Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 30 (2014), 67–78

www.emis.de/journals
ISSN 1786-0091

METRIC PROPERTIES OF CONVERGENCE IN MEASURE WITH RESPECT TO A MATRIX-VALUED MEASURE

LUTZ KLOTZ AND DONG WANG

Abstract. A notion of convergence in measure with respect to a matrixvalued measure M is discussed and a corresponding metric space denoted by L_0(M) is introduced. There are given some conditions on M under which L_0(M) is locally convex or normable. Some density results are obtained and applied to the description of shift invariant sub-modules of L_0(M) if M is defined on the σ-algebra of Borel sets of (−π, π].

1. Introduction

For r, s, t ∈ N, let M_{s,t} be the linear space of s × t matrices with complex entries, which is equipped with an arbitrary norm, M_{t,t} =: M_t, and M, M := (m_{jk})^{k=1,...,r}

j=1,...,t , be an Mt,r-valued measure. In [12] it was introduced a notion of

convergence in measure M of a sequence of M_{s,t}-valued functions. However, since the main goal of [12] was a discussion of a problem of linear algebra, which arose in connection with this notion, measure-theoretic or functionalanalytic aspects of convergence in measure M were not studied thoroughly there. The present paper is devoted to such questions.

We mention that notions of convergence in measure with respect to rather general vector measures were defined in several papers, see e.g. [4]. Applying these definitions to our situation, we obtain that a sequence of M_{s,t}-valued functions converges in measure M if and only if it converges in measure m_{j,k} for j = 1, . . . , t, k = 1, . . . , r. Thus, the fact that the measures m_{j,k} form a matrix is ignored by these definitions. In [12] we proposed a different way of introducing convergence in measure M, which, to some extent, takes into account the matrix structure of M. Its main idea, which goes back to I. S. Kac [8] and was applied by M. Rosenberg [16] independently and in a slightly more

2010 Mathematics Subject Classification. 28A20, 46E30, 46A16, 42A10, 47A15. Key words and phrases. Convergence in measure, matrix-valued measure, metric space, dense set, shift invariant subspace. 67

general way, is to deal with M in the form dM =^{dM}_{dμ} dμ, where μ is a finite nonnegative (scalar) measure, with respect to which M is absolutely continuous, and^{dM}_{dμ} denotes the corresponding Radon-Nikodym derivative.

In Section 2 of the present paper we define convergence in measure M (see Definition 2.8) and give an equivalent formulation (see Proposition 2.14), which is sometimes more convenient. To do this we have to describe the set of those M_{s,t}-valued functions, for which convergence in measure M can be defined and to introduce a certain equivalence relation on this set. We supplement results of [12] discussing some questions arising if M is defined on a non-complete σ-algebra.

Analogously to convergence in measure with respect to a non-negative measure, convergence in measure M can be defined by a metric. The corresponding metric space is denoted by L_0(M) and is studied in Sections 3 and 4. We give necessary and sufficient conditions on M such that L_0(M) is locally convex or can be normed. Similar results for non-negative measures were obtained in [17].

In Section 4 we derive some density results and apply them to the description of shift invariant sub-modules of L_0(M) if M is defined on the Borel σ-algebra of (−π, π].

As usual, by N and C we denote the set of positive integers and complex numbers, resp. For X ∈ M_{t,r}, denote by R(X) and X^∗ its range and adjoint matrix, resp. The unit matrix of M_t is denoted by I_t and any zero matrix by 0. 2. Definition and basic properties

Let (Ω, A) be a measurable space. A function F : Ω → M_{s,t} is called measurable if it is (A, B_{s,t})-measurable, where B_{s,t} denotes the σ-algebra of Borel subsets of the Banach space M_{s,t}.

For an M_{t,r}-valued measure M, M := (m_{jk})^{k=1,...,r}_{j=1,...,t} , let Δ_M be the set of all non-negative finite measures on A, with respect to which M is absolutely continuous. Note that Δ_M is not empty since the measure

(2.1) μ_M := t� j=1 r� k=1 |m_{jk}|

where |m_{jk}| denotes the variation of the C-valued measure m_{jk}, is an element of Δ_M . Note further that μ_M is absolutely continuous with respect to μ if μ ∈ Δ_M .

For a certain set of M_{s,t}-valued functions on Ω we shall define a notion of M-equivalence and then for these M-equivalence classes a notion of convergence in measure M. As Remark 2.7 below shows it would be enough to deal with measurable M_{s,t}-valued functions. However, since sometimes it is convenient to enlarge the M-equivalence classes, cf. [12], our first task will be to describe the set of functions we shall study.

