Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 25(1) (2009), 105–118

www.emis.de/journals
ISSN 1786-0091

SOME UNIFYING RESULTS ON STABILITY AND STRONG CONVERGENCE FOR SOME NEW ITERATION PROCESSES

M. O. OLATINWO

Abstract. In this paper, we shall establish some stability results as well as strong convergence results for a pair of nonselfmappings using some newly introduced iteration processes and two general contractive conditions. Our results are improvements, generalizations and extensions of the results in some of the references listed in the reference section of this paper as well as some other analogous ones in the literature.

1. Introduction

Let (E, d) be a complete metric space and T : E → E a selfmap of E. Suppose that F_T = { p ∈ E | T p = p } is the set of fixed points of T .

There are several iteration processes in the literature for which the fixed points of operators have been approximated over the years by various authors. In a complete metric space, the Picard iteration process {x_n}^∞_{n=0} defined by (1.1) x_{n+1} = T x_n, n = 0, 1, · · · ,

has been employed to approximate the fixed points of mappings satisfying the inequality relation (1.2) d(T x, T y) ≤ αd(x, y), ∀x, y ∈ E and α ∈ [0, 1).

Condition (1.2) is called the Banach’s contraction condition. Any operator satisfying (1.2) is called strict contraction. Also, condition (1.2) is significant in the celebrated Banach’s fixed point theorem [3].

In the Banach space setting, we shall state some of the iteration processes generalizing (1.1) as follows:

For x_0 ∈ E, the sequence {x_n}^∞_{n=0} defined by (1.3) x_{n+1} = (1 − α_n)x_n + α_nT x_n, n = 0, 1, · · · ,

where {α_n}^∞_{n=0} ⊂ [0, 1], is called the Mann iteration process (see Mann [20]).

2000 Mathematics Subject Classification. 47H06, 54H25.

Key words and phrases. Arbitrary Banach space; Jungck-Ishikawa iteration process; nonselfmappings. 105

106 M. O. OLATINWO

For x_0 ∈ E, the sequence {x_n}^∞_{n=0} defined by

(1.4) x_{n+1} = (1 − α_n)x_n + α_nT z_n z_n = (1 − β_n)x_n + β_nT x_n } n = 0, 1, · · · ,

where {α_n}^∞_{n=0} and {β_n}^∞_{n=0} are sequences in [0, 1], is called the Ishikawa iteration process (see Ishikawa [14]).

The following is the iteration process introduced by Singh et al [39] to establish some stability results: Let S and T be operators on an arbitrary set Y with values in E such that T (Y ) ⊆ S(Y ). S(Y ) is a complete subspace of E. Then, for x_0 ∈ Y, the sequence {Sx_n}^∞_{n=0} defined by

(1.5) Sx_{n+1} = (1 − α_n)Sx_n + α_nT x_n, n = 0, 1, · · · ,

where {α_n}^∞_{n=0} is a sequence in [0, 1] is called the Jungck-Mann iteration process.

If α_n = 1 and Y = E in (1.5), then we obtain

(1.6) Sx_{n+1} = T x_n, n = 0, 1, 2, · · · ,

which is the Jungck iteration. See Jungck [16] for detail.

While the iteration process (1.5) extends (1.1), (1.3) and (1.6), the iteration processes (1.4) and (1.5) are independent.

Kannan [17] established an extension of the Banach’s fixed point theorem by using the following contractive definition: For a selfmap T, there exists β ∈ (0,^1_2 ) such that

(1.7) d(T x, T y) ≤ β [d(x, T x) + d(y, T y)] , ∀x, y ∈ E.

Chatterjea [8] used the following contractive condition: For a selfmap T, there exists γ ∈ (0,^1_2 ) such that

(1.8) d(T x, T y) ≤ γ [d(x, T y) + d(y, T x)] , ∀x, y ∈ E.

Zamfirescu [40] established a nice generalization of the Banach’s fixed point theorem by combining (1.2), (1.7) and (1.8). That is, for a mapping T : E → E, there exist real numbers α, β, γ satisfying 0 ≤ α < 1, 0 ≤ β <^1_2 , 0 ≤ γ <^1_2 respectively such that for each x, y ∈ E, at least one of the following is true:

(1.9)

(z_1) d(T x, T y) ≤ αd(x, y) (z_2) d(T x, T y) ≤ β [d(x, T x) + d(y, T y)] (z_3) d(T x, T y) ≤ γ [d(x, T y) + d(y, T x)] .

The mapping T : E → E satisfying (1.9) is called the Zamfirescu contraction. Any mapping satisfying condition (z_2) of (1.9) is called a Kannan mapping, while the mapping satisfying condition (z_3) is called Chatterjea operator. The contractive condition (1.9) implies

(1.10) ||T x − T y|| ≤ 2δ||x − T x|| + δ||x − y||, ∀x, y ∈ E,

where δ = max { α,^β_{1−β} ,^γ_{1−γ} } , 0 ≤ δ < 1.

SOME UNIFYING RESULTS . . . 107

Condition (1.9) was used by Rhoades [31, 32] to obtain some convergence results for Mann and Ishikawa iteration processes in a uniformly convex Banach space. The results of [31, 32] were recently extended by Berinde [6] to an arbitrary Banach space for the same fixed point iteration processes. Rafiq [30] proved a convergence result for the Noor iteration process in normed space using the Zamfirescu contraction. See Noor [2] for the Noor iteration process.

