Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 27 (2011), 9–22

www.emis.de/journals
ISSN 1786-0091

KIMMERLE’S CONJECTURE FOR INTEGRAL GROUP RINGS OF SOME ALTERNATING GROUPS

MOHAMED A. M. SALIM

Abstract. Using the Luthar–Passi method and results of Hertweck, we study the long-standing conjecture of Zassenhaus for integral group rings of alternating groups A_n, n ≤ 8. As a consequence of our results, we confirm the Kimmerle’s conjecture about prime graphs for those groups.

1. Introduction and main results

Let G be a finite group and let ZG be the integral group ring of G. By V (ZG) we denote the group { ∑ g∈G α_gg ∈ U(ZG) : ∑ g∈G α_g = 1 }

of normalized units in ZG. As the group of units U(ZG) is completely determined by U(ZG) = U(Z) × (ZG), throughout this paper all units are normalized and distinct from the identity element of G.

A long-standing conjecture in the theory of integral group rings is the following conjecture of H. Zassenhaus(see [32]).

Conjecture (ZC). Every torsion unit u in V (ZG) is conjugate to an element in G within the rational group algebra QG; i.e. there exist a group element g in G and w in QG for which w^{−1}uw = g.

A positive answer is given for nilpotent groups and for some other special types of groups. For finite simple groups, the main tool for investigating (ZC) is the Luthar–Passi method introduced in [26] to confirm the conjecture for A_5. Later, M. Hertweck applied the method to Brauer character tables in the investigation of the Zassenhaus conjecture for P SL(2, 7) (see [20]). Using the same technique of Hertweck on the group A_6 (≊ P SL(2, 9)), almost a positive solution we achieved in [29] with one remaining case for units of order 6 which

2000 Mathematics Subject Classification. Primary 16S34; secondary 20C05, 20D08. Key words and phrases. Zassenhaus conjecture, Kimmerle conjecture, torsion unit, integral group ring. 9

been completed by M. Hertweck in [23]. Also some related properties can be found in [1] and [27], while in the latter paper some weakened variations of the conjecture have been made. The Zassenhaus conjecture (ZC) is still open for all sporadic simple groups, and for some recent results on sporadic simple groups we refer to the papers [4]–[15].

In parallel to the (ZC) and as a useful technique that we have used is the conjecture of W. Kimmerle (KC), which involves the concept of prime graph (see [25]). For a group H, let pr(H) denotes the set of all prime divisors of the orders of torsion elements of H. The Gruenberg–Kegel graph (or the prime graph) of H is a graph π(H) with vertices labelled by primes in pr(H), such that vertices p and q are adjacent if H contains an element of order pq. In [25], W. Kimmerle made the following conjecture.

Conjecture (KC). If G is a finite group then π(G) = π(V (ZG)).

Obviously, the Zassenhaus conjecture (ZC) implies the Kimmerle’s conjecture (KC). In [25], W. Kimmerle has shown that (KC) holds for finite Frobenius and solvable groups. However the (ZC) remains open for such groups. Although, (KC) still open for symmetric groups in general, it been confirmed for S_n, where n ≤ 7 (see [27], [23], [29] and [30]).

In this paper, we continue these investigations for the alternating groups A_7 and A_8. Our main results, Theorems 1 and 2, give a reasonable amount of information on all possible torsion units in V (ZA_7) and V (ZA_8), respectively. For torsion units which we can not confirm (ZC), a strong restrictions on their partial augmentations been obtained. And hence, an immediate consequence of these results, we get a positive answer to (KC) for those two groups.

Let u = ∑ α_gg be a normalized torsion unit of ZG of order k. For any character χ (of G) of degree n, we have that χ(u) =

∑_m i=2 ν_iχ(h_i), where h^′_is are representatives of the conjugacy classes C^′_is, 2 ≤ i ≤ m, of G and ν_i = ε_{Ci} (u) are the partial augmentations of u. In addition, from Higman- Berman’s Theorem (see [1]), we know that ν_1 = 0 and

(1) ν_2 + ν_3 + · · · + ν_m = 1.

The main results of this paper are the following two theorems.

Theorem 1. Let G be the alternating group A_7 and u be a torsion unit in V (ZG) of order |u|. Then the following statements hold.

(i) If |u| ≠ 12, then |u| coincides with the order of some element g ∈ G. (ii) If |u| ∈ {2, 3, 5, 7}, then u is rationally conjugate to some element g ∈ G.

(iii) If |u| = 4, then the tuple of the partial augmentations of u belongs to

{(ν_{2a}, ν_{3a}, ν_{3b}, ν_{4a}, ν_{5a}, ν_{6a}, ν_{7a}, ν_{7b}) ∈ Z^8 | (ν_{2a}, ν_{4a}) ∈ {(0, 1), (2, −1)}, ν_{nt} = 0, nt ∉ {2a, 4a}}.

(iv) If |u| = 6, then the tuple of the partial augmentations of u belongs to {(ν_{2a}, ν_{3a}, ν_{3b}, ν_{4a}, ν_{5a}, ν_{6a}, ν_{7a}, ν_{7b}) ∈ Z^8 | (ν_{2a}, ν_{3a}, ν_{3b}, ν_{6a}) ∈ { (−2, 1, 2, 0), (0, 0, 0, 1), (2, 0, 0, −1), (0, 1, −1, 1), (−2, 2, 1, 0), (2, −1, 1, −1) }, ν_{nt} = 0, nt ∉ {2a, 3a, 3b, 6a}}.

