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QUANTUM COMPUTATIONAL JACOBI FIELDS

HOWARD E. BRANDT

ABSTRACT. In the Riemannian geometry of quantum computation, the
quantum evolution is described in terms of the special unitary group of
n-qubit unitary operators with unit determinant. To elaborate on several
aspects of the methodology, the Riemannian curvature, geodesic equation,
Jacobi equation, and lifted Jacobi equation on the group manifold are
explicitly derived. This is important for investigations of the global char-
acteristics of geodesic paths in the group manifold, and the determination
of optimal quantum circuits for carrying out a quantum computation.

1. INTRODUCTION

A Riemannian metric can be chosen on the manifold of the Lie Group SU(2")
(special unitary group) of n-qubit unitary operators with unit determinant 8],
[1]-[7], [15], [22]. The traceless Hamiltonian of a quantum computational system
serves as a tangent vector to a point on the group manifold of the n-qubit unitary
transformation U, describing the time evolution of the system. The Hamiltonian
H is an element of the Lie algebra su(2™) of traceless 2" x 2™ Hermitian matrices
[20], [5], [6] and is taken to be tangent to the evolutionary curve e "tU at ¢t = 0.
(Here and throughout, units are chosen such that Planck’s constant divided by
2ris h=1.)

The Riemannian metric (inner product) (.,.) is taken to be a positive definite
bilinear form (H,.J) defined on tangent vectors (Hamiltonians) H and J. Fol-
lowing [8], the n-qubit Hamiltonian H can be divided into two parts P(H) and
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Q(H), where P(H) contains only one and two-body terms, and Q(H) contains
more than two-body terms. Thus:

(1.1) H=P(H)+Q(H),

in which P and (@) are superoperators acting on H, and obey the following
relations:

(12) P+Q=1 PQ=QP=0, P2:P> Q2:Q7

where [ is the identity.
The Hamiltonian can be expressed in terms of tensor products of the Pauli
matrices. The Pauli matrices are given by [18§]

UoEIE[é(l)], O‘1§XE|:01:|,

(1.3) UQEYE{?—OZ},Q;EZEF)—OJ'

They are Hermitian,

(1.4) oi=0] ,i=0,1,2,3,
and, except for oy, they are traceless,

(1.5) Tro; =0, ©#0.

Their products are given by

(1.6) o; =1,
and
(17) 005 = igijko-ku i?jv k 7& 07

expressed in terms of the totally antisymmetric Levi-Civita symbol with €123 = 1.



An example of Eq. (1.1), in the case of a 3-qubit Hamiltonian, is

(1.8)

QUANTUM COMPUTATIONAL JACOBI FIELDS

P(H) =

r101 ®I®I

42000 RTI R+ 230311

+ 2y I Qo1 T+ x5l Qoo ®1

+ a6l 03T+ 27l T ® oy
+23l @I ®o2+ 29l @1 ® 03

+ 21001 Q02 @I + 21101 ® I @ 02
+ 212l ®01 @02+ 11302 Q01 R 1
+ 21402 @ I Q@ 01 + 2151 @ 09 Q 01
+ 21601 Q031 + 21701 ® I @ 03
+ 218l ® 01 ® 03+ w1903 @01 @1
+ T2003 ® [ Q@ 01 + 1211 ® 03 ® 01
+ 9202 ® 03 R I + 22309 ® 1 ® 03
+ 294l @ 09 R 03+ X503 Vs @I
+ 22603 @ I @ 09 + x97] ® 03 @ 02
+ 22801 @01 @1 4+ 22902 R 02 @ 1
+ 23003 ® 031+ 23101 Q1 ® 0y
+ 23202 @ I ® 09 + 23303 @ I @ 03

+ 234l ® 01 ® 01 + 2351 @ 09 Q@ 02 + 136 R 03 R 03,

in which ® denotes the tensor product, and

(1.9)