Singh et al [39] defined the following general iteration process: Let S, T : Y → E and T (Y ) ⊆ S(Y ). For any x_0 ∈ Y, let

(1.11) Sx_{n+1} = f(T, x_n), n = 0, 1, · · ·

For S = I (i.e. identity map on E), f(T, x_n) = T x_{n+1} and Y = E, then (1.11) reduces to the well-known Picard iteration process in (1.1).

If Y = E, and f(T, x_n) = T x_n, n = 0, 1, · · · , then (1.11) reduces to the Jungck iteration process of (1.6). Jungck [16] established that the maps S and T satisfying

(1.12) d(T x, T y) ≤ kd(Sx, Sy), ∀x, y ∈ E, k ∈ [0, 1),

have a unique common fixed point in complete metric space E, provided that S and T commute, T (Y ) ⊆ S(Y ) and S is continuous. For results which are similar to Jungck [16] in uniform space, we refer to Aamril and El Moutawakil [1] as well as Olatinwo [21, 22].

The following definition of the stability of iteration process due to Singh et al [39] shall be required in the sequel.

Definition 1.1. Let S, T : Y → E, T (Y ) ⊆ S(Y ) and z a coincidence point of S and T, that is, Sz = T z = p (say). For any x_0 ∈ Y, let the sequence {Sx_n}^∞_{n=0} , generated by the iteration procedure (1.11) converge to p. Let {Sy_n}^∞_{n=0} ⊂ E be an arbitrary sequence, and set ϵ_n = d(Sy_{n+1}, f(T, y_n)), n = 0, 1, · · · Then, the iteration procedure (1.11) will be called (S, T )-stable if and only if lim_{n→∞} ϵ_n = 0 implies that lim_{n→∞} Sy_n = p.

This definition reduces to that of the stability of iteration procedure due to Harder and Hicks [11] when Y = E and S = I (identity operator).

Several stability results established in metric space and normed linear space are available in the literature. Some of the various authors whose contributions are of colossal value in the study of stability of the fixed point iteration procedures are Ostrowski [29], Harder and Hicks [11], Rhoades [34, 36], Osilike [27], Osilike and Udomene [28], Jachymski [15], Berinde [5, 4] and Singh et al [39]. Harder and Hicks [11], Rhoades [34, 36], Osilike [27] and Singh et al [39] used the method of the summability theory of infinite matrices to prove various stability results for certain contractive definitions. The method has also been adopted to establish various stability results for certain contractive definitions in Olatinwo et al [24, 26]. Osilike and Udomene [28] introduced a shorter method of proof of stability results and this has also been employed by Berinde [5], Imoru and Olatinwo [12], Imoru et al [13], Olatinwo et al [25]

108 M. O. OLATINWO

and some others. In Harder and Hicks [11], the contractive definition stated in (1.2) was used to prove a stability result for the Kirk’s iteration process. The first stability result on T − stable mappings was proved by Ostrowski [29] for the Picard iteration using (1.2).

In addition to (1.2), the contractive condition in (1.9) was also employed by Harder and Hicks [11] to establish some stability results for both Picard and Mann iteration processes. Rhoades [34, 36] extended the stability results of [11] to more general classes of contractive mappings. Rhoades [34] extended the results of [11] to the following independent contractive condition: there exists c ∈ [0, 1) such that

(1.13) d(T x, T y) ≤ c max {d(x, y), d(x, T y), d(y, T x)}, ∀x, y ∈ E.

Rhoades [36] used the following contractive definition: there exists c ∈ [0, 1) such that

(1.14) d(T x, T y) ≤ c max { d(x, y), d(x, T x) + d(y, T y) 2 , d(x, T y), d(y, T x) } , for all x, y ∈ E. Moreover, Osilike [27] generalized and extended some of the results of Rhoades [36] by using a more general contractive definition than those of Rhoades [34, 36]. Indeed, he employed the following contractive definition: there exist a ∈ [0, 1], L ≥ 0 such that

(1.15) d(T x, T y) ≤ Ld(x, T x) + ad(x, y), ∀x, y ∈ E.

Osilike and Udomene [28] introduced a shorter method to prove stability results for the various iteration processes using the condition (1.15). Berinde [5] established the same stability results for the same iteration processes using the same set of contractive definitions as in Harder and Hicks [11] but the same method of shorter proof as in Osilike and Udomene [28].

More recently, Imoru and Olatinwo [12] established some stability results which are generalizations of some of the results of Osilike [5, 11, 27, 28, 34, 36]. In Imoru and Olatinwo [12], the following contractive definition was employed: there exist

a ∈ [0, 1) and a monotone increasing function φ : R_+ → R_+ with φ(0) = 0, such that

(1.16) d(T x, T y) ≤ φ(d(x, T x)) + ad(x, y), ∀x, y ∈ E.

Condition (1.16) was also employed in Olatinwo et al [24] to establish some stability results in normed linear space setting with additional condition of continuity imposed on φ.

