Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 24 (2008), 333–344

www.emis.de/journals
ISSN 1786-0091

CERTAIN FAMILY OF ANALYTIC AND UNIVALENT FUNCTIONS WITH NORMALIZED CONDITIONS

S. M. KHAIRNAR AND MEENA MORE

Abstract. There are many subclasses of analytic and univalent functions. The object of this paper is to introduce new classes and we have attempted to obtain coefficient estimate, distortion theorem, radius of starlikeness, convexity and closure theorem for the classes S^∗(α, β, ξ, γ) and K^∗(α, β, ξ, γ) on the lines of [1] and [2]. Results obtained by [1] and [2] which are particular cases of the parameters involved here, are also pointed out.

1. Introduction Let A denote the class of functions given by,

(1.1) f(z) = z + ∞∑ n=2 a_nz^n

which are analytic in the unit disc E = {z : |z| < 1} and normalized by f(0) = 0; f^′(0) = 1, and let S be the subclass of A consisting of analytic and univalent functions of the form (1.1). We denote by S^∗(α) and K(α) the subclasses of S consisting of all functions which are, respectively starlike and convex of order α in E with (0 ≤ α < 1). Thus,

S^∗(α) = { f ∈ S : Re ( z f^′(z) f(z) ) > α; 0 ≤ α < 1, z ∈ E }

and K(α) = { f ∈ S : Re ( 1 + z f^{′′}(z) f^′(z) ) > α; 0 ≤ α < 1, z ∈ E } .

2000 Mathematics Subject Classification. 30C45.

Key words and phrases. Univalent function, starlike function, convex function, radius of convexity, distortion theorem. 333

We say that a function f(z) is in the class S(α, β, ξ, γ) if and only if, | | | | | z^{f ′(z)}_{f (z)} − 1 2ξ ( z^{f ′(z)}_{f (z)} − α ) − γ ( z^{f ′(z)}_{f (z)} − 1 ) | | | | | < β for |z| < 1

where 0 < β ≤ 1,^1_2 ≤ ξ ≤ 1, 0 ≤ α ≤^1_2 ξ,^1_2 < γ ≤ 1.

If we replace γ by 1 in the above inequality; we obtain the result of Aghalary and Kulkarni [1] and Silverman and Silvia [2]. If we replace ξ by 1 we obtain the result of [3].

Furthermore a function f(z) is said to belong to the class K(α, β, ξ, γ) if and only if zf^′(z) ∈ S(α, β, ξ, γ). Let T denote the subclass of S consisting of functions of the form,

f(z) = z − ∞∑ n=2 a_nz^n (a_n ≥ 0).

We denote by S^∗(α, β, ξ, γ) and K^∗(α, β, ξ, γ) the classes obtained by taking intersection, respectively of the classes S(α, β, ξ, γ) and K(α, β, ξ, γ) with T .

In this paper we obtain sharp result for coefficient estimates, distortion theorem, radius of starlikeness and convexity, and other related results for the classes S^∗(α, β, ξ, γ) and K^∗(α, β, ξ, γ).

2. Coefficient Estimates

Theorem 1. A function

f(z) = z − ∞∑ n=2 a_nz^n (a_n ≥ 0)

is in S^∗(α, β, ξ, γ) if and only if; ∞∑ n=2 [(n − 1) − β(γn − γ + 2ξα − 2ξn]a_n ≤ 2βξ(1 − α).

Proof. Suppose, ∞∑ n=2 [(n − 1) − β(γn − γ + 2ξα − 2ξn)]a_n ≤ 2βξ(1 − α).

We have |zf^′ − f| − β|2ξ(zf^′ − αf) − γ(zf^′ − f)| < 0 with the provision:

(2.1) | | | | ∞∑ n=2 (n − 1)a_nz^n | | | | − β | | | | 2ξ(1 − α) + ∞∑ n=2 (2ξα − 2ξn + γn − γ)a_nz^n | | | | < 0 for |z| = r < 1; then the condition (2.1) is bounded above by ∞∑ n=2 (n − 1)a_nr^n − 2βξ(1 − α) − β ∞∑ n=2 (2ξα − 2ξn + γn − γ)a_nr^n

= ∞∑ n=2 {(n − 1) − β(2ξα − 2ξn + γn − γ)}a_nr^n − 2βξ(1 − α)

≤ ∞∑ n=2 {(n − 1) − β(2ξα − 2ξn + γn − γ)}a_n − 2βξ(1 − α) ≤ 0.