If μ ∈ Δ_M and^{dM}_{dμ} is a corresponding Radon-Nikodym derivative, denote by P_μ(ω) the orthogonal projection in C^t onto R(^{dM}_{dμ} (ω)), ω ∈ Ω. Recall that from the measurability of^{dM}_{dμ} it follows the measurability of the function P_μ, cf. [1]. Let P_μ be the set of all orthoprojection-valued functions differing from P_μ on some set of μ-measure 0 and Φ_s(M, μ) be the set of all functions F : Ω → M_{s,t} such that F P_μ is measurable for some P_μ ∈ P_μ.

Lemma 2.1. If μ, ν ∈ Δ_M , then Φ_s(M, μ) = Φ_s(M, ν).

Proof. For μ, ν ∈ Δ_M , choose a Radon-Nikodym derivative^{dμ}_{d(μ+ν)} and set A := {ω ∈ Ω:^{dμ}_{d(μ+ν)} (ω) ≠ 0}. Let F ∈ Φ_s(M, μ) and P_μ ∈ P_μ be such that F P_μ is measurable. The chain rule leads to^{dM}_{d(μ+ν)} =^{dM}_{dμ}^{dμ}_{d(μ+ν)} (μ + ν)-a.e., cf. [6, §32, Theorem A]. It follows that there exists P_{μ+ν} ∈ P_{μ+ν} satisfying P_{μ+ν} = P_μ on A and P_{μ+ν} = 0 on Ω \ A. Denoting by 1_A the indicator function of A, we get F P_{μ+ν} = 1_AF P_μ, which yields the measurability of F P_{μ+ν} . Conversely, if F ∈ Φ_s(M, μ + ν) and P_{μ+ν} ∈ P_{μ+ν} are such that F P_{μ+ν} is measurable, we set P_μ := P_{μ+ν} on A and P_μ = 0 on Ω \ A. Since μ(Ω \ A) = 0, we obtain that P_μ ∈ P_μ and the function F P_μ = 1_AF P_{μ+ν} is measurable. Thus, the equality Φ_s(M, μ) = Φ_s(M, μ + ν) is proved and the result follows by symmetry. □

According to the preceding lemma it is correct to set Φ_s(M) := Φ_s(M, μ), μ ∈ Δ_M , and to call the elements of Φ_s(M) M-measurable functions. The set Φ_s(M) can be described with the aid of the completion of A under M, which is denoted by A_M and is, by definition, the completion of A under μ_M . Recall that A_M := {A ∪ A_0 : A ∈ A, A_0 ∈ A_0}, where A_0 is the σ-algebra of μ_M -negligible sets, i. e., A_0 := {A_0 : There exists A ∈ A satisfying μ_M (A) = 0 and A_0 ⊆ A}, cf. [2, Section 1.5]. A measure M is called complete if A_M = A.

Proposition 2.2. Let μ ∈ Δ_M and F be an M_{s,t}-valued function on Ω. If F ∈ Φ_s(M), then F Q_μ is (A_M , B_{s,t})-measurable for every Q_μ ∈ P_μ. If F Q_μ is (A_M , B_{s,t})-measurable for some Q_μ ∈ P_μ, then F ∈ Φ_s(M).

Proof. Let F ∈ Φ_s(M) and P_μ ∈ P_μ be such that F P_μ is measurable. For Q_μ ∈ P_μ, set A := {ω ∈ Ω: P_μ(ω) ≠ Q_μ(ω)} and write F Q_μ = 1_{Ω\A}F Q_μ + 1_AF Q_μ = 1_{Ω\A}F P_μ +1_AF Q_μ. Since Ω\A ∈ A and μ(A) = 0, the first assertion is proved. Now assume that F Q_μ is (A_M , B_{s,t})-measurable for some Q_μ ∈ P_μ. There exists a set B ∈ A such that μ(B) = 0 and 1_{Ω\B} F Q_μ is measurable, cf. [2, Proposition 2.2.3]. Let P_μ = Q_μ on Ω \ B and P_μ = 0 on B. Then P_μ ∈ P_μ and F P_μ is measurable, hence, F ∈ Φ_s(M). □

Proposition 2.3. A measure M is complete if and only if F P_{μM} is measurable for all F ∈ Φ_s(M) and P_{μM} ∈ P_{μM} .

Proof. If A_M = A and μ ∈ Δ_M , then by the first assertion of Proposition 2.2, F P_μ is measurable for F ∈ Φ_s(M) and P_μ ∈ P_μ. If A_M ≠ A, there exist

A_0 ∈ (A_0 \ A) and A ∈ (A_0 ∩ A) satisfying A_0 ⊆ A. Let X ∈ M_{s,t}, X ≠ 0, and F := 1_{A0} X. Then F belongs to Φ_s(M), however, F Q_{μM} is not measurable if Q_{μM} = I_t on A, Q_{μM} ∈ P_{μM} . □

In what follows for μ ∈ Δ_M and F ∈ Φ_s(M), we denote by P_μ such an element of P_μ that F P_μ is measurable. A simple result will be useful.

