by Lemma 2.7, H is normal in G.

(18) |P : D| > p.

Assume that |P : D| = p. By (11), Φ(G) ∩ P ≠ 1 and let N be a minimal normal subgroup of G contained in Φ(G) ∩ P . By (16) for some maximal subgroup V of P we have P = NV . By the hypothesis V is s-quasinormal in G. By (17) we have V is normal in G, since V is a maximal subgroup of P . But, by (10), |N| > p and so N ≠ N ∩ V ≠ 1, which contradicts minimality of N. Thus we have (18).

(19) O_p′ (G) = 1.

Indeed, assume that O_p′ (G) ≠ 1. Then by (13), G = O_p′ (G)P = O_p′ (G)×P = F^∗ = F , a contradiction.

(20) O^p(G) = G.

Assume O^p(G) ≠ G. Then G has a normal subgroup T such that |G : T | = p. We show that T satisfies the hypothesis. First note that F ∩ T = F^∗(T ). Indeed, clearly, F ∩ T ≤ F^∗(T ). By (14), T/F ∩ T is simple non-abelian. Thus if F ∩ T ≠ F^∗(T ), then F^∗(T ) = T and so G = T F = F^∗ = F is nilpotent, a contradiction. Hence F ∩ T = F^∗(T ) and so the hypothesis is still true for T , by (18). Therefore T ∈ F and so by Lemma 2.18 and by (19), G ∈ F, a contradiction.

(21) Every subgroup H of P satisfying |H| = |D| is normal G (this directly follows from (20) and Lemma 2.7).

Final contradiction.

Let N be a minimal normal subgroup of G contained in P . By (16) for some maximal subgroup M of P we have P = NM. Let H be a subgroup of P such that H ≤ M and |H| = |D|. Then by (21), H is normal in G and evidently N ⊈ H. Hence N ∩ H = 1 and so G has a minimal normal subgroup L ≠ N which contained in P . Then by (11) and (14) at least one of the subgroups N, L has prime order, which contradicts (10). This contradiction completes the proof of this theorem. □

4. Some applications

Finally, consider some applications of Theorem C.

Corollary 4.1 ([7]). Let G be a group of odd order. If all subgroups of G of prime order are normal in G, then G is supersoluble.

Corollary 4.2 ([24]). Let G be a group and E a normal subgroup of G with supersoluble quotient. Suppose that all minimal subgroups of E and all its cyclic subgroups with order 4 are s-quasinormal in G. Then G is supersoluble.

Corollary 4.3 ([5]). Let F be a saturated formation containing U and G a group with normal subgroup E such that G/E ∈ F. Assume that a Sylow 2-subgroup of G is abelian. If all minimal subgroups of E are permutable in G, then G ∈ F.

Corollary 4.4 ([5]). Let F be a saturated formation containing U and G a group with a soluble normal subgroup E such that G/E ∈ F. If all minimal subgroups and all cyclic subgroups with order 4 of E are in G, then G ∈ F.

Corollary 4.5 ([20]). Let G be a soluble group. If all maximal subgroups of the Sylow subgroups of F (E) are normal in G, then G is supersoluble.

Corollary 4.6 ([4]). Let G be a group and E a soluble normal subgroup of G with supersoluble quotient G/E. Suppose that all maximal subgroups of any Sylow subgroup of F (E) are s-quasinormal in G. Then G is supersoluble.

Corollary 4.7 ([3]). Let F be a saturated formation containing U and G be a group with a soluble normal subgroup E such that G/E ∈ F. If all minimal subgroups and all cyclic subgroups with order 4 of F (E) are s-quasinormal in G, then G ∈ F.

References

[1] M. Asaad. On the solvability of finite groups. Arch. Math. (Basel), 51(4):289–293, 1988. [2] M. Asaad. On maximal subgroups of Sylow subgroups of finite groups. Comm. Algebra, 26(11):3647–3652, 1998.

