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VERTICAL LAPLACIAN ON COMPLEX FINSLER BUNDLES

CRISTIAN IDA

ABSTRACT. In this paper we define vertical and horizontal Laplace type
operators for functions on the total space of a complex Finsler bundle
(E,L). We also define the D//U—Laplacian for (p, q, 7, s)-forms with compact
support on E and we get the local expression of this Laplacian explicitly
in terms of vertical covariant derivatives with respect to the Chern-Finsler
linear connection of (E, L).

1. INTRODUCTION

As it is well known, (see [7], [9], [16]), the Laplacian plays an important role in
the theory of harmonic integral and Bochner technique both in Riemannian and
Kahler manifolds. In recent years some results on Laplacians and their appli-
cations in real Finsler spaces have been investigated by [4], [5], [13] and others.
Also, in [19] and [20] the h’-horizontal Laplacian on strongly Kéhler-Finsler
manifolds is studied. Recently, in [18], the complex vertical and horizontal
Laplacian on strongly pseudoconvex complex Finsler manifolds was defined and
the relationship with the Hodge Laplace operator associated to the holomorphic
tangent bundle with respect to the Hermitian metric of Sasaki type naturally
induced by the strongly pseudoconvex complex Finsler metric on M, were clar-
ified. The aim of the present paper is to study the Laplace type operators on
a complex Finsler bundle (F,L). In our context, we are mainly interested to
obtain the vertical part of the Laplacian, first for functions and next for forms
with compact support on the total space of a complex Finsler bundle. In the
first section of this paper, following [2], [10] and [12], we briefly recall some basic
notions on complex Finsler bundles. In the second section, according to [1], [3]
we present the Chern-Finsler linear connection as a Hermitian connection in the
pull-back bundle and we write the vertical covariant derivatives of contravariant
and covariant complex tensor fields. In the third section, using an argument
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similar to that in [19], we define horizontal and vertical Laplace type operators
for functions on E. In the last section we define an L? - global Hermitian inner
product on the space of (p,q,r,s)-forms with compact support on E and we
give the local expression of the adjoint operator § ¢ of d ¥ with respect to this
inner product. Thus, we can define the [J" ?-Laplacian for (p,q,r,s)-forms with
compact support on E. Finally we get explicitly the expression of this Laplacian
in terms of vertical covariant derivatives of the Chern-Finsler connection.

Let m: E — M be a holomorphic vector bundle of rank m over a complex
manifold M of dimc M = n. Let us consider Y = {U,} an open covering set
of M and (%), k =1,...,n the local complex coordinates in a chart (U, ¢) and
su = {sa}, a = 1,...,m a local holomorphic frame for the sections of E over
U. The covering {U, sy }yey induces a complex coordinate system u = (2%, %)
on 7~ 1(U), where s = n%s, is a holomorphic section on E,. If we denote by
guv:UNV — GL(m,C) the transition functions, then in z € U NV, gyv(z)
has a local representation by the complex matrix Mg(z) and if (2'%,7'*) are the
complex coordinates in 7= (V') the transition laws of these coordinates are:

(1.1) 2h=2kz) ne = M(2)n,

where (Mg (2)), a,b=1,...,m are holomorphic functions and det M # 0.

As we already know, the total space E has a structure of (m+n)-dimensional
complex manifold because the transition functions My (z) are holomorphic. Con-
sider the complexified tangent bundle TcE = T 'E® T”E, where T'E and
T"E =T'E are the holomorphic and antiholomorphic tangent bundles. The ver-
tical holomorphic tangent bundle V E = ker 7, is the relative tangent bundle of
the holomorphic projection 7. A local frame field on V,, E is {%}, a=1,...,m.
The vertical distribution V, F is isomorphic to the sections module of F in u.

A subbundle HE of T'E complementary to VE, ie. TE = VE ® HE,
is called a complex nonlinear connection on E, briefly (c.n.c). A local base
for the horizontal distribution H,FE, called adapted for the (c.n.c) is {52 =
0 — Ng-2 3 k =1,...,n, where Ni(z,n) are the coefficients of the (c.n.c).