(v) If |u| = 12, then the tuple of the partial augmentations of u does not belong to Z^8 \ { (ν_{2a}, ν_{3a}, ν_{3b}, ν_{4a}, ν_{5a}, ν_{6a}, ν_{7a}, ν_{7b}) ∈ Z^8 | (ν_{2a}, ν_{3a}, ν_{3b}, ν_{4a}, ν_{6a}) ∈ { (2, 0, 0, −2, 1), (1, 0, 0, 1, −1), (0, 1, 2, −2, 0), (0, 0, 0, 2, −1), (1, 0, 0, −1, 1) }, ν_{nt} = 0, nt ∉ {2a, 3a, 3b, 4a, 6a} }.

Theorem 2. Let G be the alternating group A_8 and u be a torsion unit in V (ZG) of order |u|. The following statements hold.

(i) If |u| ≠ 12, then |u| coincides with the order of some element g ∈ G. (ii) If |u| ∈ {5, 7, 15}, then u is rationally conjugate to some g ∈ G. (iii) If |u| = 2, then the tuple of the partial augmentations of u belongs to { (ν_{2a}, ν_{2b}, ν_{3a}, ν_{3b}, ν_{4a}, ν_{4b}, ν_{5a}, ν_{6a}, ν_{6b}, ν_{7a}, ν_{7b}, ν_{15a}, ν_{15b}) ∈ Z^{13} | (ν_{2a}, ν_{2b}) ∈ { (0, 1), (2, −1), (1, 0), (−1, 2) }, ν_{nt} = 0, nt ∉ {2a, 2b} }.

(iv) If |u| = 3, then the tuple of the partial augmentations of u belongs to { (ν_{2a}, ν_{2b}, ν_{3a}, ν_{3b}, ν_{4a}, ν_{4b}, ν_{5a}, ν_{6a}, ν_{6b}, ν_{7a}, ν_{7b}, ν_{15a}, ν_{15b}) ∈ Z^{13} | (ν_{3a}, ν_{3b}) ∈ { (0, 1), (1, 0), (−1, 2) }, ν_{nt} = 0, nt ∉ {3a, 3b} }.

As an immediate consequence of above results, we have a positive answer for (KC).

Corollary. If G = A_n, where n ≤ 8, then π(G) = π(V (ZG)).

2. Preliminaries Throughout the paper, we simply denote the p-Brauer character table of the group G will by BCT(p). For a torsion unit u in V (ZG), the (ZC) provides that χ(u) = χ(x) for some x ∈ G; and hence an equivalence statement for (ZC) was given by Luthar–Passi as follows.

Lemma 1. (See [26].) Let u ∈ V (ZG) be of order k. Then u is conjugate in QG to an element g ∈ G if and only if for each d dividing k there is precisely one conjugacy class C with partial augmentation ε_C (u^d) ≠ 0.

In order to start our study, we consider the calculation (by GAP) of the indicated numbers μ_m(u, χ, p) in what follow for each possible order k of a torsion unit u in V (ZG), taking in account the following five facts. These facts give the relations between the order k of u and the partial augmentations ν = ε_{Ci} (u).

Lemma 2. (See [20] and [26]) Let p be either 0 or a prime divisor of |G| and let F be the associated prime field. Suppose that u ∈ V (ZG) has finite order k that is relatively prime to k (i.e. k and p are coprime) if p ≠ 0. If z is a primitive k−th root of unity and χ is either a classical character or a p-Brauer character of G, then, for every integer m, the number

(2) μ_l(u, χ, p) = 1 k ∑ d|k T r_{F (z}d_{)/F} {χ(u^d)z^{−dm}}

is a non-negative integer.

Note that if p = 0, we use the notation μ_l(u, χ, ∗) for μ_l(u, χ, p).

Lemma 3. (See [17].) The order of any torsion unit u ∈ V (ZG) divides the exponent of G.

Lemma 4. (See [26].) Let u be a torsion unit in V (ZG) and C be a conjugacy class of G. If p is a prime divisor of the order of elements a ∈ C but not the order of u, then ε_C (u) = 0.

Lemma 5. (See [21] and [22].) Let G be a finite group and u be a torsion unit in V (ZG). If x is an element of G whose p-part, for some prime p, has order strictly greater than the order of the p-part of u, then ε_x(u) = 0.

Lemma 6. (See [17].) Let p be a prime and u be a torsion unit in V (ZG) of order p^n, n ≥ 1. Then for any m(≠ n) the sum of all partial augmentations of u with respect to conjugacy classes of elements of order p^m is divisible by p.

3. Proof of Theorem 1

Within this section G denote the alternating group A_7. It is well-known that exp(G) = 420 = 2^2 · 3 · 5 · 7. The character table of G, as well as the Brauer character tables BCT(p), where p ∈ {2, 3, 5, 7}, can be found using the computational algebra system GAP (see [6] and [19]).

Since the group G possesses elements of orders 2, 3, 4, 5, 6 and 7, we shall study units in V (ZG) of these orders. Moreover, by Lemma 3, the order of each torsion unit divides exp(G), thus it remains to consider units of orders 10, 12, 14, 15, 21 and 35. But among these numbers, except 12, we prove that there is no unit of such orders are exist in V (ZG).

Obviously, G has exactly 8 distinct non-singleton conjugacy classes 2a, 3a, 3b, 4a, 5a, 6a, 7a and 7b. We consider each possible unit order separately, where we use Lemma 4 and Equation (1) to determine the non-zero augmentations ν_{nt} for which ∑ C_{nt} νnt = 1. Then we use the Formula (2) of Lemma 2 to write

the appropriate system of inequalities for such order.

