Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 29 (2013), 43–49

www.emis.de/journals
ISSN 1786-0091

CHAOTIC BEHAVIOR BASED ON DISCONTINUOUS MAPS

MOLAEI, M. R. AND KARAMI, M.

Abstract. In this paper a class of chaotic vector fields in R^3 is considered. We prove its chaotic behavior by using of the topological entropy of a class of interval maps with finite number of discontinuities. Semi-Lorenz maps from the viewpoint of topological entropy are studied and it is proved that they have positive topological entropies. A kind of bifurcation by presenting a class of one parameter families of interval maps is studied.

1. Introduction

One of the numerical objects which can determine the complexity of a system is “topological entropy”. It is also an essential numerical invariant in application [7, 10]. The positive topological entropy of a continuous map implies to its chaotic behavior. This numerical invariant has been considered for continuous maps by Bowen and Dinaburg [1, 4, 11]. The notion of topological entropy for discontinuous maps has been studied by Ciklova [3]. One must pay attention to this point that vector fields with discontinuous components appear in nature and engineering [6]. Lorenz maps are examples of discontinuous maps which create chaotic vector fields in the nature. In fact Lorenz system [6] is one of the most important systems in R^3, and its chaotic behavior can deduce from one dimensional Lorenz maps. Chua system [2] is the other system in R^3 which is considered recently in many articles [8].

In the next section we define semi-Lorenz maps and we prove that the semi- Lorenz maps have positive topological entropy in the sense of Ciklova definition. We also present a new kind of bifurcation by using of topological entropy of a class of discontinuous maps.

By using of a class of maps with infinite topological entropies we construct a class of chaotic vector fields in R^3.

2010 Mathematics Subject Classification. 37B40, 37D45.

Key words and phrases. Topological entropy; Interval maps; Semi-Lorenz map; Chaotic vector fields. 43

44 MOLAEI, M. R. AND KARAMI, M.

2. Examples of discontinuous maps with positive topological entropies In this section we assume that T : [a, b] → [a, b] (a < b), is an interval map which may be discontinuous. As usual for a natural number n we define d_n(x, y) = max{d(T^i(x), T^i(y)) : x, y ∈ [a, b] and i ∈ {0, 1, 2, . . . , n}}, where T^i is the composition of T , n times, with itself. If F ⊆ [a, b], and ε > 0, then F is called an (n, ε) spanning set for [a, b] with respect to T if for given x ∈ [a, b] there is y ∈ F such that d_n(x, y) ≤ ε.

A subset E of [a, b] is called an (n, ε) separated if d_n(x, y) > ε when x and y are different points in E. r_n(ε, T ) denotes the number of elements of an (n, ε) spanning set with the smallest cardinality, and s_n(ε, T ) denotes the number of elements of an (n, ε) separated set with the largest cardinality.

If r(ε, T ) = lim sup^{log rn(ε,T )}_n then lim_{ε→0} r(ε, T ) is called the topological entropy of T and denoted by h(T ). If h(T ) > 0, then T has positive topological entropy.

If s(ε, T ) = lim sup^{log sn(ε,T )}_n then h(T ) = lim_{ε→0} s(ε, T ).

Example 2.1. Let T : [0, 1] → [0, 1] be defined by

T (x) = { 2x if 0 ≤ x <^1_2 2x − 1 if^1_2 ≤ x ≤ 1 Then for k > 1

T^k(x) = { 1 if x = 1 2^kx − [2^kx] if x ≠ 1 where [k] = max{n ∈ Z : n ≤ k}.

Let a be an irrational number in [0,^1_2 ], 0 < ε <^1_4 , n ∈ N, and let x_i =^{a+i−1}_{2n} for 1 ≤ i ≤ 2^n. If E = {x_i : 1 ≤ i ≤ 2^n} then E is an (n, ε) separated set. So s_n(ε, T ) ≥ 2^n. Thus^{log sn(ε,T )}_n ≥ log 2. Hence h(T ) ≥ log 2. If F = { ε 2^n , 2ε 2^n

, . . . ,

[^1_ε ]ε 2^n , ε + 1 2^n , 2ε + 1 2^n

, . . . ,

[^1_ε ]ε + 1 2^n

, . . . ,

2^n 2^n }

then F is an (n, ε) spanning set. Since the cardinality of F is less than or equal to (1 + [^1_ε ])2^n then h(T ) ≤ log 2. Thus h(T ) = log 2.

