Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 28 (2012), 25–30

www.emis.de/journals
ISSN 1786-0091

A NOTE ON FEFFERMAN–STEIN TYPE CHARACTERIZATIONS FOR CERTAIN SPACES OF ANALYTIC FUNCTIONS ON THE UNIT DISC

MILOŠ ARSENOVIĆ AND ROMI F. SHAMOYAN

Abstract. We obtain new characterizations of Bergman and Bloch spaces on the unit disc involving equivalent (quasi)-norms on these spaces. Our results are in the spirit of estimates obtained by Fefferman and Stein for Hardy spaces in R^n.

1. Introduction

We denote by H(Ω) the space of all analytic functions in a domain Ω ⊂ C, H^p = H^p(D) denotes the classical Hardy space on the unit disc D = {z ∈ C : |z| < 1} and A^p = A^p(D) denotes the Bergman space on D, see [3] and [6]. We set A^p_0 = {f ∈ A^p : f(0) = 0}. Also, Γ_α(ξ) denotes the Stolz region at ξ ∈ T = {ξ ∈ C : |ξ| = 1} of aperture α > 1. For t > 0 and an analytic function f(z) =

∑_∞

n=0 a_nz^n in the unit disc the fractional derivative of f of order t is defined by D^tf(z) =

∑_∞

n=0(n + 1)^ta_nz^n, it is also analytic in D. Area measure on D is denoted by dm. The Bloch space B, defined by B = { f ∈ H(D) : ‖f‖_B = sup_{z∈D} |f^′(z)|(1 − |z|) < ∞ }

is closely related to Carleson measures and corresponds to the endpoint case p = 1 of Q_p classes (0 < p ≤ 1), see [10]. Related spaces B_p, 1 < p < ∞, are defined by

B_p(D) = { f ∈ H(D) : ∫ D |f^′(z)|^p(1 − |z|)^{p−2}dm(z) = ‖f‖^p_{Bp} < ∞ } , note that ‖f‖_B and ‖f‖_{Bp} are not true norms, but |f(0)| + ‖f‖_B and |f(0)| + ‖f‖_{BP} are norms which make respective spaces into Banach spaces.

The following result is proved by E. G. Kwon in [7]:

2010 Mathematics Subject Classification. Primary 30H20, Secondary 30H25, 30H30. Key words and phrases. Hardy spaces, Bergman spaces, equivalent quasinorms, analytic functions.

The first author was supported by the Ministry of Science, Serbia, project OI174017. 25

Theorem 1 (see [7]). If 0 < p < ∞ and 0 ≤ β < p+2, then f ∈ H(D) belongs to B if and only if it satisfies the following condition: (1) sup_{a∈D} ∫ D ∫ D |f(z) − f(w)|^{p−β} |1 − wz|^4

|f^′(z)|^β (1−|z|)^β

(1 − |w|)^2(1 − |a|)^2 |1 − wa|^4 dm(z)dm(w) < ∞,

in fact the above expression is equivalent to ‖f‖^p_B.

Similarly, if 1 < p < ∞ and 0 ≤ β < p + 2, then a function f ∈ H(D) belongs to B_p if and only if (2) ∫ D ∫ D |f(w) − f(z)|^{p−β} |1 − wz|^4

|f^′(z)|^β(1 − |z|)^βdm(z)dm(w) < ∞,

moreover, the above expression is equivalent to ‖f‖^p_{Bp} .

We relate these estimates to the so called Fefferman–Stein type characterizations. By Fefferman–Stein characterizations we mean the following relations: (3) ‖F ‖_X ≍ inf_{ω∈S} ‖Φ(F, ω)‖_Y ,

where X and Y are (quasi)-normed subspaces of H(D), S = S_F is a certain class of measurable functions and Φ is a nonanalytic function of two variables. This idea was used to determine the predual of Q_p classes, 0 < p ≤ 1, see [11, 12]. In certain cases the infimum in (3) is attained, see [2], especially section 5. Using ideas from [4] and [1] the authors there extended and used such characterizations for certain Hardy classes in R^n. Later one of the authors provided a similar Fefferman–Stein type characterization for the analytic Hardy spaces, this is the second part of the following theorem, the first part is a classical result of N. Lusin.

Theorem 2 (see [8, 9]). Let 0 < p, t < ∞. Then, for f ∈ H(D) we have

(4) ‖f‖^p_Hp ≍ ∫ T (∫ Γ_α(ξ)

|D^tf|^2(1 − |z|)^{2t−2}dm(z)

)_{p/2} dξ. Next, let s > 0 and 0 < p < 2. Then, for f ∈ H(D), we have (5) ∫ T (∫ Γ_α(ξ)

|f^′(z)|^2dm(z)

)_{p/2} dξ ≍ inf_{ω∈S1} (∫ D |f^′(z)|^s(1 − |z|)^{s−1} dm(z) ω(z)

)_{p/2} , where

S_1 = { ω ≥ 0 : ‖ sup_{Γα(ξ)} ω(z)(1 − |z|)^{2−s}|f^′(z)|^{2−s}‖_L^p_{2−p (T)} < 1 } . Here we show that similar results are true for Bloch and Bergman spaces A^p_0 in the unit disc. An interesting problem would be to obtain similar results for Q_p or other BMOA-type spaces in the unit disc.