• If |u| ∈ {2, 5}, then, by Lemmas 1 and 5, u has only one non-zero partial augmentation.

• Let |u| = 3. Then we have ν_{3a} + ν_{3b} = 1, and hence get the system

μ_0(u, χ_2, ∗) = 1 3 (6ν_{3a} + 6) ≥ 0; μ_1(u, χ_2, ∗) = 1 3 (−3ν_{3a} + 6) ≥ 0;

μ_0(u, χ_2, 2) = 1 3 (−4ν_{3a} + 2ν_{3b} + 4) ≥ 0; μ_0(u, χ_2, 7) = 1 3 (4ν_{3a} − 2ν_{3b} + 5) ≥ 0,

which has only the trivial solutions (ν_{3a}, ν_{3b}) ∈ {(1, 0), (0, 1)} satisfying that all μ_i(u, χ_j, p) are non-negative integers.

• Let |u| = 7. Then we have ν_{7a} + ν_{7b} = 1, and hence get the system

μ_1(u, χ_3, ∗) = 1 7 (t_1 + 10) ≥ 0; μ_3(u, χ_3, ∗) = 1 7 (−t_2 + 10) ≥ 0;

μ_1(u, χ_2, 2) = 1 7 (−t_1 + 4) ≥ 0; μ_3(u, χ_2, 2) = 1 7 (3t_2 + 4) ≥ 0,

where t_1 = 4ν_{7a} −3ν_{7b} and t_2 = 3ν_{7a} −4ν_{7b}.This system has only the trivial solutions (ν_{7a}, ν_{7b}) ∈ {(1, 0), (0, 1)} satisfying that all μ_i(u, χ_j, p) are non-negative integers.

Thus, for units of orders 2, 3, 5 and 7 there is precisely one conjugacy class with non-zero partial augmentation. Hence, by Lemma 1, part (ii) of Theorem 1 is proved.

• Let |u| = 4. Then we have ν_{2a} + ν_{4a} = 1, and hence get the system

μ_0(u, χ_2, ∗) = 1 4 (4ν_{2a} + 8) ≥ 0; μ_2(u, χ_2, ∗) = 1 4 (−4ν_{2a} + 8);

μ_0(u, χ_2, 7) = 1 4 (2ν_{2a} − 2ν_{4a} + 6) ≥ 0,

which has only two solutions (ν_{2a}, ν_{4a}) ∈ {(0, 1), (2, −1)} satisfying Lemma 6 and the requirement for μ_i(u, χ_j, p) to be non-negative integers.

• Let |u| = 6. Then we have ν_{2a} + ν_{3a} + ν_{3b} + ν_{6a} = 1, and either χ(u^2) = χ(3a) or χ(u^2) = χ(3b) since u^2 is of order 3.

Put t_1 = ν_{3a} + ν_{3b} − 3ν_{6a}, t_2 = ν_{2a} − 3ν_{3a} + ν_{6a}, t_3 = ν_{2a} + 2ν_{3a} − ν_{3b} − 2ν_{6a} and t_4 = ν_{2a} − 2ν_{3a} + ν_{3b} − 2ν_{6a}.

For the first case χ(u^2) = χ(3a), we get the system

μ_1(u, χ_3, 5) = 1 6 (−t_1 + 9) ≥ 0; μ_2(u, χ_3, 5) = 1 6 (t_1 + 9) ≥ 0;

μ_0(u, χ_8, ∗) = 1 6 (2t_2 + 16) ≥ 0; μ_3(u, χ_8, ∗) = 1 6 (−2t_2 + 14) ≥ 0;

μ_0(u, χ_6, 5) = 1 6 (2t_3 + 10) ≥ 0; μ_3(u, χ_6, 5) = 1 6 (−2t_3 + 8) ≥ 0;

μ_1(u, χ_2, ∗) = 1 12 (−2t_2 + t_3 + t_4 + 1) ≥ 0; μ_0(u, χ_3, 5) = 1 6 (−2t_1 + 6) ≥ 0,

that leads to

t_1 ∈ {−9, −3, 3, 9}, t_2 ∈ {−8, −5, −2, 1, 4, 7} and t_3 ∈ {−5, −2, 1, 4}. Solving this system, we have the solutions (−2, 1, 2, 0), (0, 0, 0, 1) and (2, 0, 0, −1).

For the second case χ(u^2) = χ(3b), we get the system

μ_1(u, χ_3, 5) = 1 6 (−t_1 + 9) ≥ 0; μ_2(u, χ_3, 5) = 1 6 (t_1 + 9) ≥ 0;

μ_3(u, χ_7, ∗) = 1 6 (2t_2 + 16) ≥ 0; μ_3(u, χ_8, ∗) = 1 6 (−2t_2 + 20) ≥ 0;

μ_0(u, χ_6, 5) = 1 6 (2t_4 + 16) ≥ 0; μ_3(u, χ_6, 5) = 1 6 (−2t_4 + 14) ≥ 0;

μ_1(u, χ_2, ∗) = 1 12 (−2t_2 + t_3 − t_4 + 4) ≥ 0;

μ_0(u, χ_3, ∗) = 2 6 (−t_2 − 2t_3 − t_4 + 10) ≥ 0;

μ_0(u, χ_2, 7) = 1 6 (2t_3 + 4) ≥ 0; μ_3(u, χ_2, 7) = 1 6 (−2t_3 + 2) ≥ 0.

