Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 28 (2012), 95–102

www.emis.de/journals
ISSN 1786-0091

ON COMPLETELY SIMPLE SEMIGROUPS

F. FATEHI AND M. R. MOLAEI

Abstract. In this paper completely simple semigroups or generalized groups are considered. We characterize generalized groups which are normal generalized groups. Homomorphisms of generalized groups are considered. Equivalent conditions for the kernel of a homomorphism are deduced. We prove that the group components of a generalized group have the same cardinality. We also prove that if G is a finite normal generalized group, and q||G|, where q is a prime number, then G has a generalized subgroup of order q. We deduce a theorem such as second isomorphism theorem for generalized groups.

1. Introduction

The notion of generalized group has been studied in 1999 for constructing a geometric theory [7]. A generalized group is a semigroup (G, .) with the following properties:

(i) For each g ∈ G there is a unique e(g) ∈ G such that ge(g) = e(g)g = g; (ii) For each g ∈ G there is a g^{−1} ∈ G such that gg^{−1} = g^{−1}g = e(g). In 2002, Araujo and Konieczny proved that this structure is equivalent to the notion of completely simple semigroups [2]. We recall that a semigroup (G, .) with an idempotent is called a completely simple semigroup [5] if for all a ∈ G, GaG = G, and if e and f are idempotents in G such that ef = fe then e = f. Completely simple semigroups have characterized by Ree’s matrix semigroups [14]. If I and Λ are two sets, D is a group and P : Λ × I → D is a mapping, then I ×D ×Λ with the operation (i_1, d_1, λ_1)(i_2, d_2, λ_2) = (i_1, d_1P (λ_1, i_2)d_2, λ_2) is a completely simple semigroup and we denote it by M(D, I, Λ, P ). Each completely simple semigroup is isomorphic to a Ree’s matrix semigroup. So in this paper generalized groups, completely simple semigroups, and Ree’s matrix semigroups are the same. One must pay attention to this point that each generalized group is a completely regular semigroup [5], but the converse is

2010 Mathematics Subject Classification. 20M17, 20M99.

Key words and phrases. Completely simple semigroups, Normal generalized groups, Isomorphism theorem. 95

not true. For example S = {1, 2} with the binary operation 2.2 = 2, 2.1 = 1.2 = 2, 1.1 = 1 is a semigroup. If we define 2^{−1} = 2, 1^{−1} = 1, then S is a completely regular semigroup which is not a generalized group. Because the identity of 2 is not unique.

In the references [1, 4, 6, 7, 10] the notion of generalized group has been considered from the algebraic point of view. One can find the applications of generalized group in dynamical systems, genetic and geometry in the references [8, 9, 10, 11, 12, 13]. This structure has been considered from fuzzy point of view in [3].

In section two we find a condition which determines the normality of generalized groups. Two equivalent conditions for the kernel of a generalized groups homomorphism are determined. If G is a generalized group, and a ∈ G, then G_a = e^{−1}(e(a)) is a group with the binary operation of G, and it is called a group component of G. We will prove that the cardinality of all group components of G are the same. If G is a finite normal generalized group, and q||G|, where q is a prime number, then in section two we prove that G has a generalized subgroup of order q. Second isomorphism theorem for generalized groups is studied in section three.

2. Main Results

A generalized group G is called a normal generalized group if e: G → G is a homomorphism. In the next theorem we characterize normal generalized groups.

Theorem 2.1. Let M(D, I, Λ, P ) be a Ree’s matrix semigroup. Then e is a homomorphism if and only if P is a separable function i.e. there exists h: I → D and g : Λ → D such that P (λ, i) = g(λ)h(i) for all (λ, i) ∈ Λ × I.

Proof. The direct calculations imply that:

e(i_1, a_1, λ_1) = (i_1, h(i_1)^{−1}g(λ_1)^{−1}, λ_1), e(i_2, a_2, λ_2) = (i_2, h(i_2)^{−1}g(λ_2)^{−1}, λ_2).