2. Main results In this section we state and prove the main results of this paper. They are analogous to the previously obtained results on Fefferman–Stein characterizations of Hardy spaces in R^n and our proofs heavily rely on the mentioned results of E. G. Kwon.

Theorem 3. Let 1 < α < 2, 1/α + 1/α^′ = 1 and p ≥ α^′. Then for F ∈ H(D) with F (0) = 0 we have

‖F ‖^p_Ap_0 ≍ inf_{ω∈S2} (∫ D |F^′(z)|^αω^α(z)dm(z)

)_{1/α} , where

S_2 = { ω ≥ 0 : ∫ D |F^′(z)|^{(p−1)α′} ω^{−α′} (z)(1 − |z|)^{pα′} dm(z) ≤ 1 } . Proof. Here we use the following result from [10], Chapter 2: If F ∈ H(D) and F (0) = 0, then (6) ∫ D |F (z)|^pdm(z) ≍ ∫ D |F (z)|^{p−β}|F^′(z)|^β(1 − |z|)^βdm(z),

where 0 < p < ∞, 0 ≤ β < p+2. Taking β = p and applying Hölder inequality we obtain

‖F ‖^p_Ap_0 ≤ (∫ D |F^′(z)|^αω^α(z)dm(z)

)_{1/α} × × (∫ D |F^′(z)|^{(p−1)α′} ω^{−α′} (z)(1 − |z|)^{pα′} dm(z)

)_{1/α}′

and this gives one estimate stated in Theorem 3. It is of some interest to note that this estimate is true for all 1 < α < ∞. Now we prove the reverse estimate by choosing a special admissible test function in S_2. We can assume ‖F ‖_A^p_0 = 1 and set

ω̃(z) =

|F^′(z)|^{p/α}(1 − |z|)^{1+p/α}

|F (z)|

, z ∈ D.

A straightforward calculation shows that ∫ D |F^′(z)|^{(p−1)α′} (1−|z|)^{pα′}ω̃^{−α′} (z)dm(z) = ∫ D |F^′(z)|^{p−α′} (1−|z|)^{p−α′} |F (z)|^{α′} dm(z).

Now (6), with β = p − α^′, tells us that the last expression is comparable to ‖F ‖^p_Ap_0 and therefore bounded by C = C_{p,α} > 0. Hence ω = C^{1/α′}ω̃ ∈ S_2 and we have ∫ D |F^′(z)|^αω^α(z)dm(z) = C ∫ D |F^′(z)|^αω̃^α(z)dm(z) = C ∫ D |F^′(z)|^{p+α}|F (z)|^{−α}(1 − |z|)^{p+α}dm(z).

The last integral is, by (6) with β = p + α < p + 2, bounded from above by a constant depending only on p and α and this ends the proof of Theorem 3. □

To simplify formulation of our next theorem we introduce, for a ∈ D,

dμ_a(z, w) =

(1 − |w|)^2(1 − |a|)^2dm(z)dm(w) |1 − zw|^4|1 − wa|^4 . Theorem 4. Let 1 < α < 2, 1/α + 1/α^′ = 1 and p ≥ α^′. Then we have, for F ∈ H(D) with F (0) = 0

(7) ‖F ‖_B ≍ inf_{ω∈S3} sup_{a∈D} (∫ D ∫ D ω^α(z, w)|F^′(z)|^αdμ_a(z, w)

)_{1/α} , where (8) S_3 = { ω ≥ 0 : sup_{a∈D} ∫ D ∫ D |F^′(z)|^{α′(p−1)}ω^{−α′} (z, w)(1 − |z|)^{pα′} dμ_a(z, w) ≤ 1 } . Proof. Let F ∈ B, setting β = p in (1) we obtain for arbitrary ω ∈ S_3:

‖F ‖_B ≤C sup_{a∈D} ∫ D ∫ D |F^′(z)|^p(1 − |z|)^p

|1 − wz|^4

(1 − |w|)^2(1 − |a|)^2 |1 − wa|^4 dm(z)dm(w)

=C sup_{a∈D} ∫ D ∫ D |F^′(z)|ω(z, w)|F^′(z)|^{p−1}ω^{−1}(z, w)(1 − |z|)^pdμ_a(z, w)

≤C sup_{a∈D} (∫ D ∫ D |F^′(z)|^αω^α(z, w)dμ_a(z, w)

)_{1/α} × × sup_{a∈D} (∫ D ∫ D |F^′(z)|^{α′(p−1)}ω^{−α′} (z, w)(1 − |z|)^{pα′} dμ_a(z, w)

)_{1/α}′

≤C sup_{a∈D} (∫ D ∫ D |F^′(z)|^αω^α(z, w)dμ_a(z, w)

)_{1/α} . Taking infimum over all ω ∈ S_3 one obtains an estimate of ‖F ‖_B in terms of the right hand side in (7). Now we turn to the reverse estimate, we can assume ‖F ‖_B = 1. Taking

(9) ω̃(z, w) =

|F^′(z)|^{p/α}(1 − |z|)^{p+α}α |f(z) − f(w)| one obtains by an easy calculation and relation (1) with β = p − α^′

sup_{a∈D} ∫ D ∫ D |F^′(z)|^{α′(p−1)}ω^{−α′} (z, w)(1 − |z|)^{pα′} dμ_a(z, w) =

= sup_{a∈D} ∫ D ∫ D |F^′(z)|^{p−α′} |f(z) − f(w)|^{α′} (1 − |z|)^{p−α′} dμ_a(z, w) ≍ ‖F ‖^p_B.

