Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 26 (2010), 305–312

www.emis.de/journals
ISSN 1786-0091

ON S-3 LIKE FOUR-DIMENSIONAL FINSLER SPACES

M. K. GUPTA AND P. N. PANDEY

Abstract. In 1977, M. Matsumoto and R. Miron [9] constructed an orthonormal frame for an n-dimensional Finsler space, called ‘Miron frame’. The present authors [1, 2, 3, 10, 11] discussed four-dimensional Finsler spaces equipped with such frame. M. Matsumoto [7, 8] proved that in a three-dimensional Berwald space, all the main scalars are h-covariant constants and the h-connection vector vanishes. He also proved that in a three-dimensional Finsler space satisfying T-condition, all the main scalars are functions of position only and the v-connection vector vanishes [6, 7]. The purpose of the present paper is to generalize these results for an S-3 like four-dimensional Finsler space.

1. Preliminaries

Let M^4 be a four-dimensional smooth manifold and F^4 = (M^4, L) be a fourdimensional Finsler space equipped with a metric function L(x, y) on M^4. The normalized supporting element, the metric tensor, the angular metric tensor and Cartan tensor are defined by l_i = ˙∂_iL, g_{ij} =^1_2 ˙∂_i ˙∂_j L^2, h_{ij} = L ˙∂_i ˙∂_j L and C_{ijk} =^1_2 ˙∂_kg_{ij} respectively. The torsion vector C^i is defined by C^i = C^i_{jk} g^{jk}. Throughout this paper, we use the symbols ˙∂_i and ∂_i for ∂/∂y^i and ∂/∂x^i respectively. The Cartan connection in the Finsler space is given as CΓ = (F^i_{jk} , G^i_j , C^i_{jk} ). The h- and v-covariant derivatives of a covariant vector X_i(x, y) with respect to the Cartan connection are given by

(1.1) X_{i|j} = ∂_j X_i − ( ˙∂_hX_i)G^h_j − F^r_{ij} X_r, and (1.2) X_i|_j = ˙∂_j X_i − C^r_{ij} X_r.

2000 Mathematics Subject Classification. 53B40.

Key words and phrases. Finsler space, Miron frame, Berwald space, T-condition, S-3 like space. 305

The Miron frame for a four-dimensional Finsler space is constructed by the unit vectors (e^i_{1)}, e^i_{2)}, e^i_{3)}, e^i_{4)}). The first vector e^i_{1)} is the normalized supporting element l^i and the second e^i_{2)} is the normalized torsion vector m^i = C^i/~c, where ~c is the length of the torsion vector C^i. The third e^i_{3)} = n^i and the fourth e^i_{4)} = p^i are constructed by the method of Matsumoto and Miron [9]. With respect to this frame, the scalar components of an arbitrary tensor T^i_j are defined by (1.3) T_{αβ} = T^i_j e_{α)i}e^j_{β)}. From this, we get (1.4) T^i_j = T_{αβ} e^i_{α)}e_{β)j} , where summation convention is also applied to Greek indices. The scalar components of the metric tensor g_{ij} are δ_{αβ} . Therefore we get (1.5) g_{ij} = l_il_j + m_im_j + n_in_j + p_ip_j .

Let H_{α)βγ} and V_{α)βγ} /L be scalar components of the h- and v-covariant derivatives e^i_{α)|j} and e^i_{α)}|_j respectively of the vectors e^i_{α)}, then (1.6) e^i_{α)|j} = H_{α)βγ} e^i_{β)}e_{γ)j} , and (1.7) Le^i_{α)}|_j = V_{α)βγ} e^i_{β)}e_{γ)j} .

H_{α)βγ} and V_{α)βγ} are called h- and v-connection scalars respectively and are positively homogeneous of degree 0 in y.

Orthogonality of the Miron frame yields H_{α)βγ} = −H_{β)αγ} and V_{α)βγ} = −V_{β)αγ} .

Also we have H_{1)βγ} = 0 and V_{1)βγ} = δ_{βγ} − δ_{1β} δ_{1γ} [7].

Now we define Finsler vector fields : h_i = H_{2)3γ} e_{γ)i}, j_i = H_{4)2γ} e_{γ)i}, k_i = H_{3)4γ} e_{γ)i}, and u_i = V_{2)3γ} e_{γ)i}, v_i = V_{4)2γ} e_{γ)i}, w_i = V_{3)4γ} e_{γ)i}.

