Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 27 (2011), 61–76

www.emis.de/journals
ISSN 1786-0091

GROWTH OF SOLUTIONS OF LINEAR DIFFERENTIAL EQUATIONS WITH ENTIRE COEFFICIENTS

KARIMA HAMANI AND BENHARRAT BELAÏDI

Abstract. In this paper, we investigate the growth of solutions of higher order homogeneous linear differential equations with entire coefficients. We improve and extend the results of Belaïdi and Hamouda by using the estimates for the logarithmic derivative of a transcendental meromorphic function due to Gundersen and the Wiman-Valiron theory. We also consider the nonhomogeneous linear differential equations.

1. Introduction and main results

In this paper, we assume that the reader is familiar with the fundamental results and the standard notations of the Nevanlinna’s value distribution theory of meromorphic functions (see [12, 17]). In addition, we use the notations σ(f) and λ (f) to denote respectively the order of growth and exponent of convergence of zeros of a meromorphic function f(z).

We define the linear measure of a set E ⊂ [0, +∞) by m(E) =

∫_{+∞} 0 χ_E (t)dt and the logarithmic measure of a set F ⊂ (1, +∞) by lm(F ) =

∫_{+∞} 1 (χ_F (t)/t) dt, where χ_H is the characteristic function of a set H.

For an integer n � 2, we consider the linear differential equation

(1.1) A_n (z) f^{(n)} + A_{n−1} (z) f^{(n−1)} + · · · + A_1 (z) f^′ + A_0 (z) f = 0,

where A_0 (z) , . . . , A_{n−1} (z) , A_n (z) with A_0 (z) ≢ 0, A_n (z) ≢ 0 are entire functions. If A_n ≡ 1 and some of the coefficients A_0 (z) , . . . , A_{n−1} (z) of (1.1) are transcendental, then (1.1) has at least one solution of infinite order.

Thus, a natural question is: What conditions on A_0 (z) , . . . , A_{n−1} (z) will guarantee that every solution f ≢ 0 of (1.1) has an infinite order in the case when A_n ≡ 1?

For the above question, there are many results for second and higher order linear differential equations (see for example [2, 3, 4, 5, 9, 11]). In 2001 and

2000 Mathematics Subject Classification. 34M10, 30D35.

Key words and phrases. Linear differential equations, meromorphic function, hyper-order, iterated order. 61

2002, Belaïdi and Hamouda have considered the following higher order linear differential equation

(1.2) f^{(n)} + A_{n−1} (z) f^{(n−1)} + · · · + A_1 (z) f^′ + A_0 (z) f = 0,

where A_0 (z) , . . . , A_{n−1} (z) with A_0 (z) ≢ 0 are entire functions and obtained the following two results:

Theorem A (see [4]). Let A_0 (z) , . . . , A_{n−1} (z) with A_0 (z) ≢ 0 be entire functions such that for real constants α, β, μ, θ_1 and θ_2 satisfying 0 � β < α, μ > 0 and θ_1 < θ_2, we have

(1.3) |A_0 (z)| � exp {α |z|^μ} and (1.4) |A_j (z)| � exp {β |z|^μ} (j = 1, 2, . . . , n − 1)

as z → ∞ in θ_1 � arg z � θ_2. Then every solution f ≢ 0 of equation (1.2) has an infinite order.

Theorem B (see [5]). Let A_0 (z) , . . . , A_{n−1} (z) with A_0 (z) ≢ 0 be entire functions. Suppose that there exist a sequence of complex numbers (z_k)_{k∈N} with lim k→+∞

z_k = ∞ and three real numbers α, β and μ satisfying 0 � β < α and

μ > 0 such that

(1.5) |A_0 (z_k)| � exp {α |z_k|^μ} and (1.6) |A_j (z_k)| � exp {β |z_k|^μ} (j = 1, 2, . . . , n − 1)

as k → +∞. Then every solution f ≢ 0 of equation (1.2) has an infinite order.

Recently, L. Z. Yang [21], J. Xu and Z. Zhang [20] have considered equation (1.1) and obtained different results concerning the growth of its solutions. It is well-known that if A_n ≡ 1, then all solutions of (1.1) are entire functions but in the case when A_n (z) is a nonconstant entire function, equation (1.1) can have meromorphic solutions.

Now, the question which arises is: For so many solutions of infinite order of equation (1.1), how to describe precisely the properties of their growth?

The main purpose of this paper is to extend Theorem A and Theorem B for equations of the form (1.1) by making use of the concepts of hyper-order and iterated order.

For the definition of the iterated order of a meromorphic function, we use the same definition as in [6, 14, 15]. For all r ∈ R, we define exp_1 r := e^r and exp_{p+1} r := exp ( exp_p r ) , p ∈ N. We also define for all r sufficiently large log_1 r := log r and log_{p+1} r := log ( log_p r ) , p ∈ N. Moreover, we denote by exp_0 r := r, log_0 r := r, log_{−1} r := exp_1 r and exp_{−1} r := log_1 r.

Definition 1.1 (see [14, 15]). Let p � 1 be an integer. Then the iterated p-order σ_p(f) of a meromorphic function f (z) is defined by

(1.7) σ_p(f) = lim sup_{r→+∞} log_p T (r, f) log r , where T (r, f) is the Nevanlinna characteristic function of f (see [12, 17]). For p = 1, this notation is called order and for p = 2, hyper-order. Remark 1.1. If f is an entire function, then the iterated p−order σ_p (f) of f is defined by

(1.8) σ_p (f) = lim sup_{r→+∞} log_p T (r, f) log r

= lim sup

r→+∞

log_{p+1} M (r, f) log r , where M (r, f) = max_{|z|=r} |f (z)| .

