Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 26 (2010), 91–98

www.emis.de/journals
ISSN 1786-0091

CLIFFORD HYPERSURFACES IN A UNIT SPHERE

SHARIEF DESHMUKH

Abstract. Let M be a compact Minimal hypersurface of the unit sphere S^{n+1}. In this paper we use a constant vector field on R^{n+2} to characterize

the Clifford hypersurfaces S^l (√ l n ) × S^m (√_m n ) , l + m = n, in S^{n+1}. We

also study compact minimal Einstein hypersurfaces of dimension greater than two in the unit sphere and obtain a lower bound for first nonzero eigenvalue λ_1 of its Laplacian operator.

1. Introduction

Let M be a compact Minimal hypersurface of the unit sphere S^{n+1} and A be its shape operator. In [4], it is shown that if ‖A‖^2 = n, then the hypersurface is either Veronese surface (n = 2) or the Clifford hypersurface S^l (√_l n ) × S^m (√_m n ) , l + m = n. For a pair of integers l, m, l + m = n, Clifford hypersurface is defined by

S^l (√ l n ) × S^m (√ m n ) = { (x, y) ∈ R^{l+1} × R^{m+1} : ‖x‖^2 = l n , ‖y‖^2 = m n }

which is an embedded minimal hypersurface of the unit sphere S^{n+1} of constant scalar curvature and length of its shape operator satisfies ‖A‖^2 = n. One of the interesting questions is to obtain different characterizations of the Clifford hypersurfaces in the unit sphere S^{n+1}. In this paper we obtain one such characterization for Clifford hypersurfaces among compact minimal hypersurfaces without assuming that they have constant scalar curvature. We denote by N and N the unit normal vector field of the minimal hypersurface M in S^{n+1} and that of the unit sphere S^{n+1} in the Euclidean space R^{n+2} respectively. We denote by ⟨, ⟩ the Euclidean metric on R^{n+2}. One of the main results is the following:

2000 Mathematics Subject Classification. 53C40, 53A10.

Key words and phrases. Clifford hypersurfaces, minimal hypersurfaces, shape operator, eigenvalue of the Laplacian operator. 91

Theorem 1. Let M be a compact and connected minimal hypersurface of the unit sphere S^{n+1}, n > 2. Then M is a Clifford hypersurface if and only if there exists a nonzero constant vector field a on R^{n+2} such that ⟨a, N⟩ = c ⟨ a, N ⟩ holds for a nonzero constant c.

In the geometry of minimal hypersurfaces of the unit sphere the Chern’s conjecture ”For compact minimal hypersurfaces of constant scalar curvature in the unit sphere S^{n+1} the set of values of the square of the length of the shape operator ‖A‖^2 is a discrete set”, is well known (cf. [15, p.693]). It is known that first two values of ‖A‖^2 are 0 and n (cg. [3, 7, 11]). In respect of the third value of ‖A‖^2, Peng and Terng [9] have proved that if ‖A‖^2 > n, then ‖A‖^2 > n + c(n) where c(n) >^1_{12n} is a positive constant. Also for n = 3 these authors proved that ‖A‖^2 ≥ 6 and consequently they conjectured that the third value of ‖A‖^2 should be 2n. Indeed the immersion f : SO(3) → S^4 of the Lie group SO(3) defined by f(g) = gBg^{−1}, where B is a 3 × 3 diagonal matrix with diagonal^{1√}_2 , −^{1√}_2 , 0 is a minimal immersion with ‖A‖^2 = 6 (cf. [6]). Then Yang and Cheng (cf. [13, 14]) improved the result of Peng and Terng by proving c(n) >^2_7 n −^9_{14} . These authors in [12] further improved this result by proving if ‖A‖^2 > n, then ‖A‖^2 ≥^1_3 (4n + 1). In this paper we prove the following Theorem.