The vector fields h_i, j_i, k_i are called h-connection vectors and the vector fields u_i, v_i, w_i are called v-connection vectors. The scalars H_{2)3γ} , H_{4)2γ} , H_{3)4γ} and V_{2)3γ} , V_{4)2γ} , V_{3)4γ} are considered as the scalar components h_γ , j_γ , k_γ and u_γ , v_γ , w_γ of the h- and v-connection vectors respectively with respect to the orthonormal frame.

Let C_{αβγ} are the scalar components of LC_{ijk} then (1.8) LC_{ijk} = C_{αβγ} e_{α)i}e_{β)j} e_{γ)k}.

The main scalars of a four-dimensional Finsler space are given by [1, 3, 11] C_{222} = A, C_{233} = B, C_{244} = C, C_{322} = D, C_{333} = E, C_{422} = F, C_{433} = G, C_{234} = H.

We also have C_{344} = −(D + E), C_{444} = −(F + G) and (1.9) A + B + C = L~c. L~c is called the unified main scalar.

Taking h-covariant differentiation of (1.4), we get (1.10) T^i_{j|k} = (δ_kT_{αβ})e^i_{α)}e_{β)j} + T_{αβ} e^i_{α)|k}e_{β)j} + T_{αβ}e^i_{α)}e_{β)j|k}, where δ_k = ∂_k − G^r_k ˙∂_r. If T_{αβ,γ} are scalar components of T^i_{j|k}, i.e. (1.11) T^i_{j|k} = T_{αβ,γ} e^i_{α)}e_{β)j} e_{γ)k}, then we obtain (1.12) T_{αβ,γ} = (δ_kT_{αβ})e^k_{γ)} + T_{μβ} H_{μ)αγ} + T_{αμ}H_{μ)βγ} . Similarly, if T_{αβ;γ} are scalar components of LT^i_j |_k , i.e. (1.13) LT^i_j |_k = T_{αβ;γ} e^i_{α)}e_{β)j} e_{γ)k}, then we get (1.14) T_{αβ;γ} = L( ˙∂_kT_{αβ})e^k_{γ)} + T_{μβ} V_{μ)αγ} + T_{αμ}V_{μ)βγ} . The scalar components T_{αβ,γ} and T_{αβ;γ} are respectively called h- and v-scalar derivatives of scalar components T_{αβ} of T .

2. T -condition The tensor T_{hijk} defined by (2.1) T_{hijk} = LC_{hij} |_k + C_{hij} l_k + C_{hik} l_j + C_{hkj} l_i + C_{kij} l_h, is called T -tensor in a Finsler space. It is completely symmetric in its indices. A Finsler space is said to satisfy T -condition if the T -tensor T_{hijk} vanishes identically.

We are concerned with the tensor C_{hij} |_k. From (1.8) and (1.13), it follows that L^2C_{hij} |_k + LC_{hij} l_k = C_{αβγ;δ}e_{α)h}e_{β)i}e_{γ)j} e_{δ)k}, which implies (2.2) L^2C_{hij} |_k = (C_{αβγ;δ} − C_{αβγ} δ_{1δ})e_{α)h}e_{β)i}e_{γ)j} e_{δ)k}. Therefore the scalar components T_{αβγδ} of LT_{hijk} are given by T_{αβγδ} = C_{αβγ;δ} + δ_{1α}C_{βγδ} + δ_{1β} C_{αγδ} + δ_{1γ} C_{αβδ}.

From T_{hijk} l^k = 0, we have T_{αβγ1} = 0. Thus the surviving components T_{αβγδ} are only

(2.3) T_{αβγδ} = C_{αβγ;δ}; α, β, γ, δ = 2, 3, 4.

Using (1.14), the explicit forms of C_{αβγ;δ} are obtained as follows:

(2.4)