However, Singh et al [39] established some stability results for Jungck and Jungck-Mann iteration processes by employing two contractive definitions both of which generalize those of Osilike [27] but independent of that of Imoru and Olatinwo [12]. Singh et al [39] obtained stability results for Jungck and Jungck- Mann iterative procedures in metric space using both the contractive definition

SOME UNIFYING RESULTS . . . 109

(1.12) and the following: For S, T : Y → E and some k ∈ [0, 1), we have

(1.17) d(T x, T y) ≤ kd(Sx, Sy) + Ld(Sx, T x), ∀x, y ∈ Y.

In the next section, we shall introduce the Jungck-Ishikawa iteration process to prove some stability and convergence results for nonselfmappings in normed linear space and arbitrary Banach space respectively. In establishing our results, more general contractive conditions than (1.9) will be considered.

2. Preliminaries

We shall consider the following iteration processes in establishing our results: Let (E, ||.||) be a Banach space and Y an arbitrary set. Let S, T : Y → E be two nonselfmappings such that T (Y ) ⊆ S(Y ), S(Y ) is a complete subspace of E and S is injective. Then, for x_0 ∈ Y, define the sequence {Sx_n}^∞_{n=0} iteratively by

(2.1)

Sx_{n+1} = (1 − α_n)Sx_n + α_nT z_n Sz_n = (1 − β_n)Sx_n + β_nT x_n } , n = 0, 1, · · · ,

where {α_n}^∞_{n=0} and {β_n}^∞_{n=0} are sequences in [0, 1]. The iteration process (2.1) is called the Jungck-Ishikawa iteration process. See Olatinwo [23] for more detail.

The iteration processes (1.1) and (1.3)–(1.6) are special cases of (2.1). For instance,

if in (2.1), S is identity operator, Y = E, β_n = 0 then we obtain the Mann iteration process of (1.3).

Since S is injective, if β_n = 0, then for x_0 ∈ Y, (2.1) reduces to the Jungck- Mann iteration process of (1.5).

Also, with S and T as in (2.1), we define the following three-step iteration process which is an extension of (2.1):

For x_0 ∈ Y and with S and T as above, define the sequence {Sx_n}^∞_{n=0} iteratively by

(2.2)

Sx_{n+1} = (1 − α_n)Sx_n + α_nT z_n Sz_n = (1 − β_n)Sx_n + β_nT r_n Sr_n = (1 − γ_n)Sx_n + γ_nT x_n

, n = 0, 1, · · · ,

where {α_n}^∞_{n=0} , {β_n}^∞_{n=0} and {γ_n}^∞_{n=0} are sequences in [0, 1]. The iteration process (2.2) will be called the Jungck-Noor iteration process.

The iteration processes (1.1) and (1.3)–(1.6) are also special cases of (2.2). In fact, the iteration process defined in (2.2) is an extension of that of Noor [2].

Definition 2.1 (Berinde [7]). A function ψ : R_+ → R_+ is called a comparison function if it satisfies the following conditions:

(i) ψ is monotone increasing; (ii) lim_{n→∞} ψ^n(t) = 0, ∀t ≥ 0.

110 M. O. OLATINWO

Remark 2.2. Every comparison function satisfies ψ(0) = 0. See Rus [37] and Rus et al [38] for the Definition 2.1.

In addition to the iteration process (2.1), we shall employ the following contractive definitions:

Definition 2.3. For two nonselfmappings S, T : Y → E with T (Y ) ⊆ S(Y ), where S(Y ) is a complete subspace of E, there exist:

(a) a real number L ≥ 0, a sublinear comparison function ψ : R^+ → R^+ and a monotone increasing function φ : R^+ → R^+ such that φ(0) = 0 and ∀x, y ∈ Y, we have

(2.3) ||T x − T y|| ≤ φ(||Sx − T x||) + ψ(||Sx − Sy||) 1 + L||Sx − T x|| ; and, (b) real numbers k ≥ 0, L ≥ 0, a ∈ [0, 1) and a monotone increasing function φ : R^+ → R^+ such that φ(0) = 0 and ∀x, y ∈ Y, we have

(2.4) ||T x − T y|| ≤ ( φ(||Sx − T x||) + a||Sx − Sy|| 1 + L||Sx − T x|| ) e^{k||Sx−T x||}.

In this paper, we shall consider the iteration processes defined in (2.1) and (2.2) to establish some stability results for nonselfmappings in normed linear space as well as obtain some strong convergence results for these nonselfmappings in an arbitrary Banach space by employing the contractive conditions (2.3) and (2.4). Our stability results are generalizations and extensions of those of Singh et al [39], some results of [5, 12, 13, 24, 26, 34, 36], while the convergence results extend, generalize and improve those of [6, 18, 19, 36, 31]. For more on the study of fixed point iteration processes and various contractive conditions, our interested readers can consult Berinde [4], Ciric [9, 10], Rhoades [33] and others in the reference section of this paper.

Definition 2.4. Let X and Y be two nonempty sets and S, T : X → Y two mappings. Then, an element x^∗ ∈ X is a coincidence point of S and T if and only if Sx^∗ = T x^∗.

Denote the set of the coincidence points of S and F by C(S, T ).

There are several papers and monographs on the coincidence point theory. However, we refer our readers to Rus [37] and Rus et al [38] for the Definition 2.4 and some coincidence point results.

