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ON GEODESIC MAPPINGS WITH CERTAIN INITIAL
CONDITIONS

JOSEF MIKES AND HANA CHUDA

ABSTRACT. In this paper we studied geodesic mappings f between (pseudo -)
Riemannian spaces V;, and V,, with the following initial condition g(f(zo)) =
k- g(xo), where g and g are the metrics of V;, and V;,.

We proved that if the Weyl tensor of the projective curvature is not
vanishing at the point z, € Vi, then f is homothetic.

1. INTRODUCTION

Many monographs and papers are devoted to the theory of geodesic mappings,
see [4]-[8]. Geodesic mappings were studied under additional conditions based
on the proportionality of metrics on a certain subset of the points [1, 2, 4], see [7].
It turn out that even under this weaker conditions, the mapping is homothetic.

We prove, that the under certain circumstances (very simple condition) a
condition for proportional metrics holds only for a single pair of points z, —
f(zo).

We suppose, that metrics on studied Riemannian spaces V,, have generally sig-
nature, i.e. a Riemannian space in our sense, is classical Riemannian or (pseudo-)
Riemannian. We talk about classical Riemannian spaces or (pseudo-) Riemann-
ian spaces.

2. MAIN PROPERTIES OF GEODESIC MAPPINGS

It is known, that the diffeomorphism f between (pseudo-) Riemannian spaces
Vi and V;, is called a geodesic mapping, if f maps any geodesic on V;, onto a
geodesic on V,,.
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Using properties of a diffeomorphism f, we can suppose that ]\7:f = M, where
M is a ‘common’ manifold on which the metrics g and g of V,, and V,, are defined.
The mapping of V,, onto V,, is geodesic if the Levi-Civita equations hold

(1) Vzg(X,Y) =2¢4(Z2)g(X,Y) +¢(X)g(Y, Z2) + (Y )g(X, Z),

where V is the Levi-Civita connection on V,,, ¢ is a linear form and X,Y, Z are
tangent vectors. If ¢» = 0 then a geodesic mapping is called trivial or affine.
The equations (1) we re-write in local coordinates:

(2) Gij.k = 2VrGij + ViGjk + V;iGik,
where g;;(z) and ¢ (x) are components of g and 1, “,” is a covariant derivative
on V,, x = (x',2%,...,2") is a point of a coordinate neighbourhood U C M.

Equations (1) and (2) hold when V,,,V,, € C!, ie. g;j(z),5;j(z) € C' in any
coordinate neighbourhood U.

The Weyl tensor of projective curvature of the Riemannian space has an
invariant form:

1
(3)  WXY.2) = ROX,Y)Z = s (Rie(Z,X) - Y = Rie(Z,Y) - X),
—n
or locally
1
(4) W}, =R} (0 Rij — O} Rar),

o m

where R?jk are components of the Riemannian tensor R and R;; = Rf}, are
components of the Ricci tensor.

The Weyl tensor of the projective curvature is an invariant under geodesic
mappings V,, — V,, i.e. W = W. For dimension n = 2, the Weyl tensor W is
always vanishing.

3. FUNDAMENTAL EQUATIONS OF GEODESIC MAPPING
In [6], [7], we analyzed formula (2). In the case, if V;, and V,, € C3, then:
(a) Gijk = 2VkGij + ViGjk + ¥ Gik;
(5) (b) mip; ; = mabyby + pgi; — Rij + Giad" R,
(€) (n = Dpi = 2(n = 2)$ag* Ra; + §*° (2Raip — Rap,i)
where pu is a function on V,,, §¥(x) are components of the inverse matrix to

(Gij(z)), R?j  and R;; = R, are components of Riemannian, respectively Ricci,

tensors on the manifold V,,.
The system (5) has no more than one solution at the point z, for initial
conditions:
Gij(To) = g3, Yi(xo) = 47, u(wo) = p°, w, € U.
Evidently, if

(6) 9ij(xo) = k- gij(x0), k= const # 0, ¥i(x,) =0, pu(z,) =0,
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then the initial conditions correspond to a trivial solution

(7) g=Fk-g

Elementary, this solution is uniquely on whole manifold. It means, that V;, and
V,, are homothetic.

4. GEODESIC MAPPING WITH THE CONDITION g(z¢) = k - g(xq)

It was proved [6, 7], that in a neighbourhood U, where the Weyl tensor of
projective curvature W is not vanishing, a covector i;(z) will be express as
a function of components g;;(z). The functions will be derived from a metric
tensor g;j(x) of U C V,.

It is known, that, for n = 2, is the tensor of projective curvature W is
vanishing. Therefore, the next results for n > 3 hold. It means, that equations
(5) are reduced in this neighbourhood by the following way:

(8) Gijk = 2F(,9) iy + Fi(%, 9) gjx + Fj(,9) Gik,

where F; are the functions which depend on geometric objects of V,, and also on
components of an unknown metric tensor g of V;,. It means, that equations (8)
are the set of partial differential equations with unknown functions g;;(z).

We prove following:

Lemma 4.1. LetV,, = (M, g) and V,, = (M, g) be (pseudo-) Riemannian spaces
of the class C3, n >3, and let the Weyl tensor of projective curvature W (x) be
not vanishing for all x € U in a coordinate neighbourhood U C M.

If the condition g = k - g is satisfied at the point x, € U and spaces V,, and
V,, have the same geodesics, then metrics g and g in U are homothetics, i.e.
g(x) =k-g(x), forallz € U.

Proof. Let us suppose that the assumptions of Lemma 4.1 hold in neighbourhood
U. Then the equations (2) hold and we get from them the system of Cauchy
type (8). This set is closed system of partial differential equations of Cauchy
type with respect to unknown functions g;;(z).

For the initial condition:

(9) Gij (o) = k - gij (7o),

where x, € U there is no more than one unique solution.
On the other hand, a trivial solution of equations (8) is g = k - g, k = const,
and it satisfies initial conditions (9). The given mapping is homothetic. O

The Lemma 4.1 implies:

Theorem 4.2. Let f be a geodesic mapping between (pseudo-) Riemannian
spaces Vy, and V,, with the condition g(f(Z,)) = k- g(x,), where g and g are
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metrics of V,, and V,,, respectively. If the Weyl tensor of projective curvature is
not vanishing at the point x, € V,, then f is a homothetic mapping, i.e.

(10) g=k-g, k= const.

Proof. Let f be a geodesic mapping between (pseudo-) Riemannian spaces V,
and V,,. We suppose, that V,,,V,, € C? and g(f(x,)) = k- g(z,).

Because W(x,) # 0, then there exists a neighbourhood U at the point z,, so
that W(x) £ 0, for Vo € U. It follows from Lemma 4.1 that there is only one
solution of Levi-Civita equation in the form:

(11) g(z) =k-g(x), k= const, Vx € U.

It means that the system of equations (5) has in the neighbourhood U solu-
tion:

(12) ij(x) = k- gij(2), ¥i(z) =0, p(z) =0, for z € U.

These conditions imply that the system of equations at the point x, fulfils the
initial condition (6). If equations (5) fulfil the initial condition (6) at the point
zo, € U then Riemannian spaces V,, and V,, are homothetics. It follows from this
that the initial conditions globally generate only trivial solutions (10). Equations
(10) characterize a homothetic mapping. O
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