0zF one
In the following we consider the abbreviate notations: 0y = %; O = %;
Do= %. Locally, {8} defines an isomorphism of 7*(T" M) with HE if and
only if they are changed under the rules

8Z/j ’ : a ¥
(1.2) O = 55055 0= My’ &,
and consequently for its coefficients (see (7.1.9) in [12]) we have that

82% ‘a a ntb aMl? b

The existence of a (c.n.c) is an important ingredient in the ”linearization” of
the geometry of the total space of a holomorphic vector bundle E. The adapted
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frames denoted by {d; := %} and {95:= a%a}, for the distributions HE and

V E are obtained respectively by conjugation. The adapted coframes are locally
given by
(1.4) {dz"}, {on® = dn® + Ngdz*}, {dz"}, {60 = d* + Ngdz"}.
Definition 1.1. A strictly pseudoconvex complex Finsler structure on F, is a
positive real valued smooth function F?2 = L: E — R, U{0}, which satisfies the
following conditions:

(i) L is smooth on E — {0};

(ii) L(z,nm) > 0 and L(z,n) = 0 if and only if n = 0;

(i) L(z,A\n) = |\|® L(z, n) for any A € C;

(iv) (h,z) = (8a05 (L)) (the complex Levi matrix) is positive defined and
determines a Hermitian metric tensor on the fibers of vertical bundle V E.

Definition 1.2. The pair (F, L) is called a complex Finsler bundle.
According to [2], [12], we have

Proposition 1.1. A (c.n.c) on (E, L) depending only on the complex Finsler
structure L is the Chern-Finsler (c.n.c) locally given by

CF  _ _
(1.5) Ng= h0y 0z (L).
Proposition 1.2. ([12]) The Lie brackets of the adapted frames from Tc(E),
with respect to the Chern-Finsler (c.n.c) are given by

CF . cF
[0,6k] = 0, [6;,07] = (67 NJ') 0a —(6; NE) Oa,

. . C’Fa . . . C’Fa . . . .
[0, 0] = (ON}') D, (05, 95) = (OpNF) Oas [0 Oo] = [0, O] = 0

and their conjugates.

2. THE CHERN-FINSLER LINEAR CONNECTION

The notions in this section are defined according to [3]. Let m: E — M
be a holomorphic vector bundle endowed with a strictly pseudoconvex complex
Finsler structure, as in the first section. We also identify the holomorphic local
frame fields s = {s1,..., 8, } of E, with the one of the pull-back bundle E =
7*E which is isomorphic to VE by 94« 7*s,. Then, E admits a Hermitian
metric hy, defined by

(2.1) hi(Z,W) = h :2°W', Z,W € T'(E).

Let V: F(E) — Al(E) be the Hermitian connection of the bundle (E, hr), i.e.

V =V +V' is the unique connection on the bundle (E', hy) satisfying the
conditions

22) V =d :dhp(Z,W)=h(VZ,W)+h(Z,VW), VZ,W € ['(E).
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Definition 2.1. ([1]) The Hermitian connection V on (E,hr) is called the
Chern-Finsler linear connection of the bundle (E, L).

The (1,0)-connection form w = (wy) of V with respect to a holomorphic
frame s = {s,}, a = 1,...,m, is defined by

(2.3) Vsp = wil ® 84, wi = I dz” + CLdn°,
where the local coefficients of the connection are given by
(2.4) = W0 () s G = B . ().

Using the adapted frames and coframes from the first section, the (1, 0)-connection
form w;' can be written by

We note that the vertical coefficients Cf., satisfy the symmetry relation
(26) Cgc — “eb

and it is easy to check
(2.7) C% =op (Inh),

where h = det(h, ).

In the end of this section, we briefly recall the vertical covariant derivatives
with respect to the Chern-Finsler connection for contravariant and covariant
tensor fields.

If T7»/a47Bs (3 1) are the components of a contravariant complex tensor field
of (p,q,r,s)-type on E, where

Ip:(lllp), Jq:<j1---jq); AT:(al...ar); Bsz(bl...bs),

then its vertical covariant derivatives with respect to the Chern-Finsler connec-
tion are given by

(28) va TIZ’J Ay B _6(1 ( _|_ZTIPJ qa1... 0k —1AQf41-- aTB O;\LZ,

S
(29) vaETIpJ_qATB_S — .E (TIPJ_QATB_S) + ZTIPJ_QATE...bk,1 ka+14..EC;ka.
k=1
If T; 5-4,5;(2,m) are the components of a covariant complex tensor field of

(p,q,r, s) -type on E, then its vertical covariant derivatives with respect to the
Chern-Finsler connection are given by

o E A
(210) v('9a]jIpJqATBS =0a ( I, J A, By I, J ai...ag—1Aak41...arB Cak(ﬁ
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S

E X
) TIpJqArbl.‘.bkfl)\bk+1...bscbka'

k=1

(211) YV, Ty 54 50 =07 (T, 705

We remark that if we combine the formulas above, we get the vertical covariant
derivatives for mixed contravariant and covariant complex tensor fields. Also, it
is easy to check

(2.12) Vi hag =V hg=V, W=V, h"*=0.