In the rest of this section we restrict ourself to a one parameter family of semi-Lorenz maps. For a parameter μ, a semi-Lorenz map is a map T_μ : [−1, 1] → [−1, 1] with the following properties (see figure 1):

(i) T_μ : [−1, 0] → [−1 + μ, 1] is an onto, two times differentiable map with T^′_μ > 1 and T^{′′}_μ > 1, where T^′_μ is derivative of T_μ;

CHAOTIC BEHAVIOR BASED ON DISCONTINUOUS MAPS 45

Figure 1. Semi-Lorenz map (the vertical axes is the dependent axes)

(ii) T_μ(x) = −T_μ(−x) for all x ∈ (0, 1].

In the above definition μ > 0. Because, if μ < 0, then −1 + μ < −1. So T_μ : [−1, 0] → [−1 + μ, 1] is not available.

A semi-Lorenz map is called a Lorenz map [5] if: lim_{x→0}− T^′_μ(x) = +∞. Lorenz map has been deduced from Lorenz system [5, 6, 12], and it determines the complexity of Lorenz system. In fact a Lorenz map has positive topological entropy, and this is the reason of the complexity of Lorenz system for special values of parameters.

Theorem 2.1 (Positive topological entropy for semi-Lorenz maps). If

T_μ : [−1, 1] → [−1, 1]

is a semi-Lorenz map, then T has positive topological entropy.

Proof. Let a ∈ [−1, 0] and b ∈ [0, 1] be two points such that T_μ(a) =^1_2 and T_μ(b) = 0. If 0 < ε < min{|a|, b,^1_2 }, α = lim_{x→−1}+ T^′_μ(x) and x, y ∈ [−1, 1] then d_1(x, y) > ε or |T_μ(x) − T_μ(y)| ≥ α|x − y|. For n ∈ N and 1 ≤ i ≤ [^{2αn}_ε ] let x_i =^{iε}_{αn} − 1. Then d_n(x_i, x_j) ≥ ε when i ≠ j, 1 ≤ i ≤ [^{2αn}_ε ], and 1 ≤ j ≤ [^{2αn}_ε ]. So s_n(ε, T_μ) = [^{2αn}_ε ]. Hence s(ε, T_μ) = lim sup^{log sn(ε,Tμ}_n ≥ log α. Thus h(T_μ) = lim_{ε→0} s(ε, T_μ) ≥ log α > 0. □

3. A kind of bifurcation

In this section we present an example of a one parameter family of discontinuous maps with a bifurcation point in the sense of topological entropy. For 0 < μ < 1 we define T_μ : [0, 1] → [0, 1] by:

T_μ(x) = { 2(1 − μ)x + μ if 0 ≤ x ≤^1_2 2(1 − μ)x + μ − 1 if^1_2 < x ≤ 1 .

We show that μ =^1_2 is a bifurcation point for the one parameter family {T_μ : 0 < μ < 1}. We consider the following two cases.

46 MOLAEI, M. R. AND KARAMI, M.

Case 1. 0 < μ <^1_2 . If α = 2(1 − μ), x, y ∈ [0, 1], and x < y, then we have the following choices:

(i) If x, y ∈ [0,^1_2 ] then |T_μ(x) − T_μ(y)| = α(y − x); (ii)If x ∈ [0,^1_2 ], and y ∈ (^1_2 , 1], then |T_μ(x) − T_μ(y)| = |α(x − y) + 1| ≥ 1 − α(y − x).

(iii) If x, y ∈ (^1_2 , 1] then |T_μ(x) − T_μ(y)| = α(y − x).

So if n ∈ N, 0 < ε <^1_4 , 1 ≤ i ≤ [^{αn}_ε ] and x_i =^{iε}_{αn} , then d_n(x_i, x_j) ≥ ε, when 1 ≤ j ≤ [^{αn}_ε ] and i ≠ j. Hence s_n(ε, T_μ) ≥ [^{αn}_ε ]. Thus s(ε, T_μ) ≥ lim_{n→∞}^1_n log[^{αn}_ε ] = log α. So h(T_μ) ≥ log α > 0.

Case 2.^1_2 ≤ μ < 1. If α = 2(1 − μ), then (i) x, y ∈ [0,^1_2 ] implies |T^n_μ (y) − T^n_μ (x)| = α^n(y − x) ≤ (y − x); (ii) x, y ∈ (^1_2 , 1] implies |T^n_μ (y) − T^n_μ (x)| ≤ α^n(y − x) ≤ (y − x). Let ε > 0 be given. Let 1 ≤ i ≤ [^2_ε ], x_i =^{iε}_2 and x_[ 2_{ε ]+1} = 1. Then (i) and (ii) imply that: for all x ∈ [0, 1] there is j such that d_n(x, x_j ) < ε. Thus r_n(ε, T_μ) ≤ [^2_ε ] + 1 for all n ∈ N. So h(T_μ) = 0.