Theorem 2. Let M be a compact minimal hypersurface of constant scalar curvature in the unit sphere S^{2n+1}. If the shape operator A and the Ricci curvature of M satisfy ‖A‖^2 > 2n, and Ric < 2(n − 1), then there exists an eigenvalue λ > 4n of the Laplace operator on M satisfying ‖A‖^2 = λ − 2n.

Other important question in the geometry of compact minimal hypersurface in the unit sphere S^{n+1} is to show that the first nonzero eigenvalue λ_1 of its Laplacian operator satisfies λ_1 = n, known as Yau’s problem (cf. [15]). For embedded compact minimal hypersurfaces it has been known that λ_1 ≥^n_2 (cf. [5]), however no such result is available for immersed minimal hypersurfaces in S^{n+1}. In this paper we prove the following result for an immersed compact minimal Einstein hypersurface of the unit sphere S^{n+1}:

Theorem 3. Let M be an immersed compact minimal Einstein hypersurface of the unit sphere S^{n+1}, n > 2. Then the first nonzero eigenvalue λ_1 of the Laplacian operator on M satisfies

λ_1 ≥ n ( 1 − 1 n − 1 )

2. Preliminaries

Let M be an immersed compact minimal hypersurface of the unit sphere S^{n+1} with unit normal vector field N and shape operator A. We denote by ∇ and ∇ the Riemannian connections on M and S^{n+1} respectively and by g the

Riemannian metric on S^{n+1} as well as that induced on M. The Ricci tensor Ric and the scalar curvature S of M are given by (cf. [2])

(2.1) Ric(X, Y ) = (n − 1)g (X, Y ) − g(AX, AY ), S = n(n − 1) − ‖A‖^2

X, Y ∈ X(M), where X(M) is the Lie-algebra of smooth vector fields on M. For a constant vector field a on R^{n+2}, we define smooth functions f, h: M → R by (2.2) f = ⟨a, N⟩ , h = ⟨ a, N ⟩ where ⟨, ⟩ is the Euclidean metric on R^{n+2} and consequently the restriction of a to M can be expressed as

(2.3) a = t + fN + hN

where t ∈ X(M) is the tangential component of a to M. Using Gauss formula for the hypersurface M in S^{n+1} and for the hypersurface S^{n+1} in R^{n+2}, we obtain

(2.4) ∇_X t = fA(X) − hX, X(f) = −g(At, X), X(h) = g(t, X)

X ∈ X(M), and consequently the gradient fields ∇f, ∇h of the functions f, h are given by

(2.5) ∇f = −A(t), ∇h = t

Since M is minimal hypersurface, using equations (2.4) and (2.5), we obtain the following expressions for the Laplacians Δf and Δh of the functions f and h (2.6) Δf = − ‖A‖^2 f, Δh = −nh

Using the fact^1_2 Δf^2 = fΔf + ‖∇f‖^2 and the equations (2.5) and (2.6) we have the following

Lemma 2.1. Let M be a compact orientable minimal hypersurface of the unit sphere S^{n+1}. Then ∫ M ‖t‖^2 = n ∫ M h^2, ∫ M ‖A(t)‖^2 = ∫ M ‖A‖^2 f^2.

An odd dimensional unit sphere S^{2n+1} in the Euclidean space R^{2n+2} inherits contact structure induced by the complex structure J on R^{2n+2}. The unit normal vector field N of the unit sphere defines a unit vector field ξ = −JN on the sphere S^{2n+1} with its dual form η and a tensor filed φ of type (1,1) defined by

(2.7) ∇_X ξ = −φX

for a smooth vector field X on S^{2n+1}. This gives contact structure (φ, ξ, η, g) on the unit sphere S^{2n+1} that satisfies (cf. [1])