3. VERTICAL AND HORIZONTAL LAPLACE TYPE OPERATORS FOR FUNCTIONS
ON F

In this section we define vertical and horizontal Laplace type operators for
smooth functions on the total space of a complex Finsler bundle.
We recall that for a smooth function f on FE, its exterior derivative is given
by
df = 6(f)d="+ 9a (/)on® + &5(f)dz"+ da (f)o7".
In the sequel we assume that the base manifold of the complex Finsler bundle

(E, L) is a Hermitian manifold (M, g). Then, due to [6], in natural manner we
can consider the following Hermitian metric structure on F

(3.1) G = g;5(2)d2? @ dz" + h g (2, )" @ 077",

where gjz(z) is a Hermitian metric on the base manifold M, and h; is the
Hermitian metric tensor defined by the complex Finsler structure L, and the
adapted coframes are considered with respect to the Chern-Finsler (c.n.c). Thus,
(E,G) can be considered as an (m + n)-dimensional Hermitian manifold.

Let

(3.2) ® = i(gzdz’ AdZ" + hgon® AST) = " + @
be the associated Kahler form of G.
Then, the volume form associated to the Hermitian metric G' of F is
1 1 1
3.3 dVg = ————®" ™ = —(®M)" A — (D)™,
(3:3) E (n+m)! n!( ) m!( )
If we denote by g = det(g,;) and h = det(h,j;), then

n(n—1)

(@)™ =i"(=1)" 7 nlgdz' A Ad2" AdZE AL A",

m(m—1)

(@)™ =i™(=1)" =z mlhén* A AT AT AL A ST

and therefore we get
(3.4) AV = i™ 7 ghdz A dZ A 6 A 67,
where dz = dz' A ... Adz™ and dn = dnt A ... AOn™.
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Let X = X6, + X% 9, +XE5E + X% 9z€ ['(TcE) be a complex vector field
on F. Then the divergence of X is defined by the equation

where L£x denotes the Lie derivative.
Corresponding to the decomposition of the complex vector field X, the diver-
gence of X admits the decomposition

div X = divy X +div, X + divy X + divg X
where div, X = divX", div, X = div X", divy X = div X" and divg X =
div X7,
Proposition 3.1. If X = X0, + X® 9, +X*6; + X7 §z€ D(ILE), then
CF
div, X = X*6p(Ing) + X*0,(Inh) — X% 9y (ND) + 0, XF;
- _ _ CF _

divy X = X*6(Ing) + X*op(In h) — X* g5 (ND) + 65X

div, X = X 9q (Inh)+ 9 X%; divg X = X% 95 (Inh)+ da X 7.
Proof. Using the local expressions of the Lie brackets in Proposition 1.2, a
straightforward calculus similar to that in [19] lead us to

_er o o

(div X)gh = X (gh)+[6x X" +6pX " —(X* 9N + X" 95NL — 04 X“— 9z X)]gh.
Thus we have

: L ok k ko S
divy, X = _hX 5k(gh,) + 0, X" — X 8(1Nk
g

. CF
= X* 6, (Ing) + X*6p(Inh) — X* 9o NP +0, X"

and
div, X = ixa Da (gh)+ 0q X°
=X%9, (Inh)+ 9q X
The relation between div; X and divy X follows in the similar manner. O

According to (2.7) and V, X* =0a X+ X°C}, we get

(3.6) div, X = Vi, X
Note that the gradient of f is defined by
(3.7) G(X,grad f) = Xf, VX e T'(1IcE).