Q(H) = 23701 ® 02 ® 03 + 3801 ® 03 X 02

_|_

+ 4+ +++++ o+

23902 ® 01 & 03 + T4002 K 03 & 01
L4103 ® 01 Q 02 + 24203 Q 02 ® 01
T4301 ® 01 & 02 + 24401 Q 02 ® 01
Ty502 @ 01 Q 01 + X4601 K 01 R 03
Ty701 Q03 Q 01 + 24803 K 01 ® 01
4902 R 09 @ 01 + T5002 K 01 & 02
25101 Q09 @ 02 + T5202 ® 02 K 03
T5302 @ 03 Q 02 + 5403 K 02 & 09
T5503 @ 03 & 01 + T5603 Q 01 & 03
T5701 Q03 & 03 + X803 & 03 & 02

T5903 @ 02 Q 03 + Tep02 K 03 & 03

T6101 X o1 Koy +$’620'2 ® 02 ® 09 + 6303 ®03 ®O’3.
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Here, all possible tensor products of one and two-qubit Pauli matrix operators
on three qubits appear in P(H ), and analogously, all possible tensor products
of three-qubit operators appear in Q(H). Tensor products including only the
identity are excluded because the Hamiltonian is taken to be traceless. Each of
the terms in Egs. (1.8) and (1.9) is an 8 X8 matrix. The various tensor products
of Pauli matrices such as those appearing in Eqs. (1.8) and (1.9) are referred
to as generalized Pauli matrices. In the case of an n-qubit Hamiltonian, there
are 4" — 1 possible tensor products (corresponding to the dimension of SU(2")),
and each term is a 2"x2"™ matrix.

The right-invariant [22], [5]-[7], [13] Riemannian metric for tangent vectors
H and J is given by [8]

(1.10) (H,J) = 2inTr [HP(J) + ¢HQ(J)].

Here q is a large penalty parameter which taxes more than two-body terms. The
length [ of an evolutionary path on the SU(2") manifold is given by the integral
over time ¢ from an initial time ¢; to a final time ¢, namely,

ty

(1.11) = /dt((H(t),H(t)>)1/2,

t;
and is a measure of the cost, in terms of quantum circuit complexity, of applying
a control Hamiltonian H (¢) along the path [8].

2. COVARIANT DERIVATIVE

In order to obtain the Levi-Civita connection, one exploits the Lie algebra
su(2™) associated with the group SU(2™). Because of the right-invariance of the
metric, if the connection is calculated at the origin, the same expression applies
everywhere on the manifold. Following [8], consider the unitary transformation

(2.1) U=e X
in the neighborhood of the identity I C SU(2") with

(2.2) X:x-aEZxaa,

which expresses symbolically terms like those in Eqgs. (1.8) and (1.9) generalized
to 2" dimensions. In Egs. (2.1) and (2.2), X is defined using the standard
branch of the logarithm with a cut along the negative real axis. In Eq. (2.2), for
the general case of n qubits, x represents the set of real (4™ —1) coefficients of the
generalized Pauli matrices ¢ which represent all of the n-fold tensor products.
It follows from Eq. (2.2) that the factor % multiplying a particular term o is
given by
- 1

(2.3) 7 = 2nTr(Xcr).
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Next, the right-invariant metric, Eq. (1.10), in the so-called Hamiltonian rep-
resentation can be written as

(2.4) (H,.J) = %Tr[HG(J)],

in which the positive self-adjoint superoperator G is given by
(2.5) G =P +qQ.

Using Egs. (1..2) and (2.5), it follows that

(2.6) F=G'=P+q¢'Q.

A vector Y in the group tangent space can be written as
(2.7) Y=Y 40
e}

with so-called Pauli coordinates y?. Here o, as an index, is used to refer to
a particular tensor product appearing in the generalized Pauli matrix o. This
index notation, used throughout, is a convenient abbreviation for the actual nu-
merical indices (e.g. in Eq. (1.8), the number 31 appearing in x3;, the coefficient
ofoc1 ®IQo 1).

Next consider a curve passing through the origin with tangent vector Y with
components y° = dxz?/dt. It can be shown that the covariant derivative of a
right-invariant vector field Z along the curve in the Hamiltonian representation
is given by [8],[4]

(2.8) (VyZ) = %{[Y, 2+ F(IY,G(2)] + [2,G(Y))},

which, because of the right-invariance of the metric, is true everywhere on the
manifold.