We shall require the following lemmas in the sequel.

Lemma 2.5 (Berinde [5, 4, 7]). If δ is a real number such that 0 ≤ δ < 1, and {ϵ_n}^∞_{n=0} is a sequence of positive numbers such that lim_{n→∞} ϵ_n = 0, then for any sequence of positive numbers {u_n}^∞_{n=0} satisfying u_{n+1} ≤ δu_n + ϵ_n, n = 0, 1, · · · , we have lim_{n→∞} u_n = 0.

SOME UNIFYING RESULTS . . . 111

Lemma 2.6 (Imoru et al [13]). Let ψ : R_+ → R_+ be a comparison function and {v_n}^∞_{n=0} a sequence of positive numbers such that lim_{n→∞} v_n = 0. Then, we have

lim_{n→∞} n∑ k=0 ψ^{n−k}(v_k) = 0, for each k.

Proof. Since ψ is monotone increasing, there exists a convergent series ∑ a_{nk} of positive numbers a_{nk}, k = 0, 1, 2, · · · , n such that

ψ^{n−k}(v_k) = a_{nk}v_k.

Therefore,_n ∑ k=0 ψ^{n−k}(v_k) = n∑ k=0 a_{nk}v_k.

Let A be the lower triangular matrix with entries a_{nk}, k = 0, 1, · · · , n. Clearly, lim_{n→∞} a_{nk} = 0, for each k. Since ∑ a_{nk} is convergent, let lim_{n→∞} ∑ a_{nk} = s < ∞.

Therefore, A is multiplicative (See Rhoades [36]). Then,

lim_{n→∞} n∑ k=0 ψ^{n−k}(v_k) = lim_{n→∞} n∑ k=0 a_{nk}v_k = lim_{n→∞} n∑ k=0 a_{nk}. lim_{n→∞} v_n

= lim_{n→∞} ∑ a_{nk} lim_{n→∞} v_n = 0. □ Lemma 2.7 (Imoru et al [13]). Let {ψ^k(t)}^n_{k=0} be a sequence of comparison functions. Then, any linear combination

∑_n

j=0 c_j ψ^j(t) of the comparison functions is also a comparison function, where

∑_n

j=0 c_j = 1 and c_o, c_1, · · · , c_n are positive constants.

Proof. Let ψ̄(t) = c_0ψ^0(t) + c_1ψ(t) + c_2ψ^2(t) + · · · + c_nψ^n(t). Since each ψ^k(t), k = 0, 1, , · · · , n is a comparison function, then each ψ^k(t), k = 0, 1, · · · , n is monotone increasing. Also, since each c_k > 0, k = 0, 1, · · · , n, then each c_kψ^k(t) is monotone increasing, from which it follows that ψ̄(t) is monotone increasing. Moreover, since ψ^k(t) → 0, ∀t ≥ 0, k = 0, 1, · · · , n then c_kψ^k(t) → 0, ∀k = 0, 1, · · · , n. Therefore, ψ̄(t) → 0, ∀ t ≥ 0. Hence, ψ̄(t) is a comparison function. □

Lemma 2.8 (Imoru et al [13]). If ψ : R^+ → R^+ is a subadditive comparison function and {ϵ_n}^∞_{n=0} is a sequence of positive numbers such that lim_{n→∞} ϵ_n = 0, then for any sequence of positive numbers {u_n}^∞_{n=0} satisfying

(2.5) u_{n+1} ≤ m∑ k=0 δ_kψ^k(u_n) + ϵ_n, n = 0, 1, · · · ,

where δ_0, δ_1, · · · , δ_m ∈ [0, 1] with 0 ≤

∑_m k=0 δ_k ≤ 1, and we have lim_{n→∞} u_n = 0.

112 M. O. OLATINWO

Proof. Let ψ̄(u_n) =

∑_m k=0 δ_kψ^k(u_n). Then, inequality (2.5) becomes (2.6) u_{n+1} ≤ ψ̄(u_n) + ϵ_n, n = 0, 1, 2, · · · , Using Lemma 2.7, then we have that ψ̄(u_n) is a comparison function. Also, using (2.6) yields

u_1 ≤ ψ̄(u_0) + ϵ_0 u_2 ≤ ψ̄(u_1) + ϵ_1 ≤ ψ̄(ψ̄(u_0) + ϵ_0) + ϵ_1 = ψ̄^2(u_0) + ψ̄(ϵ_0) + ϵ_1 u_3 ≤ ψ̄(u_2) + ϵ_2 ≤ ψ̄^3(u_0) + ψ̄^2(ϵ_0) + ψ̄(ϵ_1) + ϵ_2, and in general, we have (2.7) u_n ≤ ψ̄^n(u_0) + ψ̄^{n−1}(ϵ_0) + ψ̄^{n−2}(ϵ_1) + · · · + ψ̄(ϵ_{n−2}) + ϵ_{n−1} Replacing n by (n + 1) in (2.7) yields ū_{n+1} ≤ ψ̄^{n+1}(u_0) + ψ̄^n(ϵ_0) + ψ̄^{n−1}(ϵ_1) + · · · + ψ̄(ϵ_{n−1}) + ϵ_n

= ψ̄^{n+1}(u_0) + n∑ k=0 ψ̄^{n−k}(ϵ_k).

