Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 24 (2008), 313–321

www.emis.de/journals
ISSN 1786-0091

DUAL BANACH ALGEBRAS AND CONNES-AMENABILITY

FARUK UYGUL

Abstract. In this survey, we first study dual Banach algebras and completely contractive dual Banach algebras. Then, we discuss the Connesamenability and operator Connes-amenability of these algebras and present some new advances in this area.

1. Introduction

Abstract harmonic analysis studies locally compact groups and Banach algebras associated with them. Amenability (which was first defined for discrete groups by von Neumann in [22]) is a distinctive property of locally compact groups ([3]). The class of amenable groups includes all finite, abelian and compact groups. On the other hand, F_2, the free group on two generators, is not amenable. In 1972, B. Johnson defined the concept of amenability for Banach algebras ([7]) and proved that the group algebra L^1(G) of a locally compact group G is amenable if and only if G is amenable. Since then it has been a very active area of research. Studying the amenability of a Banach algebra associated with a locally compact group gives us plenty of information about the underlying group. For example, the measure algebra M(G) of a locally compact group G is amenable if and only if G is discrete and amenable ([1]).

The theory of abstract operator spaces, which was initiated by Ruan’s representation theorem in [13], has become a very powerful tool in abstract harmonic analysis. This is because many of the classical spaces of interest, for example the Fourier algebras, have natural operator space structures on them. Taking this operator space structure into account while studying these objects yields fruitful results. In his paper ([13]), Ruan also defined the concept of operator amenability and proved that the Fourier algebra A(G) is operator amenable if and only if G is amenable.

2000 Mathematics Subject Classification. 22D05; 43A07; 47L25.

Key words and phrases. Locally compact groups; Amenability; Operator spaces; Fourier algebra. 313

Dual Banach algebras form a very special class of Banach algebras which includes the Fourier-Stieltjes algebra and the measure algebra of a locally compact group. In [14], Runde defined the concept of Connes-amenability which is better suited for dual Banach algebras. For example, the measure algebra M(G) is Connes-amenable if and only if G is amenable ([16]). There is also an operator space version of Connes-amenability called operator Connes-amenability which is defined for completely contractive dual Banach algebras. In [18], Runde and Spronk proved that the reduced Fourier-Stieltjes algebra B_r(G) of a locally compact group G is operator Connes-amenable if and only if G is amenable.

2. Notes From Abstract Harmonic Analysis

Definition 2.1. A topological group is a group equipped with a topology such that the group operations and the topology are compatible. That is, the maps

G × G → G, (g, h) → gh and G → G, g → g^{−1}

are continuous. If the topology on G is a locally compact Hausdorff topology (that is, there is a neighborhood base for the identity element consisting of compact sets), then G is called a locally compact group.

Clearly, every discrete group is locally compact. Also, the set of real numbers with addition and the unit circle of the complex plane with multiplication are locally compact groups. However, if E is an infinite dimensional Banach space, then (E, +) is not a Banach space.

Abstract harmonic analysis studies locally compact groups and Banach algebras related to them. There are many interesting Banach algebras associated with a locally compact group, for instance the Fourier algebras, the group algebra and the measure algebra. We should point out that one advantage of working with locally compact groups is the existence of (left) Haar measure (which is unique up to a positive constant multiple) on them which allows us to define L^p-spaces related to them.

Let G be a locally compact group. A unitary representation of G is a homomorphism π from G into the group U(H_π), unitary operators on some non-zero Hilbert space H_π , that is continuous with respect to the strong operator topology. The collection of all equivalence classes of unitary representations of G with respect to unitary equivalence is denoted by Σ_G. We call f a coefficient function of a representation π of G on some Hilbert space H if there are ξ, ζ ∈ H such that f(x) = ⟨π(x)ξ, ζ⟩ (x ∈ G).

The Fourier-Stieltjes algebra of G is the the algebra of coefficient functions of continuous unitary representations of G and is denoted by B(G). More explicitly,

(1) B(G) := { f : G → C : f(x) = ⟨π(x)ξ, ζ⟩, ∀x ∈ G } where π ∈ Σ_G and ξ, ζ ∈ H_π.