Definition 1.2 (see [14, 15]). The finiteness degree of the order of a meromorphic function f is defined by (1.9)

i (f) =

0, for f rational, min {j ∈ N : σ_j (f) < +∞} , for f transcendental for which some j ∈ N with σ_j (f) < +∞ exists, +∞, for f with σ_j (f) = +∞ for all j ∈ N.

Definition 1.3 (see [14]). Let f be a meromorphic function. Then the iterated exponent of convergence of the sequence of distinct zeros of f (z) is defined by

(1.10) λ_p (f) = lim sup_{r→+∞} log_p N ( r,^1_f ) log r

(p � 1 is an integer ) ,

where N ( r,^1_f ) is the counting function of distinct zeros of f (z) in {z : |z| < r}.

For p = 1, this notation is called exponent of convergence of the sequence of distinct zeros and for p = 2, hyper-exponent of convergence of the sequence of distinct zeros.

In this paper, we shall consider equation (1.1) and prove the following results: Theorem 1.1. Let A_0 (z) , . . . , A_{n−1} (z), A_n (z) with A_0 (z) ≢ 0, A_n (z) ≢ 0 be entire functions such that for real constants α, β, μ, θ_1 and θ_2 satisfying 0 � β < α, μ > 0 and θ_1 < θ_2 and for an integer p � 1, we have (1.11) |A_0 (z)| � exp_p {α |z|^μ} and (1.12) |A_j (z)| � exp_p {β |z|^μ} (j = 1, 2, . . . , n) as z → ∞ in θ_1 � arg z � θ_2. Then every meromorphic (or entire) solution f ≢ 0 of equation (1.1) has an infinite order and satisfies σ_p (f) = +∞ and σ_{p+1} (f) � μ.

Theorem 1.2. Let A_0 (z) , . . . , A_{n−1} (z), A_n (z) with A_0 (z) ≢ 0, A_n (z) ≢ 0 be entire functions. Suppose that there exist a sequence of complex numbers (z_k)_{k∈N} with lim_{k→+∞}z_k = ∞ and three real numbers α, β and μ satisfying 0 �

β < α and μ > 0 such that

(1.13) |A_0 (z_k)| � exp_p {α |z_k|^μ} and (1.14) |A_j (z_k)| � exp_p {β |z_k|^μ} (j = 1, 2, . . . , n)

as k → +∞, where p � 1 is an integer. Then every meromorphic (or entire) solution f ≢ 0 of equation (1.1) has an infinite order and satisfies σ_p (f) = +∞ and σ_{p+1} (f) � μ.

Theorem 1.3. Let A_0 (z) , . . . , A_{n−1} (z), A_n (z) with A_0 (z) ≢ 0, A_n (z) ≢ 0 be entire functions such that max {σ (A_j ) : j = 1, 2, . . . , n} < σ (A_0) = σ < +∞. Suppose that for real constants α, β, θ_1 and θ_2 satisfying 0 � β < α and θ_1 < θ_2 and for ε > 0 sufficiently small, we have

(1.15) |A_0 (z)| � exp { α |z|^{σ−ε} } and (1.16) |A_j (z)| � exp { β |z|^{σ−ε} } (j = 1, 2, . . . , n)

as z → ∞ in θ_1 � arg z � θ_2. Then every meromorphic solution f ≢ 0 whose poles are of uniformly bounded multiplicity (or entire) of equation (1.1) has an infinite order and satisfies σ_2 (f) = σ.

Theorem 1.4. Let A_0 (z) , . . . , A_{n−1} (z), A_n (z) with A_0 (z) ≢ 0, A_n (z) ≢ 0 be entire functions such that max {σ (A_j ) : j = 1, 2, . . . , n} < σ (A_0) = σ < +∞. Suppose that there exist a sequence of complex numbers (z_k)_{k∈N} with lim k→+∞

z_k = ∞ and two real numbers α and β satisfying 0 � β < α and for ε > 0 sufficiently small, we have

(1.17) |A_0 (z_k)| � exp { α |z_k|^{σ−ε} } and (1.18) |A_j (z_k)| � exp { β |z_k|^{σ−ε} } (j = 1, 2, . . . , n)

as k → +∞. Then every meromorphic solution f ≢ 0 whose poles are of uniformly bounded multiplicity (or entire) of equation (1.1) has an infinite order and satisfies σ_2 (f) = σ.

Theorem 1.5. Let A_0 (z) , . . . , A_{n−1} (z), A_n (z) with A_0 (z) ≢ 0, A_n (z) ≢ 0 be entire functions satisfying either hypotheses of Theorem 1.3 or hypotheses of Theorem 1.4 and let F ≢ 0 be an entire function of finite order. Then every meromorphic solution f whose poles are of uniformly bounded multiplicity of the linear differential equation

(1.19) A_n (z) f^{(n)} + A_{n−1} (z) f^{(n−1)} + · · · + A_1 (z) f^′ + A_0 (z) f = F satisfies λ_2 (f) = σ_2 (f) = σ with at most one exceptional solution f_0 of finite order.