Now, we show that e is a homomorphism.

e((i_1, a_1, λ_1))e((i_2, a_2, λ_2)) = (i_1, h(i_1)^{−1}g(λ_1)^{−1}, λ_1)(i_2, h(i_2)^{−1}g(λ_2)^{−1}, λ_2) = (i_1, h(i_1)^{−1}g(λ_2)^{−1}, λ_2) = e((i_1, a_1p(λ_1, i_2)a_2, λ_2)) = e((i_1, a_1, λ_1)(i_2, a_2, λ_2)).

Conversely if e is a homomorphism then

e((i_1, a_1, λ_1)(i_2, a_2, λ_2)) = e((i_1, a_1, λ_1))e((i_2, a_2, λ_2)). So e((i_1, a_1p(λ_1, i_2)a_2, λ_2)) = (i_1, p(λ_1, i_1)^{−1}, λ_1)(i_2, p(λ_2, i_2)^{−1}, λ_2).

Thus,

(i_1, p(λ_2, i_1)^{−1}, λ_2) = (i_1, p(λ_1, i_1)^{−1}p(λ_1, i_2)p(λ_2, i_2)^{−1}, λ_2). Then p(λ_2, i_1)^{−1} = p(λ_1, i_1)^{−1}p(λ_1, i_2)p(λ_2, i_2)^{−1}. So (∗) p(λ_1, i_1) = p(λ_1, i_2)p(λ_2, i_2)^{−1}p(λ_2, i_1). Let i_0 ∈ I and λ_0 ∈ Λ be fixed.

Then for (λ, i) ∈ Λ × I the equality (∗) implies P (λ, i) = p(λ, i_0)p(λ_0, i_0)^{−1}p(λ_0, i).

If we define g : Λ → D and h: I → D by g(λ) = p(λ, i_0) and h(i) = p(λ_0, i_0)^{−1}p(λ_0, i), then p(λ, i) = g(λ)h(i) so p is separable. □

If f : G_1 → G_2 is a homomorphism then in [6] the kernel of f is defined as the set {x ∈ G_1| ∃a ∈ G_1 such that f(x) = f(e(a))}. Lemma 2.2. If f : G_1 → G_2 is a homomorphism then

(i) ker f = {x ∈ G_1| f(x) = f(e(x))}; (ii) ker f = {x ∈ G_1| f(x^2) = f(x)}.

Proof. (i) If x ∈ ker f, then there is an a ∈ G_1 such that f(x) = f(e(a)). So e(f(x)) = e(f(e(a))). Hence, f(e(x)) = f(e(e(a))). So f(e(x)) = f(e(a)). Thus, f(e(x)) = f(x). So ker f ⊆ {x ∈ G_1| f(x) = f(e(x))}.

Moreover, the definition of kernel implies {x ∈ G_1| f(x) = f(e(x))} ⊆ ker f. Thus, ker f = {x ∈ G_1| f(x) = f(e(x))}.

(ii) By (i) ker f = {x ∈ G_1| f(x) = f(e(x))} = {x ∈ G_1| f(x) = e(f(x))}. The condition f(x) = e(f(x)) implies f(x)f(x) = f(x)e(f(x)) = f(x).

So f(x^2) = f(x). Moreover, if f(x^2) = f(x), then f(x)f(x) = f(x). Thus, e(f(x)) = f(x).

Hence ker f = {x ∈ G_1| f(x^2) = f(x)}. □ Remark 2.3. If M(D, I, Λ, P ) is a Ree’s matrix semigroup, then e(e(a)e(b)) = e(ab) for all a, b ∈ M(D, I, Λ, P ).

Since each generalized group is equivalent to a Ree’s matrix semigroup, then e(e(a)e(b)) = e(ab) for all a, b belong to a generalized group. Theorem 2.4. If f : G_1 → G_2 is a homomorphism then ker f is a generalized subgroup of G_1 if and only if Im(f) is a generalized subgroup of G_2, and e is a homomorphism on it.

