Acta Mathematica Academiae Paedagogicae Nyíregyháziensis 30 (2014), 119–124

www.emis.de/journals
ISSN 1786-0091

A NOTE ON WEAKLY SYMMETRIC MANIFOLDS

C. A. MANTICA AND U. C. DE

Abstract. The object of the present paper is to determine the nature of the associated 1-forms of a weakly symmetric manifold.

1. Introduction

As is well known, symmetric spaces play an important role in differential geometry. The study of Riemannian symmetric spaces was initiated in the late twenties by Cartan [4], who, in particular, obtained a classification of those spaces.

Let (M^n, g), (n = dim M) be a Riemannian manifold, i.e., a manifold M with the Riemannian metric g and let ∇ be the Levi-Civita connection of (M^n, g). A Riemannian manifold is called locally symmetric [4] if ∇R = 0, where R is the Riemannian curvature tensor of (M^n, g). This condition of local symmetry is equivalent to the fact that at every point P ∈ M, the local geodesic symmetry F (P ) is an isometry [11]. The class of Riemannian symmetric manifolds is very natural generalization of the class of manifolds of constant curvature. During the last five decades the notion of locally symmetric manifolds have been weakened by many authors in several ways to a different extent such as conformally symmetric manifolds by Chaki and Gupta [6], recurrent manifolds introduced by Walker [18], conformally recurrent manifolds by Adati and Miyazawa [1], conformally symmetric Ricci-recurrent spaces by Roter [15], pseudo symmetric manifolds introduced by Chaki [5] etc. The notion of recurrent manifolds have been generalized by various authors such as Ricci-recurrent manifolds by Patterson [12], 2-recurrent manifolds by Lichnerowicz [10], projective 2-recurrent manifolds by Ghosh [9] and others.

The notion of weakly symmetric and weakly projective symmetric manifolds were introduced by Tamassy and Binh [17] and later Binh [3] studied decomposable weakly symmetric manifolds. Weakly symmetric manifolds have been studied by several authors ([2, 7, 13, 14]) and many others. A Riemannian

2010 Mathematics Subject Classification. 53C25.

Key words and phrases. Weakly symmetric manifolds, semisymmetric manifolds, closed 1-form. 119

manifold is said to be semisymmetric [16] if its curvature tensor satisfies the condition ∇_l∇_mR^h_{ijk} − ∇_m∇_lR^h_{ijk} = 0, where ∇ denotes the Levi-Civita connection on (M^n, g).

A non-flat Riemannian manifold (M^n, g) is called weakly symmetric if the curvature tensor is not identically zero and satisfies the condition

∇_rR_{hijk} = A_rR_{hijk} + B_hR_{rijk} + C_iR_{hrjk} + D_jR_{hirk} + E_kR_{hijr}, (1) where A, B, C, D, E are 1-forms which are non-zero simultaneously. Such a manifold is denoted by (W S)_n. If A = B = C = D = E = 0, the manifold reduces to a symmetric manifold in the sense of Cartan. This justifies the name of weakly symmetric manifold. Prvanovic [13] proved that under certain condition the 1-forms are related as follows: B_h = C_h = D_h = E_h,

for all h. That is, the weakly symmetric manifold is characterized by the condition

∇_rR_{hijk} = A_rR_{hijk} + B_hR_{rijk} + B_iR_{hrjk} + B_j R_{hirk} + B_kR_{hijr}. The 1-forms A and B are called the associated 1-forms of a (W S)_n. The existence of a (W S)_n was proved by Prvanovic [14] and a concrete example was given by De and Bandyopadhyay [7]. The present paper is concerned with certain investigations on a (W S)_n. The paper is organized as follows.

After introduction we prove that the associated 1-form A of a (W S)_n is closed if and only if the 1-form B is closed. Further, we obtain a condition under which a (W S)_n result to be a semisymmetric manifold. Finally, a condition under which a (W S)_n reduces to a Pseudo-symmetric manifold in the sense of Deszcz [8] is obtained.