The above two cases imply that μ =^1_2 is a bifurcation point for the one parameter family {T_μ}.

4. Constructing vector fields with chaotic behavior In this section by using of topological entropy of discontinuous interval maps we present a method for constructing chaotic vector fields in R^3. Let X be a C^2 vector field in R^3 invariant under involution (x_1, x_2, x_3) → (−x_1, −x_2, x_3) with the hyperbolic fixed points (−4, 0, 0), (0, 0, 0), and (4, 0, 0) with real eigenvalues (−λ_1, λ_1, λ_1), (λ_1, −λ_1, λ_3), and (−λ_1, λ_1, λ_1) respectively with the following two conditions.

(i) 0 < −λ_3 < λ_1, and (ii) (−1)^{−λ3λ}1 is a real number. Moreover let X be linear in the cubes U = { (x_1, x_2, x_3) : |x_i| < 3 2 for i = 1, 2, 3 }

and V = { (x_1, x_2, x_3) : |x_1 − 4| < 3 2 , |x_2| < 3 2 , |x_3| < 3 2 } . Theorem 4.1. If

D = Ū ∩ {( x_1, x_2, 3 2 ) : x_1, x_2 ∈ R } , then the transition map

CHAOTIC BEHAVIOR BASED ON DISCONTINUOUS MAPS 47

T_1 : D^+ = {( x_1, x_2, 3 2 ) ∈ D : x_1 > 0 } → E = Ū ∩ { ( 3 2 , x_2, x_3 ) : x_2, x_3 ∈ R} is T_1 ( x_1, x_2, 3 2 ) = ( 3 2 , 2x_1x_2 3 , ( 3 2 )_{1−s} x^s_1 ) , and the transition map

T_3 : F = V̄ ∩ {( x_1, x_2, 3 2 ) : x_2, x_3 ∈ R } → G = V̄ ∩ { (x_1, x_2, x_3) : |x_2| = 3 2 }

is T_3 ( x_1, x_2, 3 2 ) = { (4 + (x_1 − 4)^{2x2}_3 ,^3_2 ,^9_{4x2} ) if x_2 > 0 (4 − (x_1 − 4)^{2x2}_3 , −^3_2 , −^9_{4x2} ) if x_2 < 0 , where s =^{−λ3}_{λ1} .

Proof. In Ū the system ẋ_1 = λ_1x_1 ẋ_2 = −λ_1x_2 ẋ_3 = λ_3x_3 , has the integral curves (x_1(0)e^{λ1t}, x_2(0)e^{−λ1t}, x_3(0)e^{λ3t}).

So the direct calculation implies the point (x_1, x_2, x_3) will go to the point (^3_2 ,^{2x1x2}_3 , (^3_2 )^{1−s}x^s_1) in the set Ū ∩ {(^3_2 , x_2, x_3) : x_2, x_3 ∈ R} by its integral curve.

In V̄ the system ẋ_1 = −λ_1(x_1 − 4) ẋ_2 = λ_1x_2 ẋ_3 = λ_1x_3 , has the integral curves (4 + (x_1(0) − 4)e^{−λ1t}, x_2(0)e^{λ1t}, x_3(0)e^{λ1t}).

If we put x_3(0) =^3_2 and x_2(0)e^{λ1t} =^3_2 , then t = ( λ^{−1}_1 ) log (_3

2x_2(0) ) . So in this case x_2(0) > 0 and by substituting t in the integral curve we deduce

T_3 ( x_1, x_2, 3 2 ) = ( 4 + (x_1 − 4)

2x_2 3 , 3 2 , 9 4x_2 ) .