φ^2X = −X + η(X)ξ, η(ξ) = 1, φξ = 0, η(φX) = 0, g(φX, φY ) = g(X, Y ) − η(X)η(Y ) η(X) = g(X, ξ), ( ∇_X φ ) (Y ) = g(X, Y )ξ − η(Y )X for smooth vector fields X, Y on S^{2n+1}. For an immersed hypersurface M of the unit sphere S^{2n+1} with unit normal vector field N, φ(N) is tangential to M and thus we put u = −φ(N) where u ∈ X(M). Define a smooth function ρ = g(ξ, N) on M and thus we express the restrictions of ξ and φX to M, X ∈ X(M) as (2.8) ξ = v + ρN, φX = ψX + α(X)N where v, ψ(X) are tangential components of ξ and φX to M respectively and α is a 1-form on M dual to u, that is α(X) = g(X, u), X ∈ X(M). Let β be the 1-form dual to the vector field v. Then the hypersurface M inherits the structure (ψ, u, v, α, β, g) which has the property summarized in the following Lemma the proof of which follows trivially by the properties of the contact structure on S^{2n+1} and the Gauss formula for the hypersurface.

Lemma 2.2. Let M be an orientable hypersurface of the unit sphere S^{2n+1}. Then M inherits the structure (ψ, u, v, α, β, g) satisfying

(i) ψ^2X = −X + α(X)u + β(X)v, α(u) = β(v) = 1 − ρ^2, ψ(u) = −ρv, ψ(v) = ρu, α(ψX) = ρβ(X), β(ψX) = −ρα(X) (ii) g(ψX, ψY ) = g(X, Y ) − α(X)α(Y ) − β(X)β(Y ), α(X) = g(X, u), β(X) = g(X, v), g(ψX, Y ) = −g(X, ψY ) (iii) (∇_X ψ) (Y ) = g(X, Y )v − β(Y )X + α(Y )AX − g(AX, Y )u, ∇_X u = ρX + ψ (AX), ∇_X v = −ψ(X) + ρAX where ∇ is the Riemannian connection on the hypersurface and X, Y ∈ X(M).

For a non-totally geodesic compact minimal hypersurface M of constant scalar curvature in the unit sphere S^{n+1} by equations in (2.6) it follows that n and ‖A‖^2 are eigenvalues of the Laplacian operator on M. It is an interesting question to see whether sum of two eigenvalues of Laplacian operator on a Riemannian manifold is also an eigenvalue of the Laplacian operator. Indeed for compact minimal hypersurface of constant scalar curvature in the odd dimensional unit sphere S^{2n+1}, 2n+‖A‖^2 is also an eigenvalue of the Laplacian operator as seen in the following:

Lemma 2.3. Let M be a compact minimal hypersurface of constant scalar curvature of the unit sphere S^{2n+1}. Then the function ρ satisfies

Δρ = −(2n + ‖A‖^2)ρ

Proof. Using the definition of ρ and equations (2.7), (2.8) we immediately get the following expression for the gradient ∇ρ (2.9) ∇ρ = −u − Av Now using (iii) in Lemma 2.2 and the skew-symmetry of the operator ψ, get

div(u) = 2nρ, div(v) = ‖A‖^2 ρ and consequently using this in equation (2.9) we have proved the Lemma. □

3. Proof of theorems

Proof of Theorem 1. Let M be the minimal hypersurface of the unit sphere S^{n+1} and a, be a nonzero constant vector field on R^{n+2} satisfying ⟨a, N⟩ = c ⟨ a, N ⟩ for a constant c ≠ 0. Thus using f = ch in equation (2.6) we conclude that ( n − ‖A‖^2 ) h = 0. Since M is connected, we have either n = ‖A‖^2 or else h = 0. If h = 0, then by our assumption f = 0 and by first equation in Lemma 2.1 we have t = 0. This together with equation (2.3) and the fact that a is a constant vector field implies that a = 0 which is a contradiction. Hence ‖A‖^2 = n, n > 2 and this proves that M is a Clifford hypersurface S^l (√_l n ) × S^m (√_m n ) , l + m = n (cf. [3]).