Remark 1.2. In Theorems 1.3-1.5, the condition that the poles are of uniformly bounded multiplicity of the solution f is necessary because the growth of coefficients A_j gives only estimate for the counting function of distinct poles N (r, f), but not for N (r, f). So, this condition was missing in the main results of [20].

2. Preliminary lemmas

Lemma 2.1 (see [10]). Let f (z) be a transcendental meromorphic function of finite order σ. Let Γ = {(k_1, j_1) , (k_2, j_2) , . . . , (k_m, j_m)} denote a set of distinct pairs of integers satisfying k_i > j_i � 0 (i = 1, 2, . . . , m) and let ε > 0 be a given constant. Then the following two statements hold:

(i) There exists a set E_1 ⊂ [0, 2π) that has linear measure zero such that if ψ_0 ∈ [0, 2π) − E_1, then there is a constant R_0 = R_0 (ψ_0) > 1 such that for all z satisfying arg z = ψ_0 and |z| � R_0 and for all (k, j) ∈ Γ, we have

(2.1) | | | f^{(k)} (z) f^{(j)} (z) | | | � |z|^{(k−j)(σ−1+ε)} .

(ii) There exists a set E_2 ⊂ (1, +∞) that has finite logarithmic measure such that for all z satisfying |z| = r /∈ E_2 ∪ [0, 1] and for all (k, j) ∈ Γ, we have

(2.2) | | | | f^{(k)} (z) f^{(j)} (z) | | | | � |z|^{(k−j)(σ−1+ε)} .

Lemma 2.2 (see [10]). Let f (z) be a transcendental meromorphic function. Let α > 1 and ε > 0 be given constants. Then there exist a constant A > 0 and a set E_3 ⊂ [0, +∞) having finite linear measure such that for all z satisfying |z| = r /∈ E_3, we have

(2.3) | | | f^{(j)}(z) f(z) | | | � A [T (αr, f)r^ε log T (αr, f)]^j (j ∈ N).

Lemma 2.3 (see [10]). Let f (z) be a transcendental meromorphic function, and let μ > 1 be a given constant. Then there exist a set E_4 ⊂ (1, +∞) of finite logarithmic measure and a constant B > 0 that depends only on μ and (m, n) (m, n positive integers with m < n) such that for all z satisfying |z| = r /∈ [0, 1] ∪ E_4, we have

(2.4) | | | f^{(n)} (z) f^{(m)} (z) | | | � B [ T (μr, f) r (log^μ r) log T (μr, f)

]_{n−m} . Lemma 2.4 (see [9]). Let f (z) =^∞ ∑ n=0 a_n z^n be an entire function of infinite

order with the hyper-order σ_2 (f) = σ, μ (r) be the maximum term, i.e., μ (r) = max{|a_n| r^n; n = 0, 1, . . .} and let ν_f (r) be the central index of f, i.e., ν_f (r) = max{m, μ (r) = |a_m| r^m}. Then

(2.5) lim sup_{r→+∞} log log ν_f (r) log r

= σ.

Lemma 2.5 (Wiman-Valiron [13, 18]). Let f (z) be a transcendental entire function, and let z be a point with |z| = r at which |f (z)| = M (r, f). Then the estimation

(2.6) f^{(j)} (z) f (z) = ( ν_f (r) z )_j

(1 + o (1)) (j � 1 is an integer),

holds for all |z| outside a set E_5 of r of finite logarithmic measure.

It is well-known that it is very important of the Wiman-Valiron theory [13, 18] to investigate the properties of entire solutions of differential equations. In [8] Z. X. Chen has extended the Wiman-Valiron theory from entire functions to meromorphic functions with infinitely many poles. Here we prove a special form of the result given by J. Wang and H. X. Yi in [19], when meromorphic function has infinite order:

Lemma 2.6. Let f (z) = g (z) /d (z) be an infinite order meromorphic function with σ_2 (f) = σ < +∞, g (z) and d (z) are entire functions, where σ (d) = ρ < σ. Then there exist a sequence of complex numbers { z_k = r_ke^{iθk} } k∈N and a set E_6 of finite logarithmic measure such that r_k /∈ E_6, r_k → +∞, θ_k ∈ [0, 2π) ; k ∈ N, lim_{k→+∞}θ_k = θ_0 ∈ [0, 2π) , |g (z_k)| = M (r_k, g) and for a sufficiently large k, we have

(2.7) f^{(n)}(z_k) f(z_k) = ( ν_g (r_k)

z_k

)_n (1 + o (1)) (n ∈ N) and (2.8) lim_{k→+∞} log log ν_g (r_k) log r_k

= σ_2 (g) = σ.

Proof. By mathematical induction, we obtain

(2.9) f^{(n)} = g^{(n)} d + n−1∑ j=0 g^{(j)} d ∑ (j_1...j_n)

C_{jj1...jn} ( d^′ d )_{j1} . . . ( d^{(n)} d )_{jn} , where C_{jj1...jn} are constants and j + j_1 + 2j_2 + · · · + nj_n = n. Hence,

(2.10) f^{(n)} f = g^{(n)} g + n−1∑ j=0 g^{(j)} g ∑ (j_1...j_n)

C_{jj1...jn} ( d^′ d )_{j1}

. . . ( d^{(n)} d )_{jn} . From Lemma 2.5, there exists a set E_5 ⊂ (1, +∞) with finite logarithmic measure such that for a point z satisfying |z| = r /∈ E_5 and |g (z)| = M (r, g), we have