2. Nature of the associated 1-form of a weakly symmetric manifold

In this section we determine the nature of the associated 1-forms of a (W S)_n. Let ∇_rR_{hijk} = A_rR_{hijk} + B_hR_{rijk} + B_iR_{hrjk} + B_j R_{hirk} + B_kR_{hijr}.

Then

(2) ∇_s∇_rR_{hijk} − ∇_r∇_sR_{hijk} = (∇_sA_r − ∇_rA_s)R_{hijk} + (∇_sB_h − B_sB_h)R_{rijk} + (∇_sB_i − B_sB_i)R_{hrjk} + (∇_sB_j − B_sB_j )R_{hirk} + (∇_sB_k − B_sB_k)R_{hijr} − (∇_rB_h − B_rB_h)R_{sijk} − (∇_rB_i − B_rB_i)R_{hsjk} − (∇_rB_j − B_rB_j)R_{hisk} − (∇_rB_k − B_rB_k)R_{hijs}, or,

∇_s∇_rR_{hijk} − ∇_r∇_sR_{hijk} = (∇_sA_r − ∇_rA_s)R_{hijk} + B_{sh}R_{rijk} + B_{si}R_{hrjk} + B_{sj} R_{hirk} + B_{sk}R_{hijr} − B_{rh}R_{sijk} − B_{ri}R_{hsjk} − B_{rj}R_{hisk} − B_{rk}R_{hijs}, where B_{sh} = ∇_sB_h − B_sB_h.

Permuting cyclically h, j, r and i, k, s, we get

(3) (∇_sA_r − ∇_rA_s)R_{hijk} + (∇_iA_h − ∇_hA_i)R_{jkrs} + (∇_kA_j − ∇_jA_k)R_{rshi} + B_{sh}R_{rijk} + B_{si}R_{hrjk} + B_{sj} R_{hirk} + B_{sk}R_{hijr} + B_{ij}R_{hkrs} + B_{ik}R_{jhrs} + B_{ir}R_{jkhs} + B_{is}R_{jkrh} + B_{kr}R_{jshi} + B_{ks}R_{rjhi} + B_{kh}R_{rsji} + B_{ki}R_{rshj} − B_{rh}R_{sijk} − B_{ri}R_{hsjk} − B_{rj} R_{hisk} − B_{rk}R_{hijs} − B_{hj}R_{ikrs} − B_{hk}R_{jirs} − B_{hr}R_{jkis} − B_{hs}R_{jkri} − B_{jr}R_{kshi} − B_{js}R_{rkhi} − B_{jh}R_{rski} − B_{ji}R_{rshk} = 0, because, in view of the Walker identity [18],

∇_s∇_rR_{hijk} − ∇_r∇_sR_{hijk} + ∇_i∇_hR_{jkrs} − ∇_h∇_iR_{jkrs} + ∇_k∇_j R_{rshi} − ∇_j ∇_kR_{rshi} = 0.

Now, let us suppose ∇_sA_r = ∇_rA_s.

Then

(4) B_{sh}R_{rijk} + B_{si}R_{hrjk} + B_{sj}R_{hirk} + B_{sk}R_{hijr} + B_{ij}R_{hkrs} + B_{ik}R_{jhrs} + B_{ir}R_{jkhs} + B_{is}R_{jkrh} + B_{kr}R_{jshi} + B_{ks}R_{rjhi} + B_{kh}R_{rsji} + B_{ki}R_{rshj} − B_{rh}R_{sijk} − B_{ri}R_{hsjk} − B_{rj} R_{hisk} − B_{rk}R_{hijs} − B_{hj}R_{ikrs} − B_{hk}R_{jirs} − B_{hr}R_{jkis} − B_{hs}R_{jkri} − B_{jr}R_{kshi} − B_{js}R_{rkhi} − B_{jh}R_{rski} − B_{ji}R_{rshk} = 0.