Similarly, we have that t_1 ∈ {−9, −3, 3, 9}, t_2 ∈ {−8, −5, −2, 1, 4, 7, 10} and t_3 ∈ {−8, −5, −2, 1, 4, 7}. Which give the solutions (0, 1, −1, 1), (−2, 2, 1, 0) and (2, −1, 1, −1). Union of solutions for both cases ends the proof of part (iv) of Theorem 1.

• Let |u| = 12. Then we have ν_{2a} + ν_{3a} + ν_{3b} + ν_{4a} + ν_{6a} = 1.. Since u^4, u^3 and u^2 have orders 3, 4 and 6, respectively, we need to consider 2 · 2 · 6 = 24 cases those given by parts (ii), (iii) and (iv) of Theorem 1, i.e. we have either χ(u^4) = χ(3a) or χ(u^4) = χ(3b).

Let s_1 = 2ν_{2a} +3ν_{3a} −ν_{6a}, s_2 = 2ν_{2a} −ν_{3a} +2ν_{3b} −ν_{6a}, s_3 = ν_{2a} −3ν_{3a} +ν_{4a} +ν_{6a} and s_4 = ν_{3a} + ν_{3b} − 3ν_{6a}. So, we may consider the following two cases.

Case 1. If χ(u^4) = χ(3a), χ(u^3) = χ(4a) and χ(u^2) = χ(6a). we get the system

μ_2(u, χ_2, ∗) = 1 12 (2s_1 + 6) ≥ 0; μ_4(u, χ_2, ∗) = 1 12 (−2s_1 + 6) ≥ 0;

μ_0(u, χ_3, ∗) = 1 12 (−8ν_{2a} + 4ν_{3a} + 4ν_{3b} + 4ν_{6a} + 12) ≥ 0;

μ_4(u, χ_3, ∗) = 1 12 (4ν_{2a} − 2ν_{3a} − 2ν_{3b} − 2ν_{6a} + 6) ≥ 0;

μ_0(u, χ_6, ∗) = 1 12 (4s_2 + 12) ≥ 0; μ_6(u, χ_6, ∗) = 1 12 (−4s_2 + 12) ≥ 0;

μ_0(u, χ_7, ∗) = 1 12 (−4s_3 + 16) ≥ 0; μ_2(u, χ_7, ∗) = 1 12 (−2s_3 + 14) ≥ 0;

μ_4(u, χ_7, ∗) = 1 12 (2s_3 + 10) ≥ 0;

μ_0(u, χ_8, ∗) = 1 12 (4ν_{2a} − 12ν_{3a} − 4ν_{4a} + 4ν_{6a} + 16) ≥ 0;

μ_0(u, χ_9, ∗) = 1 12 (−4ν_{2a} − 4ν_{3a} − 4ν_{3b} + 4ν_{4a} − 4ν_{6a} + 32) ≥ 0;

μ_2(u, χ_3, 5) = 1 12 (−2s_4 + 6) ≥ 0; μ_4(u, χ_3, 5) = 1 12 (2s_4 + 6) ≥ 0;

μ_0(u, χ_6, 5) = 1 12 (4ν_{2a} − 8ν_{3a} + 4ν_{3b} − 4ν_{4a} − 8ν_{6a} + 4) ≥ 0.

Which leads to t_1, t_4 ∈ {−3, 3}, t_2 ∈ {−3, 0, 3} and t_3 ∈ {−5, 1, 7}. Then we have the solutions (2, 0, 0, −2, 1), (1, 0, 0, 1, −1) and (0, 1, 2, −2, 0).

Case 2. If χ(u^4) = χ(3a), χ(u^3) = 2χ(2a) − χ(4a) and χ(u^2) = χ(6a).

μ_2(u, χ_2, ∗) = 1 12 (2s_1 − 2) ≥ 0; μ_4(u, χ_2, ∗) = 1 12 (−2s_1 + 14) ≥ 0;

μ_6(u, χ_2, ∗) = 1 12 (−8ν_{2a} − 12ν_{3a} + 4ν_{6a} + 4) ≥ 0;

μ_4(u, χ_3, ∗) = 1 12 (4ν_{2a} − 2ν_{3a} − 2ν_{3b} − 2ν_{6a} − 2) ≥ 0;

μ_0(u, χ_6, ∗) = 1 12 (4s_2 + 20) ≥ 0; μ_6(u, χ_6, ∗) = 1 12 (−4s_2 + 4) ≥ 0;

μ_2(u, χ_7, ∗) = 1 12 (−2s_3 + 14) ≥ 0;

μ_4(u, χ_7, ∗) = 1 12 (2s_3 + 10) ≥ 0;

μ_2(u, χ_3, 5) = 1 12 (−2s_4 + 6) ≥ 0; μ_4(u, χ_3, 5) = 1 12 (2s_4 + 6) ≥ 0.

Which leads to s_1 ∈ {1, 7}, s_2 ∈ {−5, −2, 1}, s_3 ∈ {−5, 1} and s_4 ∈ {−3, 3}. Then we have the solutions (0, 0, 0, 2, −1) and (1, 0, 0, −1, 1).

In all remaining 22 cases we get that μ_1(u, χ_3, ∗) = 3/2 ∉ Z whenever χ(u^4) = χ(3a) and χ(u^2) = −2χ(2a) + χ(3a) + 2χ(3b), a contradiction. In all other cases we get similar contradictions which are μ_1(u, χ_2, ∗) ∈ {^1_4 ,^1_2 ,^3_4 }.