(2.11) g^{(j)}(z) g(z) = ( ν_g (r) z )_j

(1 + o (1)) (j = 1, 2, . . . , n) ,

where ν_g (r) is the central index of g. Substituting (2.11) into (2.10) yields

f^{(n)} (z) f (z) = ( ν_g (r) z )_n (1 + o (1)) ×

(2.12)

× 1 + n−1∑ j=0 ( ν_g (r) z )_{j−n}∑

(j_1...j_n)

C_{jj1...jn} ( d^′ d )_{j1} . . . ( d^{(n)} d )_{jn} . By Lemma 2.1 (ii), we have for any given ε (0 < 2ε < σ − ρ)

(2.13) | | |d^{(m)} (z) d (z) | | | � r^{m(ρ−1+ε)} (m = 1, 2, . . . , n) ,

where |z| = r /∈ [0, 1] ∪ E_2, E_2 ⊂ (1, +∞) with lm (E_2) < +∞. From this and j_1 + 2j_2 + · · · + nj_n = n − j, we have

(2.14) |z|^{n−j} | | | | ( d^′ d )_{j1}

. . . ( d^{(n)} d )_{jn} | | | � |z|^{(n−j)(ρ+ε)}

for |z| = r /∈ [0, 1]∪E_2. By Lemma 2.4, there exists {r^′_k} (r^′_k → +∞) satisfying

(2.15) lim_{r′k→+∞} log log ν_g(r^′_k) log r^′_k

= σ.

Setting the logarithmic measure of E_2 ∪ E_5, lm (E_2 ∪ E_5) = δ < +∞, there exists a point r_k ∈ [r^′_k, (δ + 1) r^′_k] − (E_2 ∪ E_5). Since,

(2.16) log log ν_g(r_k) log r_k � log log ν_g(r^′_k) log [(δ + 1) r^′_k] = log log ν_g(r^′_k) (log r^′_k) [ 1 +^{log(δ+1)}_{log r}′_k ], we have

(2.17) lim_{rk→+∞} log log ν_g(r_k) log r_k

= σ.

From (2.17), we obtain for sufficiently large k (2.18) ν_g (r_k) � exp { r^{σ−ε}_k } . This and (2.14) lead

(2.19) | | | | ( ν_g (r) z )_{j−n} (

d^′ d )_{j1} . . . ( d^{(n)} d )_{jn} | | | | � r^{(n−j)(ρ+ε)} [ exp { r^{σ−ε}_k

}]_{j−n} → 0,

as r_k → +∞, where |z_k| = r_k and |g (z_k)| = M (r_k, g). From (2.12), (2.17) and (2.19), we obtain our result. Now we take z_k = r_ke^{iθk} , θ_k ∈ [0, 2π).

There is a subset {θ_{kj} } of {θ_k} such that lim_{j→+∞} θ_{kj} = θ_0 ∈ [0, 2π). Thus { z_{kj} = r_{kj} e^{iθkj} } satisfies our assertion. □

Lemma 2.7 (see [7]). Let f (z) be a transcendental meromorphic function of order σ (f) = σ < +∞. Then for any given ε > 0, there exists a set E_7 ⊂ (1, ∞) that has finite logarithmic measure, such that

(2.20) |f (z)| � exp { r^{σ+ε} } holds for |z| = r /∈ [0, 1] ∪ E_7, r → +∞.

Remark 2.1. Applying Lemma 2.7 to^1_f , it is clearly that for any given ε > 0, there exists a set E_8 ⊂ (1, ∞) that has finite logarithmic measure, such that

(2.21) exp { −r^{σ+ε} } � |f (z)| � exp { r^{σ+ε} } holds for |z| = r /∈ [0, 1] ∪ E_8, r → +∞.

Lemma 2.8 (see [16]). Let f (z) be an entire function of infinite order. Denote M (r, f) = max {|f (z)| : |z| = r}, then for any sufficiently large number ρ > 0 and any r ∈ E_9 ⊂ (1, +∞), we have

(2.22) M(r, f) > c_1 exp{c_2r^ρ},

where lm(E_9) = ∞ and c_1, c_2 are positive constants.

To avoid some problems caused by the exceptional set we recall the following lemmas.

Lemma 2.9 (see [1]). Let g : [0, +∞) → R and h : [0, +∞) → R be monotone non-decreasing functions such that g (r) � h (r) outside of an exceptional set E_{10} of finite linear measure. Then for any λ > 1, there exists r_0 > 0 such that g (r) � h (λr) for all r > r_0.

Lemma 2.10 (see [11]). Let φ : [0, +∞) → R and ψ : [0, +∞) → R be monotone non-decreasing functions such that φ (r) � ψ (r) for all r /∈ E_{11} ∪ [0, 1], where E_{11} ⊂ (1, +∞) is a set of finite logarithmic measure. Let α > 1 be a given constant. Then there exists an r_1 = r_1 (α) > 0 such that φ (r) � ψ (αr) for all r > r_1.

3. Proof of Theorem 1.1

Proof of Theorem 1.1. Suppose that f (≢ 0) is a meromorphic solution of equation (1.1) such that σ (f) = σ < +∞. Then from Lemma 2.1 (i), there exists a set E_1 that has linear measure zero such that if ψ_0 ∈ [θ_1, θ_2] − E_1, we have

(3.1) | | | f^{(j)}(z) f(z) | | | � |z|^{j(σ−1+ε)} (j = 1, 2, . . . , n) as z → ∞ along arg z = ψ_0. Then from (1.1), (3.1) and (1.12), we obtain

|A_0 (z)| � |A_n (z)| | | | | f^{(n)} f | | | | + |A^{n−1} (z)| | | | | f^{(n−1)} f | | | | + · · · + |A^1 (z)| | | | | f^′ f | | | | (3.2)

� n |z|^{n(σ−1+ε)} exp_p {β |z|^μ} .

as z → ∞ along arg z = ψ_0, and this contradicts (1.11). Hence, σ (f) = +∞.