Lemma 2.4. Let μ ∈ Δ_M and {F_n}_{n∈N} be a sequence of functions of Φ_s(M). There exists P_μ ∈ P_μ such that F_nP_μ is measurable for all n ∈ N.

Proof. If P_{μ,j} ∈ P_μ and F_j P_{μ,j} is measurable, set A_{j,k} := {ω ∈ Ω: P_{μ,j}(ω) ≠ P_{μ,k}(ω)}, j, k ∈ N, A := � j,k∈N Aj,k, Pμ := Pμ,1 on Ω \ A and Pμ = 0 on A.

Then P_μ ∈ P_μ and F_nP_μ is measurable for n ∈ N. □

Lemma 2.5. Let μ, ν ∈ Δ_M and F, G ∈ Φ_s(M). Then F P_μ = GP_μ μ-a.e. if and only if F P_ν = GP_ν ν-a.e.

Proof. Applying the chain rule similarly to the proof of Lemma 2.11, one can show that F P_μ = GP_μ μ-a.e. if and only if F P_{μ+ν} = GP_{μ+ν} (μ + ν)-a.e., which yields the result. □

The preceding lemma justifies the following definition.

Definition 2.6. Two functions F, G ∈ Φ_s(M) are called M-equivalent if for some and, hence, for all μ ∈ Δ_M , F P_μ = GP_μ μ-a.e.

The set of M-equivalence classes of functions of Φ_s(M) is denoted by ~Φ_s(M). It is obvious that if F_1, F_2, G_1, G_2 ∈ Φ_s(M), X ∈ M_s, and F_1 and F_2 as well as G_1 and G_2 are M-equivalent, then F_1 + G_1 and F_2 + G_2 as well as XF_1 and XF_2 are M-equivalent. Therefore, ~Φ_s(M) forms a left M_s-module. As is common practice, studying M-equivalence classes we shall work with their representatives, i.e. with functions from Φ_s(M).

Remark 2.7. If F ∈ Φ_s(M), then F and F P_μ, μ ∈ Δ_M , belong to the same M-equivalence class. Therefore, any M-equivalence class contains a measurable function and we could confine ourselves to measurable functions F from the very beginning.

Definition 2.8. Let M be an M_{t,r}-valued measure on A, μ ∈ Δ_M , and let ‖·‖ be an arbitrary norm on M_{s,t}. A sequence {F_n}_{n∈N} of elements of ~Φ_s(M) is called fundamental in measure M if the sequence {F_nP_μ}_{n∈N} is fundamental in measure μ, i.e., if lim_{m,n→∞} μ(‖(F_n − F_m)P_μ‖ > ε) = 0 for all ε > 0. It converges in measure M to F ∈ ~Φ_s(M) if {F_nP_μ}_{n∈N} converges in measure μ to F P_μ, i.e., if lim_{n→∞} μ(‖(F_n − F )P_μ‖ > ε) = 0 for all ε > 0. It converges to F ∈ ~Φ_s(M) M-a.e. if {F_nP_μ}_{n∈N} converges to F P_μ μ-a.e.

Since all norms on the finite-dimensional space M_{s,t} are equivalent, Definition 2.8 does not depend on the choice of the norm ‖·‖. The independence on the choice of μ ∈ Δ_M is established by the following lemma, which can be obtained with the aid of the chain rule similarly to the proofs of Lemmas 2.1 or 2.5.

Lemma 2.9. If μ, ν ∈ Δ_M , {F_n}_{n∈N} is a sequence of elements of ~Φ_s(M), and F ∈ ~Φ_s(M), then the following assertions hold:

(a) The sequence {F_nP_μ}_{n∈N} is fundamental in measure μ if and only if {F_nP_ν } is fundamental in measure ν.

(b) The sequence {F_nP_μ}_{n∈N} converges in measure μ or μ-a.e. to F P_μ if and only if {F_nP_ν }_{n∈N} converges in measure ν or ν-a.e., resp., to F P_ν .

Remark 2.10. Let t, r, u ∈ N. Note that for an M_{t,r}-valued measure M and an M_{t,u}-valued measure N on A, the notions of convergence in measure coincide if and only if R(^{dM}_{dμ} ) = R(^{dN}_{dμ} ) μ-a.e., μ ∈ Δ_M ∩Δ_N . This is a generalization of the fact that for arbitrary finite non-negative measures σ and τ, convergence in measure σ is equivalent to convergence in measure τ if and only if σ and τ are equivalent, i.e., if and only if σ and τ have the same sets of measure 0. An analogous remark on M-a.e. convergence could be made.

