Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 24 (2008), 385–390

www.emis.de/journals
ISSN 1786-0091

UNIFORM CONVEXITY OF KÖTHE–BOCHNER FUNCTION SPACES

M. KHANDAQJI, F. AWAWDEH

Abstract. Of concern are the Köthe–Bochner function spaces E(X), where X is a real Banach space. Thus, of concern is the uniform convexity on the Köthe–Bochner function space E(X). We show that E(X) is uniformly convex if and only if both spaces E and X are uniformly convex. It is the uniform convexity that is the focal point.

1. Basic Concepts

Throughout this paper (T, � , μ) denote a δ-finite complete measure space and L^∘ = L^∘(T ) denotes the space of all (equivalence classes) of � -measurable real valued functions. For f, g ∈ L^∘, f ≤ g means that f(t) ≤ g(t) μ-almost every where t ∈ T .

A Banach space is said to be a Köthe space if:

(1) For any f, g ∈ L^∘, |f| ≤ |g|, g ∈ E imply f ∈ E and ‖f‖_E ≤ ‖g‖_E . (2) For each A ∈ � , if μ(A) is finite then χ_A ∈ E. See [12, p. 28].

Let E be a Köthe space on the measure space (T, � , μ) and (X, ‖·‖_X ) be a real Banach space. Then E(X) is the space (of all equivalence classes of) strongly measurable functions f : T → X such that ‖f(·)‖_X ∈ E equipped with the norm |‖f‖| = ‖‖f(·)‖_X ‖_E .

The space (E(X), |‖·‖|_E ) is a Banach space called the Köthe–Bochner function space [11, p. 147]. The most important class of Köthe–Bochner function spaces E(X) are the Lebesgue–Bochner spaces L^p(X), (1 ≤ p < ∞) and their generalization the Orlicz–Bochner spaces L^ϕ(X). They have been studied by many authors [1], [2], [6], [7]. The geometric properties of the Köthe–Bochner function spaces have been studied by many authors, (e.g. [1], [5], [10]).

2000 Mathematics Subject Classification. 46E40, 35E10. Key words and phrases. Köthe–Bochner function space, uniform convexity. 385

A Banach space is uniformly convex if and only if for every ϵ > 0, there is a unique δ > 0, such that for all x, y in X, the conditions ‖x‖ = ‖y‖ = 1 and ‖x − y‖ > ϵ imply � �^{x+y}_2 � � < 1 − δ. Moreover this definition is equivalent to the following, [3, p. 127], for every pair of sequences (x_n) and (y_n) in X with ‖x_n‖ ≤ 1, ‖y_n‖ ≤ 1 and ‖x_n + y_n‖ ≤ 2, it follows ‖x_n − y_n‖ → 0.

For a Banach space X, we denote by δ_X the modulus of convexity

δ_X (ϵ) = inf � 1 − 1 2 ‖x + y‖ : x, y ∈ X, ‖x‖ = ‖y‖ = 1, ‖x − y‖ > ϵ �

for any ϵ ∈ [0, 2]. Note that X is uniformly convex if and only if δ_X (ϵ) > 0 whenever ϵ > 0. If X is uniformly convex, we define the characteristic of convexity of by ϵ_r(X) = sup {ϵ ∈ [0, 2] : δ_X (ϵ) ≤ r} .

The uniform convexity of both the Lebesgue–Bochner spaces L^p(X), (1 ≤ p < ∞) and the Orlicz–Bochner spaces L^ϕ(X) have been studied by many authors (e.g. see [4], [5], [8], [9], [14]).

In [14], M. Smith and B. Truett showed that many properties akin to uniform convexity lift from X the Lebesgue–Bochner spaces L^p(X), (1 ≤ p < ∞). A survey of rotundity notions in the Lebesgue–Bochner spaces L^p(X), (1 ≤ p < ∞) and sequences spaces can be found in [13].

In [10], A. Kaminska and B. Truett showed that many properties akin to uniform convexity lift from X to E(X). The approach used in their paper is different than that we used.

This paper is devoted to the study of uniform convexity of the Köthe–Bochner function space E(X), where X is a real Banach space.

2. Main Results

Let us prove some preliminary results which will allow us in Theorem 4 to obtain a characterization of the uniform convexity of the Köthe–Bochner function space E(X).

Lemma 1. If (f_n) and (g_n) are sequences in the Köthe–Bochner function space E(X) with |‖f_n‖| = |‖g_n‖| = 1 and |‖f_n + g_n‖| → 2 then

‖‖f_n(·)‖_X + ‖g_n(·)‖_X ‖_E → 2.

Proof. Using the following inequalities we get the required result

|‖f_n + g_n‖| = ‖‖f_n(·) + g_n(·)‖_X ‖_E ≤ ‖‖f_n(·)‖_X + ‖g_n(·)‖_X ‖_E ≤ |‖f_n‖| + |‖g_n‖| = 2. □

Lemma 2. Let X be a real Banach space and E be a Köthe space. If (E, ‖·‖_E ) is uniformly convex Köthe space and (f_n), (g_n) are sequences in the Köthe– Bochner function space E(X) with |‖f_n‖| = |‖g_n‖| = 1 and |‖f_n + g_n‖| → 2 then,

(i) ‖‖f_n(·)‖_X − ‖g_n(·)‖_X ‖_E → 0.