The left regular representation of G is defined by λ: G → B(L^2(G)) (λ(g)ξ)(h) := ξ(g^{−1}h) (g, h ∈ G, ξ ∈ L^2(G)).

We define the Fourier algebra, A(G) of G to be the space of all coefficient functions of λ, that is: A(G) := { f : G → C : ∃ ξ, ζ ∈ L^2(G) such that f(x) = ⟨λ(x)ξ, ζ⟩, ∀x ∈ G } . Fourier and Fourier-Stieltjes algebras were first defined in 1964 by Eymard ([5]) for arbitrary locally compact groups. Fourier-Stieltjes algebra becomes a Banach space with the norm defined by ‖f‖_{B(G)} := inf { ‖ξ‖‖ζ‖ : f is represented as in (1) } . Indeed in [5], Eymard proved more:

Theorem 2.2. Let G be a locally compact group. Then (with pointwise multiplication) B(G) is a commutative unital Banach algebra that contains A(G) as a norm-closed ideal.

For more information on Fourier algebras, we refer the reader to [5].

3. Amenability A bounded linear functional, m: L^∞(G) → C, is called a mean if ‖m‖ = ⟨1, m⟩ = 1, where L^∞(G) is the space of all measurable essentially bounded functions on G. For a function f : G → C, we define its left translate L_gf by g ∈ G through (L_gf)(h) := f(gh) (h ∈ G).

A mean m on L^∞(G) is called left invariant if ⟨L_gf, m⟩ = ⟨f, m⟩ (g ∈ G, f ∈ L^∞(G)).

The existence of left invariant means on discrete groups (which was first investigated by J. von Neumann ([22])) has strong ties with the well-known Banach- Tarski paradox. We have the following definition due to M. Day ([3]). Definition 3.1. A locally compact group G is amenable if there is a left invariant mean on L^∞(G).

All finite, abelian, and compact groups are amenable; however, the free group on two generators is not ([22]).

The concept of amenability also carries over to Banach algebras. Definition 3.2. Let A be a Banach algebra and X be a Banach A-bimodule. A bounded linear map D : A → X is called a derivation if D(ab) = a.D(b) + D(a).b (a, b ∈ A).

Each x ∈ X defines a map

ad_x : A → X, a → a.x − x.a.

It is easy to verify that ad_x is a derivation. Derivations of this type are called inner derivations.

Amenability for Banach algebras was defined first by Johnson in [7] in 1972.

Definition 3.3. A Banach algebra A is said to be amenable if every derivation from A into X^∗ is inner for each Banach A-bimodule X.

Johnson in [7] also gave the first connection between group amenability and Banach algebra amenability:

Theorem 3.4. Let G be a locally compact group. Then G is amenable if and only if L^1(G) is an amenable Banach algebra.

For more information on amenability, we refer the reader to the monographs [8] and [15].

4. Operator Spaces

If E is a linear space, then for each m, n ∈ N, M_{m,n}(E) will denote the space of all m × n matrices with entries in E. If m = n, then M_{m,n}(E) will be denoted by M_n(E) and in particular, M_n = M_n(C) will denote the space of all scalar n × n matrices.

Definition 4.1. Let E be a linear space with a norm ‖ · ‖_n on M_n(E) for each n ∈ N such that (2) ‖ ‖ ‖ ‖ x 0 0 y ‖ ‖ ‖ ‖_{n+m} = max{‖x‖^n, ‖y‖^m} (n, m ∈ N, x ∈ M^n(E), y ∈ M^m(E)) and (3) ‖αxβ‖_n ≤ ‖α‖‖x‖_n‖β‖ (n ∈ N, x ∈ M_n(E), α, β ∈ M_n).

Then (‖ · ‖_n)_{n∈N} is called a matricial norm for E. Moreover, if each ‖ · ‖_n is complete, then E is called an abstract operator space.