Since a sequence {F_n}_{n∈N} of elements of ~Φ_s(M) converges in measure M or M-a.e. if and only if {F_nP_μ}_{n∈N} converges in measure μ or μ-a.e., resp., μ ∈ Δ_M , basic properties of convergence in measure M or convergence M-a.e. can be derived from corresponding properties of convergence in measure μ or convergence μ-a.e., resp. For future use we only mention the following facts.

Theorem 2.11. A sequence converges in measure M if and only if it is fundamental in measure M. The limit of a sequence converging in M is unique (within to M-equivalence) and there exists a subsequence converging M-a.e. to the same limit. If a sequence converges M-a.e., it converges in measure M.

We conclude the present section by giving equivalent conditions for convergence in measure M, which sometimes are simpler to apply.

Lemma 2.12. Let μ ∈ Δ_M and let H be a measurable M_t-valued function such that R(H) ⊆ R(P_μ) μ-a.e. If F and G are M-equivalent functions of Φ_s(M), then F H and GH are measurable M-equivalent functions.

Proof. Since from the conditions of the lemma it follows F P_μH = F H = GH μ-a.e., the result is obvious. □

Lemma 2.13. Let μ ∈ Δ_M and H be a measurable M_t-valued function satisfying

(2.2) R(H) = R(H^∗) = R(P_μ) μ-a.e.

Let {F_n}_{n∈N} be a sequence of functions of Φ_s(M). Then the following assertions are equivalent:

(i) lim_{n→∞} μ(‖F_nP_μ‖ > ε) = 0 for all ε > 0, (ii) lim_{n→∞} μ(‖F_nH‖ > ε) = 0 for all ε > 0.

Proof. We can assume that ‖·‖ is the spectral norm.

(i)⇒(ii): Note first that F_nH, n ∈ N, is measurable according to Lemma 2.12. For δ > 0, choose c > 0 satisfying μ(‖H‖ > c) < δ. From (i) it follows that for ε > 0, there exists n_0 ∈ N such that μ(‖F_nP_μ‖ > ε/c) < δ if n ≥ n_0. The inequality ‖(F_nH)(ω)‖ = ‖(F_nP_μH)(ω)‖ ≤ ‖(F_nP_μ)(ω)‖‖H(ω)‖ implies that ‖(F_nH)(ω)‖ ≤ ε if ‖(F_nP_μ)(ω)‖ ≤ ε/c and ‖H(ω)‖ ≤ c, ω ∈ Ω. Therefore, if n ≥ n_0, we have μ(‖F_nH‖ > ε) ≤ μ(‖F_nP_μ‖ > ε/c) + μ(‖H‖ > c) < 2δ, which yields (ii).

(ii)⇒(i): Since ‖F_nHP_μ‖ ≤ ‖F_nH‖ μ-a.e., from (ii) we get

(2.3) lim_{n→∞} μ (‖F_nHP_μ‖ > ε) = 0

for any ε > 0. Denote by H(ω)^+ the Moore-Penrose inverse of H(ω), ω ∈ Ω, and recall that R(H(ω)^+) = R(H(ω)^∗) and that H^+ is measurable if H is measurable. Therefore (2.2) and (2.3) show that we can apply the conclusion (i)⇒(ii) to the sequence {F_nH}_{n∈N} and the function H^+. Taking into account that H(ω)H(ω)^+ is the orthoprojection onto R(H(ω)), ω ∈ Ω, we obtain lim_{n→∞} μ(‖F_nP_μ‖ > ε) = lim_{n→∞} μ(‖F_nHH^+‖ > ε) = 0 for all ε > 0. □

Applying Lemmas 2.12 and 2.13 to the function H :=^{dM}_{dμ} we can formulate the following equivalent condition for convergence in measure M.

Proposition 2.14. Let μ ∈ Δ_M . A sequence {F_n}_{n∈N} of elements of ~Φ_s(M) converges in measure M to F ∈ ~Φ_s(M) if and only if for all ε > 0 one has lim_{n→∞} μ(‖(F_n − F )^{dM}_{dμ} ‖ > ε) = 0.