Therefore f(z) ∈ S^∗(α, β, ξ, γ).

Now, we prove the converse result. Let | | | | | z^{f ′(z)}_{f (z)} − 1 2ξ ( z^{f ′(z)}_{f (z)} − α ) − γ ( z^{f ′(z)}_{f (z)} − 1 ) | | | | |

= | | | | | | ∞∑ n=2 (n − 1)a_nz^n

2ξ(1 − α) +^∞ ∑ n=2 (2ξα − 2ξn + γn − γ)a_nz^n

| | | | | | < β.

As | Re(z)| ≤ |z| for all z, we have

Re | | | | | |

∞∑ n=2 (n − 1)a_nz^n

2ξ(1 − α) +^∞ ∑ n=2 (2ξα − 2ξn + γn − γ)a_nz^n

| | | | | | < β.

We choose values of z on real axis such that zf^′(z)/f(z) is real and upon clearing the denominator of above expression and allowing z → 1 through real values, we obtain ∞∑ n=2 {(n − 1) − β(2ξα − 2ξn + γn − γ)}a_n − 2βξ(1 − α) ≤ 0. □ Remark. If f(z) ∈ S^∗(α, β, ξ, γ), then

a_n ≤

2βξ(1 − α) {(n − 1) − β(2ξα − 2ξn + γn − γ)} for n = 2, 3, 4, . . .

and equality holds for

f(z) = z −

2βξ(1 − α) {(n − 1) − β(2ξα − 2ξn + γn − γ)} z^n.

Corollary 1. If f(z) ∈ S^∗(α, β, ξ, 1) i.e. replacing γ = 1, we get a_n ≤

2βξ(1 − α) {(n − 1) − β(2ξα − 2ξn + n − 1)}

, n = 2, 3, 4, . . . and equality holds for f(z) = z −

2βξ(1 − α) {(n − 1) − β(2ξα − 2ξn + n − 1)} z^n which is a known result of [1] and [2]. Corollary 2. If f(z) ∈ S^∗(α, β, 1, 1) we get a_n ≤

2β(1 − α) {(n − 1) − β(2α + 3n − 1)} and equality holds for f(z) = z −

2β(1 − α) {(n − 1) − β(2α + 3n − 1)} z^n which is a known result of [3].

Corollary 3. f(z) ∈ S^∗(α) if and only if ∞∑ n=2 (n + α)a_n ≤ (1 − α).

Theorem 2. A function f(z) = z − ∞∑ n=2 a_nz^n (a_n ≥ 0) is in K^∗(α, β, ξ, γ) if and only if, ∞∑ n=2 n[(n − 1) − β(2ξα − 2ξn + γn − γ)]a_n ≤ 2βξ(1 − α).

Proof. The proof of this theorem is analogous to that of theorem [1], because a function f(z) ∈ K^∗(α, β, ξ, γ), if and only if zf^′(z) ∈ S^∗(α, β, ξ, γ) so it is enough that a_n in Theorem 1 is replaced with na_n. □ Remark. If f ∈ K^∗(α, β, ξ, γ), then

a_n ≤

2βξ(1 − α) n{(n − 1) − β(2ξα − 2nξ + γn − γ)} for n = 2, 3, 4, . . .

and equality holds for f(z) = z −

2βξ(1 − α) n{(n − 1) − β(2ξα − 2ξn + γn − γ)} z^n.

Corollary 4. If f(z) ∈ K^∗(α, β, ξ, 1) i.e. replacing γ = 1, we get a_n ≤

2βξ(1 − α) n{(n − 1) − β(2ξα − 2ξn + n − 1)} n = 2, 3, 4, . . .

and equality holds for f(z) = z −

2βξ(1 − α) {(n − 1) − β(2ξα − 2ξn + n − 1)} z^n.