(2.8)

Since ψ̄ is a comparison function, then ψ̄^{n+1}(u_0) → 0 as n → ∞. Using Lemma 2.6, then we have that

lim_{n→∞} n∑ k=0 ψ̄^{n−k}(ϵ_k) = 0 for each k.

Thus, inequality (2.8) yields lim_{n→∞} u_n = 0. □ We establish our main results in the next two sections. Our stability results are established by using the method of Berinde [5] and Osilike and Udomene [28]. Section 3 deals with some stability results in normed linear space, while a strong convergence result is proved in section 4.

3. Some Stability Results in Normed Linear Space Theorem 3.1. Let (E, ||.||) be a normed space and Y an arbitrary set. Suppose that S, T : Y → E are nonselfoperators such that T (Y ) ⊆ S(Y ), S(Y ) a complete subspace of E, and S is an injective operator. Let z be a coincidence point of S and T (that is, Sz = T z = p). Suppose that S and T satisfy condition (2.3). Let ψ : R^+ → R^+ be a continuous sublinear comparison function and φ : R^+ → R^+ a monotone increasing function such that φ(0) = 0. For x_0 ∈ Y, let {Sx_n}^∞_{n=0} be the Jungck-Ishikawa iteration process defined by (2.1) converging to p, where {α_n}^∞_{n=0} and {β_n}^∞_{n=0} are sequences in [0, 1]. Then, the Jungck-Ishikawa iteration process is (S, T )-stable. Proof. Suppose that {Sy_n}^∞_{n=0} ⊂ E, ϵ_n = ||Sy_{n+1} − (1 − α_n)Sy_n − α_nT b_n||, n = 0, 1, . . . , where Sb_n = (1 − β_n)Sy_n + β_nT y_n and let lim_{n→∞} ϵ_n = 0. Then,

SOME UNIFYING RESULTS . . . 113

we shall establish that lim_{n→∞} Sy_n = p, using the contractive condition and the triangle inequality:

||Sy_{n+1} − p|| ≤ ϵ_n + ||(1 − α_n)(Sy_n − p) + α_n(T b_n − p)|| ≤ ϵ_n + (1 − α_n)||Sy_n − p|| + α_n||T z − T b_n|| ≤ ϵ_n + (1 − α_n)||Sy_n − p||

+α_n [ φ(||Sz − T z||) + ψ(||Sz − Sb_n||) 1 + M||Sz − T z|| ]

= (1 − α_n)||Sy_n − p|| + α_nψ(||p − Sb_n||) + ϵ_n ≤ (1 − α_n)||Sy_n − p|| + α_n[(1 − β_n)ψ(||p − Sy_n||) +β_nψ(||T z − T y_n||)] + ϵ_n ≤ (1 − α_n)||Sy_n − p|| + α_n(1 − β_n)ψ(||Sy_n − p||)

(3.1) +α_nβ_nψ^2(||p − Sy_n||) + ϵ_n.

Using Lemma 2.8 in (3.1) yields lim_{n→∞} ||Sy_n − p|| = 0, that is, lim_{n→∞} Sy_n = p.

Conversely, let lim_{n→∞} Sy_n = p. Then, by using the triangle inequality and the contractive definition, we have the following:

ϵ_n = ||Sy_{n+1} − (1 − α_n)Sy_n − α_nT b_n|| ≤ ||Sy_{n+1} − p|| + (1 − α_n)||Sy_n − p|| + α_n||T z − T b_n|| ≤ ||Sy_{n+1} − p|| + (1 − α_n)||Sy_n − p|| + α_n(1 − β_n)ψ(||p − Sy_n||) +α_nβ_nψ(||T z − T y_n||) ≤ ||Sy_{n+1} − p|| + (1 − α_n)||Sy_n − p|| + α_n(1 − β_n)ψ(||Sy_n − p||) +α_nβ_nψ^2(||Sy_n − p|| → 0 as n → ∞. □ Theorem 3.2. Let (E, ||.||) be a normed space and Y an arbitrary set. Suppose that S, T : Y → E are nonselfoperators such that T (Y ) ⊆ S(Y ), S(Y ) a complete subspace of E, and S is an injective operator. Let z be a coincidence point of S and T (that is, Sz = T z = p). Suppose that S and T satisfy condition (2.4). Let φ : R^+ → R^+ be a monotone increasing function such that φ(0) = 0. For x_0 ∈ Y, let {Sx_n}^∞_{n=0} be the Jungck-Noor iteration process defined by (2.2) converging to p, where {α_n}^∞_{n=0} , {β_n}^∞_{n=0} and {γ_n}^∞_{n=0} are sequences in [0, 1] such that 0 < α ≤ α_n, 0 < β ≤ β_n and 0 < γ ≤ γ_n, (n = 0, 1, · · · ). Then, the Jungck-Noor iteration process is (S, T )-stable.