3. The metric space L_0(M)

Let M be an M_{t,r}-valued measure on A. We denote by L_{0,s}(M) the left M_s-module ~Φ_s(M), equipped with the topology of convergence in measure M. To simplify the notation we shall omit the dependence on s in the notation of L_{0,s}(M) and set L_{0,s}(M) =: L_0(M). For μ ∈ Δ_M and a norm ‖·‖ on M_{s,t}, one can define a metric d:

(3.1) d(F, G) := � Ω ‖(F − G)P_μ‖ 1 + ‖(F − G)P_μ‖ dμ, F, G ∈ ~Φ_s(M),

on ~Φ_s(M), which is invariant, i.e. d(F, G) := d(F − H, G − H), F, G, H ∈ ~Φ_s(M). It is not hard to see (or follows from a well known result on convergence in measure μ) that a sequence converges with respect to the metric d if and only if it converges in measure M. Taking into account the first assertion of Theorem 2.11, we obtain the following result.

Theorem 3.1. The space L_0(M) is an F -space, i.e. a complete topological vector space, whose topology is generated by an invariant metric.

Thomasian [17] characterized those finite non-negative measures σ, for which convergence in measure σ and σ-a.e. convergence coincide as well as those, for which the space L_0(σ) can be normed, see also [14, 5]. To generalize Thomasian’s results to matrix-valued measures recall that a set A ∈ A is called an atom of a finite non-negative measure μ on A if μ(A) > 0 and μ(B) = 0 or μ(B) = μ(A) for every subset B of A, B ∈ A.

Theorem 3.2. Let μ_M be a measure defined by (2.1). The following assertions are equivalent:

(i) The set Ω is a union of atoms and a set of measure 0 of the measure μ_M .

(ii) A sequence {F_n}_{n∈N} of elements of L_0(M) converges M-a.e. if and only if it converges in measure M.

(iii) The space L_0(M) is locally convex.

Proof. (i)⇒(ii): Note that if F ∈ L_0(M), then the function F P_{μM} is μ_M -a.e. constant on any atom of μ_M . However, the set of atoms of μ_M is an at most countable set. Therefore, assertion (i) implies that from convergence in measure M it follows convergence M-a.e. To complete the proof use Theorem 2.11.

(ii)⇒(i): Assume that (i) is not satisfied. Then there exists a set A ∈ A of positive measure μ_M , which does not contain any atom of μ_M . It follows that for every n ∈ N there exists a finite sequence {A_{n,j}}_{j=1,...,n} of pairwise disjoint sets of A such that

�_n

j=1 A_{n,j} = A and μ(A_{n,j}) =^1_n μ(A), j = 1, . . . , n. Set F_{n,j} = 1_{An,j} P_{μM} for some P_{μM} ∈ P_{μM} and note that F_{n,j} ≠ 0 μ-a.e. on A_{n,j}, j = 1, . . . , n, n ∈ N. Obviously, the sequence {F_{n,j}}_{j=1,...,n,n∈N} converges in measure M but does not converge M-a.e.

(i)⇒(iii): Let Ω = B ∪ ( � j∈J A_j), where μ_M (B) = 0, A_j are atoms of μ_M , and J is at most countable. For F ∈ L_0(M), choose X_j ∈ M_{s,t} satisfying F P_{μM} = X_j μ_M -a.e. on A_j and set ‖F ‖_j := ‖X_j‖, j ∈ J. Therefore, the topology of L_0(M) can be defined by an at most countable set of semi-norms ‖·‖_j, j ∈ J, which implies that L_0(M) is locally convex.

(iii)⇒(i): Assume that (i) is not satisfied and define A and A_{n,j}, j = 1, . . . , n, n ∈ N, as in the proof of the conclusion (ii)⇒(i). Let V be a convex neighbourhood of 0. Let F ∈ L_0(M) and define F_{n,j} := n1_{An,j} F , j = 1, . . . , n, n ∈ N. Setting μ := μ_M in (3.1), we obtain d(F_{n,j}, 0) <^1_n μ_M (A), j = 1, . . . , n, n ∈ N. Since there exists c > 0 such that {G ∈ L_0(M): d(G, 0) < c} is a subset of V , we can conclude that for n large enough, F_{n,j} ∈ V , j = 1, . . . , n, hence F :=^1_n

�_n

j=1 F_{n,j} ∈ V by convexity of V . Since F ∈ L_0(M) was arbitrary, it follows V = L_0(M), which shows that L_0(M) does not have non-trivial convex neighbourhoods of 0. In particular, L_0(M) is not locally convex □

Theorem 3.3. Let μ_M be a measure defined by (2.1). The following assertions are equivalent:

(i) The set Ω is a finite union of atoms and a set of measure 0 of μ_M . (ii) The space L_0(M) can be normed.