(ii) ‖‖f_n(·)‖_X + ‖g_n(·)‖_X − ‖f_n(·) + g_n(·)‖_X ‖_E → 0.

Proof. Note that (‖f_n(·)‖_X ) and (‖g_n(·)‖_X ) are sequences in E with

‖‖f_n(·)‖_X ‖_E = ‖‖g_n(·)‖_X ‖_E = 1.

Using Lemma 1 and the fact that E is uniformly convex Köthe space, it is straightforward to get (i). To prove (ii) we note first the inequalities

2 |‖f_n + g_n‖| = 2 ‖‖f_n(·) + g_n(·)‖_X ‖_E ≤ ‖‖f_n(·)‖_X + ‖g_n(·)‖_X + ‖f_n(·) + g_n(·)‖_X ‖_E ≤ 2 ‖‖f_n(·)‖_X + ‖g_n(·)‖_X ‖_E ≤ 2(|‖f_n‖| + |‖g_n‖|) = 4.

In this line, we get � � � � � � f_n(·) + g_n(·) 2 � � �_X +

‖f_n(·)‖_X 2 + ‖g_n(·)‖_X 2 � � �_E → 2.

Due to the uniform convexity of E and the facts that � � � � � �^{fn(·)+gn(·)}_2 � � �_X � � �_E ≤ 1 and � � �^{‖fn(·)‖X}_2 +^{‖gn(·)‖X}_2 � � �_E ≤ 1, result (ii) is completely proved. □

Lemma 3. Let X be a uniformly convex Banach space and E(X) be a Köthe– Bochner function space. If f, g ∈ E(X) then

|‖f − g‖| = ϵ_r(X)(|‖f‖| + |‖g‖|) + 2 ϵ (‖‖f(·)‖_X − ‖g(·)‖_X ‖_E +

‖‖f(·)‖_X + ‖g(·)‖_X − ‖f(·) + g(·)‖_X ‖_E .

Proof. Holding t ∈ T fixed and letting ϵ > 0, we have two inequalities (i) |‖f(t)‖_X − ‖g(t)‖_X | ≤ ϵ max {‖f(t)‖_X , ‖g(t)‖_X }. (ii) ‖f(t)‖_X + ‖g(t)‖_X − ‖f(t) + g(t)‖_X ≤ ϵ max {‖f(t)‖_X , ‖g(t)‖_X }. We have three cases to be considered Case 1. (i) and (ii) are true. Assuming that ‖f(t)‖_X ≥ ‖g(t)‖_X and letting ~f(t) =^{f (t)}_{‖f (t)‖X} , ~g(t) =^{g(t)}_{‖f (t)‖X} , we find that ‖~g(t)‖_X ≤ � � � ~f(t) � � �_X = 1. Furthermore, it is straightforward to verify that � �~g(t) + ~f(t) � �_X ≥

‖f(t)‖_X + ‖g(t)‖_X − ϵ ‖f(t)‖_X ‖f(t)‖_X

= 1 +

‖g(t)‖_X ‖f(t)‖_X − ϵ

≥ 1 +

‖f(t)‖_X − ϵ ‖f(t)‖_X ‖f(t)‖_X − ϵ = 2 − 2ϵ and, since X is uniformly convex and ‖f(t)‖_X , ‖g(t)‖_X are elements of X for a fixed t ∈ T , find that � � ~f(t) − ~g(t) � � X ≤ ϵ_r(X).

Therefore we deduce that (1) ‖f(t) − g(t)‖_X ≤ ϵ_r(X) max {‖f(t)‖_X , ‖g(t)‖_X } .

Case 2. (i) is not true. We imply that if |‖f(t)‖_X − ‖g(t)‖_X | > max {‖f(t)‖_X , ‖g(t)‖_X } .

And so ‖f(t) − g(t)‖_X ≤ 2 max {‖f(t)‖_X , ‖g(t)‖_X } (2) < 2 ϵ |‖f(t)‖_X − ‖g(t)‖_X | .

Case 3. (ii) is not true. We can get that

‖f(t) − g(t)‖_X ≤ 2 max {‖f(t)‖_X , ‖g(t)‖_X } (3) < 2 ϵ (‖f(t)‖_X + ‖g(t)‖_X − ‖f(t) + g(t)‖_X ).

Inequalities (1), (2), and (3) give the inequality

‖f(t) − g(t)‖_X ≤ ϵ_r(X)(‖f(t)‖_X + ‖g(t)‖_X ) + 2 ϵ (‖f(t)‖_X + ‖g(t)‖_X + ‖f(t)‖_X + ‖g(t)‖_X − ‖f(t) + g(t)‖_X ) and (ii) is completely proved. □ In this line, we are able to introduce the following main theorem about the uniform convexity of the Köthe–Bochner function space E(X). Theorem 4. Let X be a real Banach space and E be a Köthe space. Then E(X) is a uniformly convex Köthe–Bochner space if and only if both X and E are uniformly convex.