Now, we prove that σ_p (f) = +∞ and σ_{p+1} (f) � μ. From (1.1), it follows that

(3.3) |A_0 (z)| � |A_n (z)| | | | f^{(n)} f | | | + |A^{n−1} (z)| | | | f^{(n−1)} f | | | + · · · + |A^1 (z)| | | | f^′ f | | | . By Lemma 2.2, there exist a constant A > 0 and a set E_3 ⊂ [0, +∞) having finite linear measure such that for all z satisfying |z| = r /∈ E_3, we have

(3.4) | | | | f^{(j)}(z) f(z) | | | | � Ar [T (2r, f)]^{n+1} (j = 1, 2, . . . , n) .

Hence, from (1.11), (1.12), (3.3) and (3.4) it follows that for all z satisfying |z| = r /∈ E_3 and θ_1 � arg z � θ_2, we have

(3.5) exp_p {α |z|^μ} � Anr [T (2r, f)]^{n+1} exp_p {β |z|^μ}

as |z| = r → +∞. By Lemma 2.9 and (3.5), it follows that for all z satisfying |z| = r > r_0 and θ_1 � arg z � θ_2, we have

(3.6) exp_p {α |z|^μ} � Aλnr [T (2λr, f)]^{n+1} exp_p {βλ^μ |z|^μ} ,

where λ (> 1) and r_0 (> 0) are constants. Therefore, from (3.6), we obtain that σ_p (f) = +∞ and σ_{p+1} (f) � μ. □

4. Proof of Theorem 1.2

Proof of Theorem 1.2. Suppose that f (≢ 0) is a meromorphic solution of equation (1.1) such that σ (f) = σ < +∞. We can rewrite (1.1) as

(4.1)

A_n (z) A_0 (z) f^{(n)} f + A_{n−1} (z) A_0 (z) f^{(n−1)} f + · · · +

A_1 (z) A_0 (z) f^′ f = −1.

By Lemma 2.1 (i), there exists a set E_1 ⊂ [0, 2π) that has linear measure zero such that if ψ_0 ∈ [0, 2π) − E_1, then there is a constant R_0 = R_0 (ψ_0) > 0 such that if z_k satisfies arg z_k = ψ_0 and |z_k| = r_k � R_0, we have

(4.2) | | | f^{(j)} (z_k) f (z_k) | | | � |z^k|^{j(σ−1+ε)} (j = 1, 2, . . . , n) .

Thus, from (1.13), (1.14) and (4.2) we obtain

(4.3) | | | A_j (z_k) A_0 (z_k) | | | | | | f^{(j)} (z_k) f (z_k) | | | � |z_k|^{j(σ−1+ε)} exp_p {β |z_k|^μ} exp_p {α |z_k|^μ}

= |z_k|^{j(σ−1+ε)} exp { exp_{p−1} {α |z_k|^μ} − exp_{p−1} {β |z_k|^μ} } for j = 1, 2, . . . , n. From (4.3), it follows that

(4.4) lim_{k→+∞} | | | A_j (z_k) A_0 (z_k) | | | | | | f^{(j)} (z_k) f (z_k) | | | = 0 (j = 1, 2, . . . , n) .

By making k → +∞ in relation (4.1), we get a contradiction. Hence σ (f) = +∞. Now, we prove that σ_p (f) = +∞ and σ_{p+1} (f) � μ. From (1.1), it follows that

(4.5) |A_0 (z)| � |A_n (z)| | | | f^{(n)} f | | | + |A^{n−1} (z)| | | | f^{(n−1)} f | | | + · · · + |A^1 (z)| | | | f^′ f | | | . By Lemma 2.2, there exist a constant A > 0 and a set E_3 ⊂ [0, +∞) having finite linear measure such that for all z satisfying |z| = r /∈ E_3, we have

(4.6) | | | f^{(j)}(z) f(z) | | | � Ar [T (2r, f)]^{n+1} (j = 1, 2, . . . , n) .

Hence, from (1.13), (1.14), (4.5) and (4.6) we have

(4.7) exp_p {α |z_k|^μ} � Anr_k [T (2r_k, f)]^{n+1} exp_p {β |z_k|^μ}

as k → +∞, |z_k| = r_k /∈ E_3. Hence, from (4.7) and Lemma 2.9, we have for |z_k| = r_k > r_0

(4.8) exp_p {α |z_k|^μ} � Aλnr_k [T (2λr_k, f)]^{n+1} exp_p {βλ^μ |z_k|^μ}

where λ (> 1) and r_0 (> 0) are constants. Therefore, from (4.8) we obtain that σ_p (f) = +∞ and σ_{p+1} (f) � μ. □

5. Proof of Theorem 1.3

Proof of Theorem 1.3. Assume f (≢ 0) is a meromorphic solution of equation (1.1) whose poles are of uniformly bounded multiplicity. Then by taking p = 1 in Theorem 1.1, it follows that f has an infinite order and satisfies σ_2 (f) � σ − ε. Since, ε > 0 is arbitrary, we get σ_2 (f) � σ (A_0) = σ. By A_n (z) ≢ 0, we can rewrite (1.1) as