Proof. (i)⇒(ii): For F ∈ L_0(M), define A_j and X_j ∈ M_{s,t}, j ∈ J, as in the proof of the conclusion (i)⇒(iii) of Theorem 3.2, where the set J is finite now. By ‖F ‖_{L0(M)} := � j∈J ‖X_j‖μ_M (A_j ), F ∈ L_0(M), a norm on L_0(M) is defined, and ‖·‖_{L0(M)} and the metric d generate equivalent topologies.

(ii)⇒(i): Assume that (i) is not satisfied. Then there exist an infinite set of atoms of μ_M or a set A ∈ A of positive measure μ_M , which does not contain any atom. In either case we can find a sequence {A_n}_{n∈N} of sets of A such that μ_M (A_n) > 0, n ∈ N, and lim_{n→∞} μ_M (A_n) = 0. If ‖·‖_M denotes an arbitrary norm on ~Φ_s(M), we have ‖1_{An} P_{μM} ‖_M ≠ 0 and can define F_n := ‖1_{An} P_{μM} ‖^{−1}_M 1_{An} P_{μM} , n ∈ N. Obviously, {F_n}_{n∈N} converges in measure M to 0, however ‖F_n‖_M = 1, n ∈ N. Therefore, the norm ‖·‖_M and the metric d do not generate equivalent topologies. □

4. Density results

From Definition 2.8 it follows that a sequence of elements of ~Φ_s(M) converges in measure M if and only if it converges in measure P_μdμ, μ ∈ Δ_M . Therefore, it is enough to study M^≥_t -valued measures, where M^≥_t denotes the cone of non-negative hermitian t × t matrices. From now on we shall assume that M is an M^≥_t -valued measure on A. In this case^{dM}_{dμ} can assumed to be an M^≥_t -valued function and we can define (^{dM}_{dμ} (ω))^{1/p}, ω ∈ Ω, p > 0, according to the functional calculus of normal matrices. Recall that the function (^{dM}_{dμ} )^{1/p} is measurable, cf. [1]. Moreover, for simplification of the notation and in accordance with the papers [3, 10] we shall assume that the norm ‖·‖ is the Frobenius norm.

Let p ∈ (0, ∞). By L_p(M) we denote the space of all F ∈ ~Φ_s(M) such that

‖F ‖_{M,p} := � Ω � � � �F � dM dμ �_{1/p}� � � p dμ �_{1/p}

< ∞,

where μ ∈ Δ_M , cf. [3, 10], see also [9, 11] for infinite-dimensional generalizations. Again one can derive from the chain rule that the definition of L_p(M) does not depend on the choice of the measure μ ∈ Δ_M . The space L_p(M) is a left M_s-module. For every p ≥ 1, it is a Banach space under the norm ‖·‖_{M,p}. For every p ∈ (0, 1), it is an F -space under the invariant metric ‖F − G‖^p_{M,p}, F, G ∈ L_p(M). If 0 ≤ p_1 ≤ p_2 < ∞, then L_{p2} (M) ⊆ L_{p1} (M). Lemma 4.1. Let p ∈ (0, ∞) and {F_n}_{n∈N} be a sequence of elements of L_p(M) tending to 0 in L_p(M). Then lim_{n→∞} F_n = 0 with respect to the metric of L_0(M).

Proof. Let μ ∈ Δ_μ. For ε > 0, set A_n = {ω ∈ Ω: ‖F_n(ω)(^{dM}_{dμ} (ω))^{1/p}‖ > ε}. Since lim_{n→∞} μ(A_n) ≤ lim_{n→∞}^1_{εp} � A_n ‖Fn( dM dμ )^{1/p}‖^pdμ ≤ lim_{n→∞}^1_{εp} ‖F_n‖^p_{M,p} = 0, the sequence {F_n(^{dM}_{dμ} )^{1/p}}_{n∈N} tends to 0 in measure μ. From Lemma 2.13 it follows that lim_{n→∞} F_n = 0 in L_0(M). □

A function S of the form S =

�_k

j=1 1_{Aj} X_j, A_j ∈ A, X_j ∈ M_{s,t}, j = 1, . . . , k, k ∈ N, is called a simple function. The left M_s-module of simple functions is denoted by S.

Proposition 4.2. The set S is dense in L_0(M).

Proof. If F ∈ L_0(M) and μ ∈ Δ_M , we can assume that F P_μ is measurable. Thus, there exists a sequence {S_n}_{n∈N} of simple functions tending to F P_μ μ-a.e. Since ‖F P_μ − S_nP_μ‖ ≤ √ t‖F P_μ − S_n‖ μ-a.e., Theorem 2.11 yields the result. □

Proposition 4.3. Let p ∈ (0, ∞) and let D be a dense subset of L_p(M). Then D is a dense subset of L_0(M).