A concrete operator space is a closed subspace of B(H) for some Hilbert space H. Definition 4.2. Let E and F be two abstract operator spaces, and let T ∈ B(E, F ). Then say that

(1) T is completely bounded if

‖T ‖_{cb} := sup { ‖ ‖T^{(n)} ‖ ‖ B(M_n(E),M_n(F ))

: n ∈ N } < ∞.

(2) T is a complete contraction if ‖T ‖_{cb} ≤ 1.

(3) T is a complete isometry if T^{(n)} is an isometry for each n ∈ N.

Not every linear bounded operator between operator spaces is completely bounded:

Example 4.3. Let H = l_2. Then the (Banach space) adjoint operator

B(H) → B(H), T → T^∗

is an isometry but is not completely bounded ([4]).

The set of completely bounded operators from E to F is denoted by CB(E, F ).

If E and F are two operator spaces, then CB(E, F ) turns into an abstract operator space with the identification

M_n(CB(E, F )) = CB(E, M_n(F )), (n ∈ N).

The following theorem is known as Ruan’s representation theorem that initiated the theory of abstract operator spaces ([13]).

Theorem 4.4. Let X be an abstract operator space. Then there is a complete isometry from X into B(H) for some Hilbert space H.

Thanks to Ruan’s representation theorem, we do not have to distinguish abstract and concrete operator spaces. Operator spaces arise naturally in functional analysis. Every infinite dimensional Banach space X can be turned into an operator space in at least two different ways, namely minX and maxX.

As we mentioned before, not all bounded maps between two operator spaces are completely bounded. However, this is true for some operator spaces. The following result is known as Smith’s Lemma ([19]):

Lemma 4.5. Let E be an abstract operator space and A be a commutative C^∗-algebra. Then for every T ∈ B(E, A) we have

‖T ‖_{cb} = ‖T ‖.

In particular, if A = C, then we have:

Corollary 4.6. Let E be an abstract operator space. Then for every T ∈ E^∗ we have ‖T ‖_{cb} = ‖T ‖.

Due to the duality theorem, the dual and the predual (if it exists) of an operator space have natural operator space structures. More explicitly, if X is an operator space and ϕ = (ϕ_{i,j} ) ∈ M_n(X^∗) for some n ∈ N, then

‖ϕ‖_n = sup { |⟨ϕ_{i,j} , x_{k,l}⟩|_n2 : x = (x_{k,l}) ∈ M_n(X), ‖x‖_n ≤ 1 } . Now by using the duality theorem, we can give more examples of (abstract) operator spaces.

Examples. 1. If G is a locally compact group, then as a dual of a commutative C^∗-algebra, the measure algebra M(G) is an operator space. 2. If G is a locally compact group, then as a predual of a von Neumann algebra, the Fourier algebra A(G) is an operator space.

3. If G is a locally compact group, then as a dual of a C^∗-algebra algebra, the Fourier-Stieltjes algebra B(G) is an operator space.

Investigating Fourier algebras with their operator structures yields fruitful results. For example, the long time open problem “amenability of the Fourier algebra” was solved recently only by taking the operator space structure of the Fourier algebra into account. In 2005, Forrest and Runde ([6]) proved that:

Theorem 4.7. Let G be a locally compact group. Then the Fourier algebra A(G) is amenable if and only if G has an abelian subgroup of finite index.

Definition 4.8. A completely contractive Banach algebra is an algebra which is also an operator space such that multiplication is a completely contractive bilinear map.

Examples. 1. Every closed subalgebra of B(H), where H is a Hilbert space, is a completely contractive Banach algebra.

2. If A is a Banach algebra, then max A is a completely contractive Banach algebra.

3. If G is a locally compact group, then the Fourier-Stieltjes algebra B(G) is a Hopf–von Neumann algebra ([18]) and hence, it is a completely contractive Banach algebra. Since A(G) is a closed ideal of B(G) ([5]), it is also a completely contractive Banach algebra.