Thus, for X = X*6, + X §, +X¥ 0 + X@ g€ T(TcE) we have
grad f = grad, f + grad, f + grad; f + grad; f,
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where
grad, f = g"35(£)d , grad,, f = B* Oy (f) D
grady [ = " 61(f)d;, grads f = h* da (f) 05 -
We define the Laplace type operator for smooth functions on E by
(3.8) Of = (divograd) f
Using the decompositions of the divergence and of the gradient in the relation
(3.8) we get
(3.9) Of=0"f+0vf+0"f+0"f.
where
O7f = (divy ograd,, ) f, OV f = (div, o grad,),
D//hf = (divyogrady) f, D//”f = (divy o grady) f.
We have

Proposition 3.2. Let f be a smooth function on E. Then we have

Ohf = ;fﬁ (99" 65.5) + g™ [0, (In h)— 3bfc\7lzz]5gf,
N T : L
O = 0990 f) + " [61(n h)— 5710w .
0 = 5 b (005 b5 ) O = - b (W07 B £).
Proof. By direct computations, we have
O7f = divy(grad,, f)

= divy g™ o5(f)d]
_ _ _ ~ CF
= ¢"6z(f)0i(In g) + g™ (/)si(In h) + & [g* 65 ()] — g™ 65 (f) OuNY
CF

_ 551 99" 5:(F)] — g™ [0 h)— H, NV)6x(f)

and
O f = div,(grad, f)
= divy " 35 (f) dal
= h¥ 35 () Da (I R)+ Da [W* By (F)]

= b [007 5 (1))

The relation between O " f and 0"V f follows in the similar manner. (]
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Remark 3.1. In terms of the vertical covariant derivatives with respect to the
Chern-Finsler connection, we have
‘"ve _ 1ba
(3.10) 0% =h Va-avagf.
Proposition 3.3. If Y =Y 9,€ T(VE), then
(div Y)dVg = d[i(Y)dVEg]; (div Y)dVg = d[i(Y)dVE],
where i(Y) denotes the interior product.

Proof. We have

m

i(Y)dVe =™ N (1) 1Y ghdz AdZ A St AL A ST A LA™ A ST
a=1
Using
CF . CF . CF
d(on®) = S:(N&)dz' AdzF+ dy (N2)on® A dzF+ 5 (Nf)oR° A d2”
we get

d[i(Y)dVg] = ™+ NS (<1)07 dy (Yogh)on® Adz Adz Ayt AL A

b=1a=1
ASTE A ... AS™ A 6T
=i 9, (Ygh)dz A dZ A Sn A 67
But
1
h
= ghlo. Y + Y“% Oa (B)] = gh[0a Y* +Y* 9, (Inh)] = gh div, Y. O

da (Ygh) = g 9a (Yh) = ghl- 9a (V)]

Using (3.6) and Proposition 3.3. we get

Theorem 3.1. Let (E, L) be a complex Finsler bundle over a Hermitian man-
ifold (M, g). If X = X® 9,€ T(VE) is with compact support on E, then

(3.11) /EV&X“dVE =0 ;/EVBEXEdVE = 0.

In the following if we consider a smooth function f on E and a vertical vector
field X = X® 9, with compact support on F and X¢ = ht*V . f then, according
b

to (2.6), the divergence of X is
. _ ba _ 1ba _ v

Thus, we have
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Corollary 3.1. If (E, L) is a complex Finsler bundle over a Hermitian manifold
(M, g), then for any smooth function f with compact support on E, we have

E E o T

12
4. 0 Y-LAPLACIAN FOR FORMS WITH COMPACT SUPPORT ON F

In this section we define D”“—Laplacian for (p,q,r,s)-forms with compact
support on E. We first define an L?-global Hermitian inner product on the
space AP?"3(E) of forms with compact support on E. Secondly, we give the
local expression of the adjoint operator 57 of d'v with respect to this inner
product and thus we can define the D””—Laplacian for these forms. Finally, we
get the local expression of this Laplacian, explicitly in terms of vertical covariant
derivatives of Chern-Finsler connection.