Proof. Since S ⊆ L_p(M), the closure of D with respect to the metric of L_p(M) includes S. From Lemma 4.1 it follows that S is also contained in the closure of D with respect to the metric of L_0(M). An application of Proposition 4.2 gives the result. □

We recall the following definition of strong absolute continuity of M^≥_t -valued measures, which generalizes the notion of absolute continuity for non-negative measures, see [15, Section 5].

Definition 4.4. Let M and N be M^≥_t -valued measures on A. If R(^{dN}_{dμ} ) ⊆ R(^{dM}_{dμ} ) μ-a.e. for some μ ∈ (Δ_M ∩ Δ_N ), we shall call N strongly absolutely continuous with respect to M and write N ≪ M.

Note that Definition 4.4 does not depend on the choice of μ ∈ (Δ_M ∩ Δ_N ), see [15, Section 5].

Let N ≪ M. From the preceding definition it follows that M(A) = 0 yields N(A) = 0, A ∈ A. One obtains Δ_M ⊆ Δ_N , hence, Δ_M ∩Δ_N = Δ_M . Moreover, if μ ∈ Δ_M and Q_μ(ω) denotes the orthoprojector in C^t onto R(^{dN}_{dμ} (ω)), ω ∈ Ω, we have

(4.1) Q_μ ≤ P_μ μ-a.e.,

which implies that

(4.2) F Q_μ = F Q_μP_μ = F P_μQ_μ μ-a.e., F ∈ Φ_s(M).

Relation (4.2) yields Φ_s(M) ⊆ Φ_s(N) and ‖F Q_μ‖ ≤ √ t‖F P_μ‖ μ-a.e., F ∈ Φ_s(M). From (4.1) one can conclude that if two functions F and G of Φ_s(M) are M-equivalent, they are N-equivalent. Summarizing we obtain the following result.

Proposition 4.5. Let M and N be M^≥_t -valued measures on A and N ≪ M. There exists a continuous map j from L_0(M) onto L_0(N) such that jF = F , F ∈ L_0(M). If D is a dense subset of L_0(M), then jD is dense in L_0(N).

In what follows a certain converse of the density assertion of the preceding proposition will be proved. Let M be an M^≥_t -valued measure on A, μ ∈ Δ_M , and {A_n}_{n∈N} ⊆ A be a sequence satisfying lim_{n→∞} μ(Ω \ A_n) = 0. Define a measure M_n by M_n(A) := M(A ∩ A_n), A ∈ A, n ∈ N. Obviously, M_n ≪ M and we can introduce a map j_n from L_0(M) onto L_0(M_n) according to Proposition 4.5.

Proposition 4.6. Let D be a subset of L_0(M). If for every n ∈ N, the set j_nD is dense in L_0(M_n), then D is dense in L_0(M).

Proof. Let μ ∈ Δ_M and F ∈ L_0(M). For n ∈ N choose k ∈ N such that μ(Ω \ A_k) <^1_{2n} . By density of j_kD in L_0(M_k) there exists a function F_n ∈ j_kD satisfying μ({‖F P_μ − F_nP_μ‖ >^1_n } ∩ A_k) <^1_{2n} . For ε > 0, let n_0 ∈ N be such that^1_{n0} < ε. If n ≥ n_0, we obtain that μ(‖F P_μ − F_nP_μ‖ > ε) ≤ μ(‖F P_μ − F_nP_μ‖ >^1_n ) ≤ μ({‖F P_μ − F_nP_μ‖ >^1_n } ∩ A_k) + μ(Ω \ A_k) <^1_n . It follows that the sequence {F_n}_{n∈N} ∈ D converges to F with respect to the metric of L_0(M). □

Using the preceding proposition we can derive a density result for a particular L_0(M)-space, which can be applied to the description of shift invariant sub-modules.

Let Ω be the interval (−π, π], A =: B the σ-algebra of Borel subsets of (−π, π], and M be an M^≥_t -valued measure on B. Denote by T the set of all M_{s,t}-valued analytic trigonometric polynomials, i.e. the set of all functions of the form_k � j=0 X_je^{ij·}, X_j ∈ M_{s,t}, j = 0, . . . , k, k ∈ N,

on (−π, π].

Proposition 4.7. The set T is dense in L_0(M).

Proof. For n ∈ N, let M_n be an M^≥_t -valued measure, which is defined by M_n(B) = M(B ∩ (−π, π − 1/n]), B ∈ B. From the theory of vector-valued stationary processes it follows that T is dense in L_2(M_n), n ∈ N, cf. [18, Section 7, Main Lemma I]. Thus, the result is a consequence of Propositions 4.3 and 4.6. □

Let M be an M^≥_t -valued measure on B. A closed left M_s-sub-module I of L_0(M) is called invariant, if it is invariant under the shift operator, i.e., if e^{i·}I ⊆ I. In accordance with a definition by Helson [7] we call an invariant sub-module doubly invariant if e^{−i·}I ⊆ I.