Thus, parts (ii)-(v) of the Theorem 1 are proved. Now, to prove part (i) it remains to consider units of order 10, 14, 15, 21 and 35. • Let |u| = 10. Then we have ν_{2a} + ν_{5a} = 1, and hence get

μ_0(u, χ_3, ∗) = 8 10 (−ν_{2a} + 1) ≥ 0; μ_5(u, χ_3, ∗) = 4 10 (2ν_{2a} + 3) ≥ 0;

μ_1(u, χ_7, ∗) = 1 10 (−ν_{2a} + 16) ≥ 0,

which has no integral solutions.

• Let |u| = 14. Then we have ν_{2a} + ν_{7a} + ν_{7b} = 1, and since χ(u^2) ∈ {χ(7a), χ(7b)}, we may calculate that

μ_0(u, χ_2, ∗) = −μ_7(u, χ_2, ∗) = 1 14 (6(2ν_{2a} − ν_{7a} − ν_{7b}) + 2) = 0, that leads to a contradiction.

• Let |u| = 15. Then we have ν_{3a} + ν_{3b} + ν_{5a} = 1, and hence get

μ_0(u, χ_7, ∗) = 1 15 (24ν_{3a} + α_1) ≥ 0; μ_5(u, χ_7, ∗) = 1 15 (−12ν_{3a} + α_2) ≥ 0;

μ_1(u, χ_2, ∗) = 1 15 (3ν_{3a} + ν_{5a} + α_3) ≥ 0; μ_3(u, χ_2, ∗) = 1 15 (−6ν_{3a} − 2ν_{5a} + α_4) ≥ 0;

μ_0(u, χ_3, ∗) = 1 15 (8ν_{3a} + 8ν_{3b} + 12) ≥ 0,

where (α_1, α_2, α_3, α_4) = { (21, 12, 2, 11), if χ(u^3) = χ(5a); (15, 15, 5, 5), if χ(u^3) = χ(5b), that has no

integral solution.

• Let |u| = 21. Then we have ν_{3a} + ν_{3b} + ν_{7a} + ν_{7b} = 1, consider two cases.

If χ(u^7) = χ(3a) and χ(u^3) ∈ {χ(7a), χ(7b)}, we get the system

μ_0(u, χ_8, ∗) = 1 21 (−36ν_{3a} + 15) ≥ 0; μ_7(u, χ_8, ∗) = 1 21 (18ν_{3a} + 24) ≥ 0.

Secondly, if χ(u^7) = χ(3b) and χ(u^3) ∈ {χ(7a), χ(7b)} we get the system

μ_0(u, χ_8, ∗) = 1 21 (−36ν_{3a} + 21) ≥ 0; μ_7(u, χ_8, ∗) = 1 21 (18ν_{3a} + 21) ≥ 0.

Both systems have no integral solution.

• Let |u| = 35. Then we have ν_{5a} + ν_{7a} + ν_{7b} = 1, and hence for χ(u^5) ∈ {χ(7a), χ(7b)} we get the system

μ_0(u, χ_5, ∗) = 1 35 (−24ν_{5a} + 10) ≥ 0; μ_0(u, χ_8, ∗) = 1 35 (24ν_{5a} + 25) ≥ 0, which has no integral solution, too.

4. Proof of Theorem 2

Within this section G = A_8. It is well-known that exp(G) = 420 = 2^2 ·3·5·7. The character table of G, as well as the Brauer character tables BCT(p), where p ∈ {2, 3, 5, 7}, can be found using the computational algebra system GAP (see [6] and [19]).

Since the group G possesses elements of orders 2, 3, 4, 5, 6, 7 and 15, we shall study units in V (ZG) of these orders. Moreover, by Lemma 3, the order of such torsion unit divides exp(G), so it remains to consider units of orders 10, 12, 14, 21 and 35. But among these numbers, except 12, we prove that there is no unit of such orders are exist in V (ZG).

Obviously, G has exactly 13 distinct non-singleton conjugacy classes 2a, 2b, 3a, 3b, 4a, 4b, 5a, 6a, 6b, 7a, 7b, 15a and 15b. We consider each possible unit order separately, where we use Lemma 4 and Equation (1) to determine the non-zero augmentations ν_{nt} for which ∑ C_{nt} νnt = 1, and hence use formula (2)

of Lemma 2 to write the appropriate system of inequalities for such order. • If |u| = 5, then by Lemma 1 and 5, there is only one non-zero partial augmentation of u.

• Let |u| = 7. Then we have ν_{7a} + ν_{7b} = 1, and hence get the system

μ_1(u, χ_{10}, ∗) = 1 7 (4ν_{7a} − 3ν_{7b} + 45) ≥ 0; μ_3(u, χ_{10}, ∗) = 1 7 (−3ν_{7a} + 4ν_{7b} + 45) ≥ 0;

μ_1(u, χ_2, 2) = 1 7 (−4ν_{7a} + 3ν_{7b} + 4) ≥ 0; μ_3(u, χ_2, 2) = 1 7 (3ν_{7a} − 4ν_{7b} + 4) ≥ 0,

which has only two trivial solutions (ν_{7a}, ν_{7b}) ∈ {(1, 0), (0, 1)} satisfying that all μ_i(u, χ_j, p) are non-negative integers.

Thus, for units of orders 5 and 7, there is precisely one conjugacy class with non-zero partial augmentation. So, by Lemma 1, this proves part (ii) of Theorem 2, except for the unit of order 15, that will be considered later after studying the units of order 3.