If A is a completely contractive Banach algebra, then a Banach A-bimodule X is called an operator A-bimodule if X is an operator space and the module actions of A on X are completely bounded. In [13], Ruan gave the following definition: a completely contractive Banach algebra A is called operator amenable if every completely bounded derivation from A into X^∗ is inner, for every A-bimodule X. In [13], Ruan also proved that:

Theorem 4.9. Let G be a locally compact group. Then A(G) is operator amenable if and only if G is amenable.

For more information on operator spaces, we refer the reader to [11] and [4].

5. Dual Banach Algebras and Connes-amenability

Definition 5.1. A Banach algebra A is called a dual Banach algebra if there exists a closed submodule A_∗ of A^∗ such that A = (A_∗)^∗.

Note that A_∗ does not have to be unique. In general, however, when we study a dual Banach algebra, we fix its predual. Thus, we can talk about the w^∗-topology on A without any ambiguity. It is easy to see that A is a dual

Banach algebra if and only if multiplication in A is separately w^∗-continuous.

Example 5.2. 1. Every von Neumann algebra is a dual Banach algebra. 2. If E is a reflexive Banach space, then B(E) is a dual Banach algebra with the predual E^∗ ^⊗E, where ^⊗ represents the projective tensor product of Banach spaces.

3. If G is a locally compact group, then the measure algebra M(G) and the Fourier-Stieltjes algebra B(G) are dual Banach algebras with preduals C_0(G) and C^∗(G) respectively.

For more information on dual Banach algebras, we refer the reader to [14].

Definition 5.3. A completely contractive dual Banach algebra is a Banach algebra which is a dual operator space such that multiplication is completely contractive and separately w^∗-continuous.

Note that there are operator spaces for which there exist predual Banach spaces but not predual operator spaces (Lemma 2.7.15, [3]).

In 2007, the following representation theorem was proved by Daws ([2]) and Uygul ([21]) independently.

Theorem 5.4. Every completely contractive dual Banach algebra is completely isometric to a w^∗-closed subalgebra of CB(E) for some reflexive operator space E. The construction of such a reflexive operator space heavily relies on the theory of real and complex interpolation of operator spaces defined by Xu ([25]) and Pisier ([9] and [10]) respectively.

Definition 5.5. Let A be a dual Banach algebra and let X be a dual Banach A-bimodule. An element x ∈ X is called normal if the maps

A → X, x → { a.x, x.a are w^∗-w^∗-continuous.

We say that X is normal if every element of X is normal.

When we are studying amenability properties of dual Banach algebras, it is very natural to take the w^∗-topology into account. This leads us to the following definition:

Definition 5.6. A dual Banach algebra A is called Connes-amenable if every w^∗-continuous derivation from A into a normal, dual Banach A-bimodule is inner.

The Connes amenability of a dual Banach algebra (associated with a locally compact group) reflects the properties of the underlying group. For instance, as proved in [15], M(G) is Connes-amenable if and only if G is an amenable group.

The Connes-amenability of the Fourier-Stieltjes algebra is an open problem. In [16], Runde proved that when G is the direct product of a family of finite groups or when G is an amenable discrete group, the Fourier-Stieltjes algebra B(G) is Connes-amenable if and only if G has an abelian subgroup of finite index, and he conjectured that this is true for all locally compact groups. In 2008, Uygul in [20] proved this conjecture for discrete groups.

Theorem 5.7. Let G be a discrete group. B(G) is Connes-amenable if and only if G has an abelian subgroup of finite index.

Let A be a completely contractive dual Banach algebra. Then A is said to be operator Connes-amenable if every w^∗-continuous completely bounded derivation from A into a normal dual operator Banach A-bimodule is inner. It is known ([18]) that B(F_2) is operator Connes-amenable. On the other hand, B_r(G) (as defined in [5]) is operator Connes-amenable if and only if G is an amenable group.

The group von Neumann algebra of G is defined to be the von Neumann algebra generated by {λ(g) : g ∈ G} in B(L_2(G)). The dual space of A(G) can be identified by V N(G). The following theorem was proved by Uygul in 2008 [20]:

Theorem 5.8. Let G be a locally compact group. Then G is amenable if and only if W AP (V N(G))^∗ is operator Connes-amenable.