� � � � � � � � � � � � � � � � � � � � � � � a) C_{222;δ} = A_{;δ} − 3Du_δ + 3F v_δ, b) C_{233;δ} = B_{;δ} + (2D − E)u_δ + Gv_δ − 2Hw_δ, c) C_{244;δ} = C_{;δ} + (D + E)u_δ − (3F + G)v_δ + 2Hw_δ, d) C_{322;δ} = D_{;δ} + (A − 2B)u_δ + 2Hv_δ − F w_δ , e) C_{333;δ} = E_{;δ} + 3Bu_δ − 3Gw_δ, f) C_{422;δ} = F_{;δ} − 2Hu_δ − (A − 2C)v_δ + Dw_δ , g) C_{433;δ} = G_{;δ} + 2Hu_δ − Bv_δ + (2D + 3E)w_δ , h) C_{234;δ} = H_{;δ} + (F − G)u_δ − (2D + 3E)v_δ + (B − C)w_δ , i) C_{344;δ} = −D_{;δ} − E_{;δ} + Cu_δ − 2Hv_δ + (F + 3G)w_δ , j) C_{444;δ} = −F_{;δ} − G_{;δ} − 3Cv_δ − (3D + 3E)w_δ , k) C_{1βγ;δ} = −C_{βγδ},

where A_{;δ} = L( ˙∂_kA)e^k_{δ)}. From (1.9) and (2.4), we get

(2.5) � � � C_{222;δ} + C_{233;δ} + C_{244;δ} = A_{;δ} + B_{;δ} + C_{;δ} = (A + B + C)_{;δ} = (L~c)_{;δ}, C_{322;δ} + C_{333;δ} + C_{344;δ} = L~c u_δ, C_{422;δ} + C_{433;δ} + C_{444;δ} = −L~c v_δ .

Thus from (2.3), (2.4) and (2.5), we have

Theorem 2.1. In a four-dimensional Finsler space satisfying T-condition, the v-connection vectors u_i and v_i vanish identically. Also main scalar A and the unified main scalar L~c are v-covariant constants (functions of position only). Furthermore, if v-connection vector w_i vanishes then all the main scalars are functions of position only.

3. Berwald space

A Berwald space is characterized by C_{hij|k} = 0. From (1.8) and (1.11), it follows that

(3.1) LC_{hij|k} = C_{αβγ,δ}e_{α)h}e_{β)i}e_{γ)j} e_{δ)k},

where C_{αβγ,δ} are given by

C_{αβγ,δ} = (δ_kC_{αβγ} )e^k_{δ)} + C_{μβγ} H_{μ)αδ} + C_{αμγ} H_{μ)βδ} + C_{αβμ}H_{μ)γδ}.

The explicit forms of C_{αβγ,δ} are obtained as follows:

(3.2)

� � � � � � � � � � � � � � � � � � � � � � � a) C_{222,δ} =A_{,δ} − 3Dh_δ + 3F j_δ, b) C_{233,δ} =B_{,δ} + (2D − E)h_δ + Gj_δ − 2Hk_δ, c) C_{244,δ} =C_{,δ} + (D + E)h_δ − (3F + G)j_δ + 2Hk_δ, d) C_{322,δ} =D_{,δ} + (A − 2B)h_δ + 2Hj_δ − F k_δ , e) C_{333,δ} =E_{,δ} + 3Bh_δ − 3Gk_δ , f) C_{422,δ} =F_{,δ} − 2Hh_δ − (A − 2C)j_δ + Dk_δ , g) C_{433,δ} =G_{,δ} + 2Hh_δ − Bj_δ + (2D + 3E)k_δ , h) C_{234,δ} =H_{,δ} + (F − G)h_δ − (2D + 3E)j_δ + (B − C)k_δ , i) C_{344,δ} = − D_{,δ} − E_{,δ} + Ch_δ − 2Hj_δ + (F + 3G)k_δ , j) C_{444,δ} = − F_{,δ} − G_{,δ} − 3Cj_δ − (3D + 3E)k_δ, k) C_{1βγ,δ} =0.

From (1.9) and (3.2), we get

C_{322,δ} + C_{333,δ} + C_{344,δ} = (A + B + C)h_δ = L~ch_δ , C_{422,δ} + C_{433,δ} + C_{444,δ} = −(A + B + C)j_δ = −L~cj_δ, C_{222,δ} + C_{233,δ} + C_{244,δ} = (A_{,δ} + B_{,δ} + C_{,δ}) = (A + B + C)_{,δ}.

(3.3)

Thus from (3.2) and (3.3), we have:

Theorem 3.1 ([11]). In a four-dimensional Berwald space, the h-connection vectors h_i and j_i vanish identically. Also main scalar A and the unified main scalar L~c are h-covariant constants. Furthermore, if h-connection vector k_i vanishes then all the main scalars are h-covariant constants.

4. v-Curvature tensor

The v-curvature tensor is defined by

(4.1) S_{hijk} = C^r_{hk}C_{ijr} − C^r_{hj} C_{ikr} .

