Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 28 (2012), 83–88

www.emis.de/journals
ISSN 1786-0091

SECOND ORDER PARALLEL TENSORS ON PARA r-SASAKIAN MANIFOLDS WITH A COEFFICIENT α

LOVEJOY S. DAS

Abstract. Levy [11] had proved that a second order symmetric parallel non singular tensor on a space of constant curvature is a constant multiple of the metric tensor. Sharma [6] has proved that second order parallel tensor in a Kaehler Space of constant holomorphic sectional curvature is a linear combination with constant coefficients of the Kaehlerian metric and the fundamental 2-form. In this paper, we show that a second order symmetric parallel tensor on a para r-Sasakian manifold with a coefficient α is a constant multiple of the associated metric tensor and we have also proved that there is no non zero skew symmetric second order parallel tensor on a para r-Sasakian manifold.

1. Introduction

In 1923, Eisenhart [10] showed that a Riemannian manifold admitting a second order symmetric parallel tensor other than a constant multiple of metric tensor is reducible. In 1926 Levy [11] obtained the necessary and sufficient conditions for the existence of such tensors. Sharma [13] has generalized Levy’s result by showing that a second order parallel (not necessarily symmetric and non-singular) tensor on an n-dimensional (n > 2) space of constant curvature is a constant multiple of the metric tensor. Sharma has also proved in [13] that on a Sasakian manifold, there is no non zero parallel 2-form. In this paper we have defined para r-Sasakian manifolds with a coefficient α (non zero scalar function) and have proved the following two theorems:

Theorem 1.1. On a para r-Sasakian manifold with a coefficient α, a second order symmetric parallel tensor is a constant multiple of the associated positive definite Riemanian metric tensor.

Theorem 1.2. On a para r-Sasakisan manifold with a coefficient α, there is no non zero parallel 2-forms.

2010 Mathematics Subject Classification. 53C15, 53C25. Key words and phrases. Sasakian manifold, second order parallel tensors. 83

2. Preliminaries Let a C^∞ differentiable manifold M be equipped with the ring of real valued differentiable functions F(M) and the module of derivations F(M) and a (1, 1) tensor field Φ as a linear map such that Φ: X(M) → X(M).

Let there be r (C^∞ ) 1-forms A_1, A_2 . . . A_r and r (C^∞) contravariant vector fields T^1, T^2 . . . T^r satisfying the following conditions [5] A_p(T^p) = δ^p_q where p, q = 1, 2, . . . r

(2.1) Φ(T^p) = 0 for p = 1, 2, . . . r

(2.2) A_p(ΦX) = 0 for p = 1, 2, . . . r

(2.3) for any vector field X ∈ X(M), and Φ^2X = X − A_p(X)T^P for p = 1, 2, . . . r.

(2.4) Here the summation convention is employed on repeated indices where p = 1, 2, . . . r. If moreover M admits a positive definite Riemannian metric g such that A_p(X) = g(X, T^p), for X ∈ X(M)

(2.5)

g(ΦX, ΦY ) = g(X, Y ) − r∑ p=1 A_p(X)A_p(Y ),

(2.6)

for any vector fields X and Y . Then a manifold satisfying conditions (2.1), (2.2), (2.3), (2.4), (2.5), and (2.6) is called an almost r-para contact structure (Φ, A_p, T^p, g) on M.

In M the following relations hold Φ(X, Y ) = g(X, ΦY ) = g(Y, ΦX) = Φ(Y, X)

(2.7a) Φ(X, T^p) = 0.

(2.7b) Definition 1. If in the almost r-para contact manifold M, the following relations ΦX = 1 α (∇_X T^p) , Φ(X, Y ) = 1 α (∇_X A_p(Y ))

(2.8) α(X) = ∇_X α

(2.9a) g(X, ᾱ) = α(X)

(2.9b)

(2.10) ∇_X Φ(Y, Z) = α [{ −g(X, Y ) + r∑ p=1 A_p(X)A_p(Y ) } A_p(Z)

+ { −g(X, Z) + r∑ p=1 A_p(X)A_p(Z) } A_p(Y ) ] hold where ∇ denotes the Riemannian connection of the metric tensor g, then M is called a para r-Sasakian manifold with a coefficient α. 3. Proofs of Theorem 1.1 and 1.2 In proving Theorems 1.1 and 1.2 we need the following theorems.