Proof. Let ker f be a generalized subgroup of G_1. Then ker f = {x ∈ G_1| f(x) = f(e(x))}.

Since e(x) ∈ ker f for all x ∈ G_1, then e(x)e(y) ∈ ker f for all x, y ∈ G_1.

So f(e(x)e(y)) = f(e(e(x)e(y))) by Lemma 2.2. The Remark 2.3, implies f(e(x)e(y)) = f(e(xy)). So e(f(x))e(f(y)) = f(e(x))f(e(y)) = f(e(x)e(y)) = f(e(xy)) = e(f(xy)) = e(f(x)f(y)).

So e is a homomorphism on Im f. Moreover in [6] has been proved that: Im f is a generalized subgroup of G_2.

Conversely if Im (F ) is a normal generalized subgroup of G_2. If a, b ∈ ker f, then

f(e(ab^{−1})) = e(f(ab^{−1})) = e(f(a)f(b)^{−1}) = e(f(a))e(f(b)^{−1}) = f(e(a))f(e(b^{−1})) = f(a)f(b^{−1}) = f(ab^{−1}).

So Lemma 2.2 implies ab^{−1} ∈ ker f.

By Theorem 2.1 of [6] ker f is a generalized subgroup of G_1. □

We define the center of a generalized group G by Z(G) = {x ∈ G| xy = yx for all y ∈ G}.

Theorem 2.5. Z(G) ≠ ∅ if and only if G is a group.

Proof. If G is a group then its identity is element of Z(G). So Z(G) ≠ ∅.

Conversely, if Z(G) ≠ ∅, then there is x ∈ G such that xy = yx for all y ∈ G. Hence, xy = xye(y) and e(y)xy = e(y)yx = yx = xy. So e(xy) = e(y). Similarly e(xy) = e(x). So e(y) = e(x) for all y ∈ G. Thus, G is a group. □

Theorem 2.6. Let G be a generalized group with the Ree’s matrix representation M(D, I, Λ, P ) then |G_a| = |D| for all a ∈ G.

Proof. If a = (i_1, a_1, λ_1), then for d ∈ D.

e((i_1, d, λ_1)) = (i_1, p(λ_1, i_1)^{−1}, λ_1) = e(a). So {(i_1, d, λ_1)| d ∈ D} ⊆ G_a. If (i_2, d, λ_2) ∈ G_a, then e((i_2, d, λ_2)) = e(a).

So (i_2, p(λ_2, i_2)^{−1}, λ_2) = (i_1, p(λ_1, i_1)^{−1}, λ_1). Thus, i_2 = i_1, λ_2 = λ_1. Then G_a ⊆ {(i_1, d, λ_1)| d ∈ D}. Hence, G_a = {(i_1, d, λ_1)| d ∈ D}. So |G_a| = |D|. □

Theorem 2.7. Let G be a finite generalized group with non constant identity. Moreover, let the cardinality of G be a prime number. Then e(x) = x for all x ∈ G.

Proof. Let E be a subset of G such that E ∩ G_a be a singleton for all a ∈ G. Then G = ⋃ a∈E G_a. So |G| = |E||G_a| for a ∈ G. Since, |E| ≠ 1, then |G_a| = 1 for all a ∈ G. Thus e(a) = a for all a ∈ G. □

Corollary 2.8. If G is a finite generalized group and its cardinality is prime, then G is a normal generalized group.

Lemma 2.9. If G is a finite generalized group and e(x) = x for all x ∈ G, then for all prime number q which q||G|, G has a generalized subgroup of order q. Proof. We use of the Ree’s matrix representation for G, i.e. G = M(D, I, Λ, P ).

Since e(x) = x, then |D| = |G_x| = 1. So q||G| = |I| × |Λ|. Hence, we have the following two Cases:

1) If q||I|, then for a fixed λ_0 ∈ Λ we define G_1 by

{(i_r, e, λ_0)| i_r ∈ I, r ∈ {1, 2, . . . , q}}.