Proof. Suppose that {Sy_n}^∞_{n=0} ⊂ E, ϵ_n = ||Sy_{n+1} − (1 − α_n)Sy_n − α_nT b_n||, n = 0, 1, . . . , where Sb_n = (1 − β_n)Sy_n + β_nT c_n, Sc_n = (1 − γ_n)Sy_n + γ_nT y_n and let lim_{n→∞} ϵ_n = 0. Then, we shall establish that lim_{n→∞} Sy_n = p, using the

114 M. O. OLATINWO

contractive condition (2.4) and the triangle inequality: ||Sy_{n+1} − p|| ≤ (1 − α_n)||Sy_n − p|| + α_n||T z − T b_n|| + ϵ_n ≤ (1 − α_n)||Sy_n − p|| + aα_n||p − Sb_n|| + ϵ_n ≤ (1 − α_n)||Sy_n − p|| + aα_n[(1 − β_n)||Sy_n − p||

+β_n||T z − T c_n|| + ϵ_n = [1 − (1 − a)α_n − aα_nβ_n]||Sy_n − p|| + aα_nβ_n||T z − T c_n||] + ϵ_n ≤ [1 − (1 − a)α_n − aα_nβ_n]||Sy_n − p|| + a^2α_nβ_n||Sz − Sc_n|| + ϵ_n = [1 − (1 − a)α_n − (1 − a)aα_nβ_n

−(1 − a)a^2α_nβ_nγ_n]||Sy_n − p|| + ϵ_n ≤ [1 − (1 − a)α − (1 − a)aαβ − (1 − a)a^2αβγ]||Sy_n − p|| + ϵ_n.

(3.2) Since

0 ≤ 1 − (1 − a)α − (1 − a)aαβ − (1 − a)a^2αβγ < 1 and lim_{n→∞} ϵ_n = 0, using Lemma 2.5 in (3.2) yields lim_{n→∞} ||Sx_n − p|| = 0, that is, lim_{n→∞} Sx_n = p.

Conversely, let lim_{n→∞} Sx_{n+1} = p. Then, by using the triangle inequality and the contractive definition, we have the following: ϵ_n ≤ ||Sy_{n+1} − p|| + (1 − α_n)||Sy_n − p|| + α_n||T z − T b_n||

≤ ||Sy_{n+1} − p|| + (1 − α_n)||Sy_n − p|| + aα_n||Sz − Sb_n|| ≤ ||Sy_{n+1} − p|| + [1 − (1 − a)α_n − aα_nβ_n]||Sy_n − p|| + aα_nβ_n||T z − T c_n|| ≤ ||Sy_{n+1} − p|| + [1 − (1 − a)α_n − aα_nβ_n]||Sy_n − p|| + a^2α_nβ_n||Sz − Sc_n|| ≤ ||Sy_{n+1} − p|| + [1 − (1 − a)α_n − aα_nβ_n]||Sy_n − p||

+ a^2α_nβ_n[(1 − γ_n)||p − Sy_n|| + γ_n||p − T y_n||] ≤ ||Sy_{n+1} − p|| + [1 − (1 − a)α − (1 − a)aαβ

− (1 − a)a^2αβγ]||Sy_n − p|| → 0 as n → ∞. □ Remark 3.3. Both Theorem 3.1 and Theorem 3.2 are generalizations and extensions of Theorem 3.5 of Singh et al [39], Theorem 3 of Berinde [5], Theorem 2 of Osilike [27], Theorem 2 and Theorem 5 of Osilike and Udomene [28], Theorem 2 of Rhoades [34], Theorem 30 of Rhoades [35], Theorem 2 of Rhoades [36], Theorem 3 of Harder and Hicks [11] as well as some of the results of the author [12, 13, 24, 26, 25]. Our stability results also extend some similar ones in Berinde [7] and Olatinwo [23].

4. Some Convergence Results in Arbitrary Banach Space Theorem 4.1. Let (E, ||.||) be an arbitrary Banach space and Y is an arbitrary set. Suppose that S, T : Y → E are nonselfoperators such that T (Y ) ⊆ S(Y ), S(Y ) a complete subspace of E, and S is an injective operator. Let z

SOME UNIFYING RESULTS . . . 115

be a coincidence point of S and T (that is, Sz = T z = p). Suppose that S and T satisfy condition (2.4). Let φ : R^+ → R^+ be a monotone increasing function such that φ(0) = 0. For x_0 ∈ Y, let {Sx_n}^∞_{n=0} be the Jungck-Noor iteration process defined by (2.2), where {α_n}^∞_{n=0} , {β_n}^∞_{n=0} and {γ_n}^∞_{n=0} are sequences in [0, 1] such that

∑_∞

n=0 α_n = ∞. Then, {Sx_n}^∞_{n=0} converges strongly to p.

Proof. Let C(S, T ) be the set of the coincidence points of S and T . We shall now use condition (2.4) to establish that S and T have a unique coincidence point z (i.e. Sz = T z = p (say)): Injectivity of S is sufficient.

Suppose that there exist z_1, z_2 ∈ C(S, T ) such that Sz_1 = T z_1 = p_1 and Sz_2 = T z_2 = p_2.

If p_1 = p_2, then Sz_1 = Sz_2 and since S is injective, it follows that z_1 = z_2. If p_1 ≠ p_2, then we have by the contractiveness condition (2.4) for S and T that

0 < ||p_1 − p_2|| = ||T z_1 − T z_2|| ≤ ( φ(||Sz_1 − T z_1||) + a||Sz_1 − Sz_2|| 1 + L||Sz_1 − T z_1|| ) e^{k||Sz1−T z1||}

≤ a||p_1 − p_2||,

which leads to (1 − a)||p_1 − p_2|| ≤ 0, from which it follows that 1 − a > 0 since a ∈ [0, 1), but ||p_1 − p_2|| ≤ 0, which is a contradiction since norm is nonnegative.