Theorem 3.1. On a para r-Sasakian manifold the following holds (3.1) A_p(R(X, Y )Z) = α^2[g(X, Z)A_p − g(Y, Z)A_p(X)] − [α(X)Φ(Y, Z) − α(Y )Φ(X, Z)].

Proof. In view of (2.8), (2.9)a and (2.10) the proof follows easily. □ Theorem 3.2. For a para r-Sasakian manifold we have (3.2) R(T^p, X)Y = α^2[A_p(Y )X − g(X, Y )T^p] + α(Y )ΦX − ᾱΦ(X, Y ), where g(X, ᾱ) = α(X).

Proof. The proof follows immediately after making use of (3.1) and equation (2.9)b. □ Theorem 3.3. For a para r-Sasakian manifold the following holds

(3.3) R(T^p, X)T^p = βΦX + α^2[X − r∑ p=1 A_p(X)T^p],

for p = 1, 2, . . . r where α(T^p) = β.

Proof. In view of equation (3.2), the proof follows in an obvious manner. □ 4. Proof of Theorems Proof of Theorem (1.1). Let h denote a (0, 2) tensor field on a para r-Sasakian manifold M with a coefficient α such that ∇h = 0, then it follows that (4.1) h(R(W, X)Y, Z) + h(Y, R(W, X)Z) = 0, for arbitrary vector fields X, Y, Z, W on M. We can write (4.1) as g(R(W, X)Y, Z) + g(Y, R(W, X)Z) = 0.

Substituting W = Y = Z = T^q into (4.1) we get (4.2) g(R(T^q, X)T^q, T^q) + g(T^q, R(T^q, X)T^q) = 0. In view of theorem (3.3) the above equation becomes (4.3) 2βh(ΦX, T^q) + 2α^2h(X, T^q) − 2α^2g(X, T^q)h(T^q, T^q) = 0 Simplifying (4.3) we get (4.4) g(X, T^q)h(T^q, T^q) − h(X, T^q) − β α^2 h(ΦX,ξ) = 0.

Replacing X by ΦY in (4.4) we get (4.5) h(ΦY, T^q) = β α^2

[h(T^q, T^q)A_p(Y ) − h(Y, T^q)]. Using (4.4) and (4.5) we get (4.6) h(T^q, T^q)A_p(Y ) − h(Y, T^q) = 0 if β^2 ≠ α^4. Differentiating (4.6) covariantly with respect to Y we get (4.7) h(T^q, T^q)g(X,ΦY ) + 2g(X, T^q)h(ΦY, T^q) − h(X,ΦY ) = 0. From the above equation and (2.8a) we obtain (4.8) h(T^q, T^q)g(X,ΦY ) = h(X,ΦY ). Replacing ΦY by Y in (4.8) we get (4.9) h(T^q, T^q)g(X,Y ) = h(X, Y ).

In view of the fact that h(T^q, T^q) is constant along any vector on M, we have proved the theorem unless β^2 ≠ α^4. □ Proof of Theorem (1.2). Let us consider h to be a parallel 2-form on a para r-Sasakian manifold M with a coefficient α. Then putting W = Y = T^q in (4.1) and using Theorem 3.3 and equations (2.1)–(2.6) we get (4.10) βh(Z, ΦX) + α^2[h(Z, X) − h(Z, T^q)A_p(X) + h(X, T^q)A_p(Z)] = h(ᾱ, T^q)Φ(Z, X) − h(ΦX, T^q)α(Z).

Let us define a H to be (2, 0) tensor field metrically equivalent to h then contracting (4.1) with H and using (2.3)–(2.6) we obtain (4.11) h(β, T^q) = 0. Substituting (4.11) in (4.10) we get (4.12) βh(Z, Φ, X) = α^2[h(Z, X) − h(Z, T^q)A_p(X) + h(X, T^q)A_p(Z)] + h(ΦX, T^q)α(Z) = 0.