Let ¢, 1 € AP?™% be two forms with compact support on E locally given by

1 - Y

o p'qlrlsl (’DlquArEs dZIp A dZJq A 57] A 57735’
_1 = —

V= plqlrvsvwfﬁqArEsdzl” A dz?e Aot Ao,

where

Ip:(il...’ip), Jq:(jl...jq), AT:(al...ar), Bsz(bl...bs),
dzlv =dz' AL ANdR, d7Te = dE AL N AR, ottt = o™t A LA Ot

and 677 = omPt A L. A OTPs.
We define

1 - = — - = —

Here the sum is after i1 < ... <ip, j1 < ... < jg a1 <...<ap, by <...<bs
and

1/)71, JgA-Bs Jq hZTCT hﬁsBS ,

_ ~_ I,K, L
=Yg, 1,0,0.9 " "9

where glrEr = gtk ginks and pA-Cr = porer | parer,
We note that the above inner product is independent of the local coordinates
on FE, thus < ¢, > is a global inner product on E. In particular we have
I,J4ArBs

1
p!q!r!s!wlquArEng

Using (4.1), we define a global inner product on A?%"%(E) by

2
lo|” =< @, >=

(4.2) (o, ) = /E <ot > dVi, ol = (0. 9).
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According to [14], the vertical differential operators for (p,q,r,s) -forms are
defined by

v D,q,T,S »,q,7+1,s ) »,q,T,8 p,q,7,5+1
d :A777 _)A?? 77d :A777 _)A777 s

where
r+1
/v Z 1
(43) (d So)lqual...ahqﬁs = p+qz a‘h 90[ Jga1...d;...ar41B5 )
s+1
"y _ +q+r i—1 =N
(44) (d )I J A b1 bs+1 - (_1)p ! Z( ) 8b ( I JqArgl...E...Eerl ’
i=1

Because of the symmetry relation (2.6) and the skew symmetry of ¢ 1,7,A,B, We
can replace in (4.3) and (4.4) the vertical derivatives with the vertical covariant
derivatives with respect to the Chern-Finsler connection. Thus we get

r+1
(4'5) (d U¢)ijqa1...ar+1§s - (_1)p+q Z(_l)lilvaai ((pfqual---ai---ar-klgs)’
i=1
s+1
— +q+r i—1 ~
(46) (d 90)] JgArby.bopr — (_1)1’ ! Z;(_l) vagi (¢ijqArgl~~5i-“Es+l

Let 6 and & ¥ be the adjoint operators of d ¥ and d v respectively, with respect
to the inner product defined in (4.2). That means

U A = AL () = (,67),
01 AR AP (d 1) = (9,67 1Y).

In the sequel, using an argument similar to that in [19] and [20], we obtain the

local expression of the adjoint operator 5.
If (E, L) is a complex Finsler bundle over a Hermitian manifold (M, g), then
according to (3.11) if ¢ € A2®™% and ¢ € AP?"5T! we have

/Evab(%qu@ YT JaAbB) AV = 0.
Thus
/;vaﬁ(gplquAr-Es>¢IpJqArstdVE = - /E (plquArES(VaqujlpJqArbBS)dVE‘

Using (2.12), we have

( ) /E vag(wfquArﬁs )wIpJqArstdVE
4.7

Ar s
= _/ESOijqATEsg pQJ obapCrdr B0 hdb(vab%( T,C.dD, )dVE.
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The term on the left-hand side of (4.7) reduces to

(=yyrre /E vag(%ﬁqArEWbT”JqZTBs dVp = (d "¢, ¥)

and by setting

1

(4.8) (6 U¢)Kpchrﬁs =—(- )p+q+rhdbvabw1< L,Crd D,
we get from (4.7) that (duvcp, V) = (o, 5””w). Thus, § ¥ from (4.8) is the adjoint
of d"” with respect to the inner product defined by (4.2).

Remark 4.1. By the same calculus as above, we can prove that for ¢ € AP¢7 18

the local expression of 5 is given by

/

(6 v‘P)KqucT.ES = —(‘Dpﬂhdea’ES@Kpfqbc,ﬁs-
We define
(4'9) D _d ’U(S +5 Ud ’U qurs Ag,q,’l",s

which is a partial differential operator, called D//U—Laplacian for forms with
compact support on E. We have

Theorem 4.1. Let (E, L) be a complex Finsler bundle over a Hermitian man-

ifold (M, g). If ¢ € ALTT5 | then

"o _ de o o
(O So)lquATES == h Vgcvg;ESOIpJqATBS

1

1 17 dec N
Z_: W1V . Ve ]901,,7(114351 bioby

(4.10)

ﬂ“ME%MS

Proof. Using (2.12), (4.6) and (4.8) we get

(67d"p); 5 45, = (—DPTITH Z WV, (d9); 7 4.45.)