• Let |u| = 2. Then we have ν_{2a} + ν_{2b} = 1, and hence get the system

μ_0(u, χ_{12}, ∗) = 1 2 (8ν_{2a} + 56) ≥ 0; μ_1(u, χ_{12}, ∗) = 1 2 (−8ν_{2a} + 56) ≥ 0;

μ_0(u, χ_2, ∗) = 1 2 (−ν_{2a} + 3ν_{2b} + 7) ≥ 0; μ_1(u, χ_2, ∗) = 1 2 (ν_{2a} − 3ν_{2b} + 7) ≥ 0,

which has only four solutions (ν_{2a}, ν_{2b}) ∈ {(0, 1), (1, 0), (−1, 2), (2, −1)} satisfying that all μ_i(u, χ_j, p) are non-negative integers.

• Let |u| = 3. Then we have ν_{3a} + ν_{3b} = 1, and hence get the system

μ_0(u, χ_5, ∗) = 1 3 (12ν_{3a} + 21) ≥ 0; μ_1(u, χ_4, 2) = 1 3 (−3ν_{3a} + 6) ≥ 0;

μ_0(u, χ_2, 2) = 1 3 (−4ν_{3a} + 2ν_{3b} + 4) ≥ 0;

which has the three solutions (ν_{2a}, ν_{2b}) ∈ {(0, 1), (1, 0), (−1, 2)} satisfying that all μ_i(u, χ_j, p) are non-negative integers.

• Let |u| = 15. Then we have ν_{3a} + ν_{3b} + ν_{5a} + ν_{15a} + ν_{15b} = 1. Since χ(u^5) is of order 3, then by part (iv) of Theorem 2, we need to consider 3 cases: χ(u^5) = χ(3a), χ(u^5) = χ(3b) and χ(u^5) = −χ(3a) + 2χ(3b).

First, using (2) for the case χ(u^5) = χ(3a), we get the system

μ_1(u, χ_4, ∗) = 1 15 (5ν_{3a} −ν_{3b} +15) ≥ 0; μ_3(u, χ_4, ∗) = 1 15 (−10ν_{3a} +2ν_{3b} +30) ≥ 0,

which implies that t_1 = 5ν_{3a} − ν_{3b} ∈ {−15, 0, 15}. If t_1 = 15, then

μ_5(u, χ_4, ∗) = 1 15 (−20ν_{3a} + 4ν_{3b} + 15) = −45,

a contradiction. If t_1 = −15, then

μ_0(u, χ_4, ∗) = 1 15 (40ν_{3a} − 8ν_{3b} + 30) = −90,

a contradiction. Therefore, ν_{3b} = 5ν_{3a}. Let

t_2 = 9ν_{3a} + 2ν_{5a} − ν_{15a} − ν_{15b}; t_3 = 9ν_{3a} − ν_{5a} − ν_{15a} − ν_{15b}; t_4 = 6ν_{3a} + ν_{5a} + ν_{15a} + ν_{15b}; t_5 = 3ν_{3a} − ν_{5a} − 7ν_{15a} + 8ν_{15b}.

Using (2), we get the system

μ_0(u, χ_2, ∗) = 1 15 (8t_2 + 23) ≥ 0; μ_3(u, χ_2, ∗) = 1 15 (−2t_2 + 13) ≥ 0;

μ_0(u, χ_3, ∗) = 1 15 (8t_3 + 8) ≥ 0; μ_3(u, χ_3, ∗) = 1 15 (−2t_3 + 13) ≥ 0;

μ_0(u, χ_5, ∗) = 1 15 (8t_4 + 37) ≥ 0; μ_3(u, χ_5, ∗) = 1 15 (−2t_4 + 32) ≥ 0;

μ_1(u, χ_6, ∗) = 1 15 (−t_5 + 23) ≥ 0; μ_1(u, χ_2, 2) = 1 15 (t_5 + 7) ≥ 0.

From which we have t_2 = t_3 = −1, t_4 ∈ {1, 16} and t_5 ∈ {−7, 8, 23}, that gives the solutions (0, 0, 0, 0, 1), (0, 0, 0, 1, 0) and (0, 0, 0, −1, 2), where the last solution may excluded as it does not satisfy the inequality

μ_7(u, χ_2, 2) = 1 15 (−2ν_{3a} + ν_{3b} − ν_{5a} + 8ν_{15a} − 7ν_{15b} + 7) ≥ 0.

Using (2) for the other two cases χ(u^5) = χ(3b) and χ(u^5) = −χ(3a) + 2χ(3b), we get the system

μ_0(u, χ_4, ∗) = 1 15 (40ν_{3a} − 8ν_{3b} + α_1) ≥ 0;

μ_5(u, χ_4, ∗) = 1 15 (−20ν_{3a} + 4ν_{3b} + α_2) ≥ 0,

where (α_1, α_2) = { (18, 21), if χ(u^5) = χ(3b);

(6, 27), if χ(u^5) = −χ(3a) + 2χ(3b), , which has no integral solution satisfying that all μ_i(u, χ_j, ∗) are non-negative integers.

Thus, we prove parts (ii)-(iv) of the Theorem 2. To justify part (i) , we need to consider possible units of orders 10, 14, 21 and 35.

• Let u be a unit of order 10. We consider the four pairs in part (iii) of the Theorem 2 and the fact that u^5 is of order 2. then , using (2), we get the system

μ_0(u, χ_4, ∗) = 1 10 (16t + 24) ≥ 0; μ_5(u, χ_4, ∗) = 1 10 (−16t + 16) ≥ 0;

μ_1(u, χ_{10}, ∗) = 1 10 (−3t + 48) ≥ 0;

where t = ν_{2a} + ν_{2b}. This system has no integral solutions satisfying that all μ_i(u, χ_j, ∗) are non-negative integers.

