Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 28 (2012), 189–196

www.emis.de/journals
ISSN 1786-0091

ON THE APPROXIMATE AND WEAK APPROXIMATE AMENABILITY OF THE SECOND DUAL OF BANACH ALGEBRAS

O. T. MEWOMO AND G. AKINBO

Abstract. Let A be a Banach algebra. We investigate the relations between the bounded approximate amenability of A^{′′} and Arens regularity of A and the role of topological centres in the approximate amenability of A^{′′}. We also find conditions under which approximate weak amenability of A^{′′} necessitates that of A. In particular, we show that if S is an infinite weakly cancellative semigroup, then the approximate weak amenability of l^1(S)^{′′} necessitates that of l^1(S).

1. Introduction

In [11], Ghahramani, Loy and Willis considered the possibility of the second dual of a Banach algebra being either amenable or weakly amenable.

In particular, they showed that for a Banach algebra A, the amenability of the second dual A^{′′} of A necessitates the amenability of A, and similarly for weak amenability provided A is a left ideal in A^{′′}.

In [10], Ghahramani and Loy introduced generalized notions of amenability, they gave examples to show that for most of these new notions, the corresponding class of Banach algebras is larger than that for the classical amenable Banach algebra introduced by Johnson in [13]. They also showed that for a Banach algebra A, the approximate amenability of the second dual A^{′′} necessitates the approximate amenability of A. In this paper, we shall continue in the spirit as in [11] and [10] by focusing on the following questions:

(1) Does the bounded approximate amenability of the second dual A^{′′} imply that A is Arens regular?

(2) Does the approximate weak amenability of the second dual A^{′′} imply the approximate weak amenability of A?

2010 Mathematics Subject Classification. Primary: 46H20. Secondary: 46H10, 46H25. Key words and phrases. Banach algebra, derivation, second dual, approximately amenable, approximately weakly amenable. 189

We show that under certain additional assumptions on A or A^{′′}, the answers to these questions are positive. We also explore the roles of topological centres in the approximate amenability of A^{′′}.

2. Preliminaries

First, we recall some standard notions; for further details, see [4] and [15]. Let A be an algebra. Let X be an A-bimodule. A derivation from A to X is a linear map D : A → X such that

D(ab) = Da · b + a · Db (a, b ∈ A).

For example, for x ∈ X, δ_x : a → a · x − x · a is a derivation; derivations of this form are the inner derivations.

The Banach algebra A is amenable if, for each Banach A-bimodule X, every continuous derivation D : A → X^′ is inner and weakly amenable if, every continuous derivation D : A → A^′ is inner.

Let A be a Banach algebra and let X be a Banach A-bimodule. A derivation D : A → X is approximately inner if there is a net (x_α) in X such that

D(a) = lim_α (a · x_α − x_α · a) (a ∈ A),

the limit being taken in (X, ‖.‖). That is, D(a) = lim_α δ_{xα} (a), where (δ_{xα} ) is a net of inner derivations. The Banach algebra A is approximately amenable if, for each Banach A-bimodule X, every continuous derivation D : A → X^′ is approximately inner and approximately weakly amenable if, every continuous derivation D : A → A^′ is approximately inner. A is said to be boundedly approximately amenable if the net (δ_{xα} ) can always be taken to be norm bounded in B(A, X^′). The basic properties of approximately amenable Banach algebras were established in [10], see also [3], [9] and [12].

Let A be a Banach algebra. Then the second dual A^{′′} of A is a Banach A-bimodule for the maps (a, Φ) → a · Φ and (a, Φ) → Φ · a from A × A^{′′} to A^{′′} that extend the product map A × A → A, (a, b) → ab on A. Arens in [1] defined two products, □ and ♦, on the second dual A^{′′} of a Banach algebra A; A^{′′} is a Banach algebra with respect to each of these products, and each algebra contains A as a closed subalgebra. The products are called the first and second Arens products on A^{′′}, respectively. For the general theory of Arens products, see [7, 8]. We recall briefly the definitions. For Φ ∈ A^{′′}, we set

⟨a, λ · Φ⟩ = ⟨Φ, a · λ⟩, ⟨a, Φ · λ⟩ = ⟨Φ, λ · a⟩ (a ∈ A, λ ∈ A^′),

so that λ · Φ, Φ · λ ∈ A^′. Let Φ, Ψ ∈ A^{′′}. Then

⟨Φ□Ψ, λ⟩ = ⟨Φ, Ψ · λ⟩, ⟨Φ♦Ψ, λ⟩ = ⟨Ψ, λ · Φ⟩ (λ ∈ A^′).