48 MOLAEI, M. R. AND KARAMI, M.

If we put x_3(0) =^3_2 and x_2(0)e^{λ1t} = −^3_2 , then t = ( λ^{−1}_1 ) log(^{−3}_{2x2(0)} ) . So in this case x_2(0) < 0 and by substituting t in the integral curve we deduce

T_3 ( x_1, x_2, 3 2 ) = ( 4 − (x_1 − 4)

2x_2 3 , − 3 2 , − 9 4x_2 ) . □ We can take the vector field X in such manner which its transition map

T_2 : E^+ = {( 3 2 , x_2, x_3 ) ∈ E : x_3 > 0 } → F be the mapping

T_2 ( 3 2 , x_2, x_3 ) = ( x_3 + 4, −x_2 + 4, 3 2 ) . Then the transition map T_4 = T_3oT_2oT_1 is

T_4 ( x_1, x_2, 3 2 )

= ( 4 + (_3 2 )_{1−s} x^s_1 ( −^4_9 x_1x_2 +^8_3 ) ,^3_2 ,^{27}

−8x_1x_2+48 ) if x_1x_2 < 6 ( 4 + (_3 2 )_{1−s} x^s_1 ( −^4_9 x_1x_2 +^8_3 ) ,^{−3}_2 ,^{−27}

−8x_1x_2+48 ) if x_1x_2 > 6.

Now we can define the Poincare map of the vector field [9].

Now let the Poincare map P on D^+ be the combination of T_4 with a diffeomorphism from G to D^+ which carries the segment x_1 = c_1 in G to the segment x_1 = c_2 in D^+.

Since the vector field X is symmetric then we can find the Poincare map on D. When x_2 is constant then the third component of the Poincare map as a function of x_1 is a discontinuous map with infinite entropy, because it is a kind of maps which we consider them in the next example. So the vector field is a chaotic vector field.

Example 4.1. Let T : R → R be defined by:

T (x) = a bx+d if bx + d > 0 −a bx+d if bx + d < 0

c if bx + d = 0

a, b, c, and d are constants, so that a is nonzero and the case b = d = 0 will not happen.

If K = [− d b , − d b + 1 b ] and x_i = − d b + 1 bi for i ∈ N, then T^1(x_i) = ai. So d_1(x_i, x_j ) ≥ |a|. Therefore r_n(ϵ, K, T ) is infinite. Hence h(T ) = ∞.

CHAOTIC BEHAVIOR BASED ON DISCONTINUOUS MAPS 49

5. Conlusion

In this paper we introduce semi-Lorenz maps and prove that they are chaotic maps. We present examples of discontinuous maps with positive topological entropies and we find a bifurcation point in the sense of chaotic behavior. We also construct a class of geometric chaotic vector fields in R^3 based on discontinuous maps with infinite entropies.

References

[1] R. Bowen. Entropy for group endomorphisms and homogeneous spaces. Trans. Amer.

Math. Soc., 153:401–414, 1971.

[2] L. O. Chua. Chuas circuit: An overview ten years later. Journal of Circuits, Systems, and Computers, 4(02):117–159, 1994.

[3] M. Čiklová. Dynamical systems generated by functions with connected G_δ graphs. Real Anal. Exchange, 30(2):617–637, 2004/05.

[4] E. I. Dinaburg. A correlation between topological entropy and metric entropy. Dokl.

Akad. Nauk SSSR, 190:19–22, 1970.

[5] J. Guckenheimer and P. Holmes. Nonlinear oscillations, dynamical systems, and bifurcations of vector fields, volume 42 of Applied Mathematical Sciences. Springer-Verlag, New York, 1990. Revised and corrected reprint of the 1983 original.

[6] E. N. Lorenz. Deterministic nonperiodic flow. J. Atmos Sci., 20:130–141, 1963. [7] M. Malziri and M. R. Molaei. An extension of the notion of topological entropy. Chaos Solitons Fractals, 36(2):370–373, 2008.

[8] M. R. Molaei and O. Umut. Generalized synchronization of relative semidynamical systems. Hadronic Journal, 32(6):565–572, 2009.

[9] J. Palis, Jr. and W. de Melo. Geometric theory of dynamical systems. Springer-Verlag, New York, 1982. An introduction, Translated from the Portuguese by A. K. Manning.

[10] M. Patrão. Entropy and its variational principle for non-compact metric spaces. Ergodic Theory Dynam. Systems, 30(5):1529–1542, 2010.

[11] P. Walters. An introduction to ergodic theory, volume 79 of Graduate Texts in Mathematics. Springer-Verlag, New York, 1982.

[12] T. Yajima and H. Nagahama. Nonlinear dynamical systems and KCC-theory. Acta Math. Acad. Paedagog. Nyházi. (N.S.), 24(1):179–189, 2008.

Received August 5, 2012.

Department of Mathematics, Shahid Bahonar university of Kerman, 76169-14111, Kerman, Iran E-mail address: mrmolaei@uk.ac.ir