This result is due to [1] and [2].

Corollary 5. If f(z) ∈ K^∗(α, β, 1, 1), then a_n ≤

2β(1 − α) n{(n − 1) − β(2α + 3n − 1)}

, n = 2, 3, 4, . . . with equality for f(z) = z −

2β(1 − α) n{(n − 1) − β(2α + 3n − 1)} z^n.

Corollary 6. f(z) ∈ K^∗(α) if and only if, ∞∑ n=2 n(n + α)a_n ≤ (1 − α).

3. Growth and Distortion Theorem Theorem 3. If f(z) ∈ S^∗(α, β, ξ, γ) then (3.1) r −

2βξ(1 − α) (1 + 4βξ) − β(γ + 2ξα) r^2 ≤ |f(z)| ≤ r +

2βξ(1 − α) (1 + 4βξ) − β(γ + 2ξα) r^2.

Equality holds for f(z) = z −

2βξ(1 − α) (1 + 4βξ) − β(γ + 2ξα) z^2 at z = ±r.

Proof. By Theorem 1, we have f(z) ∈ S^∗(α, β, ξ, γ) if and only if, ∞∑ n=2 [(n − 1) − β(2ξα − 2ξn + γn − γ)]a_n ≤ 2βξ(1 − α)

or equivalently, (3.2) ∞∑ n=2 a_n { n − ( 1 − 2βξ(1 − α) 1 + 2βξ − γβ )} ≤ 2βξ(1 − α) 1 + 2βξ − γβ . So f ∈ S^∗(α, β, ξ, γ) if and only if, by (3.2)

(3.3) ∞∑ n=2 a_n(n − t) ≤ (1 − t) where t = 1 −

2βξ(1 − α) 1 + 2βξ − γβ .

But (2 − t) ∞∑ n=2 a_n ≤ ∞∑ n=2 a_n(n − t) ≤ (1 − t).

This last inequality follows from (3.3). We obtain;

|f(z)| ≤ r + ∞∑ n=2 a_nr^n ≤ r + r^2 ∞∑ n=2 a_n ≤ r + r^2 ( 1 − t 2 − t ) . Similarly,

|f(z)| ≥ r − ∞∑ n=2 a_nr^n ≥ r − r^2 ∞∑ n=2 a_n ≥ r − r^2 ( 1 − t 2 − t ) . So r − ( 1 − t 2 − t ) r^2 ≤ |f(z)| ≤ r + ( 1 − t 2 − t ) r^2

that is r − 2βξ(1 − α) (1 + 4βξ) − β(γ + 2ξα) r^2 ≤ |f(z)| ≤ r +

2βξ(1 − α) (1 + 4βξ) − β(γ + 2ξα) r^2.

Hence the result (3.1). □ Corollary 7. If f ∈ S^∗(α, β, ξ, 1) i.e. replacing γ = 1, then r − 2βξ(1 − α) (1 + 4βξ) − β(1 + 2ξα) r^2 ≤ |f(z)| ≤ r +

2βξ(1 − α) (1 + 4βξ) − β(1 + 2ξα) r^2.

With equality for,

f(z) = z −

2βξ(1 − α) (1 + 4βξ) − β(1 + 2ξα) z^n at z = ±r.

This result is due to [1] and [2].

Corollary 8. If f ∈ S^∗(α, β, 1, 1) i.e. replacing ξ by 1 and γ by 1, then r − 2β(1 − α) (1 + 4β) − β(1 + 2α) r^2 ≤ |f(z)| ≤ r +

2β(1 − α) (1 + 4β) − β(1 + 2α) r^2.

With equality for

f(z) = z −

2β(1 − α) (1 + 4β) − β(1 + 2α) z^n at z = ±r.