Suppose that Φ, Ψ ∈ A^{′′} and that Φ = lim_α a_α and Ψ = lim_β b_β for nets (a_α) and (b_β ) in A. Then

Φ□Ψ = lim_α lim_β a_αb_β and Φ♦Ψ = lim_β lim_α a_αb_β , where all limits are taken in the weak-∗ topology σ(A^{′′}, A^′) on A^{′′}.

3. Approximate amenability of some subalgebras of A^{′′} We recall the definition of the topological centres of the second dual of A.

For details, see [6] and [7]. Let A be a Banach algebra. The left and right topological centres, Z^{(l)}_t (A^{′′}) and Z^{(r)}_t (A^{′′}) of A^{′′} are Z^{(l)}_t (A^{′′}) = {Φ ∈ A^{′′} : Φ□Ψ = Φ♦Ψ for all Ψ ∈ A^{′′}},

Z^{(r)}_t (A^{′′}) = {Φ ∈ A^{′′} : Ψ□Φ = Ψ♦Φ for all Ψ ∈ A^{′′}}, respectively. Clearly Z^{(l)}_t (A^{′′}) and Z^{(r)}_t (A^{′′}) are closed subalgebras of A^{′′} endowed with the Arens products. The Banach algebra A is Arens regular if Z^{(l)}_t (A^{′′}) = Z^{(r)}_t (A^{′′}) = A^{′′}.

For a Banach algebra A, we denote by A^{op} the opposite Banach algebra to A, this Banach algebra has the product (a, b) → ba, A × A → A. Proposition 3.1. Let A be a Banach algebra. Then

(1) A is approximately amenable if and only if A^{op} is approximately amenable. (2) Suppose that A admits a continuous anti-isomorphism. Then (A^{′′}, □) is approximately amenable if and only if (A^{′′}, ♦) is approximately amenable.

Proof. (1) is trivial.

(2) Let τ be a continuous anti-isomorphism of A. Let Φ, Ψ ∈ (A^{′′}, □) and let (a_α) and (b_β) be nets in A such that Φ = lim_α a_α and Ψ = lim_β b_β . Let τ^{′′} : (A^{′′}, □) → (A^{′′}, ♦) be the second dual of τ. Then τ^{′′}(Φ□Ψ) = lim_α lim_β τ^{′′}(a_αb_β)

= lim_α lim_β τ^{′′}(b_β )τ^{′′}(a_α) = τ^{′′}(Ψ)♦τ^{′′}(Φ).

Thus, τ^{′′} is an isomorphism from (A^{′′}, □) onto (A^{′′}, ♦)^{op} and so, by (1), (A^{′′}, □) is approximately amenable if and only if (A^{′′}, ♦) is approximately amenable. □ The following is a well-known characterization of approximate amenability of A.

Theorem 3.2 (see [10]). Let A be a Banach algebra.

(1) A is approximately amenable if and only if either of the following equivalent conditions hold:

(a) there is a net (M_v) ⊂ (A^♯ ^⊗A^♯)^{′′} such that for each a ∈ A^♯, a · M_v − M_v · a → 0 and π^{′′}(M_v) → e;

(b) there is a net (M^′_v) ⊂ (A^♯ ^⊗A^♯)^{′′} such that for each a ∈ A^♯, a · M^′_v − M^′_v · a → 0 and π^{′′}(M^′_v) = e.

(2) Suppose that (A^{′′}, □) is approximately amenable. Then A is approximately amenable.

In the next proposition, we strengthen the result in Theorem 3.2 (b). We assume that A^{′′} has the first Arens product and we denote by Â the image of A in A^{′′} under the canonical mapping.

Proposition 3.3. Let B be a closed subalgebra of A^{′′} such that Â ⊂ B. If B is approximately amenable, then A is approximately amenable.

Proof. Let C = A^♯, where A^♯ is the unitization of A. By [11], there is a continuous linear map Θ : C^{′′} ^⊗C^{′′} → (C ^⊗C)^{′′} such that for a, b, c ∈ C and m ∈ C^{′′} ^⊗C^{′′},

Θ(â ⊗ b̂) = (a ⊗ b)^; Θ(m) · c = Θ(m · c);

c · Θ(m) = Θ(c · m); π^{′′}_C (Θ(m)) = π_C′′ (m), where π_C : C ^⊗C → C, is defined by π_C (c_1 ⊗ c_2) = c_1c_2 (c_1, c_2 ∈ C).