G_1 with the product of G is a generalized subgroup of G of order q. 2) If q||Λ|, then as the previous case we can fined a generalized subgroup of order q. □ Theorem 2.10. If G is a finite normal generalized group, and q||G|, where q is a prime number, then G has a generalized subgroup of order q.

Proof. G = ⋃ a∈A G_a where A = {e(x)| x ∈ G}. Then |G| = |A||G_a|, and q||A||G_a|.

Case 1. If q||G_a|, then G_a has a subgroup of order q.

Case 2. If q||A|, then the previous lemma implies A has a generalized subgroup of order q. □

3. Second Isomorphism Theorem

In the group theory if G is a group and H is a normal subgroup of it, then any subgroup of G/H has the form K/H where K is a subgroup of G and H ⊆ K. This fact is not true in generalized group, for example if G = {x_1, x_2, . . . , x_{10}}, then G with the operation x_ix_j = x_i is a normal generalized group, then N = {x_1, . . . , x_8} is a generalized normal subgroup of G. So G/N =

⋃_8 i=1 G_{xi} /N_{xi} = {{x_1}, {x_2}, . . . , {x_8}}, and its operation is {x_i}{x_j} = {x_i}. G/N is a normal generalized group. If K = {{x_1}, {x_2}, . . . , {x_5}}, then K is a generalized normal subgroup of G/N, but the next theorem implies there is no any generalized normal subgroup M of G such that K = M/N and N ⊆ M.

Theorem 3.1. If N is a generalized normal subgroup of G and M is a generalized subgroup of G such that N ⊆ M, then N is a generalized normal subgroup of M.

Proof. Since, N is a generalized normal subgroup of G, then there is a generalized group E and a homomorphism f : G → E such that N ∩ G_a = ∅ or N ∩ G_a = ker f_a for all a ∈ G. Let g be the restriction of f on M. Then g : M → E is a homomorphism and M_a = M ∩ G_a, and N ∩ M_a = ∅ or N ∩ M_a = ker g_a. So N is a generalized normal subgroup of M. □

Theorem 3.2. Let G be a normal general group and M and N be to generalized normal subgroup of G and N ⊆ M. Then M/N is a generalized normal subgroup of G/N.

Proof. The previous theorem implies that N is a generalized normal subgroup of M. There is a generalized group E and a homomorphism f : G → E such that M_a = ∅ or M_a = ker f_a for all a ∈ G.

We define f : G/N → E by f(xN_a) = f(x). f is a well defined mapping, because if xN_a = yN_b, then there is r ∈ N_b such that x = yr. Since N ⊆ M, then N_b ⊆ M_b, and

f(x) = f(yr) = f(y)f(r) = f(y)f(e(b)) = f(y)f(e(y)) = f(y). So f(xN_a) = f(yN_b). f is also a homomorphism. Because

f(xN_ayN_b) = f(xyN_{ab}) = f(xy) = f(x)f(y) = f(xN_a)f(yN_b). Moreover

ker f = {xN_a| f(xN_a) = f(e(xN_a))} = {xN_a| f(x) = f(e(x)N_a)} = {xN_a| f(x) = f(e(x))} = {xN_a| f(x) = f(e(a))} = {xN_a| x ∈ ker f_a = M_a} = ⋃ a∈G M_a/N_a = M/N.

So M/N is a generalized normal subgroup of G/N. □ Theorem 3.3. If G is a normal generalized group and M and N are generalized normal subgroups of G and N ⊆ M, then^{G/N}_{M/N} ∼= G/M. Proof. We have

(G/N)_{xNa} = {yN_b| e(yN_b) = e(xN_a)} = {yN_b| e(y)N_b = e(x)N_a} = {yN_b| N_b = N_a and e(y) = e(x) = e(a)} = {yN_b| e(b) = e(a) and e(y) = e(a)} = {yN_b| e(y) = e(b)} = {yN_b| y ∈ G_b} = G_b/N_b.