Theorem 4. If f(z) ∈ K^∗(α, β, ξ, γ), then r − βξ(1 − α) (1 + 4βξ) − β(γ + 2ξα)

≤ |f(z)| ≤ r + βξ(1 − α) (1 + 4βξ) − β(γ + 2ξα) . Proof. The proof of this theorem is analogous to that of theorem (3), because a function f(z) ∈ K^∗(α, β, ξ, γ) if and only if zf^′(z) ∈ S^∗(α, β, ξ, γ). So it will be enough that a_n in Theorem 3 is replace with na_n. □

Corollary 9. If f ∈ K^∗(α, β, ξ, 1) i.e. replacing γ by 1, then r − βξ(1 − α) (1 + 4βξ) − β(1 + 2ξα)

≤ |f(z)| ≤ r + βξ(1 − α) (1 + 4βξ) − β(1 + 2ξα) with equality for

f(z) = z − βξ(1 − α) (1 + 4βξ) − β(1 + 2ξα) z^2 at z = ±r.

This is due to [1] and [2].

Corollary 10. If f ∈ K^∗(α, β, 1, 1) i.e.; replacing ξ = 1 and γ = 1, then r − β(1 − α) (1 + 3β − 2α)

≤ |f(z)| ≤ r + β(1 − α) (1 + 3β − 2α) with equality for

f(z) = z − β(1 − α) (1 + 3β − 2α) z^2 at z = ±r.

This corollary is due to [3].

Theorem 5. If f ∈ S^∗(α, β, ξ, γ), then

(3.4) 1 −

4βξ(1 − α) (1 − γβ) + 2βξ(2 − α) r ≤ |f^′(z)| ≤ 1 +

4βξ(1 − α) (1 − γβ) + 2βξ(2 − α) r. Proof. Since f ∈ S^∗(α, β, ξ, γ), we have

(3.5) ∞∑ n=2 a_n(n − t) ≤ (1 − t) where t = 1 −

2βξ(1 − α) 1 + 2βξ − γβ . Now in view of Theorem 3, we have ∞∑ n=2 na_n = ∞∑ n=2 (n − t)a_n + t ∞∑ n=2 a_n ≤ (1 − t) + t ( 1 − t 2 − t ) = 2(1 − t) (2 − t) . Therefore,

|f^′| ≤ 1 + ∞∑ n=2 na_n|z|^{n−1} ≤ 1 + r ∞∑ n=2 na_n ≤ 1 + r

2(1 − t) (2 − t) . Similarly,

|f^′| ≥ 1 − ∞∑ n=2 na_n|z|^{n−1} ≥ 1 − r ∞∑ n=2 na_n ≥ 1 − r

2(1 − t) (2 − t) . So (3.6) 1 − r ( 2(1 − t) (2 − t) ) ≤ |f^′(z)| ≤ 1 + r ( 2(1 − t) (2 − t) )

by substituting t from (3.5) in (3.6), the result (3.4) is obtained. □

Corollary 11. If f ∈ S^∗(α, β, ξ, 1), then 1 − 4βξ(1 − α) (1 − β) + 2βξ(2 − α) r ≤ |f^′(z)| ≤ 1 +

4βξ(1 − α) (1 − β) + 2βξ(2 − α) r for |z| = r.

This result is due to [1] and [2]. Corollary 12. If f ∈ S^∗(α, β, 1, 1), then 1 − 4β(1 − α) 1 + 3β − 2αβ r ≤ |f^′(z)| ≤ 1 +

4β(1 − α) 1 + 3β − 2αβ r. This inequality is due to Kulkarni [3].

Theorem 6. If f ∈ K^∗(α, β, ξ, γ), then 1 − 2βξ(1 − α) (1 − γβ) + 2βξ(2 − α) r ≤ |f^′(z)| ≤ 1 +

2βξ(1 − α) (1 − γβ) + 2βξ(2 − α) r for |z| = r.

Proof. The proof of this theorem is similar to that of Theorem 5 because a function f ∈ K^∗(α, β, ξ, γ) if and only if zf^′ ∈ S^∗(α, β, ξ, γ). □ Corollary 13. If f ∈ K^∗(α, β, ξ, 1), then 1 − 2βξ(1 − α) (1 − β) + 2βξ(2 − α) r ≤ |f^′(z)| ≤ 1 +

2βξ(1 − α) (1 − β) + 2βξ(2 − α) r for |z| = r.