From the definition of projective tensor norm, we see that when both B^♯ ^⊗B^♯ and C^{′′} ^⊗C^{′′} are equipped with the projective tensor norm, then the map τ : B^♯ ^⊗B^♯ → C^{′′} ^⊗C^{′′} defined by

τ(b_1 ⊗ b_2) = b_1 ⊗ b_2 (b_1, b_2 ∈ B^♯)

is norm decreasing.

Since B is approximately amenable, by using Theorem 3.2(a)(i), there is a net (N_v) ⊂ (B^♯ ^⊗B^♯)^{′′} such that for all b ∈ B^♯,

b · N_v − N_v · b → 0, b · π^{′′}_B♯ (N_v) → b.

We set Γ = Θ ∘ τ : B^♯ ^⊗B^♯ → (C ^⊗C)^{′′}. Then for all c ∈ C, we have

Γ(N_v) · c − c · Γ(N_v) → 0 and π^{′′}_C (Γ(N_v)) · c → c.

Thus, A is approximately amenable using Theorem 3.2(a)(i). □

We recall that A^′ is said to factor on the left if A^′A = A^′, [14]. When A has a bounded approximate identity and A^{′′} has an identity, then A^′ factors on the left. With this, we have the next result.

Theorem 3.4. Let A be a commutative Banach algebra. Suppose that (A^{′′}, □) is boundedly approximately amenable and Â□A^{′′} ⊂ Z^{(l)}_t (A^{′′}). Then A is Arens regular.

Proof. Since A is commutative and (A^{′′}, □) is boundedly approximately amenable, then A has a bounded approximate identity and (A^{′′}, □) has an identity [2, Proposition 6.1], and so A^′ factors on the left. Let f ∈ A^′, then f = g · a, for some g ∈ A^′ and a ∈ A. Let Φ, Ψ ∈ A^{′′}, and f ∈ A^′. Then, since â□Φ ∈ Z^{(l)}_t (A^{′′}) and â□Φ = â♦Φ, we have

⟨Φ□Ψ, f⟩ = ⟨Φ□Ψ, g · a⟩ = ⟨â□(Φ□Ψ), g⟩ = ⟨(â□Φ)□Ψ, g⟩ = ⟨(â□Φ)♦Ψ, g⟩ = ⟨(â♦Φ)♦Ψ, g⟩ = ⟨â♦(Φ♦Ψ), g⟩ = ⟨Φ♦Ψ, g · a⟩ = ⟨Φ♦Ψ, f⟩ and so, Φ□Ψ = Φ♦Ψ. Thus, A is Arens regular. □

4. Approximate weak amenability of A^{′′} Let A^2 = span {ab : a, b ∈ A}, we recall that A is essential if A^2 = A (that is, A^2 is dense in A). It is known that if a Banach algebra A is weakly amenable, then A is essential. The same result is true if A is approximately weakly amenable by using the arguments of [5], Proposition 1.3(i) with proper modifications. Thus, we have the following:

Proposition 4.1. Let A be a Banach algebra. Suppose A is approximately weakly amenable. Then A is essential.

Proposition 4.2. Suppose that A^{′′} is approximately weakly amenable. Then A is essential.

Proof. Since A^{′′} is approximately weakly amenable, then A^{′′} is essential by Proposition 4.1, that is, A^{′′} is dense in (A^{′′})^2. Let a ∈ A, then there exists a sequence (x_n) in (A^{′′})^2 such that

x_n =

k(n)�

k=1 Φ_{n,k}□Ψ_{n,k} and norm- lim_n x_n = â (â, Φ_{n,k}, Ψ_{n,k} ∈ A^{′′}).

Also, for each n and k, there exist nets {a_{n,k,i} : i ∈ I} and {b_{n,k,j} : j ∈ J} such that lim_i ^ a_{n,k,i} = Φ_{n,k} and lim_j ^b_{n,k,j} = Ψ_{n,k}

where all limits are taken in the weak-∗ topology σ(A^{′′}, A^′) on A^{′′}. Hence Φ_{n,k}□Ψ_{n,k} = lim_i lim_j ^ a_{n,k,i}□^b_{n,k,j}

(where all limits are taking in the weak-∗ topology σ(A^{′′}, A^′) on A^{′′},) and so