Conversely suppose M = S^l (√_l n ) ×S^m (√_m n ) , l+m = n. Let Ψ_1 : S^l (√_l n ) → R^{l+1} and Ψ_2 : S^m (√_m n ) → R^{m+1} be the natural embeddings with unit normals N_1 and N_2 respectively. Then the embedding Ψ = (Ψ_1, Ψ_2) gives the minimal hypersurface M = S^l (√_l n ) × S^m (√_m n ) , l + m = n of the unit sphere S^{n+1}

and the unit normals N of M in S^{n+1} and N of S^{n+1} in R^{n+2} are given by N = (√ m n N_1, − √ l n N_2 ) , N = (√ l n N_1, √ m n N_2 )

Then the coordinate vector field a =^∂_{∂x1} on R^{n+2} satisfies f = ch, for the constant c =

√_m l ≠ 0. □

Proof of Theorem 2. Let M be the minimal hypersurface of the unit sphere S^{2n+1} with shape operator A and Ricci curvature satisfying the hypothesis of the Theorem. Then by Lemma 2.2, the function ρ satisfies

(3.1) Δρ = −(2n + ‖A‖^2)ρ

We claim that the function ρ is not a constant on M. If is ρ a constant then by equation (3.1) we get ρ = 0 and consequently the equations (2.8) and (2.9) will imply that ξ = v is tangent to M and that Aξ = −u, and that u is a unit vector field (by Lemma 2.2). Thus

Ric(ξ, ξ) = (2n − 1) − 1 = 2(n − 1)

which is a contradiction. Hence ρ is a non-constant smooth function. Thus by equation (3.1) we see that ρ is an eigenfunction of the Laplacian operator corresponding to eigenvalue λ = 2n + ‖A‖^2 > 4n, that is ‖A‖^2 = λ − 2n. □

Proof of Theorem 3. Let M be a compact minimal Einstein hypersurface of the unit sphere S^{n+1}. Then its Ricci curvature tensor is given by

Ric = S n g where S is the scalar curvature of M which is a constant as n > 2, and consequently ‖A‖^2 is a constant. Moreover by equation (2.1) we have

A^2 =

‖A‖^2 n I This shows, as trA = 0 and eigenvalues of A are ±^{‖A‖√}_n , that dim M = even, say 2m, and consequently M is a minimal hypersurface of the odd-dimensional unit sphere S^{2m+1} and therefore has (ψ, u, v, α, β, g)-structure described in the Lemma 2.2.

Let M be a compact minimal Einstein hypersurface of the unit sphere S^{2m+1} and σ : M → R be a smooth function. For this smooth function we define an operator B_σ : X(M) → X(M) by B_σ(X) = ∇_X ∇σ Then the operator B_σ is symmetric and trB_σ = Δσ, moreover it is straightforward to verify that (3.2) (∇B_σ) (X, Y ) − (∇B_σ) (Y, X) = R(X, Y )∇σ where R is the curvature tensor field of the hypersurface and the covariant derivative (∇B_σ) (X, Y ) = ∇_X B_σ(Y ) − B_σ(∇_X Y ). Also for a X ∈ X(M) and a local orthonormal frame {e_1, . . . , e_{2m}} we have

X(Δσ) = X (∑ g(B_σ(e_i), e_i) ) = ∑ g((∇B_σ) (X, e_i), e_i)

which together with equation (3.2) gives

(3.3) 2m∑ i=1 (∇B_σ) (e_i, e_i) = ∇(Δσ) + S 2m ∇σ Now take σ as eigenfunction of Δ corresponding to first nonzero eigenvalue λ_1, that is Δσ = −λ_1σ. Then we have

(3.4) ∫ M ‖∇σ‖^2 = λ_1 ∫ M σ^2

We use equation (3.3) to compute

div(B_σ(∇σ)) = ‖B_σ‖^2 + ∑ g (∇σ, (∇B_σ) (e_i, e_i))