This result is due to [1] and [2]. Corollary 14. If f ∈ K^∗(α, β, 1, 1) then 1 − 2β(1 − α) 1 + 3β − 2αβ r ≤ |f^′(z)| ≤ 1 +

2β(1 − α) 1 + 3β − 2αβ r for |z| = r.

This inequality is due to Kulkarni [3].

4. Radius of Convexity

Theorem 7. If f(z) = z −^∞ ∑ n=2 a_nz^n ∈ S^∗(α, β, ξ, γ) then f is convex in the disc,

0 < |z| < r = r(α, β, ξ, γ) = inf_n [ (n − 1) − β(γn − γ + 2ξα − 2nξ) (n^2(1 + 2βξ − γβ) + n(γβ − 1)(1 − α)

]_{1/n−1} . This result is sharp, with the extremal function,

f(z) = z −

2βξ(1 − α) [(n − 1) − β(γn − γ + 2ξα − 2nξ)] z^n for some n.

Proof. We know that f(z) ∈ K(α, β, ξ, γ). So it is sufficient to show that,

(4.1) | | | | | z(zf^′ )^′

zf^′ − 1 2ξ ( z^{(zf ′)′}_{zf ′} − α ) − γ ( z^{(zf ′)′}_{zf ′} − 1 ) | | | | | < β for |z| ≤ r(α, β, ξ, γ)

We have | | | | | z^{(zf ′)′}_{zf ′} − 1 β [ 2ξ (_{z(zf ′ )′}

zf^′ − α ) − γ ( z^{(zf ′)′}_{zf ′} − 1 )] | | | | | = | | | | zf^{′′} β[(2ξ − γ)zf^{′′} + 2ξ(1 − α)f^′] | | | |

= | | | | | | −^∞ ∑ n=2 n(n − 1)a_nz^{n−1} β [ 2βξ(1 − α) −^∞ ∑ n=2 [(2ξ − γ)n(n − 1) − 2nξ(1 − α)] a_nz^{n−1} ] | | | | | |

≤ ∞∑ n=2 n(n − 1)a_n|z|^{n−1}

2βξ(1 − α) −^∞ ∑ n=2 [βn(n − 1)(2ξ − γ) − 2nξ(1 − α)]a_n|z|^{n−1} .

Thus (4.1) holds if, ∞∑ n=2 [n(n − 1)[1 + β(2ξ − γ)] + 2βξn(1 − α)] a_n|z|^{n−1} ≤ 2βξ(1 − α).

In view of coefficient inequality in Theorem 1, we have

(4.2) |z|^{n−1} ≤

(n − 1) − β(γn − γ + 2ξα − 2nξ) n^2(1 + 2βξ − βγ) − n(βγ + 2βξα − 1)

, n = 2, 3, . . .

The desired result follows by substituting |z| = r(α, β, ξ, γ) in the above expression. □

Corollary 15. If f(z) ∈ S^∗(α, β, ξ, 1) then f is convex in the disc,

0 < |z| < r = r(α, β, ξ) = inf_n { (n − 1) − β(n − 1 + 2ξα − 2nξ) [n^2(1 + 2βξ − β) + n(β + 2βξα − 1)

} 1_{n−1} . The result is sharp with the extremal function,

f(z) = z −

2βξ(1 − α) [(n − 1) − β(n − 1 + 2ξα − 2nξ)] z^n

for some n.

This result is due to [1] and [2].

Corollary 16. If f(z) ∈ S^∗(α, β, 1, 1) then f is convex in the disc,

0 < |z| < r = r(α, β) = inf_n { (n − 1) − β(2α − n − 1) n^2(1 + β) − n(β + 2βα − 1)

} 1_{n−1} .

The result is sharp with the extremal function, f(z) = z −

2β(1 − α) [(n − 1) − β(2α − n − 1)] z^n for some n.

This result is due to Kulkarni [3].

Corollary 17. If f(z) ∈ S^∗(0, 1, 1, 1) then f is convex in the disc, 0 < |z| < r = r(0, 1, 1, 1) = inf_n { 1 n } 1_{n−1} , n = 2, 3, 4, . . . .