3. RIEMANN CURVATURE

For a right-invariant vector field Z, one has after substituting
(3.1) Z = ZZTT, Y = Zy”a

in Eq. (2.8),
(3.2) Vor = 5 ([0.7] + F(l0,G(7)] + [, G(0)])).

Next, denoting Sy as the set containing only tensor products of the identity, and
S12 as the set of terms in the Hamiltonian containing only one and two body
terms, that is

(3.3) So ={I®RI®...},
and

S19 = {I®I® ...0; ®I7}
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(34) U{I@I@...O’i@)f..dj®I..,..},
then evidently,

63 o= {7 S

and therefore

oo raeon- {5 SR

Using Eq. (2.6) in Eq. (3.6), one obtains

q:ﬂ_ [O’,T], 7'6512USO
(3.7) F([U,G(T)]) = {i[aﬂ_]’ . §é S1oU Sy

qlo,7]

where
(3.8) 4, =1if[o,7] =0, ¢
and ¢y is defined by

=qxif [o,7] x A, and q, , =q,,

o,T]

0, o€ Sy
(3.9) G =X 1, o€ Sy

q; o & SoU Stz
Equation (3.7) can be written as

dr
(3.10) F([o,G()]) = 1 ][U,T]-
Next substituting Eq. (3.10) in Eq. (3.2), and using Eq. (3.8), one obtains
(3.11) VoT =ics |0, 7],
where
1 qr — QU>

3.12 Cor == (1+LE292)
( ) 2 ( Q[U,T]

The Riemann curvature tensor with the inner-product (metric) Eq. (2.4) is
given by [16]

(3.13) RW,X,Y,Z)=(VwVxY = VxVwY - VywxY,Z),

and after substituting the vector fields,
(3.14) W = Zw”p, X = Zz”a, Y = ZyTT, Z = Zz“u,
o o T w

Eq. (3.13) becomes

(3.15) Rpory = <vaa7' = Vo VT = VifpoT, “> :
Next, for three right-invariant vector fields X, Y, and Z, one has
(3.16) 0=Vy(X,Z2)=(X,VyZ)+ (Vy X, Z),
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or
(3.17) (X,VyZ) = — (VyX,Z),
and substituting Eqgs. (3.14) in Eq. (3.17), one then has
(3.18) (o, Vo) =—(V,o,u).
Therefore

(3.19) <vag7', p) =—(Vor, vpﬂ> )
and

(3.20) (VoV,r, ) = —(V,7, Vo) .

Then substituting Eqs. (3.19) and (3.20) in Eq. (3.15), and interchanging the
first and second terms, one obtains

(3.21) Roporn = (Vp7, Vo) = (VoT, Vou) = (Vilpo] T 11) -
Also clearly
(3.22) VivZ =iVyZ,

so Eq. (3.21) can also be written as
(3.23) Rpory = (Vp7,Vou) — (Vor, Vo) —i <V[p70]r, ,u> )

Next substituting Eq. (3.11) in Eq. (3.23), one obtains the following useful form
for the Riemann curvature tensor [8]:

Rpm'u = Cp,7Co,pu <i[p, T], 7;[0-7 :u]>
(3.24) = CorCpu (ilos 7], i[p, pl)
— Clp,o],m <Z[Z [p? U]’ 7—]’ 'u> :

4. GEODESIC EQUATION

Next consider a curve passing through the origin with tangent vector Y hav-
ing components y° = dx?/dt. The covariant derivative along the curve in the
Hamiltonian representation is given by [8], [4].