The scalar components S_{αβγδ} of L^2S_{hijk} are given by

(4.2) L^2S_{hijk} = S_{αβγδ}e_{α)h}e_{β)i}e_{γ)j} e_{δ)k}.

Since S_{hijk} is skew-symmetric in h and i as well as j and k and S_{0ijk} = S_{hi0k} = 0, the surviving independent components of S_{αβγδ} are only six, which are given by

S_{2323} = C_{23μ}C_{μ32} − C_{22μ}C_{μ33} = D^2 + B^2 + H^2 − AB − DE − F G, S_{2424} = C_{24μ}C_{μ42} − C_{22μ}C_{μ44} = 2F^2 + H^2 + C^2 + D^2 − AC + DE + F G, S_{3434} = C_{34μ}C_{μ34} − C_{33μ}C_{μ44} = H^2 + 2G^2 + D^2 + 2E^2 + 3DE − BC + F G, S_{2334} = C_{24μ}C_{μ33} − C_{23μ}C_{μ34} = BF + 2EH + CG − BG, S_{2434} = C_{24μ}C_{μ34} − C_{23μ}C_{μ44} = 2F H + 2GH − 2CD − CE + BD + BE, S_{2324} = C_{24μ}C_{μ23} − C_{22μ}C_{μ34} = 2F D + BH + CH − AH − DG + EF. A Finsler space F^n(n ≥ 4) is called S-3 like, if there exists a scalar S such that the curvature tensor S_{hijk} of F^n is written in the form (4.3) L^2S_{hijk} = S(h_{hj} h_{ik} − h_{hk}h_{ij} ).

Let us consider a four-dimensional S-3 like Finsler space. Then L^2S_{hijk} = S(h_{hj} h_{ik} − h_{hk}h_{ij} )

= S[(m_hm_j + n_hn_j + p_hp_j )(m_im_k + n_in_k + p_ip_k)

− (m_hm_k + n_hn_k + p_hp_k)(m_im_j + n_in_j + p_ip_j )] = S[(m_hn_i − m_in_h)(m_j n_k − m_kn_j ) + (m_hp_i − m_ip_h)(m_j p_k − m_kp_j ) + (n_hp_i − n_ip_h)(n_j p_k − n_kp_j )].

This implies that the scalar components are

S_{2323} = S, S_{2324} = 0, S_{2334} = 0, S_{2424} = S, S_{2434} = 0, S_{3434} = S. M. Matsumoto [5] proved that the v-curvature S of an S-3 like Finsler space is function of position only. Therefore in S-3 like four-dimensional Finsler space, six functions D^2 + B^2 + H^2 − AB − DE − F G, 2F^2 + H^2 + C^2 + D^2 − AC + DE + F G, H^2 + 2G^2 + D^2 + 2E^2 + 3DE − BC + F G, BF + 2EH + CG − BG, 2F H +2GH −2CD−CE +BD+BE and 2F D+BH +CH −AH −DG+EF are functions of position only. In view of theorem 2.1 and equation (1.9), functions A and A + B + C are functions of position only in a four-dimensional Finsler space satisfying T -condition. Thus, in an S-3 like Finsler space satisfying T -condition, eight functions A, A+B+C, D^2+B^2+H^2−AB−DE−F G, 2F^2+H^2+C^2+D^2− AC +DE +F G, H^2 +2G^2 +D^2 +2E^2 +3DE −BC +F G, BF +2EH +CG−BG, 2F H + 2GH − 2CD − CE + BD + BE and 2F D + BH + CH − AH − DG + EF are functions of position only. These eight functions are clearly independent and therefore the main scalars A, B, C, D, E, F, G and H are functions of position only. Thus, we have:

Theorem 4.1. In an S-3 like four-dimensional Finsler space satisfying Tcondition, all the main scalars are functions of position only.

It is clear from (2.4) that if all the main scalars are functions of position only in a Finsler space satisfying T -condition, then the v-connection vectors u_i, v_i, and w_i vanish. This leads to:

Theorem 4.2. In an S-3 like four-dimensional Finsler space satisfying Tcondition, the v-connection vectors u_i, v_i, and w_i vanish identically.