[3] M. Asaad and P. Csörgö. The influence of minimal subgroups on the structure of finite groups. Arch. Math. (Basel), 72(6):401–404, 1999.

[4] M. Asaad, M. Ramadan, and A. Shaalan. Influence of π-quasinormality on maximal subgroups of Sylow subgroups of Fitting subgroup of a finite group. Arch. Math. (Basel), 56(6):521–527, 1991.

[5] A. Ballester-Bolinches and M. C. Pedraza-Aguilera. On minimal subgroups of finite groups. Acta Math. Hungar., 73(4):335–342, 1996.

[6] J. Buckley. Finite groups whose minimal subgroups are normal. Math. Z., 116:15–17, 1970.

[7] W. E. Deskins. On quasinormal subgroups of finite groups. Math. Z., 82:125–132, 1963. [8] K. Doerk and T. Hawkes. Finite soluble groups, volume 4 of de Gruyter Expositions in Mathematics. Walter de Gruyter & Co., Berlin, 1992.

[9] B. Huppert. Endliche Gruppen. I. Die Grundlehren der Mathematischen Wissenschaften, Band 134. Springer-Verlag, Berlin, 1967.

[10] B. Huppert and N. Blackburn. Finite groups. III, volume 243 of Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences]. Springer- Verlag, Berlin, 1982.

[11] N. Itô and J. Szép. Über die Quasinormalteiler von endlichen Gruppen. Acta Sci. Math.

(Szeged), 23:168–170, 1962.

[12] J. J. Jaraden. On s-quasinormal subgroups of finite groups. to appear in JPAA. [13] J. J. Jaraden and A. N. Skiba. On c-normal subgroups of finite groups. Comm. Algebra, 35(11):3776–3788, 2007.

[14] J. Jehad. Some conditions for solubility. Math. J. Okayama Univ., 42:1–5 (2002), 2000. [15] O. H. Kegel. Sylow-Gruppen und Subnormalteiler endlicher Gruppen. Math. Z., 78:205– 221, 1962.

[16] Y. Li and Y. Wang. The influence of minimal subgroups on the structure of a finite group.

Proc. Amer. Math. Soc., 131(2):337–341 (electronic), 2003.

[17] Y. Li, Y. Wang, and H. Wei. The influence of π-quasinormality of some subgroups of a finite group. Arch. Math. (Basel), 81(3):245–252, 2003.

[18] R. Maier and P. Schmid. The embedding of quasinormal subgroups in finite groups. Math.

Z., 131:269–272, 1973.

[19] O. Ore. Contributions to the theory of groups of finite order. Duke Math. J., 5(2):431–460, 1939.

[20] M. Ramadan. Influence of normality on maximal subgroups of Sylow subgroups of a finite group. Acta Math. Hungar., 59(1-2):107–110, 1992.

[21] P. Schmid. Subgroups permutable [commuting] with all Sylow subgroups. J. Algebra, 207(1):285–293, 1998.

[22] L. A. Šemetkov. Formatsii konechnykh grupp. “Nauka”, Moscow, 1978. Sovremennaya Algebra. [Monographs in Modern Algebra].

[23] V. I. Sergienko. A criterion for the p-solvability for finite groups. Mat. Zametki, 9:375–383, 1971.

[24] A. Shaalan. The influence of π-quasinormality of some subgroups on the structure of a finite group. Acta Math. Hungar., 56(3-4):287–293, 1990.

[25] A. N. Skiba. On weakly s-permutable subgroups of finite groups. J. Algebra, 315(1):192– 209, 2007.

[26] S. E. Stonehewer. Permutable subgroups of infinite groups. Math. Z., 125:1–16, 1972. [27] H. Wielandt. Subnormal subgroups and permutation groups. Lectures given at the Ohio State University, Columbus, Ohaio, 1971.

Department of Mathematics and Statistics, Al-Hussein Bin Talal University, Ma,an, Jordan,

E-mail address: jjaradeen@ahu.edu.jo