(5.1) f^{(n)} +

A_{n−1} (z) A_n (z) f^{(n−1)} + · · · +

A_0 (z) A_n (z) f = 0

Hence, the poles of f can only occur at the zeros of A_n. Note that the pole of f are of uniformly bounded multiplicity, then λ (1/f) � σ (A_n) < σ < +∞. By Hadamard factorization theorem, we know that f can be written as f (z) =

g(z) d(z) , where g (z) and d (z) are entire functions with λ (d) = σ (d) = λ (1/f) �

σ (A_n) < σ < σ_2 (f) = σ_2 (g). By Lemma 2.6, for any small ε > 0, there exists one sequence { z_k = r_ke^{iθk} } k∈N (r_k → +∞) and a set E_6 of finite logarithmic measure such that r_k /∈ E_6, r_k → +∞, θ_k ∈ [0, 2π) ; k ∈ N, lim_{k→+∞}θ_k = θ_0 ∈

[0, 2π) , |g (z_k)| = M (r_k, g) and for a sufficiently large k, we have

(5.2) f^{(j)}(z_k) f(z_k) = ( ν_g (r_k) z_k

)_j

(1 + o (1)) (j = 1, 2, . . . , n) .

By Remark 1.1, for any given ε > 0 and for a sufficiently large r, we have

(5.3) |A_j (z)| � exp { r^{σ+ε} } (j = 0, 1, . . . , n − 1) .

Also, by Remark 2.1, there exists a set E_8 ⊂ (1, +∞) that has finite logarithmic measure such that for all z satisfying |z| = r /∈ [0, 1] ∪ E_8, r → +∞, we have

(5.4) |A_n (z)| � exp { −r^{σ+ε} } . We can rewrite (1.1) as

(5.5) −A_n (z) f^{(n)} f = A_{n−1} (z) f^{(n−1)} f + · · · + A_1 (z) f^′ f + A_0 (z) .

Substituting (5.2) into (5.5) we obtain for the above z_k

(5.6) − A_n (z_k) ( ν_g (r_k) z_k

)_n

(1 + o (1)) = A_{n−1} (z_k) ( ν_g (r_k)

z_k

)_{n−1}

× (1 + o (1)) + · · · + A_1 (z_k) ( ν_g (r_k) z_k ) (1 + o (1)) + A_0 (z_k) .

Hence, from (5.3), (5.4) and (5.6) for the above z_k = r_ke^{iθk} with r_k /∈ E_6 ∪ E_8 ∪ [0, 1] , r_k → +∞, we have

(5.7) exp { −r^{σ+ε}_k } | | | ν_g (r_k) z_k | | | n |1 + o (1)| � exp { r^{σ+ε}_k } | | | ν_g (r_k)

z_k | | | n−1 |1 + o (1)|

+ · · · + exp { r^{σ+ε}_k } | | | | ν_g (r_k) z_k | | | | |1 + o (1)| + exp { r^{σ+ε}_k }

� n exp { r^{σ+ε}_k } | | | | ν_g (r_k)

z_k | | | | n−1 |1 + o (1)| .

By (5.7) and Lemma 2.10, we get

(5.8) lim sup_{rk→+∞} log log ν_g(r_k)

log r_k

� σ + ε.

Since, ε > 0 is arbitrary, by (5.8) and Lemma 2.4, we obtain σ_2 (f) � σ. This and the fact that σ_2 (f) � σ yield σ_2 (f) = σ. □

6. Proof of Theorem 1.4 and 1.5 Proof of Theorem 1.4. Assume f (≢ 0) is a meromorphic solution of equation (1.1) whose poles are of uniformly bounded multiplicity. Then by taking p = 1 in Theorem 1.2, it follows that f has an infinite order and satisfies σ_2 (f) � σ − ε. Since, ε > 0 is arbitrary, we get σ_2 (f) � σ (A_0) = σ. By using the same arguments as in the proof of Theorem 1.3, we obtain σ_2 (f) � σ. Hence σ_2 (f) = σ. □ Proof of Theorem 1.5. First, we show that (1.19) can possess at most one exceptional solution f_0 of finite order. In fact, if f^∗ is another solution of finite order of equation (1.19), then f_0 −f^∗ is of finite order. But, f_0 −f^∗ is a solution of the corresponding homogeneous equation (1.1) of (1.19). This contradicts Theorem 1.3 and Theorem 1.4. We assume that f is an infinite order meromorphic solution of (1.19) whose poles are of uniformly bounded multiplicity and f_1, f_2, . . . , f_n are n meromorphic solutions of the corresponding homogeneous equation (1.1) of (1.19). Then f can be expressed in the form (6.1) f (z) = B_1 (z) f_1 (z) + B_2 (z) f_2 (z) + · · · + B_n (z) f_n (z) , where B_1 (z) , . . . , B_n (z) are suitable meromorphic functions determined by B^′_1 (z) f_1 (z) + B^′_2 (z) f_2 (z) + · · · + B^′_n (z) f_n (z) = 0 B^′_1 (z) f^′_1 (z) + B^′_2 (z) f^′_2 (z) + · · · + B^′_n (z) f^′_n (z) = 0 . . B^′_1 (z) f^{(n−1)}_1 (z) + B^′_2 (z) f^{(n−1)}_2 (z) + · · · + B^′_n (z) f^{(n−1)}_n (z) = F (z) .