Therefore, we have that ||p_1 − p_2|| = 0, that is, p_1 = p_2 = p. Since p_1 = p_2, then we have that p_1 = Sz_1 = T z_1 = Sz_2 = T z_2 = p_2, leading to Sz_1 = Sz_2 ⇒ z_1 = z_2 = z (since S is injective).

Hence, z ∈ C(S, T ), that is, z is a unique coincidence point of S and T . Now, we prove that {Sx_n}^∞_{n=0} converges strongly to p (where Sz = T z = p) using again, condition (2.4). Therefore, we have

||Sx_{n+1} − p|| ≤ (1 − α_n)||Sx_n − p|| + α_n||T z − T z_n|| ≤ (1 − α_n)||Sx_n − p|| + aα_n||p − Sz_n||.

(4.1)

Now, we have that

||p − Sz_n|| = ||(1 − β_n)(p − Sx_n) + β_n(p − T y_n)|| ≤ (1 − β_n)||Sx_n − p|| + aβ_n||p − Sy_n||.

(4.2)

Using (4.2) in (4.1) yields

(4.3) ||Sx_{n+1} − p|| ≤ [1 − (1 − a)α_n − aα_nβ_n]||Sx_n − p|| + a^2α_nβ_n||p − Sy_n||.

Furthermore, we have

|p − Sy_n|| ≤ (1 − γ_n)||Sx_n − p|| + γ_n||p − T x_n|| ≤ (1 − γ_n + aγ_n)||p − Sx_n||.

(4.4)

116 M. O. OLATINWO

Using (4.4) in (4.3) yields

||Sx_{n+1} − p|| ≤ [1 − (1 − a)α_n − (1 − a)aα_nβ_n − (1 − a)a^2α_nβ_nγ_n]||Sx_n − p|| ≤ [1 − (1 − a)α_n]||Sx_n − p|| ≤ Π^n_{j=0}[1 − (1 − a)α_j ]||Sx_0 − p||

≤ e^{−(1−a) Pnj=0 αj} ||Sx_0 − p|| → 0 as n → ∞.

(4.5)

Therefore, we obtain from (4.5) that lim_{n→∞} ||Sx_{n+1} − p|| = 0, i.e. {Sx_n}^∞_{n=0} converges strongly to p. □

Remark 4.2. Theorem 4.1 is a generalization and extension of a multitude of results. In particular, Theorem 4.1 is a generalization and extension of both Theorem 1 and Theorem 2 of Berinde [6], Theorem 3 of Rafiq [30], Theorem 2 and Theorem 3 of Kannan [18], Theorem 3 of Kannan [19], Theorem 4 of Rhoades [31] as well as Theorem 8 of Rhoades [32]. Also, both Theorem 4 of Rhoades [31] and Theorem 8 of Rhoades [32] are Theorem 4.10 and Theorem 5.6 of Berinde [4] respectively. Our result also extends some similar ones in Berinde [7] and Olatinwo [23].

Remark 4.3. We have considered two new iteration processes to prove some unifying theorems for stability and convergence. These new iteration processes as well as the results obtained extend the frontiers of knowledge in the fixed point theory.

References

[1] M. Aamri and D. El Moutawakil. Common fixed point theorems for E-contractive or E-expansive maps in uniform spaces. Acta Math. Acad. Paedagog. Nyházi. (N.S.), 20(1):83–91 (electronic), 2004.

[2] M. Aslam Noor. Three-step iterative algorithms for multivalued quasi variational inclusions. J. Math. Anal. Appl., 255(2):589–604, 2001.

[3] S. Banach. Sur les opérations dans les ensembles abstraits et leur application aux équations intégrales. Fundamenta math., 3:133–181, 1922.

[4] V. Berinde. Iterative approximation of fixed points. Editura Efemeride, Baia Mare, 2002. [5] V. Berinde. On the stability of some fixed point procedures. Bul. Ştiinţ. Univ. Baia Mare Ser. B Fasc. Mat.-Inform., 18(1):7–14, 2002. Dedicated to Costică Mustăţa on his 60th anniversary.

[6] V. Berinde. On the convergence of the Ishikawa iteration in the class of quasi contractive operators. Acta Math. Univ. Comenian. (N.S.), 73(1):119–126, 2004.

[7] V. Berinde. Iterative approximation of fixed points, volume 1912 of Lecture Notes in Mathematics. Springer, Berlin, second edition, 2007.

[8] S. K. Chatterjea. Fixed-point theorems. C. R. Acad. Bulgare Sci., 25:727–730, 1972. [9] L. B. Ćirić. Generalized contractions and fixed-point theorems. Publ. Inst. Math.

(Beograd) (N.S.), 12(26):19–26, 1971.

[10] L. B. Ćirić. A generalization of Banach’s contraction principle. Proc. Amer. Math. Soc., 45:267–273, 1974.

[11] A. M. Harder and T. L. Hicks. Stability results for fixed point iteration procedures.