On simplifying the above equation we get (4.13) h(Φᾱ, T^q) = 0. Interchanging X and Z in (4.12) we get (4.14) β[h(Z, ΦX) + h(X, ΦZ)] + h(ΦX, T^q)α(Z) + h(ΦZ, T^q)α(X) = 0. Replacing X by ΦY in (4.14) and making use of (2.4) and (2.6) we get (4.15) β [h(Z, Y ) − h(Z, T^q)A_p(Y ) + h(ΦY, ΦZ)] + h(Y, T^q)α(Z) + h(ΦZ, T^q)α(ΦY ) = 0.

Using the fact that h is anti symmetric in (4.15) we obtain

(4.16) h(Y, T^q)α(Z) + h(Z, T^q)α(Y ) − β [h(Z, T^q)A_p(Y ) + h(Y, T^q)A_p(Z)] + h(ΦZ, T^q)α(ΦY ) + h(ΦY, T^q)α(ΦZ) = 0.

Substituting Y = ᾱ in (4.16) and making use of (4.13) and (4.11) we get

(4.17) (α̂ − β^2)h(Z, T^q) + β̂h(ΦZ, T^q) = 0,

where α̂ = αᾱ and β̂ = α(Φᾱ). Replacing Z by ΦZ in (4.17) and in view of (1.4) and (1.6) we get

(4.18) (β^2 − α̂)h(ΦZ, T^q) = β̂h(Z, T^q),

where β^2 ≠ α̂, which in view of (4.17) becomes

(4.19) h(Z, T^q) = 0 unless (β̂)^2 ≠ (α̂ − β^2)^2.

Using (4.19) in (4.12) we get

(4.20) βh(Z, ΦX) + α^2h(Z, X) = 0.

Differentiating (4.19) covariantly along Y and using the fact that ∇h = 0 we get (4.21) h(Z, ΦY ) = 0.

In view of (4.21) and (4.20), we see that h(Y, Z) = 0. □

References

[1] T. Adati and T. Miyazawa. On P -Sasakian manifolds admitting some parallel and recurrent tensors. Tensor (N.S.), 33(3):287–292, 1979.

[2] D. E. Blair. Contact manifolds in Riemannian geometry. Lecture Notes in Mathematics, Vol. 509. Springer-Verlag, Berlin, 1976.

[3] D. E. Blair. Riemannian geometry of contact and symplectic manifolds, volume 203 of Progress in Mathematics. Birkhäuser Boston Inc., Boston, MA, 2002.

[4] D. E. Blair and S. I. Goldberg. Topology of almost contact manifolds. J. Differential Geometry, 1:347–354, 1967.

[5] A. Bucki and A. Miernowski. Almost r-paracontact connections. Acta Math. Hungar., 45(3-4):327–336, 1985.

[6] L. Das. Second order parallel tensors on α-Sasakian manifold. Acta Math. Acad. Paedagog. Nyházi. (N.S.), 23(1):65–69 (electronic), 2007.

[7] L. S. Das. On CR-structures and F -structure satisfying F^K + (−)^{K+1}F = 0. Rocky Mountain J. Math., 36(3):885–892, 2006.

[8] L. S. Das. Second order parallel tensors on almost r-contact manifolds. Tensor (N.S.), 68(3):349–355, 2007.

[9] L. S. Das and R. Nivas. On certain structures defined on the tangent bundle. Rocky Mountain J. Math., 36(6):1857–1866, 2006.

[10] L. P. Eisenhart. Symmetric tensors of the second order whose first covariant derivatives are zero. Trans. Amer. Math. Soc., 25(2):297–306, 1923.

[11] H. Levy. Symmetric tensors of the second order whose covariant derivatives vanish.

Ann. of Math. (2), 27(2):91–98, 1925.

[12] I. Satō and K. Matsumoto. On P -Sasakian manifolds satisfying certain conditions.

Tensor (N.S.), 33(2):173–178, 1979.

[13] R. Sharma. Second order parallel tensors on contact manifolds. Algebras Groups Geom., 7(2):145–152, 1990.

Received April 8, 2012.

Department of Mathematics, Kent State University, New Philadelphia, Ohio 44663, USA E-mail address: ldas@kent.edu