5. Closure Theorem Theorem 8. Let f_1(z) = z and

f_n(z) =

2βξ(1 − α) [(n − 1) − β(γn − γ + 2ξα − 2nξ)] z^n for n = 2, 3, 4, . . . .

Then f(z) ∈ K^∗(α, β, ξ, γ) if and only if, f(z) can be expressed in the forms, f(z) = ∞∑ n=1 λ_nf_n(z) where λ_n ≥ 0 and ∞∑ n=1 λ_n = 1.

Proof. Suppose f(z) can be written in the form f(z) = ∞∑ n=1 λ_nf_n(z)

= z − ∞∑ n=2 2βξ(1 − α) (n − 1) − β(γn − γ + 2ξα − 2nξ) z^n.

Then ∞∑ n=2 λ_n2βξ(1 − α) [(n − 1) − β(γn − γ + 2ξα − 2nξ)] × [(n − 1) − β(γn − γ + 2ξα − 2nξ)] 2βξ(1 − α) = ∞∑ n=2 λ_n = 1 − λ_1 ≤ 1.

Therefore f(z) ∈ K^∗(α, β, ξ, γ).

Conversely, suppose f(z) ∈ K^∗(α, β, ξ, γ) then remark of Theorem 1 gives us; a_n ≤

2βξ(1 − α) [(n − 1) − β(γn − γ + 2ξα − 2nξ)] . We take,

λ_n =

[(n − 1) − β(γn − γ + 2ξα − 2nξ)] 2βξ(1 − α) a_n, n = 2, 3, 4, . . .

and λ_1 = 1 −^∞ ∑ n=2 λ_n. Then f(z) =^∞ ∑ n=1 λ_nf_n(z). □

Corollary 18. If f_1(z) = z and

f_n(z) = z −

2βξ(1 − α) [(n − 1) − β(n − 1 + 2ξα − 2nξ)] z^n for n = 2, 3, . . . .

Then f(z) ∈ K^∗(α, β, ξ, 1) if and only if, f(z) can be expressed in the form,

f(z) = ∞∑ n=1 λ_nf_n(z) where λ_n ≥ 0, n = 1, 2, . . . , ∞∑ n=1 λ_n = 1.

This result is due to [1] and [2]. Corollary 19. If f_1(z) = z and

f_n(z) = z −

2β(1 − α) [(n − 1) − β(2α − n − 1)] z^n for n = 2, 3, . . . .

Then f(z) ∈ K^∗(α, β) if and only if, f(z) can be expressed in the form,

f(z) = ∞∑ n=1 λ_nf_n(z) where λ_n ≥ 0, n = 1, 2, · · · , ∞∑ n=1 λ_n = 1.

This result is due to Kulkarni [3]. Corollary 20. If f_1(z) = z and f_n(z) = z − 1 n z^n.

Then f(z) ∈ K^∗(0, 1, 1, 1) if and only if, f(z) can be expressed in the form

f(z) = ∞∑ n=1 λ_nf_n(z) where λ_n ≥ 0, ∞∑ n=1 λ_n = 1.

References

[1] R. Aghalary and S. Kulkarni. Some theorems on univalent functions. J. Indian Acad. Math., 24(1):81–93, 2002.

[2] S. R. Kulkarni. Some problems connected with univalent functions. PhD thesis, Shivaji University, Kolhapur, 1981.

[3] S. Owa and J. Nishiwaki. Coefficient estimates for certain classes of analytic functions.

JIPAM. J. Inequal. Pure Appl. Math., 3(5):Article 72, 5 pp. (electronic), 2002. [4] H. Silverman. Univalent functions with negative coefficients. Proc. Amer. Math. Soc., 51:109–116, 1975.

[5] H. Silverman and E. Silvia. Subclasses of prestarlike functions. Math. Japon., 29(6):929– 935, 1984.

Department of Mathematics, Maharashtra Academy of Engineering, Alandi - 412105, Pune (M.S.), India E-mail address: smkhairnar2007@gmail.com E-mail address: meenamores@gmail.com