(41)  (D2)=(VyZ) = % - % (IY, 2]+ F (IY.G(Z)] + [Z.G(Y)])) .
dz

(Note that the term £ in Eq. (4.1) does not appear in Eq. (2.8) because there

di
the vector field Z is taken to be right invariant, in which case % = 0.) Because
of the right-invariance of the metric, Eq. (4.1) is true on the entire manifold.
Furthermore, a geodesic in SU(2") is a curve U(t) with tangent vector H(t)

parallel transported along the curve, namely,

(4.2) D.H = 0.
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However, according to Eq. (4.1) with Y = Z = H, one has

dH 1
(43)  DH ="+ S(H H) + F ((H,G(H)] + [H.G(H))).
which when substituting Eq. (4.2) becomes [§]
dH .
(4.4) = = W (HGH)]).
One can rewrite Eq. (4.4) using the dual [8], [4],
(4.5) L=G(H)=F YH),
and then noting that
dL d dH
4. — = — (FYH)=F1'—=—).
40 i~ ) = ()
Thus substituting Eq. (4.4) in Eq. (4.6), one obtains
dL R
(4.7 W~ ip (G,
or
dL
4. — = —i|H,G(H
(4.9 W i c),
and again using Eq. (4.5), Eq. (4.8) becomes
L
(4.9) le_t = —i[H, L] =i[L, H].

Furthermore, again using Eq. (4.5) in Eq. (4.9), one obtains the sought geodesic
equation [8]:
dL
(4.10) i i[L, F(L)].
Equation (4.10) is a Lax equation, a well-known nonlinear differential matrix

equation, and L and ¢F'(L) are Lax pairs [12], [26] [27].

5. JACOBI FIELDS

Consider a one-parameter family of geodesics
(5.1) x) = 27 (s,t),

in which the parameter s distinguishes a particular geodesic in the family, and
t is the usual curve parameter which can be taken to be time. The Riemannian
geodesic equation in a coordinate representation is given by [13]

2, .j _ k 9.l
AR VNP

ot ot ot
in which the Levi Civita connection is given by,

1

(5.3) Iy,(s) = §gjm(5)<gkm,l(3) + Gim,k(8) = Gri,m(8)),

(5.2)
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for metric g;;(z(s,t)) = gi;(s). (Note, the geodesic equation, Eq. (4.10), on the
SU(2™) group manifold can be shown to follow from Eq. (5.2) [8], [4].)

Let 27(0,t) be the base geodesic, and define the lifted Jacobi field along the
base geodesic by [§]

(5.4 T 8) = 229 (5, Djacos

describing how the base geodesic changes as the parameter s is varied. Using a
Taylor series expansion, one has for small As in the neighborhood of the base
geodesic,

(5.5) 27 (As,t) = 27(0,t) + AsJI (t) + O(As?).
Here 27 (As, t) satisfies the geodesic equation with the metric g;;(As). Operating
on the geodesic equation, Eq. (5.2) with 0, = 2 and substituting Eqs. (5.4)
and (5.5), one obtains for As — 0,
0% . AsJi(t)
0= ﬁAIQIEO As

~ . AsJ™(t) 0zF o2 ; Ox* Oxt

(56) BT o R P T e L

; 0 AsJE()\ 08 02F 0 AsJl(t)
¥ C( pim 22 )2 9 9y
T Tu(0) {(% (As@o As ) 0t Ot 0ian T As } ’
in which g;;(0) = g¢;; is the base metric and I’il 0) = I’il is the base connection.
Equation (5.6) then becomes

029 (t - oxk o
0= ®) + F{d’m(s)b:OJm(t)

5.7) ot2 ot ot
| + 95T7,(s) a_xka_”"lepj a_ﬁa_lera_ﬁa_‘]l
STRAIs=0"a g TR "o ot T ot ot )

Taking account of dummy indices summed over, it is clearly true that

; Oz 0! ; oz ox™
5.8 ~ T4 ————JF 4T TP —— ——J" =(.
( ) lqg™ ik ot Ot + kp— mn ot Ot
One also has
- Ox' o2 . Ox™ OxF
: ~1’ gk TP =0,
(5.9) wigr o) Tl g =0
Also, using the geodesic equation, Eq. (5.2), one has
- 0%k - Ozt Oz
(510) ]'—\chp 8t2 Jp - _]‘—\ljfp]‘—‘iq at WJP,
or renaming dummy indices on the right hand side, it follows that
- 0%aF o0zt Ot
J J 4 k _
(5.11) Iy, BT Jp—i—Fquu e WJ =0.
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Next adding Eqgs. (5.7)-(5.9) and (5.11), one obtains