Proof. Suppose E(X) is uniformly convex Köthe–Bochner function space. Since both spaces X and E are embedded isometrically into E(X), and due to the fact that uniform convexity inherited by subspaces, we deduce that both spaces X and E are uniformly convex.

Conversely, suppose X and E are uniformly convex spaces. Let (f_n) and (g_n) be sequences in E(X) with |‖f_n‖| = |‖g_n‖| = 1 and |‖f_n + g_n‖| → 2, then by Lemma 2 it follows that ‖‖f_n(·)‖_X − ‖g_n(·)‖_X ‖_E → 0 and ‖‖f_n(·)‖_X + ‖g_n(·)‖_X − ‖f_n(·) + g_n(·)‖_X ‖_E → 0.

Take ϵ^∗ > 0 and choose δ > 0 such that ϵ_r(X) ≤^{ϵ∗}_4 . Choose K sufficiently large so that for all n > K,

‖‖f_n(·)‖_X + ‖g_n(·)‖_X ‖_E + ‖‖f_n(·)‖_X + ‖g_n(·)‖_X − ‖f_n(·) + g_n(·)‖_X ‖_E < 1 4 ϵϵ^∗.

From Lemma 3 it follows that

|‖f_n − g_n‖| = ϵ_r(X)(|‖f_n‖| + |‖g_n‖|) + 2 ϵ (‖‖f_n(·)‖_X − ‖g_n(·)‖_X ‖_E +

‖‖f_n(·)‖_X + ‖g_n(·)‖_X − ‖f_n(·) + g_n(·)‖_X ‖_E )

≤ 2ϵ_r(X) + 2 ϵ ( 1 4 ϵϵ^∗) ≤ 1 2 ϵ^∗ + 1 2 ϵ^∗ = ϵ^∗, for all n > K.

Consequently |‖f_n − g_n‖| → 0, which means that E(X) is a uniformly convex Köthe–Bochner space, and thereby the theorem is completely proved. □

References

[1] J. Cerdà, H. Hudzik, and M. Mastyło. Geometric properties of Köthe-Bochner spaces.

Math. Proc. Cambridge Philos. Soc., 120(3):521–533, 1996.

[2] S. Chen and H. Hudzik. On some convexities of Orlicz and Orlicz-Bochner spaces. Comment. Math. Univ. Carolin., 29(1):13–29, 1988.

[3] J. Diestel. Sequences and series in Banach spaces, volume 92 of Graduate Texts in Mathematics. Springer-Verlag, New York, 1984.

[4] G. Emmanuele and A. Villani. Lifting of rotundity properties from E to L^p(μ, E). Rocky Mountain J. Math., 17(3):617–627, 1987.

[5] I. Halperin. Uniform convexity in function spaces. Duke Math. J., 21:195–204, 1954. [6] H. Hudzik and T. R. Landes. Characteristic of convexity of Köthe function spaces. Math.

Ann., 294(1):117–124, 1992.

[7] H. Hudzik and M. Mastyło. Strongly extreme points in Köthe-Bochner spaces. Rocky Mountain J. Math., 23(3):899–909, 1993.

[8] A. Kamińska and W. Kurc. Weak uniform rotundity in Orlicz spaces. Comment. Math.

Univ. Carolin., 27(4):651–664, 1986.

[9] A. Kamińska and B. Turett. Uniformly non-l^1(n) Orlicz-Bochner spaces. Bull. Polish Acad. Sci. Math., 35(3-4):211–218, 1987.

[10] A. Kamińska and B. Turett. Rotundity in Köthe spaces of vector-valued functions. Canad.

J. Math., 41(4):659–675, 1989.

[11] P.-K. Lin. Köthe-Bochner function spaces. Birkhäuser Boston Inc., Boston, MA, 2004. [12] J. Lindenstrauss and L. Tzafriri. Classical Banach spaces. II, volume 97 of Ergebnisse der Mathematik und ihrer Grenzgebiete [Results in Mathematics and Related Areas]. Springer-Verlag, Berlin, 1979. Function spaces.

[13] M. A. Smith. Rotundity and extremity in l^p(X_i) and L^p(μ, X). In Geometry of normed linear spaces (Urbana-Champaign, Ill., 1983), volume 52 of Contemp. Math., pages 143– 162. Amer. Math. Soc., Providence, RI, 1986.

[14] M. A. Smith and B. Turett. Rotundity in Lebesgue-Bochner function spaces. Trans. Amer.

Math. Soc., 257(1):105–118, 1980.

Department of Mathematics, Hashemite University, Jordan E-mail address: mkhan@hu.edu.jo E-mail address: awawdeh@hu.edu.jo