(6.2)

Since, the Wronskian W (f_1, f_2, . . . , f_n) is a differential polynomial in f_1, f_2, . . . , f_n with constant coefficients, it is easy to deduce that σ_2 (W ) � max {σ_2 (f_j ) : j = 1, 2, . . . , n} = σ (A_0) = σ.

From (6.2), we have (6.3) B^′_j = F.G_j (f_1, f_2, . . . , f_n) .W (f_1, f_2, . . . , f_n)^{−1} (j = 1, 2, . . . , n) , where G_j (f_1, f_2, . . . , f_n) are differential polynomials in f_1, f_2, . . . , f_n with constant coefficients. Thus, for j = 1, 2, . . . , n, we have (6.4) σ_2 (G_j ) � max {σ_2 (f_j ) : j = 1, 2, . . . , n} = σ (A_0) = σ and (6.5) σ_2 (B_j ) = σ_2 ( B^′_j ) � max {σ_2 (F ) , σ (A_0)} = σ (A_0) = σ.

Then from (6.1) and (6.5) we get (6.6) σ_2 (f) � max {σ_2 (f_j ) , σ_2 (B_j ) : j = 1, 2, . . . , n} = σ (A_0) = σ.

Now, we prove that σ_2 (f) � σ (A_0) = σ. From (1.19), it follows that

(6.7) |A_0 (z)| � |A_n (z)| | | | f^{(n)} f | | | + |A^{n−1} (z)| | | | f^{(n−1)} f | | | + · · ·+ |A^1 (z)| | | | f^′ f | | | + | | | F f | | | . By Lemma 2.3, there exist a constant B > 0 and a set E_4 ⊂ (1, +∞) having finite logarithmic measure such that for all z satisfying |z| = r /∈ E_4, we have

(6.8) | | | f^{(j)}(z) f(z) | | | � B [T (2r, f)]^{n+1} (j = 1, 2, . . . , n) .

By A_n (z) ≢ 0, we can rewrite (1.19) as

(6.9) f^{(n)} +

A_{n−1} (z) A_n (z) f^{(n−1)} + · · · +

A_0 (z) A_n (z) f = F A_n (z) . Hence, the poles of f can only occur at the zeros of A_n. Note that the pole of f are of uniformly bounded multiplicity, then λ (1/f) � σ (A_n) < σ < +∞. By Hadamard factorization theorem, we know that f can be written as f (z) =

g(z) d(z) , where g (z) and d (z) are entire functions with λ (d) = σ (d) = λ (1/f) �

σ (A_n) < σ < +∞. Set δ = max {σ, σ (F )}. Since σ (g) = σ (f) = +∞, then by Lemma 2.8 for any sufficiently large number ρ > δ, and any r ∈ E_9 ⊂ (1, +∞) , we have

(6.10) M(r, g) > c_1 exp{c_2r^ρ},

where lm(E_9) = ∞ and c_1 > 0, c_2 > 0 are constants. On the other hand, for a given ε (0 < ε < ρ − δ), we have for a sufficiently large r

(6.11) |F (z)| � exp { r^{δ+ε} } and |d (z)| � exp { r^{δ+ε} } . From (6.10) and (6.11) we obtain

(6.12) | | |F (z) f (z) | | | = |F (z)| |d (z)| |g (z)| � 1 c_1 exp { 2r^{δ+ε} − c_2r^ρ } → 0 as r → +∞, where |g (z)| = M (r, g) and |z| = r.

(i) If A_0 (z) , . . . , A_{n−1} (z) and A_n (z) satisfy hypotheses of Theorem 1.3, then from (1.15) , (1.16), (6.7), (6.8) and (6.12), it follows that for all z satisfying |z| = r ∈ E_9 − E_4, θ_1 � arg z � θ_2 and |g (z)| = M (r, g)

(6.13) exp { α |z|^{σ−ε} } � Bn [T (2r, f)]^{n+1} exp { β |z|^{σ−ε} } + o (1)

as z → ∞. From (6.13) and Lemma 2.10, we get σ_2 (f) � σ − ε. Since ε > 0 is arbitrary, it follows that σ_2 (f) � σ. This and the fact that σ_2 (f) � σ yield σ_2 (f) = σ.

(ii) If A_0 (z) , . . . , A_{n−1} (z) and A_n (z) satisfy hypotheses of Theorem 1.4, then from (1.17), (1.18), (6.7), (6.8) and (6.12), it follows that

(6.14) exp { α |z_k|^{σ−ε} } � Bn [T (2r_k, f)]^{n+1} exp { β |z_k|^{σ−ε} } + o (1) as k → +∞, |z_k| = r_k ∈ E_9 − E_4 and |g (z_k)| = M (r_k, g). From (6.14) and Lemma 2.10, we get σ_2 (f) � σ − ε. Since ε > 0 is arbitrary, it follows that σ_2 (f) � σ. This and the fact that σ_2 (f) � σ yield σ_2 (f) = σ.

Now, we prove that σ_2 (f) = λ_2 (f) = σ. By (1.19) it is easy to see that if f has a zero z_0 of order α (> n), then F must have a zero at z_0 of order α − n. Hence

(6.15) n ( r, 1 f ) � nn ( r, 1 f ) + n ( r, 1 F )

and (6.16) N ( r, 1 f ) � nN ( r, 1 f ) + N ( r, 1 F ) . We can rewrite (1.19) as

(6.17) 1 f = 1 F ( A_n (z) f^{(n)} f + A_{n−1} (z) f^{(n−1)} f + · · · + A_1 (z) f^′ f + A_0 (z) ) . By (6.17) we have

(6.18) m ( r, 1 f ) � n∑ j=1 m ( r, f^{(j)} f ) + n∑ j=0 m (r, A_j) + m ( r, 1 F ) + O (1) .