• Let |u| = 14. Since χ(u^2) ∈ {χ(7a), χ(7b)} and u^7 is of order 2, we consider four cases defined by part (ii) of the Theorem 2.

Case 1. If χ(u^7) = χ(2a), χ(u^2) ∈ {χ(7a), χ(7b)}. then we get

μ_0(u, χ_{12}, ∗) = 1 14 (48ν_{2a} + 64) ≥ 0; μ_7(u, χ_{12}, ∗) = 1 14 (−48ν_{2a} + 48) ≥ 0;

μ_0(u, χ_2, ∗) = 1 14 (−6ν_{2a} + 18ν_{2b} + 6) ≥ 0; μ_7(u, χ_2, ∗) = 1 14 (6ν_{2a} − 18ν_{2b} + 8) ≥ 0;

μ_2(u, χ_2, ∗) = 1 14 (ν_{2a} − 3ν_{2b} + 6) ≥ 0.

Case 2. If χ(u^7) = χ(2b), χ(u^2) ∈ {χ(7a), χ(7b)}, then we get

μ_0(u, χ_{12}, ∗) = 1 14 (48ν_{2a} + 56) ≥ 0; μ_7(u, χ_{12}, ∗) = 1 14 (−48ν_{2a} + 56) ≥ 0;

μ_0(u, χ_2, ∗) = 1 14 (−6ν_{2a} + 18ν_{2b} + 10) ≥ 0; μ_7(u, χ_2, ∗) = 1 14 (6ν_{2a} − 18ν_{2b} + 4) ≥ 0.

Case 3. If χ(u^7) = 2χ(2a) − χ(2b), χ(u^2) ∈ {χ(7a), χ(7b)}, then we get

μ_0(u, χ_{12}, ∗) = 1 14 (48ν_{2a} + 72) ≥ 0; μ_7(u, χ_{12}, ∗) = 1 14 (−48ν_{2a} + 40) ≥ 0.

Case 4. If χ(u^7) = −χ(2a) + 2χ(2b), χ(u^2) ∈ {χ(7a), χ(7b)}, then we get

μ_0(u, χ_{12}, ∗) = 1 14 (48ν_{2a} + 48) ≥ 0; μ_7(u, χ_{12}, ∗) = 1 14 (−48ν_{2a} + 64) ≥ 0;

μ_0(u, χ_2, ∗) = 1 14 (−6ν_{2a} + 18ν_{2b} + 14) ≥ 0; μ_7(u, χ_2, ∗) = 1 14 (6ν_{2a} − 18ν_{2b}) ≥ 0.

All these above four systems have no integral solutions satisfying that all μ_i(u, χ_j, ∗) are non-negative integers.

• Let |u| = 21. Since χ(u^3) ∈ {χ(7a), χ(7b)} and u^7 has order 3, we consider six cases defined by part (iv) of the Theorem 2.

If (χ(u^7), χ(u^3)) belongs to

{(χ(3a), χ(7a)), (χ(3a), χ(7b)), (−χ(3a) + 2χ(3b), χ(7a)), (−χ(3a) + 2χ(3b), χ(7b))}, then we get the system

μ_0(u, χ_5, ∗) = 1 21 (72ν_{3a} + α_1) ≥ 0; μ_7(u, χ_5, ∗) = 1 21 (−36ν_{3a} + α_2) ≥ 0,

where

(α_1, α_2) = { (33, 15), if χ(u^7) = χ(3a);

(9, 27), if χ(u^7) = −χ(3a) + 2χ(3b), which has no integral solutions satisfying that all μ_i(u, χ_j, ∗) are non-negative integers.

If (χ(u^7), χ(u^3)) belongs to {(χ(3b), χ(7a)), (χ(3b), χ(7b))}, then we get the system

μ_0(u, χ_2, ∗) = 1 21 (48ν_{3a} + 12ν_{3b} + 9) ≥ 0; μ_1(u, χ_2, ∗) = 1 21 (4ν_{3a} + ν_{3b} + 6) ≥ 0;

μ_7(u, χ_2, ∗) = 1 21 (−24ν_{3a} − 6ν_{3b} + 6) ≥ 0;

which has no integral solution satisfying that all μ_i(u, χ_j, ∗) are non-negative integers.

• Let |u| = 35. In both cases, determined by χ(u^5) ∈ {χ(7a), χ(7b)}, using (2), we get the system

μ_0(u, χ_2, ∗) = 1 35 (48ν_{5a} + 15) ≥ 0; μ_0(u, χ_8, ∗) = 1 35 (−48ν_{5a} + 20) ≥ 0, which has no integral solution such that all μ_i(u, χ_j, ∗) are non-negative integers.

References

[1] V. A. Artamonov and A. A. Bovdi. Integral group rings: groups of invertible elements and classical K-theory. In Algebra. Topology. Geometry, Vol. 27 (Russian), Itogi Nauki i Tekhniki, pages 3–43, 232. Akad. Nauk SSSR Vsesoyuz. Inst. Nauchn. i Tekhn. Inform., Moscow, 1989. Translated in J. Soviet Math. 57 (1991), no. 2, 2931–2958.

[2] V. Bovdi, A. Grishkov, and A. Konovalov. Kimmerle conjecture for the Held and O’Nan sporadic simple groups. Sci. Math. Jpn., 69(3):353–361, 2009.

[3] V. Bovdi and M. Hertweck. Zassenhaus conjecture for central extensions of S_5. J. Group Theory, 11(1):63–74, 2008.