0% JI(t) j o OTF Ozl
0=z T Dun!" 5 5¢
- oz ozt - 9Tk ot OxF BT
J e J - - - -
0TSm0 5 +Fk’( ot ot o a:s)
- oxt O . oxk oxzm
(5.12) IR 0x" | onp OxF 0™
Liglu ot Ot S A Dl ot ot d
- Oxt Ot . dx™ Oxk
B e LS iy £
kb gt ot ST H Dhpm ot ot
- 92k - ozt Oxt
+ Ty "+ Tl 57
or equivalently,
02J7(t) ;o 0oLt o 0zt oxl
o g Thulagr g
~ oxk dx™ ~ ozt Oxt
T 222 gn _ 1 14 Tk
Pipbmn 5 57"~ Yala gy 57/
- 9xt o1l 92k
5.13 o 2 22 gk 19 P
( ) + ik,l 8t at J kp 8t2 J
KL\ ot ot ot Ot
< ozF oz - ox™ dxk
- sF] s=0"q, 9, ; — I
0T ()l=0 5 57 ~ Thom a1 57 7

Rearranging terms, then

02JI(t) ; 0zt ozt - 0zh 02! g 02 Ozt
N T g Y, 2 g I e gk
Ot2 kLot Ot klm gt ot gt ik ot Ot
_1TJ TP 8_J:I€8:E_m n_ 1J dz™ da* P _ 17 9*at JP
kp™mn g ot kpm ot ot kp- 92

5.14
( ) - Oxk 0! j oxt oJF

=== _ 1=
koot ot kot ot
, ozt ! , oz ozt
_ 17 1719 = gk _ .17 Py
Palagr 577 — 0Tl 5;

Noting that for the Levi-Civita connection, one has

(5.15) s, =T

pg’
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and renaming dummy indices, Eq. (5.14) becomes

9%J7 : , : , oxt Ox
o2 (ng,z - Fgl,k +F{q1—‘gk - F?chZ') ot Ejk
. 9x™ OxF - 92k - 9zF o
5.16 . = 22 gp 1Y p_pj Y YIS
(5.16) kp.m gt ot 7 kp- 92 I KUgt ot
- oxk [oJP ox™ - oxk ot
-, — | — 4T ——J" ) -9,/ —)— —.
rk 5¢ < ot + Lonn ot J ) 9 k:l(s)| =0"5¢ ot

Next, using the expression for the covariant derivative, one has

D*Ji 9 (DJj) i ox* DJP

A k9t Dt
(5.17) . ) .
== v ) 4T S
ot ot P Ot P ot Dt
or
D2 Ji 92 JI . Qx™ OxF - 0%k . ozk 9P
- _ 7 J __Jp FJ _JP FJ o T
Dt2 T i T R TR O T
(5.18) i m
; 0x® (0JP p O™
v S (g 2 g
P ot ot ot
Also it is known that the Riemann curvature tensor is given by [16]
(5.19) Ry =T0, — Tl + Tl — T, T

Substituting Eqs. (5.16) and (5.19) in Eq. (5.18), one obtains the so-called lifted
Jacobi equation [§],

D2JJ ; 0zt 0! ; 0z* ox!

—— / —J* + 0,17 =0 —— —

Dz T Ry gr T T O k(=0T

This equation is useful for investigations of the global behavior of geodesics and

their extrapolation to nonvanishing values of the parameter s [8].
For g;; independent of s, one has

(521) asril(s)|s:0 =0,

the last term of Eq. (5.20) is then vanishing, and one obtains the standard Jacobi
equation for the Jacobi vector J7 [13],
D2JI ; 0x' 92!
+ R
Dt? kot ot
Equation (5.22) is also known as the equation of geodesic deviation [24],[16],
measuring the local convergence or divergence of neighboring geodesics, and it
is useful in the determination of possible geodesic conjugate points [13], [8].

Next consider the factor in the last term of the lifted Jacobi equation, Eq.
(5.20),

(5.23) L, = 9sT9,(8) s=o0-

(5.20) = 0.