c,d=1
i
(4.11) == > WV, Vs 017,45,
c,d=1

z 11.dc
+ ;1;(_ h V vab S01 T,A b1 Di...Bs
c,d=1 1=
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and
(d "0 "9)1,7,4,B.
p+q+T+1 z 1 ) .
(412) Z V 5 )ijqATEL..Ei...ES
_ _ 1 13dc N
o Z Z( h V V (PI JqArdby..bi..bs
c,d=11=1
Now, summing the relations (4.11) and (4.12) we get (4.10). O

In the following, as in Kéahler geometry, we can define an analogue operator
A _A]g,q,r,s(E) . A;zc),q,r—l,s—l(E) by

1

w1y T PG e S P Ty 5,02 A
A2 A NS A ST A LA ST
Thus
(4.14) (AO)r Foas.arbs. by = ihdc%af,,jiaz...a@...BS
= (1YL carardBs. T
We have

Proposition 4.1. Let (E,L) be a complex Finsler bundle over a Hermitian
manifold (M, g). Then

(4.15) dUAY —A°dV = —i5 "V d "AY — Ad U =87,

(4.16) § VAU — AU =03 6 PAY — V6 = 0.

Proof. We will prove only the first relation of (4.15) and of (4.16) and the other

two follow in the similar manner.
Let ¢ € AP9™%. According to (4.14), we have

1:1d
(AP) 1 Foaanbs b, = (L0 T 0 dbs B,

By applying d ¥ from (4.5) and taking into account (2.12) we get

(d°A°0) 5. 4,5, 5.
(4.17) 1T r i
— (—1)P+q+ 1’Lhd Z(—l) 1vaai (SOijqcal...@...ar852...55)'

i=1
On the other hand,
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and by applying A¥ we have

(A°dY9); 7 a5, 5, = (DPFU=1)"h"V, (¢, 5. 4 35, 5.)
(4.18) I
+ (1P (=1)"h %Y (1N (91 T car i ardbs. b,)"

. a7’
=1

Thus, from (4.17) and (4.18) we get

IU v v I’U T ac
(d"A% = A'dV); 5 45,5, = (CL)PTTTRCN S (0 5 4 G5,5,)

1

= _Z((S USO)ijqATEQ...ES

i.e. the first relation of (4.15).
For the first relation of (4.16), applying 6 ¥ to the relation (4.14) we have

(5 UAU@)ijqGQ...argg...Es
(4.19) = —(—1)p+q+r71(—1)T71ihgfvgf (h*P1 T can...arzdbs..5.)
= _(_1)p+qihgfhdcv5f (SplqucaQ...aréagg.,.ES )

On the other hand, applying A" to

(5”1)4»0)1177(1,452...65 = _(_1)p+q+rhgfvgf(SOijqATEEQ...BS)
we get
(A0 P)1, 7 05 . 5,
(4.20) - —(—1)p+q+r(—1)r—1ih3chefvaf(sofqucaz.,.arazzg...zs)
= (—D“qih&ch@fvéf (P1,7,cas...a,dBs...5.)-
From (4.19) and (4.20) we have (§ "AVp — AU‘SNUQO)Iﬁan...aTEg...ES = 0. O

If we define OV = d'?§v +§vd® then, we have

Proposition 4.2. Let (E,L) be a complex Finsler bundle over a Hermitian
manifold (M,g). Then

(4.21) O° =0

12
v

Proof. According to the above proposition we have
OY=d"6"+6°d" =—id"(d "A” — A°d ¥) —i(d "A” — A’d *)d "
= —i(dVd A" —dPAd Y+ d A — AVd d )
and
O =d""" +8"d" =id "(d VA" — A°d") +i(d "A* — A°d"*)d"
=i(d "d A" —d A"+ d A — AV d ).
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Taking into account that d d +d *d"? = 0 (see [14]), we obtain J? = 0v. O

Proposition 4.3. D”Wp = 0 if and only if 5//1’@ = d””go = 0.

Proof. Follows by direct calculus

(O Y0, 0) =(d "6 “p,0)+ (6 "d “p,¢)
= (6 ", 0 o)+ (d "p,d "p)
=16 0| + [|d Vel O

If f is a smooth function with compact support on E, we have 6//”]" =0, then

D//Uf _ 5//vd/’vf — hEava Vagf

Denoting by HE4"5(E) = ker {0 V: AD®™5(E) — AP®"5(E)} the set of

v -harmonic forms with compact support on E, then using (2.12) it is easy to
check

0w v = 0.
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