By (6.16) and (6.18) we obtain for |z| = r outside a set E of a finite linear measure

(6.19) T (r, f) = T ( r, 1 f ) + O (1)

� nN ( r, 1 f ) + n∑ j=0 T (r, A_j) + T (r, F ) + O (log (rT (r, f))) .

For sufficiently large r and any given ε > 0, we have

(6.20) O (log r + log T (r, f)) � 1 2 T (r, f) ,

(6.21) n∑ j=0 T (r, A_j) � (n + 1) r^{σ+ε} and (6.22) T (r, F ) � r^{σ(F )+ε}. Thus, by (6.19) -(6.22), we have

(6.23) T (r, f) � 2nN ( r, 1 f ) + 2 (n + 1) r^{σ+ε} + 2r^{σ(F )+ε}, where |z| = r /∈ E. Hence, for any f with σ_2 (f) = σ, by (6.23) and Lemma 2.9, we have σ_2 (f) � λ_2 (f). Since, λ_2 (f) � σ_2 (f) we obtain

λ_2 (f) = σ_2 (f) = σ. □

References

[1] S. B. Bank. A general theorem concerning the growth of solutions of first-order algebraic differential equations. Compositio Math., 25:61–70, 1972.

[2] B. Belaïdi. Estimation of the hyper-order of entire solutions of complex linear ordinary differential equations whose coefficients are entire functions. Electron. J. Qual. Theory Differ. Equ., pages no. 5, 8 pp. (electronic), 2002.

[3] B. Belaïdi and K. Hamani. Order and hyper-order of entire solutions of linear differential equations with entire coefficients. Electron. J. Differential Equations, pages No. 17, 12 pp. (electronic), 2003.

[4] B. Belaïdi and S. Hamouda. Orders of solutions of an n-th order linear differential equation with entire coefficients. Electron. J. Differential Equations, pages No. 61, 5 pp. (electronic), 2001.

[5] B. Belaïdi and S. Hamouda. Growth of solutions of an n-th order linear differential equation with entire coefficients. Kodai Math. J., 25(3):240–245, 2002.

[6] L. G. Bernal. On growth k-order of solutions of a complex homogeneous linear differential equation. Proc. Amer. Math. Soc., 101(2):317–322, 1987.

[7] Z.-X. Chen. The zero, pole and order of meromorphic solutions of differential equations with meromorphic coefficients. Kodai Math. J., 19(3):341–354, 1996.

[8] Z. X. Chen. The rate of growth of meromorphic solutions of higher-order linear differential equations. Acta Math. Sinica (Chin. Ser.), 42(3):551–558, 1999.

[9] Z.-X. Chen and C.-C. Yang. Some further results on the zeros and growths of entire solutions of second order linear differential equations. Kodai Math. J., 22(2):273–285, 1999.

[10] G. G. Gundersen. Estimates for the logarithmic derivative of a meromorphic function, plus similar estimates. J. London Math. Soc. (2), 37(1):88–104, 1988.

[11] G. G. Gundersen. Finite order solutions of second order linear differential equations.

Trans. Amer. Math. Soc., 305(1):415–429, 1988.

[12] W. K. Hayman. Meromorphic functions. Oxford Mathematical Monographs. Clarendon Press, Oxford, 1964.

[13] W. K. Hayman. The local growth of power series: a survey of the Wiman-Valiron method. Canad. Math. Bull., 17(3):317–358, 1974.

[14] L. Kinnunen. Linear differential equations with solutions of finite iterated order. Southeast Asian Bull. Math., 22(4):385–405, 1998.

[15] I. Laine. Nevanlinna theory and complex differential equations, volume 15 of de Gruyter Studies in Mathematics. Walter de Gruyter & Co., Berlin, 1993.

[16] C. H. Li and Y. X. Gu. Complex oscillation of the differential equation f^{′′} + e^{az}f^′ + Q(z)f = F (z). Acta Math. Sci. Ser. A Chin. Ed., 25(2):192–200, 2005.

[17] R. Nevanlinna. Eindeutige analytische Funktionen. Springer-Verlag, Berlin, 1974. Zweite Auflage, Reprint, Die Grundlehren der mathematischen Wissenschaften, Band 46.

[18] G. Valiron. Lectures on the general Theory of integral functions. Chelsea Publishing Company, 1949.

[19] J. Wang and H.-X. Yi. Fixed points and hyper order of differential polynomials generated by solutions of differential equation. Complex Var. Theory Appl., 48(1):83–94, 2003.

[20] J. Xu and Z. Zhang. Growth order of meromorphic solutions of higher-order linear differential equations. Kyungpook Math. J., 48(1):123–132, 2008.

[21] L.-Z. Yang. The growth of linear differential equations and their applications. Israel J.

Math., 147:359–370, 2005.

Received February 1, 2009.

Department of Mathematics, Laboratory of Pure and Applied Mathematics, University of Mostaganem, B. P. 227 Mostaganem, Algeria.

E-mail address: hamanikarima@yahoo.fr E-mail address: belaidi@univ-mosta.dz