A Landsberg space is characterized by C_{hij|k} = C_{hik|j} . H. Yasuda [12] proved that in an S-3 like Landsberg space, the v-curvature S is constant. In view of this result, in an S-3 like four-dimensional Landsberg space, six independent functions D^2 +B^2 +H^2 −AB −DE −F G, 2F^2 +H^2 +C^2 +D^2 −AC +DE +F G, H^2 +2G^2 +D^2 +2E^2 +3DE −BC +F G, BF +2EH +CG−BG, 2F H +2GH − 2CD − CE + BD + BE and 2F D + BH + CH − AH − DG + EF are constants. Since every Berwald space is a Landsberg space, these six functions are constant in an S-3 like Berwald space. From theorem 3.1 and equation (1.9), functions A and A + B + C are h-covariant constants in a four-dimensional Berwald space. Therefore in an S-3 like Berwald space, eight independent functions A, A+B+C, D^2 + B^2 + H^2 − AB − DE − F G, 2F^2 + H^2 + C^2 + D^2 − AC + DE + F G, H^2 + 2G^2 + D^2 + 2E^2 + 3DE − BC + F G, BF + 2EH + CG − BG, 2F H + 2GH − 2CD − CE + BD + BE and 2F D + BH + CH − AH − DG + EF are h-covariant constants and therefore the main scalars A, B, C, D, E, F , G and H are h-covariant constants. Thus, we have:

Theorem 4.3. In an S-3 like four-dimensional Berwald space, all the main scalars are h-covariant constants.

It is clear from (3.2) that if all the main scalars are h-covariant constants in a Berwald space, then the h-connection vectors h_i, j_i and k_i vanish. This leads to:

Theorem 4.4. In an S-3 like four-dimensional Berwald space, the h-connection vectors h_i, j_i and k_i vanish identically.

In view of theorems 4.1, 4.2, 4.3 and 4.4, we can say

Theorem 4.5. In an S-3 like four-dimensional Berwald space satisfying Tcondition, all the main scalars are constants and the h- and v-connection vectors vanish.

F. Ikeda [4] proved that a Landsberg space satisfying T -condition is a Berwald space. Thus, we may conclude:

Theorem 4.6. In an S-3 like four-dimensional Landsberg space satisfying Tcondition, all the main scalars are constants and the h- and v-connection vectors vanish.

Acknowledgement

The first author is thankful to UGC, Government of India for the financial support.

References

[1] M. K. Gupta and P. N. Pandey. On a four-dimensional Finsler space with vanishing v-connection vectors. J. Int. Acad. Phys. Sci., 10:1–7, 2006.

[2] M. K. Gupta and P. N. Pandey. On a four-dimensional finsler space of scalar curvature.

Bull. Cal. Math. Soc., 100(3):327–336, 2008.

[3] M. K. Gupta and P. N. Pandey. Relations between the main scalars of a four-dimensional Finsler space and its hypersurface. Differ. Geom. Dyn. Syst., 10:132–138, 2008.

[4] F. Ikeda. Some remarks on Landsberg spaces. TRU Math., 22(2):73–77, 1986. [5] M. Matsumoto. On Finsler spaces with curvature tensors of some special forms. Tensor (N.S.), 22:201–204, 1971.

[6] M. Matsumoto. On three-dimensional Finsler spaces satisfying the T - and B^p-conditions.

Tensor (N.S.), 29(1):13–20, 1975.

[7] M. Matsumoto. Foundations of Finsler geometry and special Finsler spaces. Kaiseisha Press, Shigaken, 1986.

[8] M. Matsumoto. A theory of three-dimensional Finsler spaces in terms of scalars and its applications. An. Ştiinţ. Univ. Al. I. Cuza Iaşi. Mat. (N.S.), 45(1):115–140 (2000), 1999.

[9] M. Matsumoto and R. Miron. On an invariant theory of the Finsler spaces. Period. Math.

Hungar., 8(1):73–82, 1977.

[10] P. N. Pandey and M. K. Gupta. On certain special finsler spaces of dimension four. J.

Int. Acad. Phys. Sci., 8:17–23, 2004.

[11] P. N. Pandey and M. K. Gupta. On a four-dimensional Berwald space with vanishing h-connection vector k_i. Tamkang J. Math., 39(2):121–130, 2008.

[12] H. Yasuda. On Landsberg spaces. Tensor (N.S.), 34(1):77–84, 1980.

M. K. Gupta, Department of Pure and Applied Mathematics, Guru Ghasidas Vishwavidyalaya, Bilaspur (C.G.), India

P. N. Pandey, Department of Mathematics, University of Allahabad, Allahabad, India