[4] V. Bovdi, C. Höfert, and W. Kimmerle. On the first Zassenhaus conjecture for integral group rings. Publ. Math. Debrecen, 65(3-4):291–303, 2004.

[5] V. Bovdi and A. Konovalov. Integral group ring of the first Mathieu simple group. In Groups St. Andrews 2005. Vol. 1, volume 339 of London Math. Soc. Lecture Note Ser., pages 237–245. Cambridge Univ. Press, Cambridge, 2007.

[6] V. Bovdi, A. Konovalov, R. Rossmanith, and C. Schneider. Laguna – Lie Algebras and Units of Group Algebras. http://www.cs.st-andrews.ac.uk/~alexk/laguna.htm, 2006.

[7] V. A. Bovdi, E. Jespers, and A. B. Konovalov. Torsion units in integral group rings of Janko simple groups. Math. Comp., 80(273):593–615, 2011.

[8] V. A. Bovdi and A. B. Konovalov. Integral group ring of the Mathieu simple group M_{24}. 12 pages, submitted.

[9] V. A. Bovdi and A. B. Konovalov. Integral group ring of the McLaughlin simple group.

Algebra Discrete Math., (2):43–53, 2007.

[10] V. A. Bovdi and A. B. Konovalov. Integral group ring of the Mathieu simple group M_{23}. Comm. Algebra, 36(7):2670–2680, 2008.

[11] V. A. Bovdi and A. B. Konovalov. Integral group ring of Rudvalis simple group. Ukraïn.

Mat. Zh., 61(1):3–13, 2009.

[12] V. A. Bovdi and A. B. Konovalov. Torsion units in integral group ring of Higman-Sims simple group. Studia Sci. Math. Hungar., 47(1):1–11, 2010.

[13] V. A. Bovdi, A. B. Konovalov, and S. Linton. Torsion units in integral group ring of conway simple groups. 15 pages, submitted.

[14] V. A. Bovdi, A. B. Konovalov, and S. Linton. Torsion units in integral group ring of the Mathieu simple group M_{22}. LMS J. Comput. Math., 11:28–39, 2008.

[15] V. A. Bovdi, A. B. Konovalov, and E. d. N. Marcos. Integral group ring of the Suzuki sporadic simple group. Publ. Math. Debrecen, 72(3-4):487–503, 2008.

[16] V. A. Bovdi, A. B. Konovalov, and S. Siciliano. Integral group ring of the Mathieu simple group M_{12}. Rend. Circ. Mat. Palermo (2), 56(1):125–136, 2007.

[17] J. A. Cohn and D. Livingstone. On the structure of group algebras. I. Canad. J. Math., 17:583–593, 1965.

[18] J. H. Conway, R. T. Curtis, S. P. Norton, R. A. Parker, and R. A. Wilson. Atlas of finite groups. Oxford University Press, Eynsham, 1985. Maximal subgroups and ordinary characters for simple groups, With computational assistance from J. G. Thackray.

[19] The GAP Group. GAP – Groups, Algorithms, and Programming, Version 4.4.12, 2008. [20] M. Hertweck. Partial augmentations and Brauer character values of torsion units in group rings. to appear.

[21] M. Hertweck. On the torsion units of some integral group rings. Algebra Colloq., 13(2):329–348, 2006.

[22] M. Hertweck. Torsion units in integral group rings of certain metabelian groups. Proc.

Edinb. Math. Soc. (2), 51(2):363–385, 2008.

[23] M. Hertweck. Zassenhaus conjecture for A_6. Proc. Indian Acad. Sci. Math. Sci., 118(2):189–195, 2008.

[24] C. Jansen, K. Lux, R. Parker, and R. Wilson. An atlas of Brauer characters, volume 11 of London Mathematical Society Monographs. New Series. The Clarendon Press Oxford University Press, New York, 1995. Appendix 2 by T. Breuer and S. Norton, Oxford Science Publications.

[25] W. Kimmerle. On the prime graph of the unit group of integral group rings of finite groups. In Groups, rings and algebras, volume 420 of Contemp. Math., pages 215–228. Amer. Math. Soc., Providence, RI, 2006.

[26] I. S. Luthar and I. B. S. Passi. Zassenhaus conjecture for A_5. Proc. Indian Acad. Sci.

Math. Sci., 99(1):1–5, 1989.

[27] I. S. Luthar and P. Trama. Zassenhaus conjecture for S_5. Comm. Algebra, 19(8):2353– 2362, 1991.

[28] K. Roggenkamp and L. Scott. Isomorphisms of p-adic group rings. Ann. of Math. (2), 126(3):593–647, 1987.

[29] M. A. M. Salim. Torsion units in the integral group ring of the alternating group of degree 6. Comm. Algebra, 35(12):4198–4204, 2007.

[30] M. A. M. Salim. Torsion units in integral group ring of symmetric group of degree seven.

Nauk. Visn. Uzhgorod. Univ., Ser. Mat., 18:133–140, 2009.

[31] A. Weiss. Torsion units in integral group rings. J. Reine Angew. Math., 415:175–187, 1991.

[32] H. Zassenhaus. On the torsion units of finite group rings. In Studies in mathematics (in honor of A. Almeida Costa) (Portuguese), pages 119–126. Instituto de Alta Cultura, Lisbon, 1974.

Received August 11, 2010.

Department of Mathematical Science, United Arab Emirates University, B.O.Box 17551, Al Ain, Abu Dhabi, UAE E-mail address: msalim@uaeu.ac.ae