Proposition 4.8. Every invariant sub-module of L_0(M) is doubly invariant.

Proof. Let I be an invariant sub-module of L_0(M) and F ∈ I. Consider an M_{s,t}-valued measure F dM := F^{dM}_{dμ} dμ, μ ∈ Δ_M . From Proposition 4.7 it follows that the set T of M_s-valued analytic trigonometric polynomials is dense in L_0(F dM). Therefore, Proposition 2.14 implies that there exists a sequence {T_n}_{n∈N} of functions of T satisfying lim_{n→∞} μ(‖e^{−i·}F^{dM}_{dμ} − T_nF^{dM}_{dμ} ‖ > ε) = 0 for all ε > 0. Since T_nF ∈ I, n ∈ N, and I is a closed subset of L_0(M), another application of Proposition 2.14 yields e^{−i·}F ∈ I. □

For p ∈ (0, ∞), all doubly invariant sub-modules of L_p(M) were described in [13]. It is not hard to see that the method used there can also be applied to L_0(M). We omit the details and only mention the result.

Theorem 4.9. Let I be a closed left M_s-sub-module of L_0(M). The following assertions are equivalent:

(i) I is invariant.

(ii) I is doubly invariant.

(iii) For μ ∈ Δ_M , there exists a measurable orthoprojection-valued function P : (−π, π] → M^≥_t such that R(P ) ⊆ R(P_μ) μ-a.e. and I = L_0(M)P := {F P : F ∈ L_0(M)}.

References

[1] E. A. Azoff. Borel measurability in linear algebra. Proc. Amer. Math. Soc., 42:346–350, 1974.

[2] D. L. Cohn. Measure theory. Birkhäuser Boston, Mass., 1980.

[3] A. J. Duran and P. Lopez-Rodriguez. The L^p space of a positive definite matrix of measures and density of matrix polynomials in L^1. J. Approx. Theory, 90(2):299–318, 1997.

[4] G. G. Gould. Integration over vector-valued measures. Proc. London Math. Soc. (3), 15:193–225, 1965.

[5] J. I. Gribanov. Remark on convergence almost everywhere and in measure. Comment.

Math. Univ. Carolinae, 7:297–300, 1966.

[6] P. R. Halmos. Measure Theory. D. Van Nostrand Company, Inc., New York, N. Y., 1950.

[7] H. Helson. Lectures on invariant subspaces. Academic Press, New York, 1964. [8] I. Kac. On Hilbert spaces generated by monotone Hermitian matrix-functions. Har^′kov Gos. Univ. Uč. Zap. 34 = Zap. Mat. Otd. Fiz.-Mat. Fak. i Har^′kov. Mat. Obšč. (4), 22:95–113 (1951), 1950.

[9] L. Klotz. Inclusion relations for some L^p-spaces of operator-valued functions. Math.

Nachr., 150:119–126, 1991.

[10] L. Klotz. Some approximation problems in L^p-spaces of matrix-valued functions. Studia Math., 99(2):129–147, 1991.

[11] L. Klotz. Some Banach spaces of measurable operator-valued functions. Probab. Math.

Statist., 12(1):85–97 (1992), 1991.

[12] L. Klotz, P. Kunkel, and D. Rudolph. Convergence in measure with respect to a matrix-valued measure and some matrix completion problems. Linear Algebra Appl., 434(4):990–999, 2011.

[13] L. Klotz and Y. Tian. Doubly invariant submodules in L^α-spaces. Complex Anal. Oper.

Theory, 5(2):423–435, 2011.

[14] E. Marczewski. Remarks on the convergence of measurable sets and measurable functions. Colloq. Math., 3:118–124, 1955.

[15] J. B. Robertson and M. Rosenberg. The decomposition of matrix-valued measures.

Michigan Math. J., 15:353–368, 1968.

[16] M. Rosenberg. The square-integrability of matrix-valued functions with respect to a non-negative Hermitian measure. Duke Math. J., 31:291–298, 1964.

[17] A. J. Thomasian. Metrics and norms on spaces of random variables. Ann. Math. Statist., 28:512–514, 1957.

[18] N. Wiener and P. Masani. The prediction theory of multivariate stochastic processes.

I. The regularity condition. Acta Math., 98:111–150, 1957.

Received September 13, 2011.

Universität Leipzig, Mathematisches Institut, PF 10 09 20, D-04009 Leipzig, Germany E-mail address: klotz@math.uni-leipzig.de

E-mail address: bestwinter2005@hotmail.com