Let us suppose that ∇_rB_s ≠ ∇_sB_r. Then there exists at least one B_{rs} − B_{sr}, say B_{12} − B_{21}, such that B_{12} − B_{21} ≠ 0. Putting h = j = r = 1, i = k = s = 2 in (4) we find 6(B_{21} − B_{12})R_{1212} = 0, that is, R_{1212} = 0 Now, putting h = r = 1, i = k = s = 2 in (4), we have 4(B_{21} − B_{12})R_{12j2} = 0 that is, R_{12j2} = 0 for all j.

Putting h = k = r = 1, i = s = 2 in (4), we get 4(B_{21} − B_{12})R_{12j1} = 0, that is, R_{12j1} = 0 for all j.

Now, putting h = r = 1, i = s = 2 in (4), we get 2(B_{21} − B_{12})R_{12jh} = 0.

that is, R_{12jh} = 0 for all j and all h.

Further, putting h = r = 1, s = 2 in (4) we obtain (5) (B_{21} − B_{12})R_{1ijk} + (B_{2j} − B_{j2})R_{1i1k} + (B_{2k} − B_{k2})R_{1ij1} + (B_{j1} − B_{1j} )R_{1i2k} + (B_{k1} − B_{1k})R_{1ij2} = 0, from which, for j = 1, we get R_{1i1k} = 0, and for j = 2, R_{1i2k} = 0.

Thus (5) reduces to (B_{21} − B_{12})R_{1ijk} = 0, that is, R_{1ijk} = 0 for all i, j, k.

Putting h = s = 2, r = 1 in (4), we get R_{2i2k} = 0 and R_{2ijk} = 0.

Finally, putting h = 1, s = 2 in (4) we get (B_{21} − B_{12})R_{rijk} = 0 that is, R_{rijk} = 0 for all r, i, j, k.

Thus, if in (3) ∇_sA_r = ∇_rA_s, then B_{ij} −B_{ji} = 0 or the space is flat. Excluding this last possibility, we get B_{ij} − B_{ji} = 0, or ∇_iB_j = ∇_j B_i.

Now, let us suppose ∇_sB_r = ∇_rB_s. Then (3) reduces to A_{sr}R_{hijk} + A_{ih}R_{jkrs} + A_{kj}R_{rshi} = 0, (6) where we have put ∇_sA_r − ∇_rA_s = A_{sr}.

If ∇_sA_r ≠ ∇_rA_s, then there exists at least one A_{rs}, say A_{12}, such that A_{12} ≠ 0. Then, in the same way as before, we get R_{ijhk} = 0. Thus we obtain the following:

Theorem 1. In a weakly symmetric manifold the associated 1-form A is closed if and only if the 1-form B is closed.

Suppose the 1-form B is recurrent with the same vector of recurrence. That is, ∇_rB_s = B_rB_s. Then obviously B is closed. Hence from Theorem 2.1 we get the 1-form A is also closed. Therefore from (2) we obtain

∇_r∇_sR_{hijk} − ∇_s∇_rR_{hijk} = 0.

From the above discussion we obtain the following:

Theorem 2. A weakly symmetric manifold reduces to a semisymmetric manifold provided the 1-form B is recurrent with the same vector of recurrence.

Suppose now that the 1-form B is of the concircular form ∇_rB_s = B_rB_s + γg_{rs}, where γ is an arbitrary scalar function, then B is closed and again from Theorem 2.1 the 1-form A is also closed. From (2) we may infer:

(7) (∇_s∇_r − ∇_r∇_s)R_{hijk} = γ[g_{sh}R_{rijk} − g_{rh}R_{sijk}

+ g_{is}R_{hrjk} − g_{ir}R_{hsjk} + g_{js}R_{hirk} − g_{jr}R_{hisk} + g_{ks}R_{hijr} − g_{kr}R_{hijs}].