Math. Japon., 33(5):693–706, 1988.

SOME UNIFYING RESULTS . . . 117

[12] C. O. Imoru and M. O. Olatinwo. On the stability of Picard and Mann iteration processes. Carpathian J. Math., 19(2):155–160, 2003.

[13] C. O. Imoru, M. O. Olatinwo, and O. O. Owojori. On the stability results for Picard and Mann iteration procedures. J. Appl. Funct. Differ. Equ. JAFDE, 1(1):71–80, 2006.

[14] S. Ishikawa. Fixed points by a new iteration method. Proc. Amer. Math. Soc., 44:147– 150, 1974.

[15] J. R. Jachymski. An extension of A. Ostrowski’s theorem on the round-off stability of iterations. Aequationes Math., 53(3):242–253, 1997.

[16] G. Jungck. Commuting mappings and fixed points. Amer. Math. Monthly, 83(4):261– 263, 1976.

[17] R. Kannan. Some results on fixed points. Bull. Calcutta Math. Soc., 60:71–76, 1968. [18] R. Kannan. Some results on fixed points. III. Fund. Math., 70(2):169–177, 1971. [19] R. Kannan. Construction of fixed points of a class of nonlinear mappings. J. Math.

Anal. Appl., 41:430–438, 1973.

[20] W. R. Mann. Mean value methods in iteration. Proc. Amer. Math. Soc., 4:506–510, 1953.

[21] M. O. Olatinwo. Some common fixed point theorems for selfmappings in uniform space.

Acta Math. Acad. Paedagog. Nyházi. (N.S.), 23(1):47–54 (electronic), 2007. [22] M. O. Olatinwo. Some existence and uniqueness common fixed point theorems for selfmappings in uniform space. Fasc. Math., (38):87–95, 2007.

[23] M. O. Olatinwo. Some stability and strong convergence results for the Jungck-Ishikawa iteration process. Creat. Math. Inform., 17:33–42, 2008.

[24] M. O. Olatinwo, O. O. Owojori, and C. O. Imoru. On some stability results for fixed point iteration procedure. J. Math. Stat., 2(1):339–342, 2006.

[25] M. O. Olatinwo, O. O. Owojori, and C. O. Imoru. Some stability results for fixed point iteration processes. Aust. J. Math. Anal. Appl., 3(2):Art. 8, 7 pp. (electronic), 2006.

[26] M. O. Olatinwo, O. O. Owojori, and C. O. Imoru. Some stability results on Krasnolslseskij and Ishikawa fixed point iteration procedures. J. Math. Stat., 2(1):360–362, 2006.

[27] M. O. Osilike. Stability results for fixed point iteration procedures. J. Nigerian Math.

Soc., 14/15:17–29, 1995/96.

[28] M. O. Osilike and A. Udomene. Short proofs of stability results for fixed point iteration procedures for a class of contractive-type mappings. Indian J. Pure Appl. Math., 30(12):1229–1234, 1999.

[29] A. M. Ostrowski. The round-off stability of iterations. Z. Angew. Math. Mech., 47:77–81, 1967.

[30] A. Rafiq. On the convergence of the three-step iteration process in the class of quasicontractive operators. Acta Math. Acad. Paedagog. Nyházi. (N.S.), 22(3):305–309 (electronic), 2006.

[31] B. E. Rhoades. Fixed point iterations using infinite matrices. Trans. Amer. Math. Soc., 196:161–176, 1974.

[32] B. E. Rhoades. Comments on two fixed point iteration methods. J. Math. Anal. Appl., 56(3):741–750, 1976.

[33] B. E. Rhoades. A comparison of various definitions of contractive mappings. Trans.

Amer. Math. Soc., 226:257–290, 1977.

[34] B. E. Rhoades. Fixed point theorems and stability results for fixed point iteration procedures. Indian J. Pure Appl. Math., 21(1):1–9, 1990.

[35] B. E. Rhoades. Some fixed point iteration procedures. Internat. J. Math. Math. Sci., 14(1):1–16, 1991.

[36] B. E. Rhoades. Fixed point theorems and stability results for fixed point iteration procedures. II. Indian J. Pure Appl. Math., 24(11):691–703, 1993.

118 M. O. OLATINWO

[37] I. A. Rus. Generalized contractions and applications. Cluj University Press, Cluj- Napoca, 2001.

[38] I. A. Rus, A. Petruşel, and G. Petruşel. Fixed point theory: 1950–2000. Romanian contributions. House of the Book of Science, Cluj-Napoca, 2002.

[39] S. L. Singh, C. Bhatnagar, and S. N. Mishra. Stability of Jungck-type iterative procedures. Int. J. Math. Math. Sci., (19):3035–3043, 2005.

[40] T. Zamfirescu. Fix point theorems in metric spaces. Arch. Math. (Basel), 23:292–298, 1972.

[41] E. Zeidler. Nonlinear functional analysis and its applications. I. Springer-Verlag, New York, 1986. Fixed-point theorems, Translated from the German by Peter R. Wadsack.

Received March 16, 2008.

Department of Mathematics, Obafemi Awolowo University, Ile-Ife, Nigeria.

E-mail address: polatinwo@oauife.edu.ng E-mail address: molaposi@yahoo.com