= ‖B_σ‖^2 − λ_1 ‖∇σ‖^2 + Ric(∇σ, ∇σ)

(3.5)

If M is totally geodesic then we have λ_1 = 2m = n and the result holds. Therefore suppose M is not totally geodesic. Then M is Clifford hypersurface (cf. [10]), and we have ‖A‖^2 = 2m, consequently A^2 = I which gives

(3.6) Ric(∇σ, ∇σ) = 2(m − 1) ‖∇σ‖^2

Thus integrating equation (3.5) and using (3.4) and (3-6) we get ∫ M ( ‖B_σ‖^2 − λ^2_1 2m σ^2 ) = λ_1 2m (λ_1(2m − 1) − 4m(m − 1)) ∫ M σ^2

As trB_σ = −λ_1σ, by Schwartz’s inequality the first integrand in above equation is non-negative, which gives λ_1(2m − 1) ≥ 4m(m − 1) and this proves the Theorem. □

References

[1] D. E. Blair. Contact manifolds in Riemannian geometry. Lecture Notes in Mathematics, Vol. 509. Springer-Verlag, Berlin, 1976.

[2] B.-Y. Chen. Total mean curvature and submanifolds of finite type, volume 1 of Series in Pure Mathematics. World Scientific Publishing Co., Singapore, 1984.

[3] Q.-M. Cheng, S. Shu, and Y. J. Suh. Compact hypersurfaces in a unit sphere. Proc.

Roy. Soc. Edinburgh Sect. A, 135(6):1129–1137, 2005.

[4] S. S. Chern, M. do Carmo, and S. Kobayashi. Minimal submanifolds of a sphere with second fundamental form of constant length. In Functional Analysis and Related Fields (Proc. Conf. for M. Stone, Univ. Chicago, Chicago, Ill., 1968), pages 59–75. Springer, New York, 1970.

[5] H. I. Choi and A. N. Wang. A first eigenvalue estimate for minimal hypersurfaces. J.

Differential Geom., 18(3):559–562, 1983.

[6] N. Doi. On compact minimal hypersurfaces in a sphere with constant scalar curvature.

Nagoya Math. J., 78:177–188, 1980.

[7] H. B. Lawson, Jr. Local rigidity theorems for minimal hypersurfaces. Ann. of Math.

(2), 89:187–197, 1969.

[8] M. Obata. Certain conditions for a Riemannian manifold to be iosometric with a sphere.

J. Math. Soc. Japan, 14:333–340, 1962.

[9] C. K. Peng and C.-L. Terng. The scalar curvature of minimal hypersurfaces in spheres.

Math. Ann., 266(1):105–113, 1983.

[10] O. Perdomo. Rigidity of minimal hypersurfaces of spheres with constant Ricci curvature.

Rev. Colombiana Mat., 38(2):73–85, 2004.

[11] J. Simons. Minimal varieties in riemannian manifolds. Ann. of Math. (2), 88:62–105, 1968.

[12] H. Yang and Q.-M. Cheng. Chern’s conjecture on minimal hypersurfaces. Math. Z., 227(3):377–390, 1998.

[13] H. C. Yang and Q. M. Cheng. A note on the pinching constant of minimal hypersurfaces with constant scalar curvature in the unit sphere. Chinese Sci. Bull., 36(1):1–6, 1991.

[14] H. C. Yang and Q. M. Cheng. An estimate of the pinching constant of minimal hypersurfaces with constant scalar curvature in the unit sphere. Manuscripta Math., 84(1):89– 100, 1994.

[15] S. T. Yau. Problem section. In Seminar on Differential Geometry, volume 102 of Ann.

of Math. Stud., pages 669–706. Princeton Univ. Press, Princeton, N.J., 1982.

Received August 9, 2008.

Department of Mathematics, King Saud University, P.O. Box 2455, Riyadh-11451, Saudi Arabia E-mail address: shariefd@yahoo.com