(5.22) JP=0.
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Substituting Eq. (5.3) in Eq. (5.23), one has

. 1 .
520 1= {0 [ O+ amal) )] |
|s=0
or equivalently,
(525) Lil = Os |s:0kal + §gj (g;fm,l + gl/m,k - gél,m)?
in which
(526) g;’m = 8sgkm<3)\szo-
Next, the covariant derivative of g, is given by [16]
(5.27) g;cm;l = g;ﬁm,l - g;ci inl - Q;m'ﬁcl-
Then substituting Eq. (5.27) in Eq. (5.25) and using Eq. (5.15), one obtains
dg’™(s)

1 . . .
Lokt + 59" (Ghema + Lot + Gnila

L, =
kel 0s |s=0 2

5.28 ; i
(5:28) + Gk + 91l mn + Gmil 'k
/ / 7 ! i

— 9ki;m — kit im — Ui fom )

or
J — 1 Jjmy t / /
Ly, = 29 (Gkma + Gimeke = Ikizm)
0g’™ (s , )

(5.29) +¢ Lokt + 6" g Ui -

ds |s=0
Next, one notes that
(5.30) (7" gmi) = (67)) =0,
and therefore
: 9 9g’™ (s)

5.31 IT0) | = Gmi = - —=— mi(0).
a3 90 (Gm) = (M) e
Multiplying both sides of Eq. (5.31) by I'%,, one obtains

: : 9g’™ (s)
5.32 imgl i — _ Tyl
( ) 9 Imil ki ( s s=0 kl

so that Eq. (5.29) reduces to

Finally then combining Eqgs. (5.20), (5.23) and (5.33), one obtains

D2Ji . Ozt Ozt 1 oxF oz
= LR, JF 4 2™ (gl =y ) ——— = 0.
Di2 + Ry ot ot + 59 (Gmt + Gimek — Tkiom) ot ot

(5.34)
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Next define the vector field,

ot ot’

which is independent of the Jacobi field J7. Equivalently, by symmetry, Eq. (5.35)
can also be written as

(535) 7= 59] (gl/cm;l + gl/m,k - gl/ﬂl;m)

, ox* oz

. 1 .
5.36 C? = —¢"™(2¢,. ., — Gryr ) — —.
( ) 29 ( Jkm;i le,m) ot ot

Substituting Eq. (5.35) in Eq. (5.34), one obtains the second-order differential
equation,

2 74 , i 9.0
D+ Rl
Dt ot ot
the so-called ‘lifted Jacobi equation’ [8]. Nielsen and Dowling used the lifted
Jacobi equation, Eq. (5.37), to deform geodesics from the value ¢ = 1 for the
penalty parameter to much larger values, and this enabled them to define a so-
called ‘geodesic derivative’ and to deform a geodesic as the penalty parameter
is varied without changing the fixed values U = 1 and U = Uy of the initial and
final unitary transformation corresponding to a quantum computation [8].

Proceeding to solve the lifted Jacobi equation, Eq. (5.37), one first rewrites
Eq. (5.18) as

(5.37) JE 407 =0,

D2Ji  92JI y oxk o.JP ;  Ox™ oxk 92k
e e R /4 J P
(5.38) Dt2 ot? + 20, ot Ot pm ot Ot SE A Dy ot? J
crg Oy 02
kp gt ~mnoge T

and renaming dummy indices in the last term, then
D2Ji B 0%.J7 oT ozk\ oJp
Dtz Ot2 oot ) ot