References

[1] H. G. Dales, F. Ghahramani, and A. Y. Helemskii. The amenability of measure algebras.

J. London Math. Soc. (2), 66(1):213–226, 2002.

[2] M. Daws. Dual Banach algebras: representations and injectivity. Studia Math., 178(3):231–275, 2007.

[3] M. M. Day. Means on semigroups and groups. Bull. Amer. Math. Soc., 55, 1949. Cited by J. W. Green in the report ‘The summer meeting in Boulder’.

[4] E. G. Effros and Z.-J. Ruan. Operator spaces, volume 23 of London Mathematical Society Monographs. New Series. The Clarendon Press Oxford University Press, New York, 2000.

[5] P. Eymard. L’algèbre de Fourier d’un groupe localement compact. Bull. Soc. Math.

France, 92:181–236, 1964.

[6] B. E. Forrest and V. Runde. Amenability and weak amenability of the Fourier algebra.

Math. Z., 250(4):731–744, 2005.

[7] B. E. Johnson. Cohomology in Banach algebras. American Mathematical Society, Providence, R.I., 1972. Memoirs of the American Mathematical Society, No. 127.

[8] A. L. T. Paterson. Amenability, volume 29 of Mathematical Surveys and Monographs.

American Mathematical Society, Providence, RI, 1988.

[9] G. Pisier. The operator Hilbert space OH, complex interpolation and tensor norms. Mem.

Amer. Math. Soc., 122(585):viii+103, 1996.

[10] G. Pisier. Non-commutative vector valued L_p-spaces and completely p-summing maps.

Astérisque, (247):vi+131, 1998.

[11] G. Pisier. Introduction to operator space theory, volume 294 of London Mathematical Society Lecture Note Series. Cambridge University Press, Cambridge, 2003.

[12] Z.-J. Ruan. Subspaces of C^∗-algebras. J. Funct. Anal., 76(1):217–230, 1988.

[13] Z.-J. Ruan. The operator amenability of A(G). Amer. J. Math., 117(6):1449–1474, 1995. [14] V. Runde. Amenability for dual Banach algebras. Studia Math., 148(1):47–66, 2001. [15] V. Runde. Lectures on amenability, volume 1774 of Lecture Notes in Mathematics.

Springer-Verlag, Berlin, 2002.

[16] V. Runde. Connes-amenability and normal, virtual diagonals for measure algebras. I. J.

London Math. Soc. (2), 67(3):643–656, 2003.

[17] V. Runde. Dual Banach algebras: Connes-amenability, normal, virtual diagonals, and injectivity of the predual bimodule. Math. Scand., 95(1):124–144, 2004.

[18] V. Runde and N. Spronk. Operator amenability of Fourier-Stieltjes algebras. Math. Proc.

Cambridge Philos. Soc., 136(3):675–686, 2004.

[19] R. R. Smith. Completely bounded maps between C^∗-algebras. J. London Math. Soc. (2), 27(1):157–166, 1983.

[20] F. Uygul. Connes-amenability of b(g) and operator connes-amenability of wap(vn(g))^∗.

Canad. Math. Bull. (to appear).

[21] F. Uygul. A representation theorem for completely contractive dual banach algebras. J.

Operator Theory (to appear).

[22] J. von Neumann. Zur allgemeinen Theorie des Maßes. Fund. Math., 13:73–116, 1929. [23] S. Wagon. The Banach-Tarski paradox, volume 24 of Encyclopedia of Mathematics and its Applications. Cambridge University Press, Cambridge, 1985. With a foreword by Jan Mycielski.

[24] A. Weil. L’intégration dans les groupes topologiques et ses applications. Actualités scientifiques et industrielles. 869. Paris: Hermann &amp; Cie. 158 p. , 1940.

[25] Q. Xu. Interpolation of operator spaces. J. Funct. Anal., 139(2):500–539, 1996.

School of Mathematics and Statistics, Carleton University, Ottawa, Ontario, Canada, K1S 5B6 E-mail address: fuygul@math.carleton.ca