As in the proof of the previous theorem this means that ω = Cω̃ is in S_3, where C = C_{p,α} > 0. With this choice of ω we have

sup_{a∈D} ∫ D ∫ D |F^′(z)|^αω^α(z, w)dμ_a(z, w) =

= C^α sup_{a∈D} ∫ D ∫ D |F^′(z)|^{p+α}(1 − |z|)^{p+α}|f(z) − f(w)|^{−α}dμ_a(z, w) ≍ ‖F ‖^p_B = 1, where we used (1) with β = p + α. This ends the proof of Theorem 4. □ This theorem has a counterpart for B_p spaces. It is convenient to introduce a measure dμ(z, w) = |1 − wz|^{−4}dm(z)dm(w).

Theorem 5. Let 1 < p < ∞, 1 < α < 2, 1/α + 1/α^′ = 1 and p ≥ α^′. Then we have, for F ∈ H(D) with F (0) = 0:

(10) ‖F ‖_{Bp} ≍ inf_{ω∈S4} (∫ D ∫ D ω^α(z, w)|F^′(z)|^αdμ(z, w)

)_{1/α} , where

S_4 = { ω ≥ 0 : ∫ D ∫ D |F^′(z)|^{α′(p−1)}ω^{−α′} (z, w)(1 − |z|)^{pα′} dμ(z, w) ≤ 1 } . Proof. The proof of this theorem parallels the proof of the previous one. Namely we use (2) with β = p to obtain, for arbitrary ω ∈ S_4, ‖F ‖^p_{Bp} ≍ ∫ D ∫ D |F^′(z)|ω(z, w)|F^′(z)|^{p−1}(1 − |z|)^pω^{−1}(z, w)dμ(z, w) ≤ (∫ D ∫ D |F^′(z)|^αω^α(z, w)dμ(z, w)

)_{1/α} × × (∫ D ∫ D |F^′(z)|^{α′(p−1)}ω^{−α′} (z, w)(1 − |z|)^{α′p}dμ(z, w)

)_{1/α}′

≤ (∫ D ∫ D |F^′(z)|^αω^α(z, w)dμ(z, w)

)_{1/α} . In proving the reverse estimate one can use the same test function as in (9), the role of condition (1) is taken by condition (2). We leave details to the reader. □

References

[1] R. R. Coifman, Y. Meyer, and E. M. Stein. Some new function spaces and their applications to harmonic analysis. J. Funct. Anal., 62(2):304–335, 1985.

[2] G. Dafni and J. Xiao. Some new tent spaces and duality theorems for fractional Carleson measures and Q_α(R^n). J. Funct. Anal., 208(2):377–422, 2004.

[3] P. Duren and A. Schuster. Bergman spaces, volume 100 of Mathematical Surveys and Monographs. American Mathematical Society, Providence, RI, 2004.

[4] C. Fefferman and E. M. Stein. H^p spaces of several variables. Acta Math., 129(3-4):137– 193, 1972.

[5] J. B. Garnett. Bounded analytic functions, volume 96 of Pure and Applied Mathematics.

Academic Press Inc. [Harcourt Brace Jovanovich Publishers], New York, 1981. [6] H. Hedenmalm, B. Korenblum, and K. Zhu. Theory of Bergman spaces, volume 199 of Graduate Texts in Mathematics. Springer-Verlag, New York, 2000.

[7] E. G. Kwon. A characterization of Bloch space and Besov space. J. Math. Anal. Appl., 324(2):1429–1437, 2006.

[8] N. Luzin. Sur une propriete des functions a carre sommable. Bull. Calcutta Math. Soc., 20:139–154, 1930.

[9] R. Shamoyan. On some problems connected with diagonal map in some spaces of analytic functions. Math. Bohem., 133(4):351–366, 2008.

[10] J. Xiao. Holomorphic Q classes, volume 1767 of Lecture Notes in Mathematics. Springer- Verlag, Berlin, 2001.

[11] J. Xiao. Some results on Q_p spaces, 0 < p < 1, continued. Forum Math., 17(4):637–668, 2005.

[12] J. Xiao. Geometric Q_p functions. Frontiers in Mathematics. Birkhäuser Verlag, Basel, 2006.

Received June 5, 2011; July 24, 2011 in revised form

(Miloš Arsenović) Faculty of mathematics, University of Belgrade, Studentski Trg 16, 11000 Belgrade, Serbia.

E-mail address: arsenovic@matf.bg.ac.rs

(Romi F. Shamoyan) Bryansk University, Bryansk, Russia.

E-mail address: rshamoyan@yahoo.com