(5'39) 8mak 32 k 8k Hx™
—|—(Fj a™ 0t | g 0%ty 0t 0w )JIQ

kpm g ot kp- 92 ka g~ mP ot

or equivalently

D2Ji 92 Qg LA
(5.40) = + A + <Z ( )BI]7> JP
n=1

Dt? ot? Pot

where

- - Oxk

— J

(5.41) A; = (211’“1’?) ,
and

~ . 0x™ Ox

42 Vpi=p 22 72

(5-42) p kpm ot ot
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] ) 82l‘k
2 _
(5.43) @ pi = TR
5.44) B pi =19 O_mqu 9™
(5. P ke g TP ot
Next Eq. (5.37) can written as
D?JI - ;
(5.45) 57+ @RI+ 07 =0,
where
; - Ox' Ox
4 4B =R! iy
(5.46) PRl g ot
Next substituting Eq. (5.45) in Eq. (5.40), one obtains
027 -0JP . ~
(5.47) BI® + A7 5 + B J? + C7 =0,
where
4
(5.48) B)=> "B]
n=1
Next define the column vectors
(5.49) J=[J],
(5.50) C=[C7],
and the matrices
(5.51) A=[Al],
(5.52) B=[Bl] = [Z (" pJ.
n=1
Then Eq. (5.47) becomes
0%J oJ
(5.53) W—FAE—FBJ—%C:O.
Next defining the column vector
J1 J
Ja S

then Eq. (5.53) is equivalent to

(5.55) %—f;[o I]K—{O}.
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The homogeneous part of Eq. (5.55) with C' = 0 is equivaalent to the Jacobi
equation, Eq. (5.22), and is given by

0Ky
. =MK
(5.56) e 05
where the matrix M is given by
. 0 I
(5.57) M = [—B(t) —A(t)]’

in which the time dependence of A and B is indicated explicitly. The solution to
the Jacobi equation, Eq. (5.56), is given in terms of the time-ordered exponential
9],[25] namely,

(5.58)  Ko(t) = I+i%/dtl../dtnT(M(tl)...M(tn)) Ko(0),

in which T" denotes the time ordering operator. Thus, Eq. (5.58) gives the Jacobi
field and can be expressed formally as
t

(5.59) Ko(t) = Texp /dt’M(t’) K (0),
0

or defining the operator
t t t

1

(5.60) E; =T exp /dt’M(t’) :]-1-2 ﬁ/dtl../dtnT(M(tl)...M(tn)),
0 n=1"7 0

Eq. (5.59) can be written as

(5.61) Ko(t) = E.Ko(0),
Also, it follows from Eq. (5.60 ) that

% — Zni /dtl../dtn_lT(M(h)---M(tn—l)M(t))

0

- i:: '/t ../tdtn_lT(M(tl)...M(tn_ﬁ)

(5.62) = M(t) I+Z /dt1 /dtT (t1).M(tn)) |

or equivalently then substituting Eq. (5.60), one obtains

O,
(5.63) = = M(0)E:.
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Next, it follows that the solution to the inhomogeneous equation, Eq. (5.55)
is given by

(5.64) K(t) = E;K(0) — E; 0/1t drE1 [C(()T)} ,

This is the lifted Jacobi field. To see that Eq, (5.64) solves the inhomogeneous
equation, Eq. (5.55), note that using Eqs. (5.64) and (5.63) one has

OK() _ 8EtK(o) - %jd@;l [CO )} — BB { 0 }
0

o ot (r c(t)
(5.65) t
— M(1)E:K(0) — M(1)E, / drE! {C(()r)} _ { O(()t)] .
0
Next substituting Egs. (5.61), (5.64) and (5.57) in Eq. (5.65), then
0K (t) 0
50 5 = M(t)E K (0)+ M(t)K(t) — M(t)E,K(0) — [C(t)}

[ o I o
= [t ] 0~ ot
and thus Eq. (5.55) is in fact satisfied by Eq. (5.64).

6. CONCLUSION

In this expository work, the Riemann curvature, geodesic equation, and lifted
Jacobi equation on the manifold of the SU(2"™) group of n-qubit unitary opera-
tors with unit determinant were explicitly derived using the Lie algebra su(2™).
The Riemann curvature is given by Eqgs. (3.24), (3.12), (3.8), and (3.9). The
geodesic equation is given by Eqs. (4.10) and (4.5). The Jacobi equation and
its solution are given by Eqs. (5.22) and (5.58), respectively. The lifted Jacobi
equation is given by Egs. (5.37), (5.36), and (3.24), and the solution is given by
Eq. (5.64) together with the supporting equations, Eqgs. (5.57), (5.60), (5.49)-
(5.52), (5.54), (5.36), (5.41), (5.48), (5.42)-(5.44), and (5.46).These equations
are germane to investigations of the global characteristics of geodesic paths [3],
[13] and minimal complexity quantum circuits [8], [18], [4].
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