â = norm − lim_n � lim_i lim_j ^ a_{n,k,i}□^b_{n,k,j} � . Thus, â belongs to the closure in the weak-∗ topology σ(A^{′′}, A^′) in A^{′′} of the set Â□Â, which means that a is in the weak closure of span(AA). Since span (AA) is convex, it follows that a belongs to the norm-closure of span (AA). Thus, A^2 is dense in A, that is, A is essential. □

We recall that a dual Banach algebra is a Banach algebra A such that A = X^′, as a Banach space, for some Banach space X, and such that the multiplication on A is separately weak^∗-continuous. For a dual Banach algebra A = X^′, φ(X) is a submodule of A^′ = X^{′′}, where φ: X → X^{′′} is the canonical map given by ⟨φ(x), f⟩ = ⟨f, x⟩ (x ∈ X, f ∈ X^′).

Thus, A is a dual Banach algebra if there is a closed submodule X of A^′ such that X^′ = A. We call X the predual of A.

Theorem 4.3. Let A be a dual Banach algebra. Suppose A^{′′} is approximately weakly amenable, then A is approximately weakly amenable. Proof. Let A = X^′, for some Banach space X such that φ(X) = X̂ is a submodule of the dual module A^′ = X^{′′}, where φ is the canonical map defined above. Let i: X → A^′ be the canonical map and let i^′ be the dual map of i. Let a ∈ A, then for x ∈ X, we have

⟨i^′(â), x⟩ = ⟨â, i(x)⟩ = ⟨a, x⟩. Hence i^′(â) = a.

Let Φ, Ψ ∈ A^{′′}, such that Φ = lim_α ^a_α, Ψ = lim_β ^b_β for nets (a_α), (b_β) in A, where the limits are taken in the weak-∗ topology σ(A^{′′}, A^′) on A^{′′}. Then we have

i^′(Φ□Ψ) = i^′(lim_α lim_β ^a_α ^b_β ) = lim_α lim_β i^′((a_αb_β )) = lim_α lim_β (a_αb_β )

= lim_α a_α lim_β b_β = lim_α (i^′(a_α) lim_β i^′(b_β)) = i^′(Φ)i^′(Ψ)

where the limits are taken in the weak-∗ topology σ(A^{′′}, A^′) on A^{′′}. Thus, i^′ : A^{′′} → A is an algebra homomorphism from A^{′′} onto A. Let D : A → A^′ be a derivation. Set D : i^{′′} ∘ D ∘ i^′ : A^{′′} → A^{′′′}. Let Φ, Φ_1, Φ_2 ∈ A^{′′}, then ⟨D(Φ_1□Φ_2), Φ⟩ = ⟨(i^{′′} ∘ D ∘ i^′)(Φ_1□Φ_2), Φ⟩ = ⟨D(i^′(Φ_1)i^′(Φ_2), i^′(Φ)⟩ = ⟨D(i^′(Φ_1)i^′(Φ_2) + i^′(Φ_1)D(i^′(Φ_2)), i^′(Φ)⟩ = ⟨D(i^′(Φ_1)), i^′(Φ_2)i^′(Φ)⟩ + ⟨D(i^′(Φ_2)), i^′(Φ)i^′(Φ_1)⟩ = ⟨D(i^′(Φ_1)), i^′(Φ_2□Φ)⟩ + ⟨D(i^′(Φ_2)), i^′(Φ□Φ_1)⟩ = ⟨i^{′′}(D(i^′(Φ_1))), Φ_2□Φ⟩ + ⟨i^{′′}(D(i^′(Φ_2))), Φ□Φ_1⟩ = ⟨(i^{′′} ∘ D ∘ i^′)(Φ_1) · Φ_2 + Φ_1 · (i^{′′} ∘ D ∘ i^′)(Φ_2), Φ⟩ = ⟨D(Φ_1) · Φ_2 + Φ_1 · D(Φ_2), Φ⟩.

Thus, D is a derivation. Since A^{′′} is approximately weakly amenable, there exists a net (λ_v) in A^{′′′} such that D(Φ) = lim_v (Φ · λ_v − λ_v · Φ) (Φ ∈ A^{′′}).