We have thus obtained that the manifold is Pseudo-symmetric in the sense of Deszcz [8] and the following Theorem is true.

Theorem 3. A weakly symmetric manifold having the 1-form B of the concircular form ∇_rB_s = B_rB_s + γg_{rs} reduces to a Pseudo-symmetric manifold in the sense of Deszcz.

References

[1] T. Adati and T. Miyazawa. On Riemannian space with recurrent conformal curvature.

Tensor (N.S.), 18:348–354, 1967.

[2] S. Bandyopadhyay and U. C. De. On weakly symmetric spaces. Acta Math. Hungar., 87(3):205–212, 2000.

[3] T. Q. Binh. On weakly symmetric Riemannian spaces. Publ. Math. Debrecen, 42(1- 2):103–107, 1993.

[4] E. Cartan. Sur une classe remarquable d’espaces de Riemann. Bull. Soc. Math. France, 54:214–264, 1926.

[5] M. C. Chaki. On pseudo symmetric manifolds. An. Ştiinţ. Univ. Al. I. Cuza Iaşi Secţ.

I a Mat., 33(1):53–58, 1987.

[6] M. C. Chaki and B. Gupta. On conformally symmetric spaces. Indian J. Math., 5:113– 122, 1963.

[7] U. C. De and S. Bandyopadhyay. On weakly symmetric Riemannian spaces. Publ. Math.

Debrecen, 54(3-4):377–381, 1999.

[8] R. Deszcz and W. Grycak. On some class of warped product manifolds. Bull. Inst.

Math. Acad. Sinica, 15(3):311–322, 1987.

[9] D. Ghosh. On projective recurrent spaces of second order. Acad. Roy. Belg. Bull. Cl.

Sci. (5), 56:1093–1099, 1970.

[10] A. Lichnerowicz. Courbure, nombres de Betti, et espaces symétriques. In Proceedings of the International Congress of Mathematicians, Cambridge, Mass., 1950, vol. 2, pages 216–223. Amer. Math. Soc., Providence, R. I., 1952.

[11] B. O’Neill. Semi-Riemannian geometry, volume 103 of Pure and Applied Mathematics.

Academic Press, Inc. [Harcourt Brace Jovanovich, Publishers], New York, 1983. With applications to relativity.

[12] E. M. Patterson. Some theorems on Ricci-recurrent spaces. J. London Math. Soc., 27:287–295, 1952.

[13] M. Prvanović. On weakly symmetric Riemannian manifolds. Publ. Math. Debrecen, 46(1-2):19–25, 1995.

[14] M. Prvanovich. On totally umbilical submanifolds immersed in a weakly symmetric Riemannian manifold. Izv. Vyssh. Uchebn. Zaved. Mat., (6):54–64, 1998.

[15] W. Roter. On conformally symmetric Ricci-recurrent spaces. Colloq. Math., 31:87–96, 1974.

[16] Z. I. Szabó. Structure theorems on Riemannian spaces satisfying R(X, Y ) · R = 0. I.

The local version. J. Differential Geom., 17(4):531–582 (1983), 1982. [17] L. Tamássy and T. Q. Binh. On weakly symmetric and weakly projective symmetric Riemannian manifolds. In Differential geometry and its applications (Eger, 1989), volume 56 of Colloq. Math. Soc. János Bolyai, pages 663–670. North-Holland, Amsterdam, 1992.

[18] A. G. Walker. On Ruse’s spaces of recurrent curvature. Proc. London Math. Soc. (2), 52:36–64, 1950.

Received September 24, 2013.

Carlo Alberto Mantica, Physics Department, Universita Degli Studi di Milano, I. I. S. Lagrange, Via L., Modignani 65, 20161 Milano, Italy E-mail address: carloalberto.mantica@libero.it

Uday Chand De Department of Pure Mathematics, University of Calcutta, 35, Ballygaunge Circular Road, Kolkata 700019,vWest Bengal, India E-mail address: uc de@yahoo.com