Since e(a) = e(b), then G_b/N_b = G_a/N_a. Similarly, (M/N)_{xNa} = M_a/N_a. Thus, G/N M/N = ⋃ xN_a∈G/N

(G/N)_{xNa} (M/N)_{xNa} = ⋃ a∈G G_a/N_a M_a/N_a ∼= ⋃ a∈G G_a/M_a = G/M. □

4. Conclusion

In this paper we deduce new results on generalized groups. The reader must pay attention to this point that if H and K are two generalized normal subgroups of a generalized group G, then it is not necessary that HK = KH.

In generalized groups we have no any theorem such as Lagrange theorem. For example if G = {x_1, x_2, x_3, x_4} with the operation x_ix_j = x_j for all i, j ∈ {1, 2, 3, 4}. Then {x_1, x_2, x_3} is a generalized subgroup of G and 3 ̸|4.

Acknowledgement

The first author express his thanks to Young Research Society, M. Firoozi and S. Pakzad for their supports.

References

[1] J. O. Adéníran, J. T. Akinmoyewa, A. R. T. S. òlárìn, and T. G. Jaiyéo.lá. On some algebraic properties of generalized groups. Acta Math. Acad. Paedagog. Nyházi. (N.S.), 27(1):23–30, 2011.

[2] J. Araújo and J. Konieczny. Molaei’s generalized groups are completely simple semigroups. Bul. Inst. Politeh. Iaşi. Secţ. I. Mat. Mec. Teor. Fiz., 48(52)(1-2):1–5 (2003), 2002.

[3] M. Bakhshi and R. A. Borzooei. Some properties of T -fuzzy generalized subgroups.

Iran. J. Fuzzy Syst., 6(4):73–87, 2009.

[4] H. Fazaeli and M. R. Molaei. Quasi-modules. Pure Math. Appl., 13(3):333–341, 2002. [5] J. M. Howie. Fundamentals of semigroup theory, volume 12 of London Mathematical Society Monographs. New Series. The Clarendon Press Oxford University Press, New York, 1995. Oxford Science Publications.

[6] M. Mehrabi, M. R. Molaei, and A. Oloomi. Generalized subgroups and homomorphisms.

Arab J. Math. Sci., 6(2):1–7, 2000.

[7] M. R. Molaei. Generalized groups. Bul. Inst. Politeh. Iaşi. Secţ. I. Mat. Mec. Teor.

Fiz., 45(49)(3-4):21–24 (2001), 1999.

[8] M. R. Molaei. Top spaces. J. Interdiscip. Math., 7(2):173–181, 2004. [9] M. R. Molaei. Complete semi-dynamical systems. J. Dyn. Syst. Geom. Theor., 3(2):95– 107, 2005.

[10] M. R. Molaei. Mathematical structures based on completely simple semigroups. Hadronic Press, Palm Harbor, FL, 2005.

[11] M. R. Molaei and M. R. Farhangdoost. Upper top spaces. Appl. Sci., 8(1):128–131, 2006.

[12] M. R. Molaei and M. R. Farhangdoost. Lie algebras of a class of top spaces. Balkan J.

Geom. Appl., 14(1):46–51, 2009.

[13] M. R. Molaei, G. S. Khadekar, and M. R. Farhangdost. On top spaces. Balkan J. Geom.

Appl., 11(2):101–106, 2006.

[14] D. Rees. On semi-groups. Proc. Cambridge Philos. Soc., 36:387–400, 1940.

Received November 27, 2011.

F. Fatehi, Member of Young Research Society, Shahid Bahonar University of Kerman, 76169-14111 Kerman, Iran

M. R. Molaei, Department of Mathematics, Shahid Bahonar University of Kerman, 76169-14111 Kerman, Iran E-mail address: mrmolaei@uk.ac.ir