Also, since A^{′′} is an A-bimodule and the canonical map j : A → A^{′′} is an Abimodule morphism, then j^′ : A^{′′′} → A^′ is also an A-bimodule morphism. Let γ_v = j^′(λ_v). Then for a, b ∈ A, we have

⟨D(a), b⟩ = ⟨D(i^′(â)), i^′(b̂)⟩

= ⟨i^{′′}D(i^′(â)), b̂⟩

= ⟨D(â), j(b)⟩ = ⟨lim_v (â · λ_v − λ_v · â), j(b)⟩

= ⟨lim_v (j^′(â · λ_v − λ_v · â)), b⟩

= ⟨lim_v (a · j^′(λ_v) − j^′(λ_v) · a), b⟩

= ⟨lim_v (a · γ_v − γ_v · a), b⟩

(since we have shown earlier that i^′(â) = a, (a ∈ A)). Thus, D(a) = lim_v(a · γ_v − γ_v · a) (a ∈ A), and so A is approximately weakly amenable. □

Let S be a semigroup. For s ∈ S, we define L_s(t) = st, R_s(t) = ts (t ∈ S). Let F be a non-empty subset of S. Then s^{−1}F = L^{−1}_s (F ) = {t ∈ S : st ∈ F } and F s^{−1} = R^{−1}_s (F ) = {t ∈ S : ts ∈ F }. We recall that S is weakly left (respectively, right) cancellative if s^{−1}F (respectively, F s^{−1}) is finite for each s ∈ S and each finite subset F of S, and S is weakly cancellative if it is both weakly left cancellative and weakly right cancellative. With this definition, we have the following result:

Theorem 4.4. Let S be an infinite weakly cancellative semigroup. Then l^1(S) is approximately weakly amenable if l^1(S)^{′′} is approximate weakly amenable.

Proof. Since S is weakly cancellative, then l^1(S) is a dual Banach algebra [7, Theorem 4.6], and so, the result follows from Proposition 4.3. □

References

[1] R. Arens. The adjoint of a bilinear operation. Proc. Amer. Math. Soc., 2:839–848, 1951. [2] Y. Choi and F. Ghahramani. Approximate amenability of Schatten classes, Lipschitz algebras and second duals of Fourier algebras. Q. J. Math., 62(1):39–58, 2011.

[3] Y. Choi, F. Ghahramani, and Y. Zhang. Approximate and pseudo-amenability of various classes of Banach algebras. J. Funct. Anal., 256(10):3158–3191, 2009.

[4] H. G. Dales. Banach algebras and automatic continuity, volume 24 of London Mathematical Society Monographs. New Series. The Clarendon Press Oxford University Press, New York, 2000. Oxford Science Publications.

[5] H. G. Dales, F. Ghahramani, and N. Grønbæk. Derivations into iterated duals of Banach algebras. Studia Math., 128(1):19–54, 1998.

[6] H. G. Dales and A. T.-M. Lau. The second duals of Beurling algebras. Mem. Amer.

Math. Soc., 177(836):vi+191, 2005.

[7] H. G. Dales, A. T.-M. Lau, and D. Strauss. Banach algebras on semigroups and on their compactifications. Mem. Amer. Math. Soc., 205(966):vi+165, 2010.

[8] J. Duncan and S. A. R. Hosseiniun. The second dual of a Banach algebra. Proc. Roy.

Soc. Edinburgh Sect. A, 84(3-4):309–325, 1979.

[9] F. Ghahramani and A. T.-M. Lau. Approximate weak amenability, derivations and Arens regularity of Segal algebras. Studia Math., 169(2):189–205, 2005.

[10] F. Ghahramani and R. J. Loy. Generalized notions of amenability. J. Funct. Anal., 208(1):229–260, 2004.

[11] F. Ghahramani, R. J. Loy, and G. A. Willis. Amenability and weak amenability of second conjugate Banach algebras. Proc. Amer. Math. Soc., 124(5):1489–1497, 1996.

[12] F. Ghahramani, R. J. Loy, and Y. Zhang. Generalized notions of amenability. II. J.

Funct. Anal., 254(7):1776–1810, 2008.

[13] B. E. Johnson. Cohomology in Banach algebras. American Mathematical Society, Providence, R.I., 1972. Memoirs of the American Mathematical Society, No. 127.

[14] A. T. M. Lau and A. Ülger. Topological centers of certain dual algebras. Trans. Amer.

Math. Soc., 348(3):1191–1212, 1996.

[15] V. Runde. Lectures on amenability, volume 1774 of Lecture Notes in Mathematics.

Springer-Verlag, Berlin, 2002.

Received October 11, 2011.

O. T. Mewomo, Department of Mathematics, University of Agriculture, Abeokuta, Nigeria E-mail address: tosinmewomo@yahoo.com, mewomoot@unaab.edu.ng

G. Akinbo, Department of Mathematics, Obafemi Awolowo University, Ile - Ife, Nigeria E-mail address: agnebg@yahoo.co.uk